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1. Introduction

Surface theory is an attractive research field, as it has applications in many disciplines. Among
the surfaces, the ruled surfaces are the most interesting and were first introduced by G. Monge. The
ruled surfaces are formed by moving a line along a curve, where this curve is called the base curve,
and the straight line is called the generator line. Since it consists of an infinite number of straight
lines, it is known as a surface of lines. That is, the ruled surfaces are surfaces created by families of
straight lines. The importance of the theory of ruled surfaces in some engineering fields is evident.
Especially, in kinematics and computer-aided design problems, these surfaces have widespread use.
Cylinder and cone surfaces are the most well-known ruled surfaces. The ruled surfaces also arise in
admirable architectural works. For example, the ruled surfaces are seen in many famous structures,
such as Ciechanow Water Tower, Kobe Port Tower and Shuckhov Tower. In addition to the visibility of
ruled surfaces in real-world applications, theoretical developments for these surfaces continue in depth.
After its localization in the scientific literature, researchers started to question the characterizations of
these surfaces as well as the isoparametric curves lying on them. For example, the relations between the
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cylindrical helix and Gaussian curvature and between the Bertrand curve and the mean curvature of a
ruled surface were given in [1]. The invariants and kinematic/ geometric properties of non-developable
ruled surfaces were examined by considering the structural functions of ruled surfaces in [2]. The
ruled surfaces with directrix of a focal curve of a given curve were studied and characterized in [3].
Developable ruled surfaces on Bezier curves were constructed in [4]. Normal and binormal ruled
surfaces based on W-direction curves were discussed in [5].

Motivated by these, in this study, we have introduced partner ruled surfaces based on a polynomial
curve and ruled by the vector elements of a Frenet-like frame known as the Flc frame [6]. Then, we have
simultaneously provided the conditions for each partner ruled surface to be developable or minimal by
considering the main curvatures with the Flc frame invariants. Such conditions have also been linked
to the characterizations of isoparametric curves such as asymptotic, geodesic or curvature lines. An
example has been given at the end of the paper with the corresponding figures of the generated partner
ruled surfaces.

2. Preliminaries

In this section, we present some basic concepts that will be used throughout the paper. Let @ = a(s)
be a regular space curve satisfying non-degenerate condition ' (s) A @’ (s) # 0. Then, the orthonormal
vector system called the Frenet frame is defined by

’ 7’ /\ "
T(s) = 28 gy = EWAa©)
lle ()l ller' (s) A " (o)l
where 7 is tangent, N is principal normal and B is binormal vector field. The Frenet formulas are given
by

N(s) = B(s) A T(s), 2.1

T" =knN,N’ = —knT + B, B = =N, ||’|| = n, (2.2)
where the curvature « and torsion 7 of the curve are [7],
”a'(s) A a/"(s)” <0/(S) A (s), CYW(S)>
K= — T= , —. (2.3)
[l (s)] lla'(s) A @ ()l

The n” degree polynomial with parameter s is defined as

P(s) = aps" + ap 8" + o+ ayst + ag, a, #0,

where n € Ny, a; € R, (0 <i < n) [8].

Now, let us define a curve such that « : [a,b] — E", a(s) = (a;1(s), aa(s), ..., a,(s)). If each q;s are
polynomials for 1 < i < n, then a; € R[s] is defined to be an n—dimensional polynomial curve [9].
The degree of such a polynomial curve as a(s) is given by

deg a(s) = max{deg (a(s)),deg (a(s)), ..., deg (a,(s))} [8].
The definition of the Flc frame of a polynomial space curve @ = a(s) given by Dede in [6] is as follows:

@ (s) @ (5) A @™(s)
T(s) = 220 py(s) =
) (s) ||a'(s) A a(n)(s)” |

— Di D;(s) = Di(s) AT (), (2.4)
lla’ ()l
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where the prime ’ indicates the differentiation with respect to s and * stands for the n derivative. The
new vectors D and D, are called the binormal-like vector and normal-like vector, respectively. The
curvatures of the Flc-frame d, d,and d5 are given by

T,D T',D D, ,D
g =022 00y (P Dy @5)
n n
where ||@’|| = n. The local rate of change of the Flc-frame called as the Frenet-like formulas can be
expressed in the following form:
T’ 0 d, d, T
Dz’ =n —dl 0 d3 D2 . (26)
Dy’ -d, —ds 0 D,

On the other hand, a ruled surface as a family of straight lines is defined as
@ (s,u) = a(s) +ur(s), 2.7)

where a(s) is the base curve, and the r(s) is the generator. The Gaussian and mean curvatures of the
ruled surface ¢ with the normal vector field N, are given as

B eg — f? _ 1Eg-2Ef +Ge 2.8)
~ EG-F* 2 EG-F? '
Here, the coeflicients of first and second fundamental forms are defined as
E=(ps,05), F=Apssu), G ={pusu)> (2.9)
e = <(;Dssv ng> s f = <(;Dsu’ Nap> , g= <90Lma N¢p> =0, (210)

respectively [7].
3. Simultaneous characterizations of partner ruled surfaces using Flc frame

In this section, we study simultaneously partner ruled surfaces constructed by the tangent, normal-
like and binormal-like vectors of the Flc frame along a polynomial space curve.

3.1. T D,-partner ruled surfaces

Definition 3.1. Let a be a differentiable polynomial space curve and {T, D,, D} be the Flc frame of
the polynomial space curve. The two ruled surfaces defined by

QD;F)Z (S’ l/l) =T (S) + MD2 (S) )
(3.1)
@2 (s,u) = Dy (s) + uT (s),

are called T D,-partner ruled surfaces with the Flc frame of the polynomial curve.
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Theorem 3.1. Let golT)z and go?z be T D,-partner ruled surfaces, and then T D,-partner ruled surfaces
are simultaneously

(i) developable surfaces if and only ifdi =0, dy # 0 or d; # 0,
(ii) minimal surfaces if and only if d, = d; = 0 and d; # 0.

Proof. By differentiating the first equation of (3.1) with respect to s and u, respectively and using Flc
frame derivative formulas, one can obtain
(¢p,)s = —nudi T (5) + ndi D2 (s) + 1 (dy + uds) Dy (),
(‘10;1;2)14 =D, (s).

Then, by considering the partial derivatives of the surface golT)z given by Eq (3.2) and the cross product
of both vectors (¢], ); and (¢;, ). , the normal vector field of the surface ¢, is found as

(3.2)

r @)X @p)u —(dy+ud))T (s) — udy D (s)

_ (3.3)
P Vi2d + (dy + uds)’

l@h ) x (@B )

By applying the scalar product for both vectors in (3.2), we find the components of the first fundamental
form of the ruled surface <p£2 as follows:

Erp, =17 ((1+ ) di* + (dy + uds)?), Frp, = ndy. Grp, = 1. (3.4)

By differentiating Eq (3.2) with respect to s and u and making the scalar product with the normal vector
field (3.3), we have the component of the second fundamental form of the ruled surface golT)2 as follows:

_ n((V+u?)di2dan+(da+uds)(do(da+uds)n+ud, ) —udy (dy +uds”))
b

€rp, =
2 Vuldi 2 +(dr+uds)? (3.5)

_ ndidy _
Jrp, = grp, = 0.

Vurd, 24 (dy+uds)? ’

Thus, by substituting Eqgs (3.4) and (3.5) into Eq (2.8), the Gaussian curvature and the mean curvature
of the ruled surface gpLT)Z are calculated by

2
— _(___didr
Krp, = (u2d12+(d2+ud3)2) ’
(3.6)

((-1+1?)di2dyn+(dr+uds)(da(dy+uds+udy )—udy (do +uds”))
PITD2 = .

2n(u2d12+(d2+ud3))%
On the other hand, by differentiating the second equation of (3.1) with respect to s and u , respectively
and using the Flc frame derivative formulae, one can obtain

(97" = =i T (5) + udi D (5) + 11 (ds + udy) Dy (s)

3.7

(@7 =T ().
Then, by considering the partial derivatives of the surface golT)z given by Eq (3.7) and the cross product
of both vectors, the normal vector field of the surface % is found as

by @)X (@) (ds +uds) Dy () — ud, D) (5)

- - (3.8)
Tl x (02, Vi2dE 5 (ds + udy)’
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By applying the scalar product for both vectors in (3.8), we have the components of the first
fundamental form of the ruled surface go?z as follows:

Ep,r =" ((1+?)d\* + (ds + uds)’) . Fp,r = —ndy, Gpyr = 1. (3.9)
By differentiating Eq (3.7) with respect to s and u and making the scalar product with the normal vector
field (3.8), we have the component of the second fundamental form of the ruled surface <plT)2 as follows:

o _ =n((1+u?)di dsn+(ds+uda)(ds(ds+udy)n—udy ) +ud) (d3’ +udy'))
T 12dy >+ (ds+ud)? ’

(3.10)
— ndids =0.
Joor m, 8D,T
Thus, by substituting Eqs (3.9) and (3.10) into Eq (2.8), the Gaussian curvature Kp,r and the mean
curvature Hp,r of the ruled surface cplT)z are calculated by

2

_ dids )

KDzT_ (u2d|2+(d3+udz)2 ’
G.11)

((1-1?)di2dsn+(ds+udy)(—d3(ds+udap+ud, )—udy (d3’ +udy”))

Hp,r = 3
29(u2dy > +(d3+ud>))?

Consequently, from Eqs (3.6) and (3.11), it can easily be said T D,-partner ruled surfaces are
simultaneously developable and minimal surfaces under the conditions stated in the hypothesis. O

Theorem 3.2. Let 90;[)2 and (,OIT)Z be T D,-partner ruled surfaces, and then s-parameter curves of T D,-
partner ruled surfaces are simultaneously

(i) not geodesic,

(ii) asymptotic if and only if d, = dz = 0 and d, # O.
Proof. Let golT)z and <plT)2 be T D,-partner ruled surfaces and the cross products of second partial derivates
with the normal vector fields of the 7' D,-partner ruled surfaces being found as

udy (udy*?+n(dadsn+uds®n-d'1)-diry’)

Vi2dy >+ (dy +uds)? ’

—ud*?~dyn(dads+un(ds®n+ud’ 1)) - dy*nf —(do+uds)((d’ 2 +ud’ 3)+(dy+uds)n’)

T T
xUp =
(D,)ss X Up, 12dy 2 +(dy+uds ’

_ (datuds)(udi*n* +n(dadsntuds®n-d'1)~din’)

Vi2d 2 +(dy+uds)? ’

ud P +din(udy*n+dadsn—12d’ ) —uldy 1 —(udy+d3)(ud’ 2 +d' 3)+(udr +d3)n)

Vi2d > +(udy+ds)? ’

| ud, (ud127]2+n(ud2277+d2d377+d’1)+d1r/)

D, D,
X Uz? = ’
(()OT )ss T w2d 2 +(udr+d3)?

_ (udy+d3)(udi*nP+n(udy*n+dodzn+d’ 1 )+dd' )

Viddi? +(udy +ds)?

AIMS Mathematics Volume 7, Issue 11, 20213-20229.




20218

Since (gogz)” X ULT)2 # 0 and ((plT)z)SS X U?z # 0, s-parameter curves of the T D,-partner ruled surfaces
simultaneously are not geodesic. On the other hand, the scalar products of second partial derivates
with the normal vector fields of the 7'D,-partner ruled surfaces are calculated as

n((1+12)di’dan + (dy + uds) (ds (dy + uds)  + ud'y) = ud (d'y + ud's))
Vid? + (dy + uds)?

b

(@5 UD,) =

(620 U%) —n((1+ ) di’dsn + (udy + d3) (dsn (udy + ds) = ud'y) + udy (ud'> + d'3))
Pr)sss = .
et Ve + (ud; + ds)?

From here, if d, = d; = 0 and d, # 0, then <(<plT)2)ss, U£2> =0 and <(901T)2)“, UIT)2> = 0. So, we can say
that s-parameter curves of the T D,-partner ruled surfaces simultaneously are asymptotic if and only if
d2:d3:0andd1¢0. O

Theorem 3.3. Let <plT)2 and ()D{[)Z be T D,-partner ruled surfaces, and then u-parameter curves of T D,-
partner ruled surfaces are simultaneously

(i) geodesic,

(ii) asymptotic.
Proof. Let ¢}, and @7 be T D,- partner ruled surfaces. Since (¢p )X Up, =0 and (@) x UR> = 0,
u-parameter curves of the T'D,-partner ruled surfaces simultaneously are geodesic. On the other hand,

since <(<p£2)uu, ng> =0and <(¢p?2)m,, U?2> = 0, u-parameter curves of the T D,-partner ruled surfaces
are simultaneously asymptotic. O

Theorem 3.4. Let (,DIT)2 and 90?2 be T D,-partner ruled surfaces, and then s and u-parameter curves of
T D,-partner ruled surfaces are simultaneously lines of curvature if and only if d; = 0.

Proof. Let golT)z and goIT)z be T D,-partner ruled surfaces. For d; = 0,
ndd,

Frp, =ndi =0,  frp, = Vurd,? + (dy + uds)* )

2

and

d\d;
FDZT:—T]dl :O, szT: 27] ! > :O
Viu2d,? + (ds + ud,)
Thus, we can easily say that s and u-parameter curves of T D,-partner ruled surfaces are simultaneously
lines of curvature if and only if d; = 0. O

3.2. TD-partner ruled surfaces

Definition 3.2. Let a be a differentiable polynomial space curve and {T, D,, D} be the Flc frame of
the polynomial space curve. The two ruled surfaces defined by

{ ¢b (s,u) =T (s) +uD; (s),

o2 (s,u) = Dy (s) + uT (s), (3.12)

are called T Dy-partner ruled surfaces with the Flc frame of the polynomial curve.
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Theorem 3.5. Let golT)l and go?‘ be T D:-partner ruled surfaces, and then T D-partner ruled surfaces
are simultaneously

(i) developable surfaces if and only if d, = 0 and dy # 0 or d; # 0,
(ii) minimal surfaces if and only if d, = dz = 0 and d, # O.
Proof. By differentiating the first equation of (3.12) with respect to s and u, respectively and using Flc
frame derivative formulae, one can obtain
(¢},)s = —nud,y T (s) + 1 (dr — uds) Dy (s) + ndy D (s),
(@5 = Dy (5).

Then, by considering the partial derivatives of the surface ‘le given by Eq (3.13) and the cross product
of both vectors, the normal vector field of the surface go;f)l is found as

(3.13)

v - (#b)s X @ )u_ (dh —udy) T (s) + udy Dy (5) (3.14)

- ||(90[T)1)s X (‘pgl)u \/I/tzdzz + (d] — Md3)2

By applying the scalar product for both vectors in (3.13), we have the components of the first
fundamental form of the ruled surface golT)l as follows:

ETD] — ]72 ((l =+ MZ) d22 + (dl - ud3)2), FTD] = ndz’ GTD] = 1 (315)

By differentiating Eq (3.13) with respect to s and u and making the scalar product with the normal
vector field (3.14), we have the component of the second fundamental form of the ruled surface goIT)l as
follows:

P —n(n(di®-2ud\*d3 ) +d1do*n((1+1 ) +uluds®n+dy’ ) ) —u(udsdy’ +da (dy’ —uds’)))
D, =
: uldy?+(dy~uds ) ’ (3.16)

Jrp, = ——hd grp, =0

Y V2dy e (dy—uds)? b

Thus, by substituting Eqs (3.15) and (3.16) into Eq (2.8), the Gaussian curvature and the mean
curvature of the ruled surface go;f)l are found by

2
— didp )
Krp, = (u2d22+(d1—ud3)2 ’

(3.17)
_ ((=di*+2udid3)+di (1-u?)do*n—u(uds’n+dy" ) +uludsdy’ +dr (dy’ —uds’)))

HTD| - 3
2n(utdy® +(d1—ud3)) 2

On the other hand, by differentiating the second equation of (3.12) with respect to s and u, respectively
and using Flc frame derivative formulae, one can obtain
(975 = =ndaT (5) + 1 (udy = ds) Dy (s) + undzDi (s) ,
(@7 =T ().

Then, by considering the partial derivatives of the surface <plT) ' given by Eq (3.18) and the cross product
of both vectors, the normal vector field of the surface goIT) ! is found as

(3.18)

b _ W) X @ udyDs (s) = (udy —d5) D, (5)
TR x (@2, Vi2dE T (udy — dy)?

(3.19)
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By applying the scalar product for both vectors in (3.19), we have the components of the first
fundamental form of the ruled surface go? " as follows:

Epr =1 ((1+162)dy> + (ds — udy?), Fp,r (s.u.t) = —nda, Gp,7 = 1. (3.20)

The scalar products of differentiation of Eq (3.18) with respect to s and u with the normal vector
field (3.19) gives us the component of the second fundamental form of the ruled surface <plT) " as follows:

-n(w?d2dsn+(1+1? )dy 2 dsn+ds*n—udsdy +udy (—2d5*n+udy” ) +uda (—udy’ +d3”))

€p,T =
! Vi2dy2 +(ds—ud) ’

_ ndads
fo,r = 0.

T §D\T &
Vi2d +(ds—ud)?

Thus, by substituting Eqs (3.20) and (3.21) into Eq (2.8), the Gaussian curvature Kp 7 and the mean
curvature Hp, 7 of the ruled surface goIT) " are calculated by

(3.21)

_ drds 2
Kp,r = (u2d22+(d3—ud1)2) ’
(3.22)

((1-u?)dy2dsn—12di > dsn—ds*n+udsdy’ +udy (2nds*—udy” ) +uds (udy’ -ds"))
Hp,r = .

29(utdy® +(d3—ud, ))%

Consequently, from Eqs (3.17) and (3.22), it can easily be said 7'D;-partner ruled surfaces are
simultaneously developable and minimal surfaces under the conditions stated in the hypothesis. O

Theorem 3.6. Let (pgl and (,0? " be T D;-partner ruled surfaces, and then s-parameter curves of T D;-
partner ruled surfaces are simultaneously

(i) not geodesic,
(ii) asymptotic if and only if dy = d3 = 0 and d, # 0.

Proof. The proof is done in a similar way to the proof of the theorem given for T D,-partner ruled
surfaces. O

Theorem 3.7. Let QDIT)I and (pIT)‘ be T Dy-partner ruled surfaces, and then u-parameter curves of T D;-
partner ruled surfaces are simultaneously

(i) geodesic,
(ii) asymptotic.

Proof. The proof is done in a similar way to the proof of the theorem given for T D,-partner ruled
surfaces. O

Theorem 3.8. Let (,OIT)1 and go? " be T D:-partner ruled surfaces, and then s and u-parameter curves of
T Dy-partner ruled surfaces are simultaneously lines of curvature if and only if d, = 0.

Proof. The proof is done in a similar way to the proof of the theorem given for 7 D,-partner ruled
surfaces. O
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3.3. D,D-partner ruled surfaces

Definition 3.3. Let a be a differentiable polynomial space curve and {T, D,, D} be the Flc frame of
the polynomial space curve. The two ruled surfaces defined by

@2 (s,u) = Dy (s) + uD) (s),
(3.23)
@p! (s,u) = Dy (s) + uD (s),

are called D, D1-partner ruled surfaces with the Flc frame of the polynomial curve.

Theorem 3.9. Let gpgf and cpg; be a D,D;-partner ruled surfaces, and then D,D-partner ruled
surfaces are simultaneously

(i) developable surfaces if and only if d3 = 0 and d, # 0 or d, # 0,
(ii) minimal surfaces if and only if dy = d, = 0 and d3 # 0.

Proof. By differentiating the first equation of (3.23) with respect to s and u, respectively and using Flc
frame derivative formulae, one can obtain

(@p))s = = (dy + udy) T (s) = ndsD; () + nds D (s) ,
(3.24)
(@p)u = D1 ().

1

Then, by considering the partial derivatives of the surface <pgf given by Eq (3.24) and the cross product
of both vectors, the normal vector field of the surface gogf 1s found as

by @ODX @) —udsD, (s) + (dy + udy) Dy (s)

Pl < @Bl Vurdy: + (dy + udo)?

By applying the scalar product for both vectors in (3.24), we have the components of the first
fundamental form of the ruled surface gogf as follows:

(3.25)

Ep,p, =" ((1 +u?)ds® + (dy + udy)?). Fp,p, = nds, Gp,p, = 1. (3.26)

By differentiating Eq (3.24) with respect to s and u# and making the scalar product with the normal
vector field (3.25), we have the component of the second fundamental form of the ruled surface cpgf as
follows:

—n(di’n+2ud *dyn+dy (ds*+iPn(da +d3? ) +uds’ )+u(=ds (dy +udy ) +udyds”))

€p,D, =
S Vi2ds+(dy +udy)? ’

(3.27)

ndids _
Jp,0, = ————, gp.p, = 0.
2 u2d32+(d1+ud2)2, 21

Thus, by substituting Eqs (3.26) and (3.27) into Eq (2.8), the Gaussian curvature Kp,p, and the mean
curvature Hp,p, of the ruled surface gogf are calculated by

2
_ didy
Ko,p, = (u2d32+(d1+ud2)2) ’
(3.28)

H _ (=di’n-2ud\ dyn—-dy (1Pdyn+ (—1+u2 ) ds n+uds’ +u(ds (dy +udy' ) -udyds')))
DDy = .
! 2n(u2d32+(d1+ud2))%

AIMS Mathematics Volume 7, Issue 11, 20213-20229.
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On the other hand, by differentiating the second equation of (3.23) with respect to s and u, respectively
and using Flc frame derivative formulae, one can obtain

(soD‘)s = —n(dy +ud,) T (s) — nd3D; (s) + und; D (s),
(3.29)
(QODI)M D2 (S) .

Then, by considering the partial derivatives of the surface gag; given by Eq (3.29) and the cross product
of both vectors, the normal vector field of the surface gog; is found as

D _ (QODI)S (()ODl)u _ —I/ld3T (S) - (d2 + l/tdl)Dl (S)
2l x (@b, Vi2dE + (dy + udy?

(3.30)

By applying the scalar product for both vectors in (3.30), we have the components of the first
fundamental form of the ruled surface ‘pgi as follows:

Ep,p, =17 ((1+u’) ds* + (dy + udy)?), Fp,p, = -nds, Gp,p, = 1. (3.31)

By differentiating Eq (3.29) with respect to s and u and making the scalar product with the normal
vector field (3.30), we have the component of the second fundamental form of the ruled surface cpg; as
follows:

_ nudi dyn+dy nuds (do' +udy” ) +udy (2dy n-uds” ) +do (1+u2 )d3*n—uds"))

€p,p, =
172 W2ds2+(do+ud))? ’

(3.32)
7Id2d3 =0

foip, = » §DD
172 \/uqu Hdytud)? S0

Thus, by substituting Eqs (3.31) and (3.32) into Eq (2.8), the Gaussian curvature K, p, and the mean
curvature Hp, p, of the ruled surface gog; are calculated by

2
— [ ddy
Kp,p, = (L,2d32+(d2+ud1)2) ’
(3.33)

(12d\*dyn+dr®n+uds (dy’ +udy ) +udy (2d,%n— udq )+da((—1+12)d3*n—uds’ ))

Hp,p, =
2n(utds*+(dz+udy)) 3

Consequently, from Eqgs (3.28) and (3.33), it can easily be said D,D;-partner ruled surfaces are
simultaneously developable and minimal surfaces under the conditions stated in the hypothesis. m|

Theorem 3.10. Let gogf and (pg; be D,Dq-partner ruled surfaces, and then s-parameter curves of
D, D -partner ruled surfaces are simultaneously

(i) not geodesic,
(ii) asymptotic if and only if dy = d, = 0 and d5 # 0.

Proof. The proof is done in a similar way to the proof of the theorem given for 7 D,-partner ruled
surfaces. O
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Theorem 3.11. Let gogf and gog; be D,D;-partner ruled surfaces, and then s and u-parameter curves
of D,D-partner ruled surfaces are simultaneously line of curvatures if and only if d3 = 0.

Proof. The proof is done in a similar way to the proof of the theorem given for 7' D,-partner ruled
surfaces. O

Example 3.1. Let us consider a helical polynomial curve parameterized as a (s) = (6s, 352, s3). Then,
the Flc frame elements of a are given by

T = (2 )00 = (0.

_{_ 52 _ 53 2V1+s2
D, (S)—( Vie2(2482)" Vies2(2452)7 2+ )

and the corresponding curvatures according to the Flc frame are the following:

s -1 s>
Ot T e YT e

(1) Thus, we have the parametric forms for T D,-partner ruled surfaces as follows:

T _ $2+1-5%u S(2 s2+1_s2”) s2+2 V1+s2u
Y0, T\(Pe2) Vel (22) Vi1 (#+2) )’

Dy _ —2+2uVs2+1 S(_S2+2“ Sz+1) 2V1+52+5%u
r T\ (e Ve () Ve 0 (9+2) )

See Figure 1.

(a) ¢}, surface (b) ¢ surface (¢) ¢y, and ¢7? surfaces

Figure 1. T D,-partner ruled surfaces with s € [-2,5] and u € [-5,5].
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(2) Thus, we have the parametric forms for T D-partner ruled surfaces as follows:

T _ (L posu 25w L)
b, = \3592 Vigs2? 2+s2 Vits2? 2+s2)°

D1=(s 42w L 2su su)
$r VitsZ 24527 1452 24827 2+s2)°

See Figure 2.

(a) tpgl surface (b) tp?l surface (c) t,og] and <pLT)1 surfaces

Figure 2. T D,-partner ruled surfaces with s € [-2,5] and u € [-5,5].

(3) Thus, we have the parametric forms for D,D:-partner ruled surfaces as the following:

Do _ (=P4su(e?) o 2VTEE
o1 T\ Viee (o) Vies(2es2)” 249 )

Dy _ s(2+5%=su)  2-P(1+su)  2V1+su
‘pDz \/1+s2(2+s2)’ V1+s2(2+sz)’ 2+

See Figure 3.
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(a) <pgf surface

(b) ¢! surface (¢) ¢’ and @' surfaces

Figure 3. D,D-partner ruled surfaces with s € [-2,5] and u € [-5,5].

Example 3.2. Let us consider a helical polynomial curve parameterized as 3 (s) = (s3, st s5) .Then

the Flc frame elements of 8 are given by

T(s):( 3

V2554 +165249,”

4s 552
V255441652497 V255%+16s2+9 |’

_ 4s _ 3
Di(9) = (Fem ~vers0):

D (S) — (_ 1552 _ 2053
2 V165249 V2554 +1652+9° V165249 V255%+1652+9° V255*+1652+9

V1652+9 )
b

and the corresponding curvatures according to Flc frame are as the following:

d (s) =

10(8s% +9)

dr (s) = —

ds (s) =

5255 + 1652 +9)3 V1652 + 9

12
$2(25s% + 1652 + 9) V1652 + 9

60

(25s* + 1652 + 9)(1652 + 9)

(1) Thus, we have the parametric forms for T D,-partner ruled surfaces as follows:

3 15us?

V25574165249 V165249 V2553 + 165249

4s 20us’

Xp, =

AIMS Mathematics

V25574165249 V165249 V2553 + 165249

552 uV16s2+9
V25544165249 V2554+1652+9°
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1552 3u

- +
V165249 V2554 +1652+9 V2554+1652+9°

20s3 dus

See Figure 4.

(a) XLT)2 surface

- +
V165249 V2554 +1652+9 V2554+1652+9°

V165249 5us?
V2554 +1652+9 V25544165249

'R

(b) )(IT)Z surface (© )(Ez and )([T)Z surfaces

Figure 4. T D,-partner ruled surfaces with s € [-0.5,0.5] and u € [-2,2].

(2) Thus, we have the parametric forms for T D-partner ruled surfaces as follows:

T _
Xp, =

Dy _
Xt =

See Figure 5.

AIMS Mathematics

3 dus
V25544165249 V165249’
4s 3u

V25574165249 V165249’

552

V25544165249’

4s + 3u
V1652+9 V25544165249’

_ 3 4us
V1652+9 V25544165249

Sus?

V2554 +1652+9

Volume 7, Issue 11, 20213-20229.



20227

A1t

RRNY

)
|
|

et (|

—

(a) xp, surface (b) X7 surface (¢) x5, and x5! surfaces

Figure S. T D;-partner ruled surfaces with s € [-0.5,0.5] and u € [-2,2].

(3) Thus, we have the parametric forms for D, D -partner ruled surfaces as the following:

_ 1552 4us
V165249 V2554 +1652+9 V165249’
Dy _ | _ 2053 __ 3u
Xp, = V1652+9 V2554 +1652+9 V165249’
V16s2+9
V25544165249’
45 15us®
V165249 V165249 V2554 +1652+9°
Dy _| __ 3 _ 20us’
Xp, = V1652+9 V1652+9 V2554 +1652+9°
uV16s2+9
V2554+1652+9

See Figure 6.
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(a) ng surface (b) )(gj surface (c) )(g? and )(g; surfaces

Figure 6. D,D;-partner ruled surfaces with s € [-0.5,0.5] and u € [-2,2].

4. Conclusions

In this paper, the invariants of partner ruled surfaces formed by tangent, normal-like and
binormal-like vector fields of a polynomial space curve simultaneously are presented. Also, some
characterizations of the parameter curves are examined. Examples of these surfaces are given and their
graphics are drawn using the MATLAB R2021b program.
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