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1. Introduction

Contact and complex structures on smooth manifolds are studied with details in [3]. In the literature,
there are many studies on these structures and their classifications with compatible (semi-)Riemannian
metrics. For instance, almost contact metric structures and their classification is studied in [2, 4, 8];
almost Hermitian structures were examined in [1]; in [5], almost contact structures with Norden metric
are classified. Likewise, almost complex Norden metric structures and their classification are given
in [6]. In this paper, we study how to obtain an almost complex Norden metric structures by given
almost contact Norden metric structures and give the correspondence between the classes of these
structures. In the final section, we give some examples about the existence of the induced almost
complex Norden metric structures by the results of the paper.

2. Preliminaries

Definition 2.1. Let M be a 2n + 1 dimensional C* manifold and &,n and ¢ be a vector field, a 1-form
and a (1, 1) tensor field respectively on M with

o*=-1+n®&  nE) =1, (2.1)
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then (¢, &,n) is called an almost contact structure on M and the manifold M is said to be an almost
contact manifold.

Furthermore, if M is also equipped with a metric p of signature (n + 1, n), satisfying
p@U), ¢(V)) = —p(U, V) + n(U)n(V), (2.2)

where U, V € X(M), then p is said to be a compatible metric with the structure (¢, &, n7) and M is called
an almost contact Norden metric manifold (or almost contact B-metric manifold) with the structure

(#,€,1,0).

For a given almost contact Norden metric manifold (M, ¢, &, 1, p), the followings hold:

¢’ =—id+n®& ; nE =1 (2.3)

It follows,
no¢p=0, ¢&=0, pdUYV)=pU,¢V), nllU)=pU,SE). (2.4)
Moreover, ¢ has rank 2n [5].

Definition 2.2. The (0, 3)-tensor field @« on M given with
a(U,V,W) = p(Vyp)V, W), (2.5)

is called the fundamental tensor of the structure,where U,V,W € X(M) and V is the Levi-Civita
connection of p .

Proposition 2.1. By the definition of V, we have
(Vum(V) = p(Vué, V) = a(U, ¢V, ). (2.6)
Also from the Eqgs (2.1) and (2.4), it follows immediately

a(U,V,W) = (U, V, W),
a(U, ¢V, ¢W) = a(U, V, W) = n(V)a(U, &, W) = n(W)a(U, V., &), 2.7
a(U,€,6) =0,

where U, V, W € X(M) . The 1-forms below, called “Lee forms”, are associated with «:
Ou) = pale, eju);  0°(w) = plale, peju);  w(u) = aé, &, u), (2.8)
where u € T,M, {e;,&} (i = 1,2,--- ,2n) is a basis of T,M, and (o) is the inverse matrix of (p;;).
In [5], a classification of almost contact Norden metric manifolds with respect to the fundamental
tensor « is studied , where the defining relations of the eleven basic classes ¥, (i = 1,2,---,11) are

given as follow Table 1:
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Table 1. Basic classes of almost contact Norden metric structures.

Fi | aU VW) = 3 [o(U.¢V)EW) +p(U, gW)B@V) +p(dU. gW)E*V) +
P@U, $V)6(&*W)]

Fo | a€ VW) = aUEW) = 0. a(UV.gW) + a(V.W.¢U) +
aW,U,¢V)=0, 6=0

7 | aE VW) = aU.EW) =0, aU.V.W)+a(V,W.U)+a(W,.U,V) =0
Fa | aU.V.W) = =Z20p(@U.eW)n(V) + p(@U. ¢V)i(W)]

Fs | aU.V.W) = =521, ¢Wn(V) + p(U. V)W)

Fo | aUV.W) = —a(@UV.W) -~ a(¢UV.gW) = —a(V.WU) +
a(W,U.V) = 2a((@U,gV. W), 6(&) = 0"(&) = 0

71 | a(UV.W) = —a(@U,¢V.W)~a($U.V.¢W) = —a(V.W.0)~a(W. T, V)
Fs | aUV.W) = a(@U.¢V. W)+a(@U.V.¢W) = —a(V. W, U)+a(W. U, V)+
20(9U, ¢V, W)

Fo | aUV.W) = a(gU.¢V. W) + a(U.V.¢W) = ~a(V. W.U) - a(W, U, V)
Fio | aUV.W) = nU)a(é, V. ¢W)

Fu_|_aUV.W) = g@)aW)w(V) + n(V)w(W))

The class ¥ is determined by the condition a = 0.
By setting specific choices for U, V, W in the defining relations ¥;’s, one can obtain the following
results.

Proposition 2.2. Let (M, ¢,&, 1, p) be an almost contact Norden metric manifold. Then we have,

(1) The Reeb vector field & is parallel only in the classes F1, F2, F3, F10 and in their direct sums.

(2) The Reeb vector field ¢ is Killing only in the classes 7, Fg and in their direct sum.

(3) The Reeb vector field & satisfies the relation p(Vyé,V) = p(Vyé, U) for any U,V € X(M), in the
classes Fa, Fs, Fo, Fo and in their direct sums.

Definition 2.3. Let N*' be a C* manifold with an almost complex structure J and a semi-Riemannian
metric h of signature (n, n) that holds

J?=—id, h(JU,JV)=-hU,V), (2.9)

for arbitrary U,V € X(N). Then (N, J,h) is called an almost complex Norden metric manifold (or
almost complex B-metric manifold) [5].

The metric A satisfies
h(JU,V) = h(U,JV), (2.10)

for all vector fields U, V.
Definition 2.4. The fundamental tensor F of the manifold (N, J, h) is given with :

F(U,V,W) = h(Vy)V, W), (2.11)

where U, V, W are smooth vector fields and V is the Levi-Civita connection of h.
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The tensor F satisfies

F(U,V,W)=FUW,YV)

FU,V,W)=FU,JV,JW). (2.12)

Definition 2.5. For a given p € (N, J,h) and a basis {e;,--- , ez} of T,N, the Lee form ¢ associated
with the tensor F is defined as

‘)0(”) = hijF(ei’ ej7 M)a (213)

where (h') is the the inverse of (h) and u € T,N .

In [6], almost complex Norden metric structures are classified with respect to VJ. Due to this
classification, three basic classes W, (i = 1,2,3) and so 2° invariant subspaces are obtained. These
subspaces are given with the relations below. For U, V, W € X(N),

W, : F(U,V,W) =0,
W, : F(U,V, W) = %[hw, V)E(W) + h(U, Wyp(V)

+ (U, IV)p(JW) + h(U, IW)p(JV)],
W, : F(U,V,JW) + F(V,W,JU) + F(W,U,JV) =0, ¢ = 0,
W5 F(U,V,W)+ F(V,W,U)+ F(W,U,V) =0,

W, oW, : F(U,V,JW) + F(V.W,JU) + F(W,U,JV) =0,
(W2®(W3I(p20,

1

~ AU V)p(W)
+h(W, U)e(V) + h(V, W)p(U) + h(U, JV)e(JW)

+h(V, IW)e(JU) + h(W, JU)e(JV)],

Wi @& W, ® W; : (The whole class).

W, oW, : FU,V,W)+ F(V,W,U)+ F(W,U,V) =

3. Induced almost complex Norden metric structure

Let (M?™!, ¢, &, 7, p) be an almost contact Norden metric manifold. Define J as

_ d
J(U) = ($U — a&,n(U) ), (3.1

where U € ¥(M), U = (U, a%) € X(M x R). Here, a is a real valued smooth function on M X R, and
t is the coordinate of R. It is known that (M X R, J, h) is an almost complex Norden metric manifold
with the metric A

WU, V) :=p(U,V) - ab, (3.2)
where U = (U,a4),V = (V,b4) [9].
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In this work, this structure is said to be the induced almost complex Norden metric structure.

Unless otherwise stated, throughout the paper, we will use the notation M for M xR, and U, V, W, ...
for the vector fields (U, a%), 4 b%), (W, c% ,...on M.

Let (M, ¢, &, 1, p) be an almost contact Norden metric manifold and (M, J, h) be the induced almost
complex Norden metric manifold. Then, we have the following relations [9]

_ db_d
VoV = (VyV,(U[b] + “E)E)’ (3.3)
_ . d
(VgH(V) = (Vyd)(V) = bV ¢, (VU")(V)Z;)’ (3.4)
F(U,V,W) = a(U,V,W) — ca(U,& ¢V) — ba(U, &, W), (3.5)

where V and V denote the Levi-Civita connections of p and & respectively. From the Eq (3.5) we can
obtain the following equalities, that will be used later.

F(U,V,JW) = a(U,V,¢W) = ca(U, V,€) + ba(U, W, &) = n(W)a(U, &, V). (3.6)

Let {e;,&),(i = 1,--+,2n) be a basis for T,M, p € (M, ¢,&,n,p). Then, one can construct the basis
{é; = (e;,0), 2,41 = (£,0), 82,420 = (0, % L, (@ =1,---,2n) for the manifold (M X R, J, h). Thus, the
inverse matrix of the metric & becomes:

wh=| @0

0 |-l

where (oY) is the inverse matrix of p.
With the basis above, after long but direct calculation, we can state the following lemma.

Lemma 3.1. The Lee form ¢ of the manifold (M X R, J, h) can be stated as:

@(0) = 0(U) + pFw(U) — ad" (&) — ap®w(d(e) + pale;, & U) + pa(é, e;, U). (3.7)
4. Results

In the paper [9], it is shown that if the (M, ¢, &, 1, p) is of class Fo, 72, 73, then (M, J, h) is in the
class Wy, W, & W,, W; respectively. In this study, we focus on the remaining classes.
Shortly, (M, ¢, &, 7, p) and the induced manifold (M, J, k) will be denoted by M and M respectively.

Theorem 4.1. Let M and M be given as above. We have the followings:

(1) If M is in F1, then M is in W, & W.
(2) If M is in F», then M is in W,.
(3) If M is in T3, then M is in Wh.
(4) If M is in T4, then M is in W, & W,.
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(5) If M is in Fs, then M is in W, & W,.

(6) If M is in Fg, then M is in W, & W,.

(7) If M is in F7, then M is in Ws.

(8) If M is in T, then M is in W, & W.

(9) If M is in Fo, then M is in W, & W, & Ws.

(not in one of the classes Wy, W,, W3, W, & W,, W, ® W5, W, & W;3).

(10) If M is in Fro, then M is in Wr @ W5 or W, & W, & Ws.
(11) If M is in Ty, then M is in W, & W,.

Proof. (1) Let M be in ;. From the defining relation of the class 77, by direct calculation we get
a¢, U, V) =0and a(U, & W) = 0forany U, V, W € X(M). Moreover, since ¢ is parallel in 77, we
obtain

FO,V,W) = aU,V,W) 4.1)

from the Eq (3.5). By this equation, one can see that the equation F (O, V,JW)+ F(V,W,JW) +
F(W,U,JV) = 0holds. So M is in W, & W,.

Remark that the structure M is neither in ‘W;, nor ‘W,. Suppose that M € W,. By setting
U = (£04), V= (04, W = (W,04) in the defining relation of W, we get (W) = 0 that
implies (U, V, W) = 0 in the defining relation of #;. This contradicts with the non-triviality of «
in 1. So, M is not in ‘W,. Similarly, by assuming M € ‘W5, we get p(U,a%) = §(U) = 0 which
also implies a(U, V, W) = 0. Hence, M is not of the class W,.

(2) Let M be in 5. Since a(&,V, W) = a(U, &, W) = 0, the terms w(U), 6°(£), w(¢(e;)) vanish. So,
we get ¢ = @ = 0. On the other hand, as ¢ is Killing in %>, FUO,V,JW) = a(U, V,¢W). Thus,
FWO,V,JW)+ F(V,W,JU)+ F(W,U,JV) =0, thatis M € ‘W,.

Remark that, in [9], it was shown that if M is in 5, the induced structure M is of the class
W, & W,. In this theorem, we improved this statement as W,.

(3) The proof follows by routine calculations by using the defining relations and the Eq (3.5).

(4) Let M be in F,. After a usual but long calculation with considering (3.6), one can see that
FO,V,JW)+ F(V,W,JU)+ F(W,U,JV) =0, i.e., M is of the class W, & W.

Note that, the structure M is neither in ‘W, nor ‘W,. Assume that M is in ‘W,. Then, we get

(%)

= 5, nVIp(@U,¢V) + n(W)p(pU, ¢V) = ca(U, £, ¢V) = ba(U, £ ¢W)
= 207 ) U VW) + iU, We(V) + (U, J(Ve(JW)
+ (U, IW)p(JV)}. (4.2)

If we choose U = (f,O%), V= (5,[9%), W = (f,c%), where bc # 1, then the left hand side
of (4.2) vanishes. However, the right hand side becomes 20(£)(1 — bc) which must be non-zero.
In conclusion, M can not be in ‘W,. Similarly, if we set U = (&,0), by the Lemma 3.1, we get
©(U) = 6(¢) which is non-zero since M € F,. Thus, M can not be of the class W,.

(5) The proof follows very similar with the Proof (4).

(6) Let M be in F¢. From the defining relation of ¥, we have

&, VW) =0, o(U,V,§) = a(V,U,&) = —a(¢U, ¢V, &), (4.3)
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for any vector fields U, V, W. So, by the Eq (3.6),

FO,V,JW)+ F(V,W,JO)+ F(W,U,JV)
=a(U, V, W) + a(V, W, ¢U) + a(W, U, ¢V) — n(W)a(U, &, V)
- n()a(V,&,¢W) — n(V)a(W, &, ¢U). 4.4)

On the other hand, from the relations in (4.3), after direct calculation, we get
(U, VoW) = n(V)a(W, &, pU).

Thus, the induced structure in M is of the class W, & W,.
Also, by setting U= (0), V= (0, W= (WO0) in the defining relation of the class W),
provides a = 0. Thus, M is not of the class W;.

(7) Let M be in 5. After routine calculation, by using (3.5) we obtain,

FWUO, V. W)+ FV,W,0)+ F(W,U,V)

={a(U,V,W) + a(V,W,U) + a«(W, U, V)}

—a(a(V,&, W) + (W, &, ¢V) — D((U, &, ¢W) + a(W, €, ¢U))

—c(@(U, &, ¢V) + oV, &, ¢U)). 4.5)

Since ¢ is Killing in 77, a(U, &, ¢V) + a(V,¢&,6U)) = 0, for any U, V. On the other hand, the
summation of the first three terms of the right hand side of (4.5) vanishes by the defining relation
of 5. Thus, M is of the class W;.

(8) The proof is very similar with the Proof (6), by means of the following relations:

a&, VW) =0, a(U,V.&) = oV, U,&) = a(¢U, ¢V, ), (4.6)

that holds for the structures in Fg. If M € Fg, we get o(U) = 0(U) +p“ale;, &, U), since 6*(£) = 0.
Assume that M € “W,. Then for U = (£,0), V = (V,0), W = (W,0) in the defining relation of
W, we get
1
E{U(V)SO(W, 0) + n(W)e(V,0)} = 0.

By setting V = W in this equation, we obtain a = 0, that is not true since « is non-trivial in Fy.

So, the induced manifold M is not of the class ‘W,.
(9) Let M be in Fy. Then, from the defining relation we have

&, V,W) =0, a(U,V,§) = a(¢U, ¢V, &) = —a(V, U, ), 4.7)
and then,
(U, &, V) = a(V,&, oU). (4.8)
Assume that M € W;. Then for U = V = W = (£,04), from the defining relation of ‘W, we get
0= %, which is not true since 6(¢) is non-zero in the class 9. Hence, M is not in ‘W,.

Let U = (£,04). It is easy to see that ¢(U) = 6(£). Since 6(¢) is non-zero in Fs, so is not ¢. So,
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M is neither in “W,, nor ‘W, & Wj.
Assume that M € ‘W;. By using the defining relation of ‘W, the following equation holds:
FUO, V. W)+ F(V,W,0)+ F(W,U, V)
= —2ca(U.&,¢V) = 2ba(U, &, ¢W) - 2ax(V, &, ¢W)
=0. 4.9)

Set U = (U, dt) V=, dt) W = (0, dl) in the Eq (4.9). Then we get a(U,¢&,¢V) = 0, that

implies & to be parallel. However, ¢ is not parallel in the class 5. So, M can not be of the class

W 3. Suppose that M is of the class W1 ® W,. After direct calculation, we get a(U, V, &) = 0, for
= (U, Odt) V= Odt) W = & 5 ), which is not true as ¢ is not parallel in F5. So, M is not in

W 10 W,.

To see that M is not in ‘W & W3, by choosing U = V = W = (£,04) in the defining relation

of W, ® Ws, we get 0 = 36§), which does not hold as 8(¢) is non-zero in Fy. Thus, M is not in

W, & Ws.

(10) Let M be in F7o. From the defining relation, the followings hold:

&, V,W) = a§, ¢V, W), (U, V,§) = 0. (4.10)
By using (4.10) in the Eqgs (3.5) and (3.6), we obtain:
F(U,V,W) =a(U,V,W), 4.11)

and
F(U,V,JW) = a(U,V, W), 4.12)

respectively. Assume that M is in ‘W & W,. If we choose U = & and substitute W with ¢W in
the defining relation of ‘W, & ‘W,, by the Eq (4.12), we get a(&, V, W) = 0, which is not true since
@ is non-trivial in Fy9. So, M is not in the classes W, & W,, ‘W, ‘W,. Let M be in W, & W;.
By the Eq (4.11), The defining relation becomes:

1
&, U, V) = ——{n(U)e((V.0— )+77(V)90(U0 )} (4.13)

By substituting U and V with ¢U and ¢V respectively in (4.13), we get (&, oU, V) = 0, that is
not true since @ is non-trivial in F;o. Thus, M can not be in the classes ‘W, & ‘W5 or ‘Ws.
As a result, M can only be in W, @ W5 or W, & W, & W;.
(11) Let M be in ¥1;. By the aid of the Eq (3.6), it can be seen that the defining relation of the class
(W1 5% (Wz holds.
O

5. Some examples

Example 1. Consider the real connected Lie group G of dimension five and its Lie algebra g with the
following non-zero brackets:

[x1, x2] = =[x3, X4] = =1 x1 — Adoxy + A3xX3A4X4 + 2011 X5,

[x1, x4] = =[x, x3] = —A3x1 — Ayxp — Ay xz — Xy + 2 Xs,
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where {x;} 1s a basis of left-invariant vector fields on G and A;,u; € R,(i = 1,2,3,4;j = 1,2). Itis
shown in [10] that the almost contact Norden metric structure given with:

d(x1) = x3, p(x2) = Xa, P(x3) = —x1, P(x4) = —x2, P(x5) = 0;
E=x5;m(x)=0G=1,2,3,4), n(xs) = 1;

g(x1, x1) = g(x2, X2) = g(xs5,x5) = 1 = —g(x3, X3) = —g(x4, X4);
g(xi,x;))=0,1i,j€{1,2,3,4,5}; i # J,

belongs to the class 77 (see [10] for the details and the proof). Thus, by the Theorem 4.1 (7), the
derived almost complex Norden metric structure on G X R that is constructed by (3.1) and (3.2) is of
the class “Ws.
Indeed, under the consideration of the global basis
(% = (x;,0),% = (0, %}(i = 1,...,5), one can obtain the relation between the components of the

Levi-Civita connections as:

ViX; =(Vx;,0), (i, =1,2,...,5);

Vi =Vi % =0,(i=1,2,...,6),

where V and V address G and G X R respectively. Thus, by using (3.5), after a routine calculation, we
get

SovwF(U,V, W) =0,
for any U=Yuz,V=>3vi W=> wZ in ¥(G xR). So, the defining relation of ‘W3 holds.
Note that the vector fields & = (&, Od%), U = (0, %) on G x R are Killing and parallel, respectively. So,
we can state

Corollary 5.1. There exists an almost complex Norden metric manifold of the class ‘W3, possessing a
Killing vector field and a parallel vector field.

Example 2. Consider the complex Riemannian manifold R*"*? with canonical complex structure J and
the metric p:

pU,U) = =6;A'V + o'y,
where U = A2 + Biyi’ and the time-like hyper-surface S2"*! by identifying the point p € R?"*? with
its position vector W satisfying p(W, W) = —1. Under the conditions

&= AW +uJW, p(W.&) p(é,é) = 1,

we have the unique decomposition
JU = ¢U +n(U)J¢,

where U € T,S?"!, ¢U is the projection of JU into T,S***! with respect to J¢ and 7 is a one-form in
T 52n+1
» .

It is shown in [5] that, (¢,&,7,p) is an almost contact B- metric structure on S2'*! with the

construction above. Moreover, this structure is in the class ¥4 & 5. In other words, satisfies the
relation:

6
a(U,V,W) = é—?{U(V)P(QbU, dW) + n(W)p(pU, ¢V)}
RS
2n

n(V)p(@U, W) + n(W)p(eU, V)}. (G.D

AIMS Mathematics Volume 7, Issue 10, 17942-17953.



17951

Without any need to (5.1) and long calculations, we can state that the almost complex Norden metric
structure on §2**! x R constructed with (3.1) and (3.2) is of the class ‘W, @ ‘W, by the Theorem 4.1 (4)
and (5).

Example 3. Let M be the hyper-surface of the almost complex Norden metric manifold (R***2, J, p)
given in the above example with

M: p(W,JW) =0; p(W,W) = ch’t, t > 0.

Take the vector field N = i] W, that obviously holds p(N, N) — 1. Choose € = —JN = #W, then for
any U € T,M, we haver the unique decomposition

JU = ¢U +n(U)E,

where ¢U is the orthogonal projection of JU and n is a 1-form. In [5], it is shown with details that,
(¢,€,m,p) 1s an almost contact Norden metric structure on M. Moreover, this structure is of the class
¥Fs. So, by the Theorem 4.1 (5), the induced almost complex B- metric structure on the manifold M xR
by means of the Eqgs (3.1) and (3.2) is in the class ‘W & W,.

Example 4. In [11], S. Ivanov et al. give the defining relation of an almost contact Norden metric
manifold (M, ¢, &, 17, p) to be Sasaki-like as:

(Vup)(V) = —p(U, V)& = n(V)U + 2n(U)n(V)E, (5.2)
or equivalently,
(Vud)(V) = p(gU, $V)é + (V)¢ U. (5.3)
Also, they considered the Lie group G of dimension five with the basis of left-invariant vector fields
{x0, X1, X2, X3, x4} With the commutators
[x0, X1] =kx2 + X3 + [x4, [0, X2] = —kx1 — Ix3 + X4,

[x0, x3] = — X1 — Ixy + kxa, [x0,X4] = Ix) — X — kx3, k,[ €R,
and show that the almost contact Norden metric structure (¢, &, 1, p) given by

& = X0, X1 = X3, X2 = Xy, PX3 = —X1, PX4 = —X2

p(x0, X0) = p(x1, X1) = p(x2, X2) = —p(x3, X3) = —p(Xg, Xg4) = 1

p(xi, xj) = 0,3 # j)
is Sasaki-like. It is known that the class of Sasaki-like structures is a subclass of the basic class 74 (
with 6 = 2nnp and 6 = w = 0) [12]. Hence the Theorem 4.1 (4) enables us to state that the almost
complex Norden metric manifold (G X R, J, h), obtained by (3.1) and (3.2) is of the class W, & W,.

Since structure on G is of the subclass of #,, one may question if the induced structure on G X R is
either in the class Wy, or W,. The answer is “no”. Indeed, from the Eq (5.3), we get

a(U, V,W) = n(W)p(@U, ¢V) + n(V)p(¢U, oW), (5.4)

and by the Eq (3.5), we obtain
F(O,V,W) = a(U,V,W), (5.5)

since a(U, &, ¢V) = a(U, &, W) = 0.
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Assume that G X R is in ‘W;. So, the following equation holds:

o 1 o~ o S . S o
F(U,V, W) =——{h(U, V)p(W) + h(T, W)e(V) + (U, TV)p(JW)
+ (U, IW)p(JV)).

By setting U= (§,O%), V= (f,b%), W = (f,c%) with bc # 1 in this equation, as the left-hand side

vanishes, the right-hand side becomes n(bc — 1). So, G X R can not be in “W,.

If we choose U = (£,04) in the Eq (3.7), we get ¢(U) = 6(£) that is non-zero since the structure is

Sasaki-like. Thus, G X R is not in “W,.
Example 5. Let L be a real connected Lie group of dimension five and g be the associated Lie algebra

equipped with a global basis {xi, ..., xs} of left-invariant vector fields, satisfying
[xs5, Xi] = —Aixi — AivaXiva, [X5, Xiso] = —Aiv2Xi + AiXiso,

where A;’s are real constants, i = 1,2 and [x;, x¢] = 0 in other cases.
It is shown that the quadruple (¢, &, i, p) given with

dx1 = X3, Px2 = X4, PX3 = =X, PX4 = —X2, $x5 =05 & = x5,

n(xi) = 05 l: 1923354; U(XS) = 15

p(x1, x1) = p(x2, x2) = p(xs,x5) = 1 = —p(x3, x3) = —p(x4, X4), p(x;,x;) =0,

for i # j, is an almost contact Norden metric structure on L and moreover this structure in the class
Fo @ F1o [13]. So, by the Theorem 4.1 (9) and (10), we are able to state that the induced almost
complex Norden metric structure on the Lie group L = L X R can only be in the class ‘W, @ W, ® W5
or W, & Ws.
6. Conclusions

In this paper, we discuss the construction of almost complex Norden metric structure on M X R,
where M is an almost contact Norden metric manifold. After analysing the relations of the basic
classes, we state several examples by means of the results of the paper.
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