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1. Introduction

Bent functions are extreme combinatorial objects with several areas of application, such as coding
theory, maximum length sequences, cryptography, and the theory of difference sets to name a few.
Boolean bent functions were introduced by Rothaus [6], who also considered two classes of bent
functions. Among other equivalent characterizations of bent functions, the one that is most often used
is a characterization of bent functions as a class of Boolean functions having so-called flat Walsh
spectrum. It means that for any bent function over GF'(2)", its Hamming distance to any affine function
in n variables is constant, including the distance to the all-zero function (or all-one function). The
bent property of f is commonly specified in terms of its flat Walsh spectrum, that is requiring that
W(A) = £2"2 for any A € GF(2"), where,

W)= o (=10, (1.1)

xeGF(2")

Here, Tr} : GF(2") — GF(2) denotes the absolute trace function defined by 7r(x) = x+x>+.. A
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On the other hand, a generalization to finite fields of odd characteristic was first suggested in [3]
and a function f : GF(p") — GF(p) is bent if and only if its Fourier transform defined by

flay=" > /@i, (1.2)

xeGF(p")

is flat, that is, If(a)l = p"? for any a € GF(p"). Here, w = e’ denotes the primitive root of unity
where 1 = V—1. Some surveys of known results on p-ary bent functions can be found in [1, 3, 5] and
the references therein.

The classes of plateaued functions introduced by Zheng and Zhang [10] are good candidates for
designing cryptographic functions since they possess various desirable cryptographic characteristics.
They can be balanced for both odd and even number of variables, and they do not possess nonzero
linear structures. In particular, the functions whose Fourier spectrum belong to {0, + p%} are known as
near-bent functions and, they play a significant role in certain cryptographic primitives.

In 2016 and 2017, G. Xu et. al. [8, 9] characterised the Fourier transform of the p-ary functions of
the form

T+ + Trux)Tr (vx), (1.3)

for the special case p = 3 and n = 2k, A € GF(p*)*,u,v € GF(p")*. The authors proved that some of
these p-ary functions are also bent under certain conditions. Furthermore, a construction of quadratic
ternary bent, near-bent and 2-plateaued functions from some known ternary bent functions are pre-
sented.

In this work we generalise the method for computing Fourier transform originally given in [8] for
multinomial trace functions f = f,,, : GF(p") — GF(p) of the form Tr’l‘(/lxpk“) + Tri(ux)Tri(vx)
for any odd prime p, where n = 2k, 1 € GF (P")*,u,v € GF(p")*. It is shown that the choice of A, u and
v, ensuring that f is bent, 2-plateaued or near-bent is directly related to finding the subset A ¢ GF(p)*
(cf. Section 4). Moreover, we give an efficient method for defining the set A that corresponds for any
odd prime p. This is not the case in the previous works, where the set A is only explicitly defined just
for the case p = 3.

The rest of this article is organized as follows. In Section 2 some basic definitions and notions are
given. The analysis of the Fourier transform of the function f is presented in Section 3. Some sufficient
conditions for a given function to be bent, 2-plateaued and near-bent are derived in Section 4. Some
concluding remarks are found in Section 5.

2. Preliminaries

In the sequel, let F . denote the finite Galois field GF(p") consisting of p" elements. The group of
units of F,», denoted by F,., is a cyclic group consisting of p" — 1 elements. An element « € F» is said
to be a primitive element if it is a generator of the multiplicative group F),.. F;: is an n-dimensional
vector space over F,. After fixing an F,-basis (yo, ..., ¥,-1) of F,., the mapping

FZ (@, .., Up1) = @Yo+ ...+ QoY1 € Fp

defines an isomorphism of vector spaces over F,.
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A bent function f(x) is called regular if for every a € F . the normalized Fourier coefficient p‘%f(a)
equals to complex p-th root of unity, that is, p~% f(a) = w/"@ where the function f*(a) is called the
dual of f(x). A binary bent function is always regular. For odd p, a p-ary bent function f(x) may not
be regular, but its Fourier transform coeflicients [3] satisfy

Fla) = { +piw @, if p=1 (mod 4) a0

+1p?w’ @, if p =3 (mod 4) and nisodd -

Such a function is called weakly regular, if for all a € F ., 1 is fixed.
If for all a € F(p"), f(a) e {0, + p% }, where 0 < s < n, then a p-ary function f(x) is called s-plateaued.
In the case of s = 1, f is called near-bent.

The trace function T'r} : F,» — Fx, a mapping to the subfield Fx, where k | n, is defined as

pln/k=Dk

Tri(x)=x+ o+ x , forall x € F . (2.2)

3. The Fourier coefficients of f,, ,

Let fi,.,(x) = Tr’l‘(/lxl’k“) + Tri(ux)Tri(vx), where n = 2k, € ¥, u,v € F . In this section we
compute the Fourier transform of the function f(x) for any odd prime p. This result will help us to
divide the class of functions f,,, into subclasses of bent, near-bent and 2-plateaued functions.

Before we prove the main theorem we need the following preparatory result.

Lemma 1. /2, 4] Letn = 2k and A € F;k. For any odd prime p, the p-ary monomial g(x) = Tr’l‘(/lx”k”)
is a weakly regular bent function. Moreover, for a € ¥ . the corresponding Fourier transform coeffi-
cient of g(x) is equal to

§(a) — _pkw—Tr'f(/l’la”k”). (3.1)

The authors in [8] computed the Fourier transform of the function f ,, for p = 3. In what follows, we
continue the work of [8, 9] and present the general form of the Fourier transform of f,,, for any odd
prime p.

Theorem 1. Let n = 2k be a positive integer and u, v € ¥,,. Define the function f(x) by
f(x) = g(x) + Tri(ux)Tri{(vx), (3.2)
where g(x) = Tr’l‘(/lx”k“) is a p-ary function defined on ¥ .. Then for any a € F ., the corresponding

Fourier transform coefficient of f = f,.., is equal to

- 1 iy
flay== > w'gla- jv+iu). (3.3)
0<i,j<p
Proof. Fori, j=0,...,p—1and u,v € F, define the sets T; = {x € Fj | Tr{(ux) = i} and denote
Si(a) = Z WOTA@) R~ ) = Z WEO-T (=)

xeT; xeT;
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The Fourier transform coefficient of f(x) at a is equal to

]’c‘( a) = Z W/ @-Tri@) _ Z WSO @OTr(v0)=T 7} (ax)

xeF p xeF Pt

- Z WSO-Tria) | Z WSO-Tr @V Z WSO-Tr (@) |

xeTy xeT

xeTy

= So(@)+Ri(a-v)+R(a-2v)+...+R,1(a—(p—1)v)

p-1
= So@+ ) Ria— jv)
j=1

Let us first compute S (a). By definition of 7; we have
Z wg(x)—Tr’l’((a+u)x) — ng(x)—Trg’(ax)—i — w_iSi(a).

x€T;

x€T;

+ Z WSQ-Tr(a=(p=1))

XGTP4

Therefore, for any b € F, the Fourier transform of the function g at the point a + bu can be computed

as

p-1
Ba+buy = WS (a).

i=0

(3.4)

Since w € C is a primitive p-root of unity, 1 + w + w* + ... + w”~' = 0. Hence, adding p equations

of (3.4) gives

15
Sola) = ; Z gla + iu).
i=0

(3.5)

Next we calculate Rj(a — jv). Similar to the above, using the definition of T;, we have

p—1
gla—jv+bu) = Z wPRi(a - jv)
i=0

The last expression can be written in the matrix form as

ga-m | 1
gla—jv+u) 1

gla—jv+2u) |=|1

[gla—jy+(p-Dw| [1

1 1

w2 w

WP P2 p-D(p-2)| |

wP? wP!

[ Ro(a— jv) |
Ri(a— jv)
Ry(a — jv)

,Rp—l(a - jV)_

where the coefficient matrix represents Discrete Fourier Transform (DFT) matrix. It is well-known

that the inverse DFT matrix is

< -
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Therefore, we have

15
Ria=-jv) = = w'ga- jv+iu). (3.6)
P
Then the desired conclusion follows from (3.5) and (3.6). O

In what follows, we give explicit formulas for computing S o(a) and R (a — jv) given by (3.5) and (3.6),
respectively.
Let g(x) = Tr’l‘(/lxpk“). According to (3.1) and using the fact Tr(x) = Tr{(Tr}(x)), we have

1 opkels ok ok 1ok
Qa+in) = —plo TR 0= TRWTED 2 p— 1,
Denote ¢; = Tr(A"'a” u) and 1, = Tr¥(A~'w”"*!). By (3.5) it follows
So(a) — _lpkw—Tr’f(/l’la”k“)[l + +w—261—21’k”t1 + . +w—(l’—1)€1—(17—1)pk+1f1].
p

Since w is a primitive p-th root of unity it holds W’ = 1,1.e., w”*! = w. Therefore
Sola) = —lpka)_Trf(’rl“pkH)[l F AT g TR g PaTEI g yah, 3.7
On the other side,

_ k .. _ k .. _ k .k _ k
§(a — v+ in) = _pkw—rr’;u Ha=)P" T D=if T a?” wy+ii Tr AW w)=G )y F Tk (P *1)_

Denote ¢, = Tr;’(/l‘lapkv), = Tr’l‘(,l—lvpk+1) and 1y = Tr’f(/l“vpku). By (3.6) it follows

1 k-1 pkel L L L i
Ri(a—jv) = ——pka) TR@a" D yfeaiiite 4 gyitiersiin=atjio=te o 2jtjer=jjn=2e1+2jo=220 -y

w(ﬂ—l)j+jc‘2—j'jlz—([7—1)01 +j(p—1)to—(p—D(p—1)-1y 1. (3.8)

In the next section we apply the above computation to construct some (near)-bent and 2-plateaued
functions in the form of (3.2).

4. Quadratic p-ary bent, near-bent and 2-plateaued functions
To make it easier construction of bent, near-bent and 2-plateaued functions, we are going to con-

struct a subset A of Ff,, p > 3, which will help us to separate bent from non-bent functions. Its
construction is described in the following way:

AIMS Mathematics Volume 7, Issue 2, 1971-1981.
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A ={ |(0, 1,31 mod p)|,(0,2,ap),...,0,p— 1,610(17—1)),
(1’ 19 1) ,(1,2,6112), (1, 3a al3)’ e ’(17p - 1aal(p—1))’

(2,1,a21),(2,2,a»),(2,3,ax),...,2, ) 2 1, a2(p—l))a
(3’ 19 4) d (37 2’ a32)’ (39 3’ a33)’ cee (3’ p - 17 a3(p—1))’

p-3
P baeg),

p—1 p—1

p—1
(Ta 19 a(L;?)l)a (Ta 2, a(L?ﬂ)s ey (Tap - 1a a(pT_3)(p—l))’ (41)

p-3 p-
(T’ 1’ a(pT’Z’)l)’ (T7 2’ a(prz’)z)3 LA ] (

(p_3, 1’ 1)’(p_3’27a12)7(p_393$al3)7'~~’(p_39p_ lap_ 1)7

1
(p -2, 1’4_1 mod p),(p—2,2,ap0),(p—2,3,a13),...,(p = 2,p — 1,a0p-1)),
(p_lao’o)"-~a(p_ 170,]7_ 1)5(p_ 1a190)7'~~7(p_ 19p_ 1’0)}

where a;; € {0,1,..., p — 1} and the boxed triples are fixed for any prime number p. The remaining
coefficients a;; must satisfy the following conditions:

1. In each row, the product of the second and third numbers of a triple satisfies
1'61,'1 52'6152 53'6153 =...= (p— 1)'61,'(1,_1) modp

2. The first p—;l rows are symmetric to the next pT_l rows in such a way that first and (p — 2) row,
second and (p — 3), third and (p — 4), and so on, have the same second and third number of each
triple.

3. In each column, the sum of the third numbers of a triple satisfies

a0j+a1j+a2j+...+a(p2;3)j50 mod p

Remark 1. Note that we have p — 1 rows with p — 1 triples, and the last row has 2p — 1 triples, which
means that the cardinality of the subset A is

#A=(p-1-(p-D+@Qp-1) =p_.

Remark 2. The equation in third condition has more than one solution for any odd prime p > 7. In
total, there is (‘%7)! . (’%7)! possible solutions taking into account the first two conditions.

Example 1. Let us compute the set A for p = 11. At the beginning we have

A ={ |(0,1,5 mod 11)}(0,2,ap),...,(0,9,ap0),(0,10,ao),

(1,1, ,(,2,a12),...,(1,9,a19), (1,10, ao),
(2,1,a21),(2,2,a2),...,(2,9,ax), (2,10, az),

AIMS Mathematics Volume 7, Issue 2, 1971-1981.
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(3,1,4),(3,2,as),...,(3,9,az), (3,10, asp),
(4,1,a41),(4,2,a42), - - ., (4,9, aso), (4, 10, aso),
(5,1,a41), (5,2, a42), - - ., (5,9, aso), (5, 10, as1o),

6,1,4)[,(6,2,a3),...,(6,9,a3), (6,10, asyg),
(7,1,a21),(7,2,a2), . ..,(71,9, ax), (7,10, azy),

8,1,1),(8,2,a2),...,(8,9,a19), (8,10, a1p),

(9’ 1, % mOd p) > (95 27 aOZ), ey (9’ 9, 6109), (9’ 107 aOlO)’

(10,0,0) (10,0, 1),...,(10,9,0), (10, 10,0) }

With the help of boxed triples and given conditions the remaining coefficients in the rows can be
computed. For instance, in the first row, since }T =3 mod 11, we are solving the following equations

1'352'(1025...59'6109510'6101053 mod 11

It is easy to see that ap = 1,ap3 = 1,6104 =9, aogs = 5,6106 =6, aog; = 2,6103 = 10, dgg = 4,610]0 = 8.
After other computations we get

A = {©,1,3),0,2,7),(0,3,1),(0,4,9),(0,5,5),(0,6,6),(0,7,2),(0,8,10),(0,9,4), (0, 10, 8)
(1,1,1),(1,2,6),(1,3,4),(1,4,3),(1,5,9),(1,6,2),(1,7,8),(1,8,7),(1,9,5),(1, 10, 10)
(2, 1, a21),(2,2,a2), (2,3, a2),(2,4,a2), (2,5, axs), (2,6, ax), (2,7, az7), (2, 8, azs),
(2,9, ax),(2,10,a210),(3,1,4),(3,2,2),(3,3,5),(3,4,1),3,5,3),(3,6,8),(3,7,10),
(3,8,6),(3,9,9),(3,10,7),(4, 1, as1), (4,2, ap), (4, 3, as3), (4,4, ass), (4,5, ass), (4, 6, ase),
(4,7, a47), (4,8, ass), (4,9, as), (4, 10, asi0), (5, 1, a41), (5, 2, as), (5, 3, as3), (5,4, awu), (5, 5, ass),
(5,6, a46), (5,7, a47), (5,8, as), (5,9, as), (5, 10, as1o), (6, 1,4), (6, 2,2), (6,3,5), (6,4, 1),
(6,5,3),(6,6,8),(6,7,10),(6,8,6),(6,9,9),(6,10,7),(7,1,a,1),(7,2,a),(7,3,ax), (7,4, a),
(7,5, axs), (7,6, a2), (1,7, ax7), (7, 8, axs), (7,9, ax), (7, 10, az10), (8, 1, 1), (8, 2, 6), (8,3, 4),
(8,4,3),(8,5,9),(8,6,2),(8,7,8),(8,8,7),(8,9,5),(8,10,10),(9, 1, 3),(9,2,7),(9,3, 1),
9,4,9),(09,5,5),09,6,6),09,7,2),(9,8,10),(9,9,4), (9, 10, 8),(10,0,0), (10,0, 1), (10,0, 2),
(10,0, 3),(10,0,4),(10,0,5),(10,0,6),(10,0,7),(10,0, 8),(10,0,9), (10,0, 10), (10, 1, 0),
(10,2,0),(10,3,0),(10,4,0),(10,5,0),(10,6,0),(10,7,0),(10, 8,0), (10,9, 0), (10, 10, 0) }

With the help of third condition we can calculate the rest of the coefficients. In fact, we only need to
solve the following equation

3+14+ay; +4+a4, =0 mod 11

ay) +aq = 3 mod 11

The possible solutions are ay = 5,a41 =9, or a;; = 9,a41 =5, oray; = 8,a41 = 6 or ay; = 6,a4; = 8.
We can choose whatever solution we want. Therefore, for ayy = 9 and ay; = 5 we have

A = {(0,1,3),(0,2,7),(0,3,1),(0,4,9),(0,5,5),(0,6,6),(0,7,2), (0,8, 10), (0,9,4), (0, 10, 8)
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(1,1,1),(1,2,6),(1,3,4),(1,4,3),(1,5,9),(1,6,2),(1,7,8),(1,8,7),(1,9,5), (1, 10, 10)
(2,1,9),(2,2,10),(2,3,3),(2,4,5),(2,5,4),(2,6,7),(2,7,6),(2,8,8),(2,9, 1), (2, 10, 2)
(3,1,4),(3,2,2),(3,3,5),(3,4,1),(3,5,3),(3,6,8),(3,7,10),(3,8,6),(3,9,9), (3,10, 7)
4,1,5),(4,2,8),(4,3,9),(4,4,4),(4,5,1),(4,6,10),(4,7,7),(4,8,2),(4,9,3), (4, 10, 6)
(5,1,5),(5,2,8),(5,3,9),(5,4,4),(5,5,1),(5,6,10),(5,7,7), (5, 8,2),(5,9,3), (5, 10, 6)
(6,1,4),(6,2,2),(6,3,5),(6,4,1),(6,5,3),(6,6,8),(6,7,10),(6,8,6),(6,9,9), (6,10,7)
(7,1,9),(7,2,10),(7,3,3),(7,4,5),(7,5,4),(7,6,7),(7,7,6),(7,8,8),(7,9,1),(7, 10, 2)
(8,1,1),(8,2,6),(8,3,4),(8,4,3),(8,5,9),(8,6,2),(8,7,8),(8,8,7),(8,9,5), (8, 10, 10)
9,1,3),09,2,7),(9,3,1),(9,4,9),(9,5,5),(9,6,6),(9,7,2),(9,8,10), (9,9, 4), (9, 10, 8)
(10,0,0),(10,0,1),(10,0,2),(10,0,3),(10,0,4),(10,0,5), (10,0, 6), (10,0, 7), (10,0, 8),
(10,0,9), (10,0, 10), (10, 1,0), (10, 2,0), (10, 3, 0), (10,4, 0), (10, 5, 0), (10, 6, 0),
(10,7,0),(10,8,0),(10,9,0), (10, 10,0) }

The following conjecture is the main result of this section and shows how the set A defined above
can be used in the construction of quadratic bent, near-bent and 2-plateaued functions. Unfortunately,
we are unable to give a complete proof, for the following reasons: first, not all triples of the set A are
described in a general way, so we are not able to verify all triples, and second, the triples of Fi cannot
be described in a way that is suitable for our proof technique. Therefore, we give a partial proof, and
complete proof remains as an interesting problem for all mathematics enthusiasts.

Conjecture 1. Let n = 2k withk > 1 and A € F;k, u,v e F; Let the subset A C F;’] be defined as in
(4.1) and f,,.,(x) be a p-ary function defined as [ = fi,.,(x) = Tr’l‘(/lx”k“) + T'r{(ux)Tr{(vx). Denote
atriple T = (Tr’f(/l‘lvl’ku), Tr'f(/l‘lupk“), Tr’l‘(/l‘lvpk”)). Then

1. IfT € F} \ A, then f is bent.

2.IfT e A\ {(p—1,0,0)}, then f is near-bent.
3. If T = (p—1,0,0), then f is a 2-plateaued function.

Idea of Proof. Let us show the proof technique for the third statement. According to (3.7) and (3.8)
we have

Sola) = —lpkw_Trf(’rl“pk“)[l FO W L+ 0+ 0
p
Rj(a _ ]V) — _lpkw—T"If(/rla”k“)[chz + /e 4 4 wj(P—1)+jc‘2—(P—1)01]_
Then, using equation (3.3) we get
]?(a) — _lpkw—Tr’l‘(,l—lgpkﬂ)[pz_i(wiq i wi(cg+p)—cl .+ wi(cz+(p—1)p)—(p—1)cl )]
p i=0

If ¢, = 0, then

—2(:1

— 1 .y , |
fla) = _I_)pkw—Tr’;(/l g ')[p+a)_“p+a) Dt w P Dy

AIMS Mathematics Volume 7, Issue 2, 1971-1981.
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k(-1 pK+1 . . 1)
= —pka)_Trlu ar N+ 0™ + w0 X+ ..+ @ P,

If ¢; = 0, then f(a) = —pk“w‘T’If(”l“'}k“), otherwise is 0.
If ¢, # 0, then f(a) = 0.
Therefore, |f(a)| € {0, p**'} forall a € F,.. Then f is 2-plateaued.

This technique can also be used to prove either of the first two statements, but we are unable to check
all possible triples.

Example 2. Let p = 7 and define the function f(x) = Tr’l‘(/lx7k+1) + Tri(ux)Tr{(vx). By (4.1) we can
define the set A as
A ={ (0,1,2),(0,2,1),(0,3,3),(0,4,4),(0,5,6),(0,6,5),

(1,1,1),(1,2,4,(1,3,5),(1,4,2),(1,5,3),(1,6,6),
(2,1,4),(2,2,2),(2,3,6),(2,4,1),(2,5,5),(2,6,3),
(3,1,4),(3,2,2),(3,3,6),(3,4,1),(3,5,5),(3,6,3),
4,1,1),(4,2,4),(4,3,5),(4,4,2),(4,5,3), (4, 6,6),
5,1,2),(5,2,1),(5,3,3),(5,4,4),(5,5,6),(5,6,5),
(6,0,0),(6,0,1),(6,0,2),(6,0,3),(6,0,4),(6,0,5),(6,0,6),
(6,1,0),(6,2,0),(6,3,0),(6,4,0),(6,5,0),(6,6,0) }

In what follows, we give some triples (t,t,t;) such that the function f is bent, near-bent and 2-

plateaued, respectively. It can be easily verified that for any T € F; \ A the function f is bent. For
instance, if T = (2,3,4), then

T AT i ey, e) = ((0,0))
T TR T ey ) = {(1,0), (1, 1), (2,3), (2,6),
(5,1),(5,4),(6,0), (6,6)}
Tr TR T2 ity ) = {(1,3),(1,5), (3,0), (3,3),
4,0), (4,4),(6,2), (6,4))
_ T T8 (0 6) = {(0,2), (0, 5), (1,4), (2, 4),
fla) = (2,5),(5,2),(5,3),(6,3)}
Tr AT e ) = (2,0),(2,2), (3, 1), (3,2),
4,5),(4,6),(5,0),(5,5))
T TR 05 if (o) e) = 1(0,3), (0,4), (2, 1), (3, 4),
(3,6), (4, 1), (4,3),(5,6)}
T TR ey ) = (0, 1), (0,6), (1,2). (1,6),
(3,5),(4,2),(6,1),(6,5))

Similarly, forany T € A\ (6,0, 0) the function f is near-bent. For instance, if T = (1,1, 1), then

_ £ A if (e, e) = (0,00, (1, 1), (2,2), 3, 3),
fla) = (4,4),(5,5),(6,6)}

0, otherwise
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At the end, if T = (6,0,0) then f is 2-plateaued, i.e.,

Fay= | 7T i) = 10,0)
0, otherwise

5. Conclusions

The exact computation of the Fourier transform for a given p-ary function of the form f;,, has
been established. Also, certain conditions such that a given p-ary function is bent, near-bent or 2-
plateaued has been presented. It will be interesting to completely determine the distribution of the
Fourier spectrum of these functions and try to determine the Fourier transform of the other p-ary
functions using the presented method.
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