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Abstract: Constructing permutation polynomials is a hot topic in finite fields. Recently, huge kinds
of permutation polynomials over F, have been studied. In this paper, by using AGW criterion and

piecewise method, we construct several classes of permutation polynomials over F,: of the forms

l3—
similar to (xq2 + x4+ x+ 5)171“ + L(x), for d = 2,3,4,6, where L(x) is a linearized polynomial over

F,.
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1. Introduction

Let F, be the finite field of characteristic p with g elements (g = p",n € N), and F be the nonzero
elements of F,. Let F,[x] be the ring of polynomials over F, in the indeterminate x. A polynomial
f(x) € Fy[x] is called a permutation polynomial if f induces a bijection from F, to itself. Recently,
several classes of permutation polynomials were studied, which can be referred to [5,8,11,12,20,21].
More information about properties, constructions and applications of permutation polynomials may be
found in the books [7,9]. We refer the readers to [3, 14] for more details of the recent advances.

We found that the permutation polynomials of the form (x? + x + 6)* + x were studied wildly. During
the research on Kloosterman sums, a class of permutation polynomials found in [4] motivated Yuan
and Ding to study the permutation polynomials with the form (x* + x + 6)° + x. Tu et al. [13] further
proposed two classes of permutation polynomials having the form (x** + x + 6)° + x over Fpu. Li et
al. [6] presented a kind of permutation polynomials over F,. of the form

2_1
o —x+06)7 '+
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Yuan and Zheng [19] studied the permutation polynomials over F,» having the form

Kk £-1
" +ax+06) T —ax.

Recently, Zheng et al. [22] constructed large classes of permutation polynomials over F 2, which have
a more general form

-1
(ax? + bx + ¢) ¢p((ax? + bx + c)IT) +ux? + vx,

where a,b,c,u,v € Fp,r € 7, ¢(x) € F [ x]. We notice that these classes of permutation polynomials
are in F . Comparing to permutation polynomials over F, there are few classes of permutation
polynomials over F, constructed recently. Ding et al. [2] presented six classes of permutation
polynomials over Fs:». Wang, Zhang, Bartoli and Wang [15] constructed several classes of permutation
polynomials and complete permutation polynomials over F;. Motivated by recent constructions
of permutation polynomials over F. and F;, we can use AGW criterion and piecewise method
to construct several classes of permutation polynomials over Fg . In this paper, we will focus on
constructing permutation polynomials over F s having the similar forms to

2 £y
T +x¥+x+0) 7" +L(x),d=2,3,4,6,

where L(x) is a linearized polynomial over F,.
The remainder of this paper is organized as follows. In Section 2, we introduce three lemmas which
are used in the following sequels. Subsequently, we give several classes of permutation polynomials

31
of the forms similar to (x‘l2 +x?+x+ 6)q7+1 + L(x) ford = 2,3,4,6, in Section 3-6, respectively.
2. Preliminary

In this section, we will present some results that will be used in the sequels.

The following lemma was developed by Akbary, Ghioca and Wang [1, Lemma 1.1], which was
called AGW criterion in [10]. By using AGW criterion, several classes of permutation polynomials
were constructed, which could be seen in [16—19,22]. The lemma is listed as follows:

Lemma 2.1. [1] Let A, S and S be finite sets with #S = #S, and let f : A - A,h: S - S,p: A — S,
andy : A — S be maps such that o f = ho ¢, i.e., the following diagram is commutative:

A Loa
le W
s 3

If both  and ¢ are surjective, then the following statements are equivalent:
(i) f is bijective (a permutation of A); and

(ii) h is bijective from S to S and f is injective on ¢~ (s) for each s € S.
Lemma 2.2. Let k, 6 be in F,. Then we have

#Im(x" + x1 + x + 6) = #Im(xT + x7 + x + ko) = #F,,.
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Proof. Let p(x) = x4+ x4+ x + 0, then we find that ¢(x)? = ¢(x). Thus for every a € F 3, we have
¢(a) € F,. Namely, Im(¢(x)) € F,. On the other hand, since #(Img(x)) > ¢’ /deg(p(x)) = ¢°/q* = q,
it follows that Im(p(x)) = F,. Similarly, we can easily get that Im(xq2 + x? + x + ko) = F,. Therefore,
#(Im(xT + x4 + x + 6)) = #Um(xT + x + x + k6)) = #F,.

The proof of Lemma 2.2 is completed.

We close this section with the following result that will be used frequently in the sequels.
Lemma 2.3. [7] Let L(x) = Y1) a;x? be a linearized polynomial of ¥ n for m € Z*. Then L(x) is a
permutation polynomial of ¥ if and only if

m—1
q q q q
- I P2
q q q q
det am—Z am—l aO am—3 * 0.
an 1 qul m—1 qu 1
a a, a, 4

3_
3. Permutation polynomials of the form a(x? +x7 + x + 5)%“ — bx? — cx1 — dx

In this section, we suppose that p # 3 is an odd prime, € is a primitive element of F:. Define
Dy =< €* >, which is the multiplicative group generated by €, and D; = eD,. Then we get that
F,; = {0} U Dy U D,. Furthermore, if x € D;, we have

£-l P

X o= T = (<1,

where i =0, 1.
Since p is an odd prime, then ¢ = 1 (mod 2). By Lemma 2.2, we know that

#Im(x"2 +xl+x+0) = #Im(xq2 +x7 + x + ko) = #F,,.

In this case, Im(xq2 +x7+x+0) = Im(xq2 +x7+ x + ko) = F, is the disjoint union of 0 and qz;l elements
from D, and % elements from D;.

By using Lemma 2.3, we give the first main result of this paper.
Theorem 3.1. Let p # 3 be an odd prime and a, b, c,d,o € F,. If b, c and d satisfy

b ¢ d
det|d b c|#0,
c d b

then

2 113;14_1 2
a(x? +x7+x+6) 2 7 —bx? —cx?—dx

is a permutation polynomial over F s if and only if (3a — (b + ¢ + d), —(3a + b + ¢ + d)) belongs to one
Of{Do X Dy, Dy X Dl}
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3_
Proof. Let f(x) = a(xq2 +x7 + x + 6)%Jrl — bx? — cxd — dx, o(x) = X+ x4+ x + 0, Y(x) =
‘13*
X 4 x4 x = (b+c+d)dand h(x) = xBax"T — (b + ¢ +d)). One has

o f = y(f(x) =f07 + f(0? + f(x) = (b + ¢+ d)é
q3_
:a(xq2 +x1+ x4+ (5)TIJrl — bx? — cx — dx?
+a(x” + X1+ x +6)' T T = bx — ex? — dxf
+a(x”2 +x7+x+ 6)%Jrl — bx? — ex¥ — dx — (b+c+d)o
q3’
=3ap(x) T "' = (b + ¢ + d)p(x)
=h(p(x)) = ho¢.
By Lemma 2.3, it follows from
b ¢ d
det|ld b c|#0,

c d b

. . . 371
that bx? + cx? + dx is a permutation polynomial of F . Clearly, as T+ — (bx?" + cx? + dx) for every

s € F s 1s also a permutation polynomial of F . For x € ¢~ !(s), it implies that f(x) = asq%l“ —(bx? +
cx? + dx). Thus for every s € Im(p), f(x) is injective on ¢~ (s). By Lemma 2.1, we know that f(x) is
a permutation polynomial over F s if and only if 4(x) is a bijection from Im(y) to Im(y).

It is easy to check that

—Ba+bB+c+d)x, xeD.

Then we can infer that /(x) is bijective from Im(p) to Im(y) if and only if (3a—(b+c+d), —(3a+b+c+d))
belongs to one of {Dy X Dy, Dy X D;}. Thus

he) {(3a —(b+c+d)x, xe Dy

3
2 g -1 2
a(x? + x4+ x+06) 7 T —bx? —cx? —dx

is a permutation polynomial over F s if and only if (3a — (b + ¢ + d), =(3a + b + ¢ + d)) belongs to one
of {Dg X Dy, D1 X Dq}.

The proof of Theorem 3.1 is completed.

Corollaries 3.2 and 3.3 are two explicit examples of Theorem 3.1, we omit their proofs, just list
them in the following.
Corollary 3.2. Let p # 3 be an odd prime, 6 € ¥, and let a,b € F, satisfy 3a — b # 0 and 3a + b # 0.
Then we get that

2 Vs U
alx® +x1+x+0) 7 " —bx
is a permutation polynomial over F ;s if and only if (3a—b, —(3a+b)) belongs to one of {DyxDy, D XD;}.
Corollary 3.3. Let p # 3,5 be an odd prime, 6 € ¥, and -5 € Dy. Then we get that
3_
7 + 37 +x+6)'T - x— x4

is a permutation polynomial over F ;.
Example 3.4. For g = 19 and ¢ € F), it is easy to check that (2,—-1) € D; X D; by Magma, thus we
can imply from Corollary 3.2 that (x4" + x7 + x + 6)**7 — x is a permutation polynomial over Fq:.
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4. Permutation polynomials of the form
2 31 2 243-1) 2
ax? +x1+x+6) 5 M +a(x® +x1+x+6)" 7 1+ bx? +cxd +dx

In this section, we suppose p # 3 be an odd prime and ¢* = 1 (mod 3). Let € be a primitive element
of F s, we define Dy =< € > and D; = € Dy fori = 1,2. Then Fs = {0}UDyUD,UD,. Letw = 66133;1,
onehasw?’ +w+1=0.

It follows from ¢*> = 1 (mod 3) thatg =1 (mod 3)and ¢> + g+ 1 =0 (mod 3), so F, C {0} U D,.

We can get the following result, which is the second main result in this paper.
Theorem 4.1. Let p # 3 be an odd prime, ¢ = 1 (mod 3) and a,b,c,d,6 € ¥,. Ifba+b+c+d # 0,

-3a+b+c+d+0and
b ¢ d

detld b c|#0,
c d b

then we have

2 7=l 2 243-1) 2
alx® +x7+x+6) 3 T+ax? +x7+x+6)" 7 N+ bx? +cx? +dx

is a permutation polynomial over F ;.
Proof. Define

ﬂq3—])+

2 o1 2 ’
f) =a(x® +xT+x+06) 7 T +alx? +x7+x+6)"7 T +bx? +cx? +dx,

o(x) =x% + X9+ x +6,

W(x) =x4 + 1+ x+ (b + ¢ + d)s,

q37 q37
h(x) =xBax™ +3ax"5" + b +c + d).

In the following, it is easy to check that

Yo f=y(f(x)) = fOT + fO? + f(x) + (b + ¢+ d)é
=a(x"2 +x7+x+ (5)‘137_]“ + a(xq2 +x7+x+ 6)@” +bx? + cx + dx?

2 o1 2 243-1) 2
+a(x? +x1+x+06) 7 T +a(x? +x+x+06) 5 T +bx+cx? +dx!

3
q° -1
=+l

2 2 2Ag3-1) 2
+a(x? + x1 + x +0) +alx® +x7+x+68) 7 abx? +exi+dx+(b+c+d)d

- -
=3ap(x) T+ 3ap(x) T 4 (b + ¢ + d)p(x)

=h(¢(x)) = ho .
Since
b ¢ d
det|d b c|#0,
c d b

it follows from Lemma 2.3 that bx¢" + cx? + dx is a permutation polynomial of Fs. Thus f(x) is
injective on ¢~'(s). By Lemma 2.1, f(x) is a permutation polynomial over Fs if and only if /(x) is
bijective from Im(y) to Im(y).
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By Lemma 2.2, we get that Im(¢) = Im(y) = F,. Hence we need to prove that 4(x) is a bijection on

ol 2431 o1 2431
3

F,. Sincex 5 +x 3 =2forxe Dpand x5 +x 3 =-1forxe DU D,, we get that

6a+b+c+dx, x€ Dy
h(x)=4(-3a+b+c+d)x, x¢€D
(-3a+b+c+dx, x¢€D,.

Since g = 1 (mod 3), then F, € D, U {0}. It follows that 6a + b + ¢ +d and —3a + b + ¢ + d are in
Dy. Thus h(x) is a bijection on F,,.

2 $-1 2 2Ag3-1) 2
Therefore, we can conclude that a(x? + x4+ x+0) 7 "' +a(x? +x9+x+6)" 35 "' +bx? +cx?+dx

is a permutation polynomial over F . This completes the proof of Theorem 4.1.
By Theorem 4.1, we can easily give the following results.
Corollary 4.2. Let p # 3 be an odd prime, g = 1 (mod 3) and 6 € F,. Then we get that

q2 q ﬁ_'_l q2 q 2(5]371)_*_1
X +xT+x+0) 37 T +(xT +xT+x+0) 3 —3x

is a permutation polynomial over F .
Corollary 4.3. Let p # 3 be an odd prime, g = 1 (mod 3) and 6 € F,. Then we get that

o q £y e q 2AP-D 3 q
X +xT+x+0) 5 T +(xT +x1+x4+06) 3 +x7+x
is a permutation polynomial over F .

5. Permutation polynomials of the form

2 £l 2 3q*-1) 2
a(x? +x7+x+06) T M ra(x? +x7+x+6)" 7 T +bx? +cxf+dx

In this section, we suppose that p # 3 is an odd prime and ¢°> = 1 (mod 4), € is a primitive element
of Fs. Define Dy =< €* >, which is the multiplicative group generated by €*, and D; = €'Dj for

3_ B
i =1,2,3. Then we get that F s = {0} U Dy U D; U D, U Ds. Note that o= e’qu, for x € D;, where
3_
i=1,23Letw=€7,thenw?+ 1 = 0.
Since ¢° = 1 (mod 4), we get thatg = 1 (mod 4), then ¢*> +g+1 =3 (mod 4). By Lemma 2.2, we
know that
#Im(x‘f’2 +xI+x+0)= #Im(x"2 + x7+ x + ko) = #F,.

It follows that F, is a disjoint union of 0 and ‘14;1 elements from D, and q%l elements from D; and ‘]4;1
elements from D, and % elements from Dj.

We present the third main result of this paper in the following.
Theorem 5.1. Let p # 3 be an odd prime, g = 1 (mod 4) and 6 € ¥,. Leta € F¥,,b,c,d € F, satisfy
6a+b+c+d#0,b+c+d+0,-6a+b+c+d+0and

b ¢ d
detld b c|#0.
c d b
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Then

3g3-1)
T

2 #-1 2 2
ax? +x1+x+6) 7 T ralx? +x1+x+8)" 7 T+ bx? +cx? +dx

is a permutation polynomial over ¥ ;s if and only if (ba + b +c+d,b +c +d,—6a + b + ¢ + d) belongs
to one of {Dy X Dy X Dy, Dy X Dy X Dy, Dy X Dy X Dy, D1 X D3 X D1, Dy X Dy X D5, Dy X Dy X D5, D3 X
D3 X D3, D3 X Dy X Ds}.

Proof. Let

3(¢3-1)

2 $-1 2 2
fx) =a(x® +x7+x+6) 7 T rax? +x7+x+0)" 7 " +bx? +cx? +dx,

o(x) =x7 + X+ x + 0,
W(x) =x4 + X1+ x+ (b + ¢ + d)s,
h(x) :x(3axq34;1 + 3ax@ +b+c+d).
It is easy to check that
Yo f =Y(f(x) = FOT + fO)T+ f(x) + (b + ¢ + d)é
:a()c"2 +x7+x+ 6)#+1 + a(xq2 +x7+ x4+ 6)M+”+1 +bx? + cx + dx?
+a()cq2 +x7+x+ 5)‘1%*%1 + a()c"2 +x7+ x4+ 5)@“ +bx +cx? +dx?
+a(x? + X7+ x + 5)11%1” +a(x” +x7 + x + 5)@” +bx” +ex! +dx + (b + ¢+ d)S
2361(,0()6){]34;1“ + 3a<p(x)@Jrl +(b+c+d)p(x)
=h(p(x)) = ho .

Since
b ¢ d
det|ld b c|#0,
c d b

it follows from Lemma 2.3 that bx4" +cx¥ +dxis a permutation polynomial over F 5. Therefore, we can
easily get that for every s € Im(p), f(x) is injective on ¢~'(s). By Lemma 2.1, f(x) is a permutation
polynomial over F if and only if 4(x) is bijective from Im(¢) to Im(y)).

Note that
2, X € DO;
$-1 3(g3-1) 0, X € Dl;
XF +x 7 =
-2, x€ Dy;
0, x € Ds.

Then h(x) can be rewritten as

6a+b+c+dux, x € Dy;

(b+c+d)x, x € Dy;
h(x) =

(=6a+b+c+dx, xe€ Dy

(b + c+d)x, x € Dj.
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In the following, we focus on proving that h(x) is a bijection from Im(y) to Im(y) if and only if
6a+b+c+d,b+c+d,—6a+ b+ c+d)belongs to one of {Dy X Dy X Dy, Dy X Dy X Dy, Dy X Dy X
D{,Dy XD3XDi,Dy; X Dy X Dy,Dy X DyX D,, D3 X D3 X D3, D3 X D XD3}.

Now we first prove the sufficiency part. Assume that 4(x) is a bijection. We consider the following
cases:
(1)6a +b +c+d € Dy. Clearly, we have (6a + b + ¢ + d)x € Dy for x € Dy, then it implies that
(b+c+dx ¢ Dyforx € DiUD;. Ittellsusthat b+c+d ¢ Dy UDs. If b+ c+d € Dy, then
(b+c+d)xeDyand (b+ c+d)x € D; for x € Dy and x € D3, respectively. Since A(x) is a bijection,
we can get that (—6a + b + ¢ + d)x € D, for x € D,, thus —6a + b + ¢ + d € D,. On the other hand, if
b+c+de D, then(b+c+d)x € Dy for x € Dy and (b + c +d)x € D, for x € Ds. It follows from A(x)
being a bijection that (—6a + b + ¢ + d)x € D, for x € D,, one has —6a + b + ¢ + d € D,.
(2)6a+b+c+d e D,. In this case, we can imply that b+ c+d ¢ Dy U D,. If b + ¢ + d € Dy, by h(x)
being a bijection, we can get that —6a + b + ¢ + d € D,. Similarly, if b + ¢ + d € D3, then it follows
from h(x) being a bijection that —6a + b + ¢ +d € D;.
(3)6a+b+c+d € D,. In this case, we first get that b+c+d ¢ Dy UD5. If b+ c+d € D,, since h(x) is
a bijection, we can get that —6a+b+c+d € D,. If b+ c+d € D,, it follows that —6a + b+ c+d € D,.
(4)6a + b + c +d € D;. In this case, it is easy to imply that b+ c+d € Dy U D,. If b+ c +d € Dy,
then we can get that —6a + b + c +d € D;. If b+ ¢ + d € Ds, it follows from A(x) being a bijection that
—6a+b+c+de Ds.

Conversely, we can easily check the necessity part is true.

Thus we can conclude that a(x?" + x7 + x + 5)‘134;1” +a(xd +x9+ x+ 5)3‘137_1” +bx? +cxd +dxis a
permutation polynomial over F if and only if (6a + b + ¢ +d,b + ¢ +d,—6a + b + ¢ + d) belongs to
one Of{DO X Dy X Do, Dy X Dy X Dy, Dy X Dy X D{,D{ X D3 X Dy,D; X Dy X Dy, Dy X Dy X D;, D3 X
D3 X D3, D3 X D; X Ds}.

By Theorem 5.1, we can get the following results.

Corollary 5.2. Let p # 3 be an odd prime, g = 1 (mod 4) and 6 € F,. Then

P . g A P . g 3P0 4y
T +xT+x+0)F T+ (T +xT+x+0)* -Xx

is a permutation polynomial over ¥ if and only if (=1,5,7) belongs to one of {Dy X Dy X Dy, Dy X
Dy X Dy, Dy X Dy X Dy, Dy X Dy X Dy},
Corollary 5.3. Let p # 3 be an odd prime, g = 1 (mod 4) and 6 € F,. Then

7 Ly £l 7 4 WDy L g
T +xT+x+0) 7 + (X +xT+x+0) 3 +xT+x

is a permutation polynomial over ¥, if and only if (=1,2) belongs to one of
{D() X Do, Do X Dy, Dy X D3}

Example 5.4. For g = 29 and ¢ € F,, we can check that (-1,5,7) € D, X D, X Dy by Magma, it follows
from Corollary 5.2 that (x4 + x4 + x + 6)°8 + (x4 + x4 + x + 6)'82 — x is a permutation polynomial
over Fygs.

In what follows, we will give the fourth main result in this paper.
Theorem 5.5. Let p # 3,5 be an odd prime, g =1 (mod 4) and 6 € F,. Then

2 ooy
T +xT+x+0)* 7 —x

AIMS Mathematics Volume 7, Issue 10, 17815-17828.
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is a permutation polynomial over ¥ 5 if and only if (2, -4, 3w —1, =3w —1) belongs to one of {Dy X Dy X
DoX Dy, DoXDoXDyX Dy, Di XDy XD XDg, Dy XDy XDy XD3, D XDoXD3XDg, Dy XDyXDyXDy, DyX
D>y X DyX Dy, D2XD2XD2XD2, D3 XDy XDyX D3, D3 XDy XDy XDy, D3XDyXD3XD>, D3 XD()XD()XD }
Proof. Let (xq +xq+x+5) T +1—x o(x) = x40 + x4+ x+0, Y(x) = x4 +x7+x—6 and h(x) = x(3x T —1)
Then we can easily check that

yof=hog.

Namely, the diagram is commutative. Furthermore, it is easy to get that for every s € Im(p), f(x) is
injective on ¢~!(s). Thus it follows from Lemma 2.1 that f(x) is a permutation polynomial over F if
and only if A(x) is bijective from Im(yp) to Im(y).

By Lemma 2.2, we know that Im(p) = Im(y) = F,. For x € F,, we can rewrite h(x) as:

2x, x € Dy;
3w - 1)x, e Dy;
h(x) = Bw )X X 1
—4x, x € Dy;

(-3w—-1x, xe€ Ds.

Since p # 3,5 is an odd prime, we get that (3w — 1)(—=3w — 1) # 0. We claim that A(x) is bijective from
Im(p) to Im(y) if and only if (2, -4, 3w — 1, —3w — 1) belongs to one of {Dy X Dy X Dy X Dy, Dy X D X
Dy XDy, Dy XDy XDy XDy, Dy XDy XDy XDs,Di{XDyXD3X Dy, Dy XDyXDyXDy,DyXDyXDgyX
Dy, Dy X Dy XDy XDy, D3 XDy X DyX D3, D3X Dy XDyX Dy, D3 XDyX D3 XDy, Ds XD()XD()XD]}.
First we assume A(x) is bijective from Im(y) to Im(y). Since ¢ = 1 (mod 4), it tells us that —1 € Dy
or —1 € D,. We consider the following cases:
(1) 2 € Dy. Then we get that —4 € Dy or —4 € D,. For x € D, we have 2x € Dy, it follows from A(x)
being a bijection that —4x ¢ D, for x € D,, hence -4 € D, and —4x € D, for x € D,. Furthermore,
since 2x € Dy for x € Dy and —4x € D, for x € D,, then Bw — 1)x ¢ Dy U D, for x € D;, thus
3w—1€eDyor3w—-1¢€ D,. If 3w -1 € Dy, by h(x) being a bijection, one has —3w — 1 € Dy. If
3w — 1 € D,, then it implies that -3w — 1 € D,.
(2) 2 € D,. Since —1 € Dy or —1 € D,, thus —4 € D, or —4 € D,. For the first case, if —4 € D,, then
2x € D, for x € Dy and —4x € D, for x € D,. Since h(x) is a bijection, we know that 3w — 1 € D, or
3w—1€D,. If 3w—1 € Dy, it follows that —3w — 1 € Dy. If 3w — 1 € D,, one has that —3w — 1 € D;.
For the second case, if —4 € Dy, then 2x € D, for x € Dy and —4x € D, for x € D,. Since h(x) is a
bijection, we know that 3w — 1 € Dy or 3w — 1 € D,. If 3w — 1 € D3, it follows that —3w — 1 € Dy. If
3w -1 € D,, we know that —3w — 1 € D;.
(3) 2 € D,. Since 2 € D,, then we get that —4 € D, or —4 € D,. For x € Dy, we have 2x € D,, it
follows from A(x) being a bijection that —4x ¢ D, for x € D,, hence —4 € D, and —4x € D, for x € D,.
Furthermore, since 2x € D, for x € Dy and —4x € D, for x € D,, then Bw — 1)x ¢ Dy U D, for x € D,
thus 3w —1 € Dyor3w -1 € D,. If 3w — 1 € Dy, it implies that -3w — 1 € Dy. If 3w — 1 € D,, we
have 3w — 1 € D».
(4) 2 € Ds. Since —1 € Dy or —1 € D,, thus —4 € D, or —4 € D,. For the first case, if —4 € D,, then
2x € D5 for x € Dy and —4x € D, for x € D,. Since h(x) is a bijection, we know that 3w — 1 € Dy or
3w—-1€D;. If3w—1 € Dy, it follows that -3w — 1 € D5. If 3w — 1 € Dy, we get that -3w — 1 € D,.
For the second case, if —4 € Dy, then 2x € D; for x € Dy and —4x € D, for x € D,. Since h(x) is
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a bijection, one has 3w — 1 € Dy or3w — 1 € Dy. If 3w — 1 € D3, it follows that —3w — 1 € D,. If
3w — 1 € Dy, it implies that -3w — 1 € D;.

The sufficiency part is proved.

For the necessity part, if (2, —4,3w — 1, =3w — 1) belongs to one of {Dy X Dy X Dy X Dy, Dy X Dy X
Dy XDy, Dy XDy XD XDy, Dy XDy XDyXDs, Dy XDyX D3 XDy, Dy XDyXDy XDy, DyX Dy XDy X
Do, Dy X Dy X Dy X Dy, D3 X Dy X Do X D3, D3 X Dy X Dy X Dy, D3 X Do X D3 X Dy, D3 X Dy X Dy X D1},
we easily check that A(x) is a bijection from Im(y) to Im(y). Thus the claim is true.

Therefore, we get that

7 4 44 o4
T +x7+x+0)* 7 —x

is a permutation polynomial over F s if and only if (2, =4, 3w —1, =3w— 1) belongs to one of {Dy X Dy X
Dy XDgy, DoXDoXDy XDy, Di XDy XD XDy, D1 XDy XDyX D3, Dy XDyXD3XDo, D1 XDgXDyXDy, DyX
DyXDyX Dy, Dy XDy XDy XDy, D3yXDyXDyX D3, D3XDyXDyXDy, D3XDyXD3X Do, D3XDyXDyXD1}.
The proof of Theorem 5.5 is completed.
Similarly, we have
Theorem 5.6. Let p # 3,5 be an odd prime, g =1 (mod 4) and 6 € F,. Then

3=

(X +x+x+06) 7 ox

is a permutation polynomial over ¥ ;s if and only if (2, -4, -3w—1, 3w —1) belongs to one of {Dy X Dy X
Dy XDy, DoXDoXDyX Dy, Di XDy XD1 XDy, D1 XDyXDyXDs, Di XDyXD3XDo, D1 XDgXDyXDq, DyX
Dy XDoXDgy, DyXDyXDyX Dy, D3 XDy XDyX D3, D3X Dy XDy XDy, D3XDogXD3XDy, D3XDyXDyXD; }

3_
6. Permutation polynomials of the form a(x? +x7 + x + 5)%“ + bx

In this section, let p # 3 be an odd prime and ¢°> = 1 (mod 6). We assume € is a primitive element
of F 5 and define Dy =< €® >, which is the multiplicative group generated by €°, and D; = € D, for
i=1,2,3,4,5. Then we get that F s = {0} U Dy U Dy U D, U D3 U Dy U Ds. Furthermore, if x € D;, we

‘13_ "13_ . .« . ‘13_ . .
notice that le = EITI. For simplicity, we define w = eTl, which satisfies w> —w + 1 = 0.
Since ¢* = 1 (mod 6), we know that ¢ = 1 (mod 6), then ¢g*> + g+ 1 = 3 (mod 6) and g = 1
(mod 2). By Lemma 2.2, we know that

#Im(x"2 +xl+x+0)= #Im(xq2 + x7 + x + ko) = #F,,

and F, is a disjoint union of 0 and q2;1 elements from D, and % elements from Ds.

In what follows, we can get the permutation polynomials of the form a(x? + x1 + x + 5)%1“ + bx,
which is the fifth main result in this paper.
Theorem 6.1. Let p # 3 be an odd prime, ¢ = 1 (mod 6) and 6 € F,, and let a,b € F, such that
3a+b+#0and -3a+b # 0. Then

-
a(xq2 +x7+x+ 6)1T1+1 + bx
is a permutation polynomial over F ;s if and only if (3a+b, —3a+b) belongs to one of {DyX Dy, D3 X D3}.
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3_
Proof. Let f(x) = a(xq2 + x4+ x+ 6)%Jrl + bx, p(x) = X0+ x4+ x + 0, Y(x) = x4 + x9 + x + bS and
3_
h(x) = x(3ax% + b). It is easy to check that

Yo f=y(f(x) =f@)T + ) + f(x) + bo
2 qu 2
=a(x? +x?+ x + (S)TIJ'1 + bx?
q3’
+a(x” + X7+ x+06) T 1+ byt
£l
+a(x” +x1+x+06)T '+ bx+bo

“3ap(x) T + be(x)
—h(p(x) = hog.

Furthermore, we can easily check that for every s € Im(y), f(x) is injective on ¢~'(s). Then it follows
from Lemma 2.1 that f(x) is a permutation polynomial over F if and only if A(x) is bijective from
Im(p) to Im(y).

Since Im(p) = Im(y) = F, is a disjoint union of 0 and % elements from Dy and % elements from
D5, we get that

(3a + b)x, x € Dy;
h(x) =
(=3a+b)x, xe€ D;s.

Next we prove that i(x) is bijective from Im(¢) to Im(y) if and only if (3a + b, —3a + b) belongs to one
of {Dy X Dy, D3 X Ds3}.

Firstly, we give the proof of the sufficiency part. Suppose h(x) is bijective from Im(p) to Im(y). If
3a + b € Dy, then we have (3a + b)Dy, = Dy. Hence (—3a + b)D; = Ds, it tells us that —3a + b € D,.
On the other hand, if 3a + b € Ds, then (3a + b)Dy = Dz and (—3a + b)D3 = Dy, thus it follows that
—3a + b € Ds.

Now we prove the necessity part. If (3a + b, —3a + b) € Dy X Dy or D3 X D3, it is easy to check that
h(x) is bijective from Im(p) to Im(y). Therefore, h(x) is bijective from Im(yp) to Im(y) if and only if
(3a + b, —3a + b) belongs to one of {Dy X Dy, D3 X Ds}.

We can conclude that \

a(xq2 +x7+x+ 6)%Jrl + bx

is a permutation polynomial over F s if and only if (3a+b, —3a+b) belongs to one of {Dyx Dy, D3 X Ds}.
The proof of Theorem 6.1 is completed.
Corollary 6.2. Let p # 3 be an odd prime, g = 1 (mod 6) and 6 € F,. Then

P q ‘137‘1_,_1
T +x7+x+06)5 T —x

is a permutation polynomial over ¥ if and only if (2, —4) belongs to one of {Dy X Dy, D3 X Ds}.

Proof. Takinga = 1,b = —1 in Theorem 6.1, it follows from Theorem 6.1 that (x‘f2 +x7+x+ 6)%1” 4
is a permutation polynomial over F; if and only if (2, —4) belongs to one of {Dy X Dy, D3 X Ds}.
Example 6.3. For ¢ = 19 and ¢ € F9, we can find that (2, —4) € D3 X D3 by Magma, by Corollary 6.2,
it follows that (x4" + x7 + x + 6)!'% — x is a permutation polynomial over Fq:.

Similarly, we have
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Theorem 6.4. Let p #+ 3 be an odd prime, ¢ = 1 (mod 6) and 6 € ¥, and let a,b € ¥, such that
3a+b+0and -3a+ b # 0. Then

2 543-1)
a(x® +x1+x+6) 5 ' 4+bx

is a permutation polynomial over F ;s if and only if (3a+b, —3a+b) belongs to one of {DyX Dy, D3 X D3}.
Proof. The proof of Theorem 6.4 is similar to that of Theorem 6.1, here we omit it.

Furthermore, we get a permutation polynomial having a more general form.
Theorem 6.5. Let p # 3 be an odd prime, ¢ = 1 (mod 6) and 6 € ¥,, and let a,b,c € ¥, such that
3a+3b+c+0and -3a—-3b+c#0. Then

5(¢3-1)
3 +1

2 31 2
a(x? + X+ x+6) T T4 b7 +x7 + x +0) +cx

is a permutation polynomial over ¥ if and only if (3a + 3b + ¢,—3a — 3b + c) belongs to one of
{D() X Dy, D3 X D3}
Proof. The proof of Theorem 6.5 is similar to that of Theorem 6.1, here we only give that h(x) =

31 -1 .
x(3aqu +3bx> 5 + ¢), and h(x) can be rewritten as

(Ba+3b+c)x, x€ Dy;
h(x) =
(=3a-3b+c)x, x€Ds.

We omit the other details of the proof.
7. Conclusions

In this paper, motivated by some constructions of permutation polynomials over F >, we used AGW
criterion and piecewise method to construct several classes of permutation polynomials over F s of the

-1
forms (x% + x4 + x + O)P(x7 + x4 + x + 6)7 ) + L(x), for d = 2,3,4,6, where L(x) is a linearized
polynomial over F,, which enrich the permutation polynomials over F .
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