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1. Introduction

In modern-world systems where phenomena related to randomness and fuzziness as two types of
uncertainty, such as economics and finance, the FSDEs are utilized. There are several articles on
FSDEs, each of which takes a different approach. The fuzzy stochastic Ito integral was defined by
the author in [1]. The fuzzy It6 stochastic integral was driven by fuzzy non-anticipating stochastic
processes and the Wiener process in [2—-5]. To construct a fuzzy random variable, the method involves
embedding a crisp Ito stochastic integral into fuzzy space.

There appears to be some difficulty in the mode of a variety of modern-world systems, such as
trying to characterize physical systems and differing viewpoints on their properties. The fuzzy set
theory will be utilized to resolve this issue [6]. It can handle linguistic claims like “big” and “less”
mathematically using this approach. A fuzzy set provides the ability to examine fuzzy differential
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equations (FDEs) in representing a variety of phenomena, including imprecision. For example, FSDEs
could be used to explore a wide range of economic and technical problems involving two types of
uncertainty: Randomness and fuzziness.

Fei et al. investigated the existence-uniqueness of solutions to FSDEs under Lipschitizian
conditions in citation [7]. Jafari et al. investigate FSDEs generated by fractional Brownian motion
in [8]. In [9], Jialn Zhu et al. demonstrate the existence of solutions to SDEs using fractional
Brownian motion. Analytical solutions of multi-time scale FSDEs driven by fractional Brownian
motion were investigated by Ding and Nieto [10]. Vas’kovskii et al. [11] show that p” moments,
p > 1, of strong mixed-type SDE solutions are driven by standard Brownian motion and an fractional
Brownian motion with two types of uncertainty: Randomness and fuzziness.

Because some research has been done on the topic of existence-uniqueness of solutions to SDEs and
FSDEs interrupted by Brownian motions or semimartingales ( [4, 12-14]), a form of FFSDE driven
by an fractional Brownian motion has not been studied. Abbas et al. [15, 16] worked on a partial
differential equation. Agarwal et al. [17, 18] investigated and explore the idea of a solution for FDEs
with uncertainty, as well as the results of several FFDEs and optimum control nonlocal evolution
equations. In [19-21], Zhou et al. published various important publications on the stability study of
such SFDEs. [22] investigates the existence-uniqueness results for FSDEs with local martingales under
Lipschitzian conditions. Ulugay et al. [23,24] and BAKBAK [25] worked on intuitionistic trapezoidal
fuzzy multi-numbers. Arhrrabi et al. worked on the existence and stability of solution of FFSDEs with
fractional Brownian motions. Niazi et al. [26], Igbal et al. [27], Shafqat et al. [28], Abuasbeh et al. [29]
and Alnahdi [30] existence-uniqueness of the FFEE were investigated. Arhrrabi et al. [31] worked on
the existence and stability of solution to FFSDEs with fractional Brownian motion. By the motivation
of the above paper, we worked on the existence and stability of solution of FFSEEs with fractional
Brownian motions for order (1,2) by using nonlocal conditions,

(DY) = f(h, Y(V) + g0, Y(")dBy(v), v € [0,T],
Y(0) + m(Y) = Yo, (1.1)
Y'(0)=17,.

There has been a recent interest in input noises lacking independent increments and exhibiting long-
range dependence and self-similarity qualities, which has been motivated by some applications in
hydrology, telecommunications, queueing theory, and mathematical finance. When the covariances of
a stationary time series converge to zero like a power function and diverge so slowly that their sums
diverge, this is known as long-range dependence. The self-similarity property denotes distribution
invariance when the scale is changed appropriately. Fractional Brownian motion is a generalization of
classical Brownian motion, is one of the simplest stochastic processes that are Gaussian, self-similar,
and exhibit stationary increments. When the Hurst parameter is more than 1/2, the fractional Brownian
motion exhibits long-range dependency, as we will see later. In this note, we look at some of the
features of fractional Brownian motion and discuss various strategies for constructing a stochastic
calculus for this process. We’ll also go through some turbulence and mathematical finance applications.
The remaining of this paper is as follows. In Section 2, we discuss outlines that are the most important
features. Existence is discussed in Section 3. The uniqueness of solutions to FFSDEs is demonstrated.
In addition, Section 4 investigates the stability of solutions. Finally, in Section 5, a conclusion is given.
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2. Preliminaries

The notations, definitions, and background material that will be used throughout the text are

introduced in this section. The family of nonempty convex and compact subsets of R™ is called
M@ER™). In M(R™), the distance D¢, is defined

Dy(N, %) = max ( sup inf |} — k{l, sup inf [ln — kll), N, K € MR™.
neN ke ke nEN

We represent N(Q, A, M(R™)) the family of ‘A-measurable multifunction, taking value in M(R™).

Definition 2.1. [22,32] A multifunction G € N(Q, A, p,R") is called LP-integrably bounded if
dh € LP(Q, A, p; R*Y) such that |||G]|| < hg-a.e, where

1Bl = Dy(B,0) = sup Ill, for B € MR™).
be

We show
LP(Q,A 9, NR™) ={G e N, (A MRM) : Gl € LI(Q, A, p; R")}.

Suppose E represent the set of the fuzzy x : R™ — [0, 1] such that [x]* € M(R™), for every
@ € [0,1], where [x]* = {a € R : x(a) > a), fora € (0,1], and [x]° = cl{a € R™ : x(a) > 0).

Suppose the metric be Do (x,y) = sup Dg([x]% [y]*) in E,a € R™; we have Do,(x + 2,y + 2) =
ael0,1]
deo(%,9), Doo(x + ¥, 72+ W) < Doo(x, 2) + Doo(y, w), and Dy, (ax, ay) = |a|De(x, y).

Definition 2.2. [33] Assume f : [¢,d] — E™ be fuzzy RL integral of f is given by
1 U
@0 = s [ = o,

Definition 2.3. [33] Assume Df € C([c,d],E™) N L([c,d],E™). The fuzzy fractional Caputo
differentiability of f is defined by

1
DY f(u) = 97 (Df)(u) = T-a f u(u —v)“(Df))dv. 2.1)

The Henry-Gronwall inequality [34] is defined, and it can be applied to prove our result.

Lemma 2.1. Assume f, g : [0,T] — R" be continuous functions. If g is nondecreasing and there exists
constants M > 0 and @ > 0 as

fu) < a(u) + M f M(u — V) fWdv, uel0,T],
0

then

f(u) < g(u) + f“ [ Ml ()" (u—v)" o) |dv, u € [0,T].
o L& I'(ma)

The following inequality is modified into o(u) = b if g(u) = b that is constant on [0,T],
f@w) < bE,(MI(a)u®), u €[0,T],

where E, is given by
[se] Zm
E.(2) = _—.
@ mZ:O I'(ma + 1)
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Remark 2.2. [34] For all u € [0, T], ANy > 0 does not depend on b that is f(u) < K;b.

Definition 2.4. [32,33] A function f : Q — E™ is said fuzzy random variable if [f]* is an A-
measurable random variable Ya € [0, 1]. A fuzzy random variable f : Q — E™ is said £”-integrably
bounded, p > 1, if [f]* € LP(Q, A, p; K(R™)),Va € [0, 1].

The set of all fuzzy random variables is £L7(Q, A, p, E™), and they are L”-integrally bounded.

We used [35] to explain the concept of an fractional Brownian motion.

Suppose us define a sequence of partitions of [a,b] by {¢,,n € K} such that |p,] — 0 as m — oo.
If in LX(Q, A, 9), ¥ ¢(v§”))(B(H(v(") - B(H(vg”))) converge to the same limit for all this sequences

v+1
{¢n, n € K}, then this limit is said a Stratonovich-type stochastic integral and noted by fa b #(s)DBH(5).
Suppose j = [0,T], where 0 < T < oo.

Definition 2.5. [32,33] A function f : £ X Q — E™ is called fuzzy stochastic process; if Vv €
(, f(v,.) = f(v) : Q - E™is a fuzzy random variable.

A fuzzy stochastic process f is continuous; if f(.,v);£ — E™ are continuous, and it is {AZ{}Veg-
adapted if for every @ € [0, 1] and for all v € £, [ f(¥)]* : Q — K(R™) is Af—measurable.

Definition 2.6. [32,33] The function f is called measurable if [f] : £ X Q — M(R™) is B(() ® A-
measurable, for all a € [0, 1].
The function f : £ x Q — E™ is said to be non-anticipating if it is { A

4

}ec-adapted and measurable.
Remark 2.3. The process x is non anticipating if and only if x is measurable with respect to
K={AcBLRIA: A" e A uect),
where, foru € £, A" = {v : (u,v) € A}
Definition 2.7. [32,33] A fuzzy process f : € X Q — E™ is said L”-integrally bounded if
Ah e L2 X QK R™)/Doo(f(s,v),0) < h(s,v).

The set of all L7-integrally bounded and non-anticipating fuzzy stochastic processes is denoted by
LP(Cx Q, I E™).

Proposition 2.4. [5] For f € LP({ x Q, N;E™) and p > 1, we have
{xQ ey — f f(s,v)ds € LP(¢ x Q, N; E™)
0

and D.-continuous.
Proposition 2.5. [5] For f,g € LP({ X Q,K;E™) and p > 1, we have
E sup D{;(f f(u)du,f g(u)du) <yl f ED? (f(u), a(u))du.
a€f0,1] 0 0 0
Proposition 2.6. [33] Suppose ¢ : £ — R™; then, forv € ¢,
sup Ell | @()dB" ()| < llg(s)|Pds.
ac[0,v] 0

Let us define the embedding of R™ to E™ as (.) : R™ — E™:
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Proposition 2.7. [5] Suppose the function ¢ : £ — R™ satisfies fOT lle(W)|*dv < co. Then,

(1) The fuzzy stochastic Ito integral fov o(u)dBH (w)) € L2t x Q, T, E™).
(ii) For x € L2({ x Q, K E), we have, foru < v € ¢,

Dm( f Mwi)dw; + f P(Q)dBH (), f Mwi)dw; + f 90(w2)d3w(w2))
0 0 0 0

:Doo(f x(wl)dw1+f (,a(wz)dB(H(cuz),(A)).

u

3. Main results

We now look into the FFSDEs that are generated by a fractional Brownian motion given by

(DVY () = f(r, Y(v) + (a(v, Y(n))dBy(v)), v € [0, T,
Y(0) +m(Y) =Y,
Y'(0) =1,

where
£, {xQXE™ - E™, Y)Y :Q— E™,

and {B(5)},e¢ is FBM defined on (Q, A, (A} ¢, ) with Hirst index H € (%, 2).

N

Definition 3.1. If the following conditions hold, a process ¥ : £ X Q@ — E™ is considered to be a
solution to Eq (1.1):

(1) Y e L2t x Q,N;E™).
(i1) Y is d..-continuous.
(i11) We have

L G ()} +< 1 (7 a(s, Y(s))

Y0 = CHommI+ K OM* ey |6 o= N\t@ Jy -9

qu{(s)>. 3.1
We will assume that all through this paper, f : (£ X Q) X E™ — E™ is 8, ® K|8B,_ -measurable.
Let’s start with some assumptions.
(Jy) If Yy is Ayp-measurable,

Ed>(Y,,0) < co. (3.2)
(J») For f(s,0) and g(s, 0),
max{d=(f(s, 0), a(s, 0)} < c. (3.3)
(J3) Forall Z, w € E™,
d%(f(s,2), f(s,w)) < cd*(Z, ), (3.4)
and
d*(a(s,2), o(s, w)) < cd*(Z, w), (3.5)

in (J3), ¢ is equal to one. Let’s start with the main theorem in this section.
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Theorem 3.1. On the basis of assumptions (J1), (J2) and Yy € L*(Q, Ay, 9, E™), the main Eq (1.1) has
unique solution Y (v).

Proof. To show that there is a solution to the problem, the method of successive approximations will
be employed (1.1). As a result, define the following sequence Y, : £ X Q — E™:

)ﬂ)(V) =Y

and forn=1,...,

V() = Cu0)(Yo = m(Y) + Ky(n)Y; + LTy f 1965, Y1 (9)
0

T@J, -9 (v—s)i@ dB”(S)>'

It is obvious, Y,(s) are in L2(¢ x Q, %; E™) and d,.-continuous. Certainly, we obtain Y, € L*(£ x
Q, K, E™) and Y is d..-continuous.

Assume that k € K and v € £, M,, = sup,_,, Ed*(Y,(u), Y,_1(u)). From Propositions 2.5 and 2.6
and (J1)-(J3), we get that
( 1 “ f(s,Y) J 1 “ (s, Yo)

F(a/) 0 (I/l - S)l_a S <F(a’) 0 (u - S)l—adBﬂ(S)>’ O)

Edi’(r(la) 0”(5(5,5?2 ds 0)+205<35V[Ed2(r(1a) u(u(_sg?)ads’é)]

1 “ f(s,Y) 1 “ f(s,0)
F(a/) L w—= Y T J, (u—s)l“’ds)]

Mi(v) sup Ed>,

0<u<v

IA

2 sup

0<u<v

IA

2 sup 2Ed§c(

0<u<v

+4 sup Ed2 F(a) f (f (0 +2 sup [2Ed§o(< L (G2 0 dB(H(s)>,

0<u<v u-— S)l a’ 0<u<v F(a/) 0 (I/t - S)l_a

<r<1a> ou<u ES;?I)-Q‘ZB”(”»]+4oiﬂfvEd2(r<la) u(u Ess?l) - 0)

AT (7 E(f(s, Yo), f(s,0)) ey AT " Ed2 £(s, 0)
(@) Jo v—s)e T Jy -9
AT (Y Ed(a(s, Yo), o(s, 0)) AT (Y Ed%g(s,0)
<F(a) 0 (v =)l dBﬂ(s)> " <F(a/) o (v—s)l@
4T « 4Tvc ATcev" , 4Tvc
Fa+ YO+ rom 5 r s e O+ vy
IV

T+ 1)

IA

dBu(s))

IA

where [; = 2(4cTd% (Y, 0) + 4T ¢). Moreover, similarly, we have

_ of 1 (M f(s.Y, (s)) 1 (™ g(s, Y,(s)
Mua(v) = os<lll,I<)VEd (F(a) TR S+<F(a) NP

1 “ 1, Yn—l(S)) 1 “ g(s, Y,(5))
T@)J, w—-s)'e ds+<r(a) . (u—s)l—frdBW(s)>)
1 ( “ 1, Yn(S))d “ (s, Y 1(S)) S)

aBu(s)),

IA

2 sup Ed>
ooy T ()

2

w—s= " Jy -9
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<2 Jup B r(a)( u ?fas Y,,)(g ) <fo W"BM)

< F( ) f (v — Y E(f(5. Yo(5)). (5, Yo (s))ds
o2 f (= 57 B (a5, V), 805, Yo () B (5)
F(a) 0
< Ave f (v =5)""" sup EdZ%((Yu(5)), Yio1(5))ds
F( ) uel0,s]
< e )f(v—s)“ 19, (5)ds. (3.6)
Then, we have L
1 2V(1 n
7(( )_ lzm, VVEf,kEW,

where [, = 4Tc.
As a result of Chebyshev’s inequality and (3.6),

) 1 <l N (412T )

2
80( sup dOO(Yn(M), Yn—l(u)) 4n - l2 m

uel

According to Borel-Cantelli lemma, series },.(4L,7%)"/n! converges,

1
go(supd (Y, (), Y,y (1)) > —) = 0.

uel

As a consequence, the sequence {X,(.,v)} is uniformly convergent to Y(.,v) : £ — R™ for v € Q.,
where Q. € A and p(Q.) = 1. Therefore,

lim sup Ed>(Y,(v), Y(v)) = 0. 3.7)

n—oo Vef
Letus define Y : £ x Q — E™ as follows:

Y(v) = { X(,v), if veQ,

freely chosen, if v e Q% (3-8)

We can observe that, foreach 1 < o <2 and v € £, we have
1}14{?0 dH([Yna (" v)](l’, [Yn—l(" v)](l) =
Then, [Y(v,.)]* : Q = K(R™) is A;-measurable. Therefore, Y is non-anticipating. By (3.7),

lim sup Ed> (Y,(v), Y(v)) = 0, (3.9

n—oo vel

which demonstrates that 41 > 0 is independent of n € N, i.e.

sup Ed%(Y,(v), Y(v)) < A. (3.10)

vel
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We have Y,(v) € L2(Q, A, p;E™) because Y, € L2(€ x Q,K;E™). Furthermore, we show that Y €
LA xQ, K, E™).
Let us represent k € K and v € ¢,

©a(v) = sup Ed*(Y,,0). (3.11)

0<u<v

Then by applying (3.11) on (1.1), we obtain

©a(v) < 3Ed%(Y,,0) + 3 sup f (u— )" f(s, Y 1(5))ds, 0)
0<u<y F( )

0a(v) < 3Ed%(Y,,0) +3 sup — f (u— )" 'g(s, Yn_l(s))qu{(s)>,(v)).
0<u<vy F(Q) 0

We may deduce (J;)—(J3) from triangle inequality and Propositions 2.5 and 2.6,

¢.(v) < 3Ed: (Yo,o)"‘% (v—s)“‘l{Edi,(f(s, Y1 (5)), f(5,0)) + Ed%(f(s,0),0)}dss

T )f(v )" HEdZ(a(s, Yar1(5)), (s, 0)) + EdZ (9(s, 0), 0))dBy(s)

v+1

Ta+1)

IA

3Ed>(Y,,0) + ﬁ f (v — ) "Ed2 (Y,_1(s), 0)ds +

6cv
F(a)

a+1

a-1p 2 J9%
f(v )T Ed(Y,_1(s), 0)ds+ Fat D)

We obtain ,
en(v) <A + ﬂzf v = 5)" ", 1(s)ds,
0

A = 3Ed> (Y, ()) + (12ev*™ T (a + 1))) and A, = 12¢v/T(@). There exists constant Mz, > 0 that is
independent of ‘A;, thus according to Lemma 2.1 and Remark 2.2,

(V) £ Mg, A;. (3.12)
Due to (Jy), (3.10) and (3.12), we get

sup Ed%(Y(s),0) <2 sup Ed*(Y(s), Y,(5)) + 2 sup Ed> (Y,(s),0) < 21 + 2Mz, A < o,

0<s<v 0<s<v 0<s<v
which implies

T
f Ed°(Y(s),0)ds < T sup Ed%(Y(v),0) < 0.
0

vel

As a consequence, Y € L2({ x Q, K; E™).
Consequently,

1 "G, Y(S)) s
I(a) Jy (v— s

sup Edfo(Y(v), C,0) (Yo — m(Y)) + K, ()Y, +

vel
< 1 (7 a5, Y(s)
@) Jo (v—9)'

dz;w(s)» 0. (3.13)
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Indeed, we observe

sup Edfo(Y(v), C,0) (Yo — m(Y))

vel
L (7 fGs, Ys) s+< 1 (7 g(s, Y(s)
L@ Jo v=s9)' [(@) Jo (v=s9)'
S[ sup Ed>(Y(v), Y,(v)) + sup Edfo(X,,(v), C,("MYy —m((Y)) + K,(nY;

vel vel

1 " (s, X 1(8))
+
['(a) (v = sl
< 1 " g(s, Yuo1(5))
(@) (v—s)l-@

+ K,WY +

aBu(9))

1 f(S Yn l(s))
') (v — )l

qu{(s)>) + sup Edfo(Yo ;

vel

1 n—
, F(a) f (s, ¥, l(s)>dzaw<s)>).cq<v)(yo_m(y))”(q(v)yl

(V'— s)l a
[ X)L 785, V()
F(a/) f v - S)l w <F(CZ) o (v — S)l—(de(H(s)>]
= Il +12+I3, (314)

where lim,_,., Iy = 0 and I, = 0. For I3, by using Propositions 2.5 and 2.6, (J3), and (3.9), we have

a+l
lim 75 < im ( T up Ed(Y (). Y, (dw) = 0.
o 0 = e \T(@ + 1) et
As a result, we get (3.13), implying that (3.1) is true. As a result of Definition 3.1, Y(v) is solution to
equation.
For uniqueness of solution Y, assume Y, Z : £ x Q — E™ are solutions to Eq (1.1). We represent
M) = sup Ed>,(Y(v), Z(v)). As aresult, for each v € £, we get

vel

ds.

K(v) < ve [V Edfo(Y(s),Z(s))ds - fv K(s)

L) Jo  (v=—9)'l o (v=—9)i=

As aresult, by Lemma 2.1, v € £, M(v) = 0, which implies

supde(Y(v), Z(v)) =0

vel

4. Stability result

Using the Henry-Gronwall inequality, we investigate the solution’s stability with respect to initial
values in this section. Let’s use Y and Z to represent the solutions to the below FFSDEs:

(DVY(Y) = f(r, Y(v) +(a(v, Y(n))dBu (), v € [0, T,
Y(0) +m(Y) = Yo, 4.1)
Y'(0) =11,

AIMS Mathematics Volume 7, Issue 10, 19344-19358.
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(DVZ(v) = f(n, Z(v)) + (a(v, Z()dBu(v)), v € [0, T],
Z0) + m(Z) = Zy, (4.2)
Z0) =2,

respectively.

Proposition 4.1. Assume Y, Zy € L2(Q, Ay, 0, E™ and f : t x QX E™ — E™ g : { — R™ satisfy
(J1)~(J3). Therefore,
sup Ed%(Y(u), Z(u)) < ANy, (4.3)

0<u<v

where Ay = 2Ed> (Yo, Zy) and A, = 2T c/T(a). Particularly, Y(v) = Z(v) if Yy = Zy.

Proof. Assume that the solutions to Eqs (4.1) and (4.2) are ¥, Z : { X Q — E™. Let

M) := E sup d*(Y(u), Z(u))

0<u<v

be the condition. We get (J3) as a result of Propositions 2.5 and 2.6.

Mo) < 2Ed (YO,ZO)+L sup Ed? ( IC(O) PN ANICY/O) )

I'(@) uefon V=5 ) -9l
2Tc Edfo(Y(s),Z(s))
(@) Jo (v =)l

vV

2Tc
< 2Ed*(Yo,Zy)+ — | sup Ed%(Y(u), Z(w)(v — 5)*'ds
I'(a) Jo ue(0,s)

2Tc (¥ M(s)
T@) Jo v=s=
Y M(s)

o (v—s)l@

< 2Ed-(Yy,Zy) +

< 2Ed*-(Yy,Zy) +

= Ag+ A ds.

However, according to Lemma 2.1 and Remark 2.2, a constant K, > 0 exists that is independent of
Ao,

M) < WK, Vv e L.
Then, 4y = 0if X, = Z,. As aresult, we have Y(v) = Z(v).

Furthermore, we consider the solution exponential stability to FFSDEs that disturbed an fractional
Brownian motion in terms of f and g. Assume Y and Y, signify solutions to FFSDEs as below:

(DY) = f(, Y() + (a(v, Y())dBy(v)), v € [0,T],
Y(0) + m(Y) = Y, (4.4)
Y'(0) =1,

(DVY,(v) = f(, V(1) + (v, Y, (n))dBy(v)), v € [0,T1,

Y,(0) + m(Y,) = Yo, 4.5)
Y (0) =Y,

respectively. O
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Proposition 4.2. Suppose that Yy € L*(Q, Ay, 9, E™ and f, f, : L X E™ — E™ g,3, —» R"(k € K)
fulfill (J1)—(J3). Moreover, consider the following:

I
L

n_m F( )f(v ) E (v, Y), f,(v, V)(v, Y))dy)

I
e

lirn — f (v =) EA (1Y), 3,(v, Y)(v, Y))dBW(v))
n—e0 F(a) 0

Proof. The solutions Y and Y,, are unique and exist, according to Theorem 3.1. We may derive from
Propositions 2.6 and 2.7 that for any v € ¢,

sup Ed>(Y(u), Y,(u)) <2 sup Edfo( L ICR (O)Fs T )f Ja(s, ¥u(s))

(@) Jo (u—9)' - (= s

it it
+2Os;ngdi(<r(la) O”fbfs_’gf)?,dﬂﬂ( », (C(@) f g"(s—Y)fs?,)dBw(s»)
= q4os<li£’vEd2(r(la) {u(i g(li?ds’ r(la) ]ZLES—I;)ESZ) s)
+4oi‘i§Ed3°(r(la) ! {u(s—’ s u](tzt(i’ 5 )
q4osgli§Ed‘%°(<F(loz) Og(;u(i f)(f)a)dg (5)), <r( ) ug("(s i’;fi),)dﬁw(s»)
+4oi‘i§VEd5°(r(la) oufbfs—’ygf)idg H()F() g<:t(s Y)(ls-)a)dB“(”)

3 det ( EdA(Y(s), Yn(S)) ds +
T T(a) Jo (v— sl (@)

f v = )" EdS(f(s, Y(5)),

Ju(s, Y($))ds + £~ f (v = )" EdZ,(a(s, Y(5)), 8a(s, Y(5))dBy(s)
sup EdZ(Y(s), Y,(s))

V

<Bi+B ; —— T ds,
where
oo AT (VEdL(f(s. YD fuls, YN [ 4T (" Ede(8(s, Y(5)), 8u(s Y(5))
ﬁ] .= F(Q’) 0 (V _ S)]—a/ dS + <l_,(a) o (V — s)l—(l dBfH(S)>,

B> = 4cT /T'(a). As aresult of Lemma 2.1 and Remark 2.3, dNj, > 0 is independent of 87 that is

sup Ed%,(Y(u), Y,(w)) < BiNg,.
uel0,v]

As aresult of (4.4) and (4.5), we have lim,,_,, 8] = 0. O
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5. Application to financial mathematics

Fractional Brownian motion has been used to describe the behavior of asset prices and stock market
volatility. This process is a good fit for describing these values because of its long-range dependence
on self-similarity qualities. For a general discussion of the applications of fractional Brownian motion
to model financial quantities, see Shiryaev [35]. Several writers have proposed a fractional Black and
Scholes model to replace the traditional Black and Scholes model, which is memoryless and depends
on the so-called fractional Black and Scholes model of geometric Brownian motion. The risky asset’s
market stock price is given by this model.

0'_2 JH )’

S, = Spexp (,uv + O'BZ{ )

where 8% is an FBM with the Hurst parameter H, u is the mean rate of return, and o > 0 is the
volatility, and at time v, the price of non-risky assets is e"”, where r is the interest rate.

6. Example

Assume the following FSDEs:
SDYY(v) = Y(v) + vV + v + 4, (6.1)

where v € [1,2], fL,Y(W) = YW +V +v,0(n, Y(V) =4, < B < 2.
It is easy to verify that f, o satisfy the J;—J. Define f(Y,Z) as follows:

2 2
f FY,2)0* +vydv = f F0, Y, Z)V* + v)dv.
1 1

2

We can prove that ?(Y, Z) = % + 5. Similarly, o(Y, Z) = 1. The averaging form of (6.1) can be written

as

V3

2
WDIZO) = Z0)(5 + %) + 4dBH.

As € approaches zero, the solutions Y(v) and Z(v) are equal in the sense of mean square, according to
Theorem 3.1. As a result, the findings may be verified.

7. Conclusions

We show that under the Lipschitzian coefficient, solutions to FFSDEs exist and are unique. The
stability of the solution to FFSDEs, on the other hand, is examined. The application of financial
mathematics and the use of financial mathematics in the fractional Black and Scholes model is
described. At the end of the manuscript, the example is also illustrated. In addition, future work may
include expanding the concept introduced in this mission, adding observability, and generalizing other
tasks. This is a fertile field with several research projects that can lead to a wide array of applications
and theories. We plan to devote significant resources to this path.
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