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1. Introduction

Approximation theory, an old area of mathematical research, has an extensive potential for
applications to a wide variety of areas. Bernstein operators are one of the most widely-investigated
linear and positive operators in the theory of approximation. Bernstein operators are defined by [2] as

Bm(k;x):Z( " )x"’(l—x)m-l’k(ﬁ), m 1 (1.1)
p m
p=0
for function k € C[0, 1] and x € [0, 1]. After that, numereous variations of linear positive operators are
studied by researchers such as [3-8,11-17].
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In 2020, Usta [18] introduced a new modification of Bernstein operators. For k € C(0,1), m € N
and x € (0, 1)

1~ m
Bkix) =~ ( )(p — mx)Pxr (1 - x)m-f’-lk(ﬁ). (1.2)
m p m
p=0
In this modification, the constructed operators preserve constant test function and Korovkin’s other test
functions #, i = 1,2 in limit case. Usta [18] gave B (eo;x) = 1, By (e1;x) = %x + %, B (ex;x) =
2 . . . .
= ;Z;”m X+ 5”’:1;6x+ # and the approximation results of the B}, (k; x) operators. Motivated by this work,
we develop a Beta-type modification of Bernstein operators. The newly constructed Bernstein-Beta

operators are presented for k € C[0, 1] as follows:

m

E:n(k; X) = %Z( ’Z )(p - mx)2xp—l(1 - x)m—p—l

p=0

1 1
Bp+1 m—P+1)f0 (1 —uw)" "k (u)du, (1.3)

where x € (0,1), m € Nand B(p + 1,m — p + 1) denotes the Beta function. For r, s > 0 Beta function
is defined by

1
B(r,s) = f W' (1 —u) du. (1.4)
0
We can easily see that for a,b € R and k, f € C[0, 1]
) ( i )(p = (1 - ! 1
mLg\ p Bp+1lm—p+1)
1

xf u?(1 —u)"? (ak (u) + bf (u)) du
0

E:n(ak+ bf; x)

1 m

= — ( " )(p — mx)*xP71(1 = xym ! !
o\ P
1

Bp+1l,m—-—p+1)

m
p=

xf u?(1 —u)™ " (ak (u)) du
0

+% pzz(; ( ’Z )(p — mx)*x?~ (1 — P!
1
xf u’(1 —w)"?(bf (u)du
0
= aB,(k; x) + bB,(f; x).

1
pp+1lm—-p+1)

Also, for k > 0, En(k; x) > 0. Thus, E;(k; X) operators are linear and positive.
2. Approximation properties of B,

Lemma 2.1. For each x € (0, 1), we obtain

Bu(ep:x) = 1,
m-—2 2

B71(el;x) - m+2x+m+2’
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— m-6)m—-1) ,  8m—12 6
Buexd) = i ms2” Tmrame2) e Hma )
Ev(e %) (m—-1)(m-2)(m - 12)x3 N 18(m —4)(m — 1) 2
e m+8m+3)m+2) " (m+dm+3)m +2)
L 18Gm-4) 24
m+8m+3)m+2) " (m+dm+3)m+2)’
Fenny = (m=Dm=2m=3)m 20 ¥ (m=1)(m = 2)(m* = 55m +300) ¥
mie4s M+ 5)m+Dm+3)m+2) x—1_ (m+5)m+dm+3)m+2) x—1
8(m — 1)(dm? — 65m + 150) 3 24(m — 5)(9m — 10) 2
M+ 5)m+Hm+3)m+2)x—1_ (m+5)m+dm+3)m+2)x—1
579 — 363m x 120 1

+(m+5)(m+4)(m+3)(m+2)x— 1 (m+5)m+4)m+3)(m+2)x—1
where e; =t fori=0,1,2,3,4.
Proof. By using the definition of Beta function (1.4), it is clear that
B,.(e0; x) = B} (eg; x) = 1.

Fori=1,k(t) =1t,

(p — mx)*x"1(1 = x)" P! W’ (1 = w)" Pdu

1 1
B(p+1,m—p+1)fo

m—p—l:B(p+2’m_p+ 1)
Blp+1,m—-p+1)

SR
< 3

B.(e1;x) =

(p- mx)*x"~1(1 - x)

SIS

p+1

_ 2_p-1 1— m—p—1
(p —mx)"x""(1 = x) —

SR
S

1]
S|~
D 1 10

(=]

p
m

"a(e1;x) + B, (eo; x)
m

+2

m+2
m [(m-2 l) 1
X+ —|+

m+2\ m m m+2
m-—2 2

X+ .
m+2 m+2

|
|
|
|

Fori =2, k(t) = 1,

B(ey;x) = (p — mx)*xP~'(1 = xym=r~! P*2(1 — u)""Pdu

1 1
,3(p+1,m—p+1)fou

m—p—lﬁ(p + 37m - p + 1)
Bp+1l,m—-p+1)

S|~
< 3

(p — mx)*x"~1(1 = x)

m—p—1 p2 + 3[’ +2
(m+3)(m+2)

3

(p- mx)*xP71(1 = x)

I|-

I
S|~

M= 1= 30
< 3

=
Il
(=)
a~}
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T et — B e+ —2 B (e
= e am O w2 Y G B ) oY
B m? m2_7m+62+5m—6 +i+ 3m m-—2 +l
 (m+3)(m+2) m? o w2 m+3)(m+2)\ m T
. 2
(m+3)m+2)
(m-6)(m-1) , 8m —12 6

+ + )
m+3)m+2)  mt3m+2)  (m+3)m+2)
The proofs of Fm(e3; x) and 5;1(64; x) can be obtained in the same manner.

Lemma 2.2. For each x € (0, 1), we write
-4 2

X+ ,
m+2 m+?2
—-4(m-6) , 4dm — 24 6

X"+ X+ ,
(m+3)(m+2) (m+3)(m+2) (m+3)(m+2)

3 ) »
(m+5)(m+4)(m+3)(m+2)x—1 {4(160 93m + 3m®)x

—12(160 — 93m + 3m*)x* + 4(560 — 303m + 9m?)x*>
—4(320 — 141m + 3m*)x* + (353 — 89m)x — 40} ) (2.1)

B.(t—x;x) =

B,((t - x)*; %)

B,((t— )% x)

Proof. By using following equalities
B,(t—x;x) = By(ey;x) — xBy(1;x),
B, ((t—x)x) = Bules;x) —2xBy(er; x) + X*B,(1; x),
B.((t—x)*;x) = Bu(eq; x) — 4xB,(e3; X) + 6x°By(e2; ) — 4x° By (e x) + x*B,(1; %),

we finish the proof of the lemma.

Remark 1. We have the following results

limmB,(t — x;x) = —dx+2, (2.2)
lim mE,;((t —x)%x) = —4x(1 - x), (2.3)
limm?B,,((t — )" x) = 36(x — 1)%x2% (2.4)

3. Main results

Let the Banach space of all continuous functions &k on [0, 1] is denoted by C[0, 1] endowed with the
norm

Kl = max k(o).

X

Theorem 3.1. For every k € C[0, 1]

B, (k; x) — k()| - 0, (3.1)

uniformly as m — oo.
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Proof. It can be seen easily from Lemma 2.1 that
lim B, (e;;x) = ¥,  i=0,1,2.
Then we apply Korovkin’s theorem [19], which concludes the proof. O

4. Rate of convergence

For k € C[0, 1], the modulus of continuity is given by

w(k,8) := sup sup |k(t) —k(x), &> 0.

li—x|<5 xe(0,1)
Additionally, modulus of continuity of the function & has the following property [1]:

2
k() — k()] < (1 LU 52x) )w(k, 5), 6> 0. @.1)

Theorem 4.1. For each x € (0, 1) and k € C[0, 1], we have
1Bu(k; x) = k()| < 20(k, 5,,), (4.2)

where

500 = \/ —4(m - 6)x% + 4(m — 6)x + 6 ws)

(m+3)(m+2)
Proof. By using the linearity of the B, operators and Eq (4.1), we obtain

1< m _ 2 p-ly1 _ m—p-1 1
%;(p)(p e e Tm—p+ D)

1

|Buu(k: x) — k(x)|

X f u’(1 —u)" Pk (u) du — k(x)
0
L (m 2 p-1 m—p—1 1
< E;(p)(p—mx)x” (1 —=x)""? B lm—p+D)
1
Xf u’(1 —u)" Pk (u) — k(x)|du
0
L (m 2 p-1 m—p—1 1
< ;l;(p)(p—mx)x” (1 —=x)""? B lm—p+D)
1 2
X f up(l—u)m_”(1+(u 62x) )w(k,é)du
0
3 1 —4(m —6)x> +4(m — 6)x + 6
B (HE (m+3)(m +2) )“’(k’é)'

If we choose

S5 - —4(m —6)x> +4(m—6)x+6
S (m+3)(m +2)
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then we arrive at

—4(m — 6)x* + 4(m — 6)x + 6
(m+3)m+2) ’

|B,,(k; x) — k(x)| < 2w [k, \/

which is the required result. O

Right now, we show the rate of convergence of E,,;(k; x) by using the function k, which belongs to
Lipschitz class. A function £ is said to be in the Lipschitz class k € Lipg (c) if the inequality

k() —k(x)| < K|t—x° ; Vt,x € (0,1) 4.4)
holds. Holder inequality [10] is defined as for p > 1 and 117 + %1 =1

Sl < [zm]@,)”]p [i(anJ
r=0 =0

r=0

. 4.5)
Theorem 4.2. Let k € Lipg (¢) and 0 < ¢ < 1 then we write
|B,u(ks x) — k(x)| < K&, (x)
where 0,,(x) is the same as (4.3).

Proof. Let k belongs to Lipschitz class Lipg (c) and 0 < ¢ < 1. From (4.4) and by using the linearity
and monotonicity of the operators B,,, we get

|Bu(k; x) — k()| < B(k®) —k();x)
< KB,(It — X %)
By choosing p = 2, g = 52 in the Holder inequality, we get
B, (ki) — k)] < K{B,((t =)}’
< K& (x).

Here, 6,,(x) is as given in (4.3). Thus, we write

—4(m — 6)x° + 4(m — 6)x + 6)5

|Bm(k; x) — k(X)| = K( (m+3)(m+2)

O

Now, the rate of convergence of the newly constructed operators B(k; x) is investigated by using
the Peetre-K functionals.

Lemma 4.3. For x € (0,1) and k € C[0, 1], we obtain

|B,.(k; x)| < IkII. (4.6)

AIMS Mathematics Volume 7, Issue 2, 1831-1844.
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Proof. From the definition of E;,(k; X) operators, we have

1 m m 2 ool mep—1 1 1 .
n_iz(p)(p_mx) o ﬁ(p+1,m—p+1)fo W T ) d

=0

|Bu(k; %)

=

LI o PR D — 1 fl e
= m;(l’)(p )y (L = Bp+1,m—-—p+1) J uP (L =)™ ke o)l du
< |IklIB,(1; x)
= |Ikl.

O

Let C?[0, 1] be the space of the functions k, for which k, K’ and k”’ are continuous on [0, 1]. We write
the norm of function k in this space as follows:

llkllc2p0,17 = lIkllcro, 1+ 11K Nlero,1+HIk” lero,1)-
The classical Peetre-K functional is defined as

Kk,0) := inf {|lk—ullcp + 6”1/‘””C[0,1]}
ueC2[0,1]

and second modulus of smoothness of the function is given by

wy(k,0) := sup  sup |k(x+ 2h) = 2k(x + h) + k(x)|

0<h<6 x,x+he(0,1)

where ¢ > 0. By DeVore and Lorentz [9], it is known that for M > 0
K(k,8) < Maw,(k, Vo). 4.7

Theorem 4.4. Let x € (0,1) and k € C[0, 1]. Then for each m € N, there exists a positive constant M
such that -
|Bu(k; x) — k (x) | < Mawsy(k, @n(x)) + 2w(k, Bn(X)).

Here

) = 18(1 — 2x)? — 452(—=1 + x)x + 8s(1 — 3x + 3x2)
W W= Q2+ 523 +9)

and
—4x+2

m+2

) = |
Proof. We introduce the proof by defining an auxiliary operator B, : C[0, 1] — C[0, 1] by

w) T 5(0).

") (4.8)

B (s;x) = By(s;%) — S(

From Lemma 2.1, we have

B (l;x) = 1,

AIMS Mathematics Volume 7, Issue 2, 1831-1844.
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o~ -2)x+2
Bt —xx) = Bm((f—x);x)—(u—x)+x—x
m+?2
-4 N 2 m-2)x+2 N
m+2x m+2 m+2 b

= 0. (4.9)

For s € C?[0, 1], we write by using the Taylor expansion that
!
s(t) = s(x) + (t — x)s"(x) + f(t —u)s”" (u)du, te€(0,]1). (4.10)
Applying B;" operator to both sides of the equation (4.10), we obtain

By (s;x)

B (s(x) +(t—x)s"(x) + f (t- u)s"(u)du)

s(x) + By ((t — x)s'(x); x) + B, (f (- u)s”(u)du) )

So,
B (s;x) — s(x) = s'(x)B, (t—x); x) + B, (f (t— u)s"(u)du).

By using (4.9) and (4.8), we achieve

B (f (t— u)s"(u)du)
B, ( f - u)s"(u)du) - f (M _ u) &
. . m+2

B (s5x) — s(x)

u - Dx+2
¥ f (—(m x+2 u) s” (w)du. (4.11)
x m+2
Furthermore
! A
t—u)s”"(u)du| < f [t — ulls” (W)ldu < ||s”] f |t — uldu
< -7, 4.12)
and
(m=2)x+2 ( 2) 2 (m=2)x+2 ( 2) 2
Tm+2 + m+2 +
(f—;L— AM@w S”ny (m al uyu
. m+2 m+2

nwncm—2n+2 r
- X

2 m+2
Is”Il {(m = 2)x + 2\
> (m+2_x . (4.13)
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When we rewrite (4.12) and (4.13) in the absolute value of (4.11). Then we get
15"l ((m —x+2 )2
- X

By (5:0) = s < Il IBu(( = 0% 0 + = | =
_ ml o 2. 1 (m_z)x+2_ 2
. ||(Bm<<t x>,x)+2(—m+ d x))

2
IIs” llee;,,(x),

where

@y (X)

— _ 1{m-2x+2 \
\/Bm((l'— X)Z,X) + 5 (W - X)

3 18(1 — 2x)? — 4s2(—=1 + x)x + 8s(1 — 3x + 3x?)
B 2+ 523+ ) '

Right now, we will try to find a bound for the auxiliary operator B}, (s; x). In the light of the Lemma 4.3
and using Cauchy-Schwarz inequality we obtain

. I =P (m—-2)x+2
|B, (s;x)] = [Bun(s;x) s(—+ 5 ) + s(x)
< |Bu(s; 0l + S(%)‘ + Is(0)]
< 3lsll.
Consequently,
— » m-2)x+2 » o
1Bu(k; ) — k()] = |Bi(k; x) — k(x) + k (T) = k(x) + s(x) = s(x) + B, (s; X) = B,/ (s; %)
< Bk - 5:3) — (k= )] + B2 (s5:.0) — s(0)| + k(%) - k(x)‘
(m=2)x+2 X|
< Allk = sl + 118 Nl (x) + wk, Bu(x) | 22— + 1
Bm(x)
= 4 (Il = sl + 15"l (x)) + 20 (k, m-2x+2 x')
m+2
4.14)
where
_|m=2)x+2 B
o) = [P
B ’—4)6 + 2'
S m+2 |
So, for all k € C?[0, 1] by taking the infimum of the Eq (4.14), we get
|§,;(k; x)—k(x)| < 4K(s, a/i(x)) + 2w(k, Bn(x)). 4.15)
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As aresult, using Eq (4.7), we obtain
1B,,(k; ) = k()] < Man(k, () + 200(k, Bu(0)). (4.16)
Thusly, the proof is finished. O

5. Voronovskaya type theorem

In 1932, Voronovskaya [20] obtained the convergence rate of the Bernstein operators (1.1) to the
function k. In this part, we derive a Voronovskaya-type asymptotic formula for B,,(k; x) operators.

Theorem 5.1. Let k be integrable on the interval (0, 1), also k' and k" exist at a fixed point x € (0, 1).
Then we have
lim m (Bm(k; X) — k(x)) = (=4x + 2) K'(x) = 2x(1 — )K" (). (5.1)

Proof. By using the well-known Taylor’s formula, we write

’ (t B X)2 77 2
k(t) = k(x) + (t — x)k'(x) + Tk (x) + R(t, x)(t — x)°. (5.2)

Here, R(t, x) := W is the remainder term. ¢ is situated between x and ¢. Also, limR(z, x) = 0.

t—x

When we apply B, operators to (5.2), we obtain

B, ((t = )% %) + Bu(R(t, )(t — x)%;x).  (5.3)

By(k; x) — k(x) = K (X)B((t — x); x) + kﬁéx)

By multiplying (5.3) by m and take the limit as m goes to infinity, we achieve

k// (x)
2

lim m(E;(k; x) — k(x)) = lim mk'(x)B,,((f - x); x) + lim m B, ((t — x)*: x)

m—o0

+ lim mB,,(R(t, x)(t — x)*; x).

By taking into consideration Eqgs (2.2) and (2.3), we obtain

lim mk’ (X)B,,((t — x);x) = K (x) lim mB, ((t — x); x)

= K(x)(=4x +2)

and
lim m@fa}l(a 0%y = kﬂz(x) lim mB,, (7 - x)%: x)
- k'/z(x) (~4x(1 - x)) .

Thus we have

lim m (1’9;(k; x) — k(x)) = (=4x + 2) K (x) = 2x(1 — YK’ (x) + lim mB,, (R, x)(t — x)%; ). (5.4)

m—o00

AIMS Mathematics Volume 7, Issue 2, 1831-1844.
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By using the Cauchy-Schwarz inequality for the remainder term, we write

B (R, (1 = 0%3) < A BuR(t, x); 1) Bt = %)% ). (5.5)

We already know the term E,;((t — x)*; x) from Eq (2.1). Since R?(., x) is continuous at ¢ € (0, 1) and
lim R(¢, x) = 0, we observe that

—x

lim B, (R3(t, x); x) = R:(x, x) = 0. (5.6)

Hence, by using (2.1), (5.5), (5.6) and positivity of the linear operators E,;, we have
1im mB,,(R(t, x)(t = x)%: ) = 0. (5.7)
Finally, by substituting (5.7) in (5.4), we achieve
lim m (B,,(k: x) — k(x)) = (=4x + 2) k' (x) = 2x(1 — )K" (),

m—o00

which is the desired result.

6. Numerical experiments

In last section, we give the convergence behaviour of the newly constructed operators B, with
function k.

Example 1. Let the function k be
k(x) = 1 — cos(4e”).

The convergence behaviour of the operators E;(k; X) is illustrated in Figure 1, where k(x) = 1 —
cos(4e*), x € (0, 1) and m € {100, 300, 500, 1000}.

B, ;) with m = 500
B with m = 1000

0.2r J

0 0.2 04 06 08 1
Figure 1. Convergence of E;(k; x) for different values of m.
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The error estimation for operators E;,(k; X) to the function k(x) = 1—cos(4e”) is presented in Table 1
for different values of m.

Table 1. Error comparison table of BT,,(k; X).

m max |B,,(k; x) — k(x)|
100 0.22148

300 0.082166

500 0.050427

1000 0.025653

Example 2. Let the function k be chosen as

oo Y3}

We have shown the convergence behaviour of the Bjn(k; x) Bernstein-Beta operators to the function k

in Figure 2 for m € {20, 50, 100, 200}.

0.1

— k(@) = (@ — /(& — 1/2)(c — 3/4)
0.08 — B(k; 2) with m = 20
By (k; z) with m = 50
0.06 - _l?m(k; ) w%th m = 100
_Bm(k; f) with m = 200
0.04

0.02 |-

-0.02 -

-0.04 -

-0.06 -

-0.08

-0.1 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 2. Convergence behaviour of B(k; x).

The error results of the operators E,:,(k; X) to the function k(x) = (x - i) (x - %) (x - %) are given in
Table 2 for different values of m.

AIMS Mathematics Volume 7, Issue 2, 1831-1844.
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Table 2. Error comparison table of E;,(k; X).

m max |B,,(k; x) — k(x)|
20 0.04621
50 0.02309
100 0.01251
200 0.00652

When we investigate these two examples, we understand that for the increasing values of m, the
graph of the operators B,,(k; x) goes to the graph of the function k.
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