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Abstract: The main motive of this work is to introduce a numerical investigation for the one and two-
dimensional (1D/2D) Chaplygin gas model. Namely, we developed the non homogeneous Riemann
solver (NHRS) method to solve these models. After discussing the Chaplygin gas models and the
numerical scheme, various 1D and 2D test problems are introduced. In order to complete the numerical
investigation in a completely unified way, Rusanov scheme, modified Lax-Friedrichs and analytical
solution are compared with NHRS scheme in 1D case. The acquired results clarify the high resolution
of the NHRS technique. The NHRS technique is efficacious and robust. Finally, our study displays
that the NHRS scheme is a very powerful tool to solve many other models arising in applied science.
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1. Introduction

Nonlinear hyperbolic systems of conservation laws play the important roles in building
mathematical models for many natural processes in applied science and new physics. Some examples
include gas dynamics used in aerospace engineering, equations of nonlinear elasticity,
ultra-relativistic Euler equations, Chaplygin gas model, phonon-Bose model, blood flow via arteries,
traffic flow, multiphase flow, among other. The analytical investigates of these non-linear models with
the aid of mathematical modeling is a cumbersome task. Recently, the numerical simulations have
become so vital tools for better understanding of such models [1–5]. There are so many flow fields
involving wave phenomena are reflected in nonlinear hyperbolic of coupled nonlinear equations. One
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of the so famous model is the Chaplygin gas model. This model plays a crucial and a vital role in
fluids to depict the accelerated expansion of the universe and evolution of the perturbations of energy
density.

The Chaplygin gas model is early proposed by Chaplygin [6] as a model in aerodynamics. The
Chaplygin gas was considered as a possible equation for dark energy [7]. In [8] Brenier investigated
the 1D Riemann problem and introduced solutions with concentration for initial data belong to a
certain domain in the phase plane. In [9], Guo et al. neglected this constrain and constructed the
global solutions for the 1D Riemann problem, in which δ-shock is emerged. Indeed, the 2D Riemann
problem displays the elementary patterns of flow fields. 2D Riemann problems with special initial
data that are constant along each ray from the origin, are interesting and vital open problems in the
topic of hyperbolic systems of conservation laws. In recent years, there has been much progress in 2D
Riemann problems for the compressible Euler equations and some related models, such as isentropic
compressible Euler model [10, 11], Chaplygin gas Euler models [12, 13], transport model [14],
pressure gradient models [15, 16] and the nonlinear wave model [17].

In the ongoing research, we develop the non homogeneous Riemann solver (NHRS) scheme to
solve one and two space dimensional Chaplygin gas models. This method includes predictor; corrector
stages. The first stage consists of a parameter of control for numerical diffusion, that is based on
Riemann invariants and limiters theory. The second stage recovers the balance conservation equation,
see [18–24]. Most standard schemes required Riemann solution to compute the numerical flux. In
contrast to these schemes, the NHRS scheme can evaluate the numerical flux in the absence of Riemann
solution, which is a very fascinating feature. Indeed, this scheme can be implemented as a box solver
for so many other models of conservation laws. We give several numerical test cases to clarify the
performance the NHRS scheme in 1D and 2D cases. In 1D model, the acquired numerical solutions
are compared with Rusanov scheme, modified Lax-Friedrichs scheme and the analytical solution. We
also concerned with 2D Riemann problems for the Chaplygin gas model. It was found that NHRS
scheme is superior over the other schemes. Our results depict that the NHRS scheme is a very robust
technique, which can be utilized to solve other models, like phonon-Bose system [3], Ripa model [25],
blood flow in human artery [26], etc.

The rest of the framework of this paper is organized as follows: Section 2 presents the essential
notions for the Chaplygin gas model. Section 3 introduces the 1D and 2D NHRS scheme to solve the
Chaplygin gas models. Section 4 gives various one and two-dimensional numerical test problems in
order to examine the processes of formation for the constructed waves. Conclusions and remarks of
the present results appear in Section 5.

2. Mathematical models

The one-dimensional (1D) Chaplygin gas model [27] is

(ρ)t + (ρ u)x = 0,

(ρ u)t + (ρ u2 + P)x = 0,
(2.1)

ρ > 0 and u refer to density and velocity, where the pressure P is given by the state equation

P = − 1
ρ
. (2.2)
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The 1D Chaplygin gas model is a 2 × 2 system of conservation law, that can be represented as

Wt + F(W)x = 0, (2.3)

where

W =

(
ρ

ρu.

)
, and F(W) =

(
ρu

ρu2 − 1
ρ

)
.

System (2.3) can represented in the following quasi linear form(
ρt

ut

)
+

(
u ρ
1
ρ3 u

) (
ρx

ux

)
= 0. (2.4)

The system (2.1) has eigenvalues

λ1 = u −
1
ρ
< λ2 = u +

1
ρ
. (2.5)

The corresponding eigenvectors of Eq (2.1) is

r1 =

(
ρ,
−1
ρ

)T

, r2 =

(
ρ,

1
ρ

)T

. (2.6)

So, model (2.1) is a strictly hyperbolic for ρ > 0. Indeed, ∇λi·ri = 0, i=1, 2, that imply that λ1 and λ2 are
linearly degenerate and the associated waves are both contact discontinuities [1]. Hyperbolic systems
with linearly degenerate eigenvalues play a crucial role in physics and applied mathematics [28].

We take into account the Riemann problem (RP) for the system (2.1) with the following initial data:

W(x, 0) =


(ρl, ul), if x < 0,

(ρr, ur), if x > 0,
(2.7)

where ρl, ρr, ul and ur are constant distributions.
On the other hand, the two dimensional (2D) Chaplygin gas model can be expressed as:

∂W
∂t

+
∂F(W)
∂x

+
∂G(W)
∂y

= 0, (2.8)

where W is the conserved variable, F(W) and G(W) are the physical fluxes, which are given by

W =


ρ

ρu

ρv

 ,F(W) =


ρu

ρu2 + P

ρuv

 ,G(W) =


ρv

ρuv

ρv2 + P

 , (2.9)

where ρ is the density of gas depth, u and v are the velocities in the x and y directions, whereas P is
calculated from state equation (2.2). For more details about the 2D Chaplygin gas model, we refer
to [31].
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3. Numerical schemes

3.1. The NHRS scheme for 1D problem

In order to derive the NHRS scheme, integrating the Eq (2.3) through [tn, tn+1] × [xi− 1
2
, xi+ 1

2
], yields

Wn+1
i = Wn

i −
∆t
∆x

(
F

(
Wn

i+ 1
2

)
− F

(
Wn

i− 1
2

))
, (3.1)

where F(Wn
i± 1

2
) is the numerical flux at the interface x = xi± 1

2
; time tn and Wn

i is the space-time of the

solution W. To construct the numerical fluxes F
(
Wn

i± 1
2

)
at xi± 1

2
, it needs Riemann solution at xi± 1

2
. We

suppose that the self-similar solution to the RP corresponding to Eq (2.3) with initial condition

W(x, 0) =


WL, if x < 0,

WR, if x > 0,
(3.2)

is
W(x, t) = Rs

( x
t
,WL,WR

)
,

Rs is the Riemann solution that has to be either approximated or exactly. We define the intermediate
state Wn

i± 1
2

in (3.1) at the cell interface x = xi± 1
2

as follows

Wn
i+ 1

2
= Rs

(
0,Wn

i ,W
n
i+1

)
. (3.3)

This procedure is adapted by the NHRS scheme given in [18–23], for numerical simulation of non
homogeneous system in one and two dimensional.

In order to construct Wn
i+ 1

2
, we integrate the Eq (2.3) again over the domain [tn, tn + θn

i+ 1
2
] × [x−, x+]

that contains xi+ 1
2

as shown in Figure 1.

Figure 1. The control space-time domain in the modified Rusanov method.

In general, we will take x− = xi and x+ = xi+1, this leads to

Wn
i+ 1

2
=

1
2

(
Wn

i + Wn
i+1

)
−

θn
i+ 1

2

∆x

(
F(Wn

i+1) − F(Wn
i )

)
, (3.4)
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where Wn
i+ 1

2
is an approximate average of the solution W in the control domain [tn, tn + θn

i+ 1
2
] × [xi, xi+1]

defined as
Wn

i+ 1
2

=
1

∆x

∫ xi+1

xi

W(x, tn + θn
i+ 1

2
)dx. (3.5)

In order to complete the implementation of the previous finite volume scheme the time parameter
θn

i+ 1
2

has to be selected. The selection of the parameter θn
i+ 1

2
depends on the stability analysis scheme,

see [18], we selected the variable θn
i+ 1

2
as the following

θn
i+ 1

2
= αn

i+ 1
2

∆x
2S n

i+ 1
2

, (3.6)

where αn
i+ 1

2
is a local parameter to be calculated locally and S n

i+ 1
2

is the local Rusanov velocity defined
as

S n
i+ 1

2
= max

k=1,...,K
(max(| λn

k,i |, | λ
n
k,i+1 |)) (3.7)

withλn
k,i is the k-th eigenvalues in (2.5). Then, we can write the predictor stage (3.4) as follows

Wn
i+ 1

2
=

1
2

(Wn
i + Wn

i+1) −
αn

i+ 1
2

2S n
i+ 1

2

[
F(Wn

i+1) − F(Wn
i )

]
. (3.8)

It is clear that αn
i+ 1

2
= ∆t

∆xS n
i+ 1

2
one recovers the Lax-Wendroff method [28] and αn

i+ 1
2

= 1 in the linear
case the proposed scheme reduces to the classical Rusanov scheme [29] and in the non linear case one
recovers first order scheme written as follows

αn
i+ 1

2
=

(
1 − Φ

(
ri+ 1

2

)) S n
i+ 1

2

sn
i+ 1

2

+
∆t
∆x

S n
i+ 1

2
Φ

(
ri+ 1

2

)
, (3.9)

where sn
i+ 1

2
= min

k=1,...,K
(max(| λn

k,i |, | λ
n
k,i+1 |)) and Φi+ 1

2
= Φ

(
ri+ 1

2

)
is an appropriate limiter which is defined

by using a flux limiter function Φ acting on a quantity that measures the ratio ri+ 1
2

=
Wi+1−q−Wi−q

Wi+1−Wi
, q =

sign
[
F′(Wn

i+ 1
2
)
]

of the upwind change to the local change by using Riemann invariants [30]. Finally,
we write the modified Rusanov scheme for Eq (2.3) as follows

Wn
i+ 1

2
=

1
2

(Wn
i + Wn

i+1) −
αn

i+ 1
2

2S n
i+ 1

2

[
F(Wn

i+1) − F(Wn
i )

]
,

Wn+1
i = Wn

i − rn
[
F

(
Wn

i+ 1
2

)
− F

(
Wn

i− 1
2

)]
.

(3.10)

We can write the proposed scheme with non uniform grids as follows
Wn

i+ 1
2

=
hiWn

i + hi+1Wn
i+1

hi + hi+1
−

αn
i+ 1

2

2S n
i+ 1

2

[
F(Wn

i+1) − F(Wn
i )

]
,

Wn+1
i = Wn

i − ri

[
F(Wn

i+ 1
2
) − F(Wn

i− 1
2
)
]
,

(3.11)

with ri = ∆t
hi

.
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3.2. Well-balanced NHRS scheme for 2D problem

We integrate Eq (2.8) on a generic control volume ci, that result from the discretization of the
computational domain into a number of control volume∫

ci

(
∂W
∂t

+
∂F(W)
∂x

+
∂G(W)
∂y

)
dx dy = 0,

from the divergence theorem, we obtain the following∫
ci

∂W
∂t

dx dy +

∫
δci

(
F(W)nx + G(W)ny

)
dσ = 0.

Let F (W, ~n) = F(W)nx + G(W)ny and suppose that Wi is constant per cell (mean value of W in the cell
ci). So, we obtain

Ai
∂Wi

∂t
+

∑
j∈K(i)

∫
γi j

F (W, ~n)dσ = 0,

where Ai is the area of the cell ci and K(i) is the set of neighboring triangles of the cell ci, with
~n = (nx, ny)t is the unit outward normal to the surface δci. Following similar formalism as in 1D, we
can define the numerical flux as follows∫

γi j

F (W, ~n) dσ = φ(Wn
i ,W

n
j ,
−→ni j)mes(γi j),

where mes(γi j) is the length of the edge γi j.
Finally, we can write the corrector stage of the scheme in the following form:

Wn+1
i = Wn

i −
∆tn

Ai

∑
j∈K(i)

φ(Wn
i ,W

n
j , ~ni j)mes(γi j), (3.12)

with φ(Wn
i ,W

n
j , ~ni j) is the two dimensional numerical flux.

Our goal here is to write the numerical flux similar to the one-dimensional case. We can write

φ(Wn
i ,W

n
j , ~ni j) = F (Wn

i j, ~ni j),

where Wn
i j is determined at the predictor stage. To determine the Wn

i j , we project Eq (2.8) on the local
outward normal η and tangential η⊥.

We get 

∂ρ

∂t
+
∂ρU
∂η

= 0,

∂ρU
∂t

+
∂(ρU2 + P)

∂η
= 0,

∂ρV
∂t

+
∂ρUV
∂η

= 0,

(3.13)

where U = ~V · η = unx + vny and V = ~V · η⊥ = −uny + vnx are the normal and tangential velocity
respectively, we can write the predictor stage using Mi j(X) = 1

2 (Xi +X j) and ∆i j(X) = X j−Xi as follows:
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

(ρ)i j = Mi j(ρ) −
αn

i j

2S n
i j

∆i j(ρU),

(ρU)i j = Mi j(ρU) −
αn

i j

2S n
i j

∆i j(ρU2 + P),

(ρV)i j = Mi j(ρV) −
αn

i j

2S n
i j

∆i j(ρUV),

(3.14)

where Ai is the area of cell ci. The solution Wn
i j is recovered by using the following transformation

(ρu)i j = nx(ρU)i j − ny(ρV)i j

and

(ρv)i j = ny(ρU)i j + nx(ρV)i j.

4. Numerical results

4.1. 1D test problems

We introduce several numerical applications for Chaplygin gas model, to verify the performance
and accurate of the NHRS scheme. The stability condition was chosen according to the following
relation [18]

∆t = CFL
∆x

max
i

(∣∣∣∣∣αn
i+ 1

2
S n

i+ 1
2

∣∣∣∣∣) , (4.1)

constant CFL is to be chosen less than one. Indeed, the presented simulations depict the physical
dynamical behaviour of solutions in the model of Chaplygin gas.

4.1.1. Test 1

We consider the first test case with the following initial conditions

(ρ, u) =


(3, 4) if x ≤ 0,

(2, 6) if x > 0.
(4.2)

The domain [−1, 1] is divided into 1000 gridpoints and the time of computation is t = 0.05 s. The
solution consists of two rarefaction waves. Figure 2 shows the numerical solution for density of gas
and velocity utilizing NHRS, Rusanov, Lax-Friedrichs schemes and the reference solution computed
with 20000 grid points. We note that the results obtained by NHRS scheme are more accurate than other
schemes. The NHRS scheme grasp the shock and rarefaction waves in a very proper way. Figure 3
displays the change of parameter of control αn

i+ 1
2

and Riemann invariants.

AIMS Mathematics Volume 7, Issue 10, 17785–17801.



17792

Figure 2. Density, velocity at t=0.05 s.

Figure 3. Parameter of control αn
i+ 1

2
and Riemann invariants at t=0.05 s.

4.1.2. Test 2

We consider the second test case with the following initial conditions

(ρ, u) =


(3, 4) if x ≤ 0,

(6, 4) if x > 0.
(4.3)

The computational domain [−1, 1] is divided into 1000 gridpoints and the time of computation is
t = 0.1 s. The solution consists of a 1-shock followed by a 2-rarefaction wave. Figure 4 illustrates
the numerical solution for density and velocity, using NHRS, Rusanov, Lax-Friedrichs schemes and
the reference solution computed with 20000 gridpoints. Figure 5 displays the change of parameter of
control αn

i+ 1
2

and Riemann invariants.
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Figure 4. Density, velocity at t=0.1 s.

Figure 5. Parameter of control; Riemann invariants at t=0.1 s.

4.1.3. Test 3

We consider the third test case with the following initial conditions

(ρ, u) =


(3, 4) if x ≤ 0,

(1, 4) if x > 0.
(4.4)

The solution consists of a 1-rarefaction wave followed by a 2-shock. Figure 6 displays the numerical
solution for density and velocity using NHRS, Rusanov, Lax-Friedrichs schemes and the reference
solution computed with 20000 grid points. Figure 7 shows the change of parameter of control αn

i+ 1
2

and
Riemann invariants during computational time.
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Figure 6. Density, velocity at t=0.1 s.

Figure 7. Parameter of control; Riemann invariants at t=0.1 s.

4.1.4. Test 4

We consider the fourth test case with the following initial conditions

(ρ, u) =


(0.4, 2) if x ≤ 0,

(0.4, 0) if x > 0.
(4.5)

The solution consists of two shock waves. Figure 8 shows the numerical solution for density and
velocity, using NHRS, Rusanov, Lax-Friedrichs schemes and the reference solution computed with
20000 gridpoints. Figure 9 shows the change of parameter of control αn

i+ 1
2

and Riemann invariants
through computational time.
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Figure 8. Density, velocity at t=0.1 s.

Figure 9. Parameter of control; Riemann invariants at t=0.1 s.

4.1.5. Test 5

We consider the fifth test case with the following initial conditions:

(ρ, u) =


(10, 0) if x ≤ 0,

(1, 0) if x > 0.
(4.6)

The solution consists of a 1-rarefaction wave followed by a 2-shock. Figure 10 displays the numerical
solution for density and velocity. Figure 11 shows the change of parameter of control, αn

i+ 1
2

and
Riemann invariants through computational time.
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Figure 10. Density, velocity at t=0.1 s.

Figure 11. Parameter of control; Riemann invariants at t=0.1 s.

4.2. 2D test problems

Similar to 1D test cases, we present numerical results for a test problem to check the accuracy
and the performance of the proposed finite volume method in two dimension. As with all explicit
time stepping methods the theoretical maximum stable time step ∆t is specified according to the CFL
condition [18]

∆t max
i

(
|δci|

Ai

) [
1 + α

M
m

] M
2

= Cr, (4.7)

Cr is a constant to be chosen less than one. In all test cases, the fixed Courant number Cr = 0.95 is
utilized and the time step is varied according to Eq (4.7), with M = max

i, j
(S n

i j) and m = min
i, j

(sn
i j), where

S n
i j is the local Rusanov velocity, Ai is the area of cell ci , α = 1.2 is the parameter of the scheme and
|δci| is the perimeter of a cell ci.

4.2.1. Test 1

This test case consists of a 2D shock tube, it is of length 12 m and width is 1 m and the gate at
x0 = 6 m. The solution consists of two rarefaction waves. Figure 12 depicts the numerical solution for
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density of gas and velocity utilizing NHRS where the initial condition is

(ρ, u, v) =


(3, 4, 0) if x ≤ 6,

(2, 6, 0) if x > 6.
(4.8)

We simulate this case test with our numerical scheme at a final time t = 0.753 on unstructured grids
= 150 × 15. Figure 12 shows that the solution is similar the solution in 1D, and note that our scheme
captures correctly the discontinuity and the shock without need of very fine mesh.

Figure 12. Numerical results of density and velocity at t=0.753 s, unstructure mesh= 150 ×
15.

4.2.2. Test 2

This test case consists of a 2D shock tube, it is of length 12 m and width is 1 m and the gate at
x0 = 6 m. The solution consists of a 1-shock followed by a 2-rarefaction wave. Figure 13 illustrates
the numerical solution for density of gas and velocity utilizing NHRS where the initial condition is

(ρ, u, v) =


(3, 4, 0) if x ≤ 6,

(6, 4, 0) if x > 6.
(4.9)

We simulate this case test with our numerical scheme at a final time t = 0.689 on unstructured grids
= 150× 15. Figure 13 shows that, the solution is similar the solution in one dimensional, and note that
our scheme captures correctly the in one dimensional.
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Figure 13. Numerical results of density and velocity at t=0.689 s, unstructure mesh= 150 ×
15.

4.2.3. Test 3

This test case consists of a 2D shock tube, it is of length 12 m and width is 1 m and the gate at
x0 = 6 m. The solution consists of a 1-shock followed by a 2-rarefaction wave. Figure 14 illustrates
the numerical solution for density of gas and velocity utilizing NHRS where the initial condition is

(ρ, u, v) =


(3, 4, 0) if x ≤ 6,

(1, 4, 0) if x > 6.
(4.10)

We simulate this case test with our numerical scheme at a final time t = 0.75 on unstructured grids
= 150 × 15. Figure 14 shows that, the solution is similar the solution in 1D case.

Figure 14. Numerical results of density and velocity at t=0.689 s, unstructure mesh= 150 ×
15.

4.2.4. Test 4

This test case consists of a two dimensional shock tube, it is of length 12 m and width is 1 m and
the gate at x0 = 6 m, The solution consists of a 2-shock. Figure 15 shows the numerical solution for

AIMS Mathematics Volume 7, Issue 10, 17785–17801.
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density of gas and velocity utilizing NHRS where the initial conditions are given by

(ρ, u, v) =


(0.4, 2, 0) if x ≤ 6,

(0.4, 0, 0) if x > 6.
(4.11)

We simulate this case test with our numerical scheme at a final time t = 0.544 on unstructured grids,
from Figure 15. we see that, the solution is similar the solution in one dimensional, and note that our
scheme captures correctly the discontinuity and the shock without need of very fine mesh.

Figure 15. Numerical results of density and velocity at t=0.255 s, unstructure mesh= 150 ×
15.

5. Conclusions

The NHRS scheme was applied to solve 1D and 2D Chaplygin gas model. The suggested scheme
has capability to accurately capture the discontinues profiles of gas fluid and averts numerical diffusion
in the solution. Several test cases are given in order to solve the Chaplygin gas model and compared
with NHRS scheme, Rusanov scheme, modified Lax-Friedrichs and analytical solutions in 1D case.
The presented simulations shown high resolution of NHRS technique and confirm its capability and
efficiency to deal with such models.
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