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a correlation that converges to a non-zero value.
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1. Introduction

In the literature, mixture distributions appear frequently and naturally when a statistical population
contains two or more subpopulations. They are also occasionally used to represent non-normal
distributions. A mixture distribution, which is a convex combination of two or more probability
density functions (PDFs), is a powerful and flexible tool for modelling complex data as it combines
the properties of the individual PDFs, see [1-6]. Besides this major use, Dogru and Arslan [7] and
Titterington et al. [8] showed that mixture models are frequently used in a variety of applications.
Given two distribution functions (DFs) Fx,(x) = P(X; < x) and Fx,(x) = P(X, < x), and weights
p and g = 1 — p, such that p,q > 0, the mixing model of F, and Fx, can be defined by its DF as
Fx(x) = pFx,(x) + qgFx,(x). The random variable (RV) X in the mixing model is defined (cf. [6,9]) as

X = B,X, + B,X,, (1.1)
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where B, = 1 — B, is a Bernoulli distributed RV with parameter p = 1 — ¢, and the RVs X, and X, are
independent of B, (and B,). The mixing model can now be expressed in terms of RV rather than DFs.
Furthermore, the dependence structure between the two RVs X; and X, has no bearing on the mixing
model. Recently, the representation (1.1) was employed by Barakat et al. [6, 10] to obtain the quantile
function of the mixing model. Moreover, this depiction was a key component in investigating the limit
distributions of extreme, intermediate, and central order statistics (OSs), as well as record values, of
the mixture of two stationary Gaussian sequences (SGSs) under an equi-correlated setup by Barakat
and Dwes [11]. The limit DFs of order RVs under the equi-correlated setting have been researched
by many academics, [12—16] are a few examples of publications on this topic and its importance. Our
goal in this work is to extend the results of Barakat and Dwes [11] when the sample size is assumed to
be an RV, which is independent of the basic variables.

Random sample sizes come up naturally in topics like sequential analysis, branching processes,
damage models, and rarefaction of point processes. Random minima and maxima also appear in
the study of floods, droughts, and breaking strength difficulties. One of the most important reasons
for random sizes to appear in statistical experiments is that some observations may be lost in many
biological and agricultural situations for a variety of causes, making it impossible to have a set sample
size. Also, the sample size can sometimes be determined by the occurrence of certain random events
making the sample size random. In reality, there are two scenarios in every application. The statistician
does not influence the relationship between the sample size and the underlying RVs in the first scenario
since the random sample size is generated by the problem itself. Among the authors who worked on this
scenario are [17-21]. On the other hand, if the random sample size is introduced as a model extension
(primarily for statistical inference), it may normally be assumed to be independent of the underlying
model. In this study, we adopt the second scenario, where we assume the random size is a positive
integer-valued RV v,, which is independent of the basic variables, and the DF P(v, < x) = A,(x)
converges weakly to a non-degenerate limit DF. Among the authors who worked on this scenario
are [17-19,22,23].

In the rest of this introductory section, we give a concrete formulation of the main problem of the
paper and display some auxiliary results. Let’s say there are two SGSs, {X;;} and {X,;}, i = 1,2,...,n.
Furthermore, let {X;;}, j = 1,2, have zero mean, unit variance and constant correlation coeflicient
rin = E(X;;Xj) 2 0, i # k, written X;; ~ Gas(0,1,r;,). The sequence {X;;}, j = 1,2, can be
represented by X;; = frj, Yo+ /1 —r;.Y;, i = 1,2,...,n, where Y;o,Y;y,.... Y}, are i.1.d standard
normal variables (cf. [21]). Moreover, if we assume that the two SGSs {X ;} and {X;} are independent
without sacrificing generality, then by (1.1), the mixture of these sequences are

Xi = BPXI,i + BqXZ,i, I= 1,2, ey 1, (12)

where each of the sequences {X, ;} and {X,;} is independent of B, (and B,). On the other hand, (1.2)
can be exemplified by X; = 2y, + Z;,, i=1,2,...,n, where

7 = Bp Vrl,nYl,O + Bq \/FQ,nYQ’O, ifi =0, (13)
YT\ BT = riaYi + ByyT=ranYay, ifi>0, -

P(Zy, <z) = p® ( \/fT) + g0 ( «/f?) , @(.) s the standard normal DF, and Z, ,, Z, ,, ..., Z,,, are 1.1.d RVs
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with common DF

z Z
F(2) = P(Zin<2) = pO| —— |+ 90| —|- (1.4)
\/1—1‘1’” 1 \/1—1"2’”
Thus, for any 1 < s < n, the sth OS based on the sequence {X;} can be written as
Xon = ZO,n + Zsns (1.5)

where Z;., is the sth OS based on the sequence {Z;,,}, i = 1,2,...,n

The OSs X,., and X;., := X,_y1., are called the sth lower and upper extremes, respectively, if
the rank s > 1 was fixed with respect to n. Using the well-known connection max(xi, x,, ..., X,) =
—min(—x;, =Xy, ..., —X;), any result for the lower OSs may be deduced from the upper OSs, and vice
versa. There are two categories of OSs based on their rank nature, plus extreme OSs. If max(s,,n
Sp + 1) — oo, as n — oo, a sequence X, ., is termed a sequence of OSs with variable rank. As a result,
two specific variable ranks are of particular interest: (1) > 250 (or 2 1), as n — oo, which we shall
call the lower (or the upper) intermediate rank case, and ) Sn - /1 (0< A< 1),asn — oo, which
will be referred to as the case of central ranks. The Ath sample quantile is a familiar example of central
OSs, where s, = [An],0 < A4 < 1, and [x] denotes the largest integer not exceeding x.

In a series of RVs, successive maxima, or values that rigorously exceed all previous values, are
recorded. Let {X,, n > 1} be 1.i.d RVs with a common DF Fy(x). Then, X; is an (upper) record
value if X; > X;, Vi < j, and as a result X; is a record value. The record time sequence {T},, n > 1}
is the sequence of times at which records occur. Thus, Ty = 1, T, = min{j : X; > Xr,_,, n > 1}.
Consequently, the record value sequence {R,} is given by R, = X, (cf. Arnold et al. [24]). The record
value xR, based on the sequence {X;}, represented by (1.2), can be represented as

Ry = ZO,n + ARy, (1.6)

where R, is the record value based on the sequence {Z;,}, given by (1.3).
In the sequel, the following result will be frequently needed:

Lemma 1.1 (cf. [11]). Let ny,n2, ..., 1, be i.i.d RVs with a mixture DF
k k
Fyx)= Y piFjau), Y pj=1, ay>0,
=1 =1

where {F;(.)} is a sequence of non-degenerate DFs. Furthermore, let G,(x) = a,x + b,, a, > 0, be a
suitable linear transformation. Then,

1) the limit distribution of the extreme OS 1n,,_sy1., Of the sequence {n;} is given by

1
s—1 ( ijlog\P(x))

n PP (x) Z :
=0

if Fi(a;,G,(x)) belongs to the max-domain of attraction of the non-degenerate max-type ¥ (x),
written F j(a;,G,(x)) € D(W;(x)), j=1,2,..,k,

FU"‘-‘“’“"(G”(X)) = P(nn—s+1:n < Gn(x)) %
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2) the limit distribution of central OS 1,_,+1., (Where \/ﬁ(% —A) = 0) of the sequence {n,} is given

by
k
ijuj (X;/l)],

j=1

Fo s oin(Go(X)) := P(egyi1on < Go(%)) = @

if Fi(a;,G,(x)) belongs to the central-domain of attraction of the non-degenerate type ®(u(x; 1)),
written F j(a;,G,(x)) € Day(®(uj(x; ), j=1,2,..,k
3) the limit distribution of intermediate OS 1,5, +1-n, Of the sequence {n;} (where S;" — 0) is given by

FU"-JnHin(G"(x)) = P(nn—snﬂ:n < Gn(X)) % ()]

k
meﬂ,

j=1

if Fi(aj,G,(x))belongs to the intermediate-domain of attraction of the non-degenerate type
D(v;(x)), written F j(a;,G,(x)) € Djy(P(vj(x))), j=1,2,...,k

In the first part of the lemma, there are only three conceivable max-types, according to the Extremal
Type Theorem (cf. [21,25]), namely max-Weibull, Fréchet, and Gumbel types. Moreover, in the second
part of the lemma, according to the result of [26], there are only four possible limit types for ®(u;(x; A)).
Finally, in the third part of the lemma, according to the result of [27], there are only three possible
limit types for O(v;(x)).

In the second section of this paper, we study the asymptotic distribution of upper extreme OSs
based on the mixture of two SGSs given by (1.2), when the random sample size is assumed to converge
weakly and to be independent of the basic variables. In the third section, we obtain the parallel results
for the central OSs. In the fourth section, the asymptotic behavior of the intermediate OSs of the
mixture of two SGSs is studied under the previous assumptions. In the last section, the asymptotic
behavior of the record in the mixture of two SGSs, given in (1.6), is studied under the previous
assumptions.

. w p .
Everywhere in what follows, the symbols —», =, and -~ symbolize convergence, converge

weakly, and converge in probability, as n — oo, respectively. Moreover, (*) denotes the convolution
operation.

2. Asymptotic behavior of extreme OSs in a mixture of two SGSs with a random index
According to the relation ®(a,x + b,) € D(¥;3(x)) (cf. [25]), where

a, = (2logn)2,
b, = — — 2(loglogn + log4n),

1 2.1
a, 2
the Gumbel type W3(x) = exp(—exp(—x)) is the only important type in our study. The asymptotic
distribution of extreme OS X,, 4., regarding the sequence (1.2) (and consequently the sequence (1.5))
is determined by the following theorem when the sample size v, is assumed to converge weakly and to
be independent of the basic variables.
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Theorem 2.1. Let a,, b, be defined as in (2.1) and v, be a sequence of integer-valued RVs independent
of {X;} such that A,(nx) — A(x), where P(v, < x) = Ay(x), A(+0) = 0, and A(x) is a non-degenerate
DF. Furthermore, let rj,logn —» 7, >0, j = 1,2. Then,

Fx, .., (@x+by) = P(X,,_s1., < ayx + by) % fow Y(x, 71, 72,2)dA(2),
where
Y(x, 71,72,2) = H[pu(x + 71 —logz) + qu (x + 72 — log 2)] = [pQ (x,71) + ¢Q (x, 2)] ,
ux)=e*, Hx)=¢e* Zii ’;—f,

Q1) 1= o(£), ifT>0,
T Toe (0), ifT=0,

and I4(x) is the indicator function of the set A.
Additionally, let max(ry ,logn, rp,logn) — co. Then,

1) Fx, o, (NFIax +B,) = p®() +q®O(x), if rinlogn > 00, j=1,2, \[22 —5 7> 0,and ry,,
is a slowly varying function (SVF) of n (cf. [28]), i.e., Fing -- 1,V6> 0.

1,n

2) Fx, v (A2 + b)) = ploeoy(x) + qD(X), if rinlogn = oo, j= 1,2, 22— 0, and r,,, is

n
an SVF of n, or if ri,logn —» 71 2 0, ry,,logn —» oo, and r,,, is an SVF of n.

3) Fx, ., (\F1aX + by) % pO(x) + gloooy(x), ifrjlogn —» o0, j=1,2, D - 0,and ry, is

Il

an SVF of n, or if ri,logn —» oo, ry,logn —> 1 > 0, and ry, is an SVF of n.

Proof. Let P,,, = P(v, = m). Thus, from the law of total probability, we obtain

Fxy i (@nX +b) = > Fx, (@ + b)Py. 22)

m=s

Assume that m = [nz], then the sum in (2.2) can be represented by the Riemann-Stieltjes integral as

FXvn<r+l:vn (a"x + bn) = fFanHl:nz (a”x + bn)dAn(nZ) (2'3)
0
Under the condition 7, logn —» 7; > 0, j = 1,2, and by (1.5), the DF of X,,,_.1..; 1s expressed by

FXnZ,Hl;,LZ(anx + bn) = P(an—s+1:nz <apx+ bn) = P(Unz + Vnz < X) > (24)

where U, = Zg— and V,, = Znmsttnen e independent. From (1.3), U,, = B,,—”;""Z Y1 +Bq—V;2’”Z Y2, but

an

:—F = /2rj,.logn > 4/27;, then

0, if T =T = 0,
U L) Bq V2T2Y2,O9 lf T = 0’ Ty > O,
wen B, V21,Y), ifry >0,7, =0,

Bp V271Y1’0 + Bq V2T2Y2’0, ifT],Tz > 0.
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Thus, by using the law of total probability and some simple algebra, we get

Ploesy () +q® (=), if11=0,1>0,
P(U,: < %) =03 p® (=) + qlow (0, if11>0,72=0,

pd)(r) qd)(r), if ry, 0 > 0.

Consequently,
UHZ%O, ifri=1,=0,
w ) (2.5)
PWU,, £ x) =52 pQ(x,11) + ¢Q(x,72), if max(ry, 1) > 0.
In addition, we have
P(Vnz < -x) = P(an—s+1:nz < apx+ bn), (26)

where Z,, 1., 1S the sth upper extreme OS based on the sequence {Z;,} given by (1.3), and
2y nzs Zopzs - Znznz are 1.1.d RVs with the common DF ¥ (.) given by (1.4). Hence,

F(apx + by) = pd (M) ) (ﬂ] . 2.7)

‘\/l_rl,nz Vl_rZ,nZ

The limit DF of Z,,_;,1.,, can be found from Lemma 1.1 by determining the domain of attraction

for the DF CI)( “"f”’" ) =@ (a X+ ) We can do that using the Khinchin’s type theorem and
—

Extreme Value Theorem. First, from the assumption r;,logn —» 7; (i.e., rj,.lognz —> 7;), thus

. a;,n _ \/lognz -
rin = 0 (e, rjn; 5 0), we get - W N —~ 1. By using the relations (1 —7;,,)72 =
1+ 2rjw(l + o(1)), a,} = \/210gn + \/Og_z(l +0(1)), loglognz = loglogn + log(1 + lng) and

b 2lognz - %(log log nz + log 4m) and taking into consideration that

dpz

log log n
logn

-~ 0 (by using the
L’Hopital’s rule), we get

Dine =bnw: i b by

Ay \/1 —Fjnz anz

1+ 1rj’nz(l + 0(1))] [\/2 logn + \/Zé (1+ 0(1))}

ogn

1 1
X | 42logn — ———=(loglogn + log4m)| — 2log nz + —(loglog nz + log 4rx)
2+2logn 2

4logn

1 1
+{log n+log nz-+o(1) log - 5 (log log n + log 471)—4?&(1 + o(1))(log log n+log 47)
ogn

1 1 1 1 1
xir,’nz(l +o0(1)) —2logn —2logz + > loglogn + > log(1 + %) + 5 log4n —» —logz + ;.
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Consequently, the Khinchin’s type theorem and Extreme Value Theorem yield

n bn w
D [L) L Wy(x + 7, — log 2). 2.8)

\/1 - rj,nz

Therefore, from (2.6)—(2.8), and Lemma 1.1, we get

P(V,, <x) —> Yo (x + 7 —log2)¥i(x + 7, — logz)

n

—

N

[—plog Ws(x + 71 — log2) — glog Ws(x + T — log 2)]'
T

[pu(x+ 71 —logz) + qu(x + 1, —logz)]}

X

EM

/—r—

= expi{-

s—

._.

[pu(x+ 71 —logz) + qu(x + 1, — log z)]l
[!
I=

= H[pu(x+71 —logz)+ qu(x+71,—logz)], (2.9)

X

C>

for any finite interval of length z. Therefore, from (2.4), (2.5), (2.9) and Lemma 2.2.1 in [21], we

get Fy_ ... (a,x + by,) % Y(x, 11, T2, z) uniformly with respect to x over any finite interval of z (the

s+1:mnz
convergence is uniform because of the continuity of the limit in x), where ‘¥ is defined in the theorem.
Now, let ¢ be a continuity point of A(x) such that 1 -A(c) < . By using (2.3) and the triangle inequality,

we get

van—.v+]:vn (anx + bl’l) - f lP(-x’ T1, T2, Z)dA(Z)‘
0

f e (@n X + by)dA,(n2) - f Y(x, 71, 72, 2)dA(2)
0 0

f Xoor1me (@n X + by)dA,(n7) — f Y(x, 11,72, 2)dA(2)
0 0 (2.10)

, f F. .\ (anx + by)dAn(n2) — f W, T1,T2,z)dA(z)‘

<

f Xnz—s+1inz (anx +b )dA (nZ) - f \P(x’ T1,T2, Z)dA(Z)
0 0

+

[ Frctan e banua| - | [ v aaac)|
The second term of the right-hand side in (2.10) can be estimated by

< [1 = Au(nc)l

foo Xnz—s+1mz (anx + b,)dA,(nz)
<1 = A(c) = [Ay(nc) = A(0)]| < 2e.

(2.11)

The third term of the right-hand side in (2.10) can be estimated by

1 -A(c) < e (2.12)

f Y(x, 11, 72,2)dA(2)| <

AIMS Mathematics Volume 7, Issue 10, 19306-19324.
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Moreover, using the triangle inequality, the first term of the right-hand side in (2.10) can be estimated
by

f Fx, .....(a,x + by)dA,(nz) — f Y(x, 11, 72,2) dA(2)
0 0

< f(; ) Fx, ....(a,x + b,)dA,(nz) — f(; ' Y(x,T11,7T2,2)dA,(n7) (2.13)
+ j: Y(x, 11, T2,2)dA,(n2) — f: Y(x, 11, T2,2)dA(2)|.
Additionally, the first term of the right-hand side in (2.13) can be estimated by
fo c Fx,._.(@nx + by)dA,(nz) — fo c W(x, 11,72, 2)dAn(n2)
= f: |Fan_s+1;nz(anx +b,) —Y(x, 71,72, z)| dA,(nz) (2.14)

< fc edA,(nz) = e(A,(nc) — A,(0)) < ¢,
0

since F, ., (a,x+by) —— W(x, 71, T2, z) uniformly over the finite interval [0, ] . Moreover, the second

term of the right-hand side in (2.13) can be estimated by constructing Riemann sums. Specifically,
assume that ng is a fixed number and that 0 = ¢y < ¢; < ... < ¢,, = ¢ are continuity points of A(x).
Moreover, ny and c; are chosen such that

f Y(x, 71, 12,2)dA,(nz) - Z Y(x, 71,72, ¢) [An(nc;) — Ay(ncioy)]
0

i=1

<e¢,

and

<E&.

f W(x, 71,72, )AA@) — )W T, T, ) [Ale) — Alei )]
0

i=1

Thus, once again, by the triangle inequality,

f Y(x, 11,72, 2)dA,(n2) — f Y(x, TI’TZ,Z)dA(Z)‘
0 0

< f Y(x, 11, 72,2)dA,(n7) — Z Y(x, 71,72, ¢) [An(nc;) — Ap(nci-y)]
0

i=1

+

f W(x, 71,72, AR — ) P, T4, T, ) [AG) = Alein)]
0

i=1

+ < 3e.

Z Fx, 71, 7, i) {[An(nc)) = Al = [An(ncior) = Alei)]}

i=1

Combining this fact with (2.14), the left-hand side term of (2.13) becomes smaller than 4& for large
n. Also, combining this fact with (2.11) and (2.12), the left-hand side term of (2.10) becomes smaller
than 7¢& for large n. The proof for the first part of the theorem is completed.
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A2 —s 7 > 0, and ry, is an SVF of n.

Turn now to the conditions r;j,logn —» oo, j = 1,2,
” 2.n

From (1.5), we get

Xz Y4,1,,(\/rln-x"_b)_ ( nz— s+1nz— Vrl,nx+bn):P(Unz+Vnzsx)’ (215)
where U,, = f;’rT and V,, = M are independent. From (1.3), U,, = B, LYo+
B, == =Y —> B,Y o+ B, 1Y, since ,/rz‘ ,/Z ,/rr]l" 1 (from our conditions). Therefore,

P (U, < %) = p®(x) + qO(1x). (2.16)
While, |V,,| < “T_b +|L,|, where L, W Then, for every € > 0, we get
Zn —s+1l:inz = bn n
fin: Hn 2.17)
Zn —s+1:n _bn Vra" .
=P( ot~ Jne) > Y (e—|Ln|>)T>o,
anz nz

since ar—l W ,/rln 211 ; lognz ‘/ﬁ - o and L, —» 0 (as we will show). Using the

-1 _ logz _ 1 _ logz _
relations a,. = \/210gn+ \/_(1+0(1)) an, = \/ZTgn[l 210gn(l +0(1))] and loglognz =
loglogn + log(1 + 1ng) we obtain

L ! 1 ! 1[ (loglo + log 47m) (loglogn + log4m)]

n = — = ——=a, n n) — ay n o],

Vi @ a, 2 -\l0g log nz g glog g
but
.1 L | Flogn + —282_ (1 4 o(1)) - yZTogn
— - = ogn+ ——=——(1+o(1)) - ogn
Viin Gnz  Gn VFin v2logn
1
= —5—(1+o(1)) 3 0,
V2ri,logn
and
! [a..(logl + log 4nm) (logl + log 4n)]
a.(loglog nz + log 4n) — a,(loglog n + log 4n
2 JFi loglognz g g10g g
1 ! (1 logz (1)))(1 logn +Tog(1 + 282 4 1og 47)
= - 0 oglogn +1lo —=2) + log4n
2| \2logn 2logn §08 g logn g
1
——————(loglogn + log4n)| =
\/210gn
l log
[log(l L 0BLy ng (1 + o(1))(log log n + log(1 + —) + log 47)
2+/2r,logn logn log

T>0.
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Finally, from (2.15)—(2.17), and Lemma 2.2.1 in [21], we get
Fxoee st (NFLax + by) > pO(0) + g0 (7).

Thus, the remainder proof of this case is precisely the same as that of the first case.

Consider the conditions r;, logn —» o0, j = 1,2, 2— -~ 0,and r,,, isan SVF of n, orif ry , logn —»

71 20, rp,,logn —» oo, and r,, is an SVF of n. Using the same technique, we get

Fanf.wl:nz( Vrz’nx + bn) = P (UnZ + V”Z S x) % pI(O,DO)(x) + q(l)(x)’

Zonz Nz NZ P ]
where U,, = \/(;T = B, ‘/%Yl,o + B, ,/:22 Y0 = B,Y20 and P(|V,|>¢&) - O since |V, | =
an—x+|:nz_bn an—s+1:nz_bnz _ bnz_bn : . . :
' | S |t |L,|,and L, = i 0. The remainder proof of this case is precisely the
same as that of the first case. Finally, it is easy to see that the proof of the last case is similar as that of
the second case. The theorem is now fully proved. m|

Example 2.1. When 0 < 11,1, < o0, it is natural to look for the limitations on v,, under which we get
the relation lim Fy, (anx +b,) = lim Fx,__, (a,x + by,). In view of Theorem 2.1, the last equation

n—oo

is satisfied, if and only if, the DF A(z) is degenerate at one, which means the asymptotically almost
randomlessness of v,. This situation practically happens if we have the RV v, following shifted Poisson

DEF;, with probability mass function (PMF) P(v, = x) = e;_f)):p,

where /17 — 1. Another practical and important case is when we assume that the random sample

size follows the shifted geometric RV v,, with PMF P(v, = x) = p,(1 = p,) ,x =p+ 1,0+ 2,...,
. ipt
ivpt pne ™

where np, — 1. Clearly, the characteristic function y(t) = E(e ) = —
—U=pnlen

n
P(v, < nz) Yo1- e*,z > 0. As an important result of this case when r;,logn —» 7; =0, j = 1,2,
n

—s+1vp —s+1in

x=p,p+1,.., for some integer p > 1,

1
== 15 Therefore,

since u(x — log z) = zu(x) and ¥(x, 0,0, z) = H(u(x — log z)), we get

w S_l MZ(X) 0 [ 1 ( 3_1 e_lx
—z(l-u(x)) 7, _ - -
FXvn—S+l:vn (anx + bn) T [T 0 ze dz = IZ(; (1 _ e—x)l+l'

=0

3. Asymptotic behavior of central OSs in a mixture of two SGSs with a random index

There are only four conceivable limit types for ®(u;(x; 1)) in Lemma 1.1, as shown in [26]. But the
only used type in our study is the normal type because of the following lemma.
Lemma 3.1 (cf. [11]). Let ny,1m2,...,n, be i.i.d RVs with a common DF F, and a PDF f,. Then,
Fppoon(Cax + ) =0 ®(x) as V(2 = 2) = 0, where Fy(xp) = 1= 4, fy(x) > 0,0 < A < 1,

_ NAO=D
and ¢, = R TRTHE
Lemma 3.1 was previously presented in [26] for 7., with the same limit, but the normalizing
, NV o _ _
constants are ¢, = NI and x, where F,(xy) = A’ = 1 — A. Consequently, ¢, = ¢, and xp = x,.

When the random sample size is considered to converge weakly and to be independent of the basic
variables, the asymptotic distribution of the central OS X, _ .., regarding the sequence (1.5) is
derived by the following theorem.
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Theorem 3.1. Let ®(x,;) = 1-4, ¢, = g;(ﬁ(l)fr and {v,} be a sequence of integer-valued RVs independent

of {X;} such that A,(nx) —> A(x), where P(v, < x) = A,(x), A(x) is a non-degenerate DF, and ¢(x)

is the PDF of a standard normal variable. When \/ﬁ(; — ) = 0, the asymptotic distribution of the
central OS Xy (y,).y, = Xy,—s, +1:v, 1S given by:

1) Fx,, . (c,x+ X)) % fOOO\P*(X,Tl,T%Z)dA(Z)’ if nrj, =» 1; = 0, for j = 1,2, where

YT, 720 = p0 ((1 +HE) vzx) +q0 ((1 +3) w)
2) Fv(vn)v (Vrlnx+xﬂ)—>PcD(x)+q(D(Tx) lfnr]nT)OO ]—1 2, rl"—>T>Oandr1nzsan

SVF of n.
3) Fx,,, .. (\/rgnx + xﬂ) = plo.co)(x) + gO(x), if nrj, = o0, j=1,2, r'— — 0, and ry,, is an SVF

n

ofn,orifnry, —» v, >0, nry, == oo, and r,, is an SVF of n.

n

4) Fxupm (\/’”1 nX + xa) = PP(X) + qlg.00)(X), if nFjy = 00, j=1,2, rz—" => 0,and ry, is an SVF

of n,orifnry, =» o, nry, =» 7, >0, and r,, is an SVF of n.

Proof. By starting the proof as we have done in Theorem 2.1, we get the corresponding equation
to (2.3) as

[

Fx 0 (€nX +X2) = f Xy oy (CnX + X2)d A, (12). 3.1
0
The condition, nr;, —» 7; > 0, j = 1,2, implies that the DF of X ;... is expressed as

n

FXAJ("Z)M (Cnx + x/l) P(Xs '(nz):nz S Cpx + x/l) - P(Unz nz = X) (32)

where U,, =

L and Ve = M are independent. According to (1.3), U,, = B, mYlo +

n n

B, mYzo, but F = ¢ (x) /l(l =5 P ) 4(1 e, s

p T19% (x)

2
Unz T Bp Yl ot B 2 (X/l)

A1 =)z 077 /l(l—/l)zYZ’o' 3-3)

Additionally, we have

P(Vnz < X) = P(Zs/(nz):nz <cepx + x/l) =Fy,

s’ (nz):nz

(Ccpx + x), (3.4)

where Zy ., 1s a central OS based on the sequence {Z; ,}, given by (1.3), and Z, ,,;, Z, .., ..., Zy; n; are
i.i.d RVs with the common DF #(.) given by (1.4). Hence,

Fe + %) p@(_)qm[_] 35)

\/1 —nz

Using the Khinchin’s type theorem and Lemma 3.1, we will show that

x+b7,.) € DyD(VZX)), j=1.2, (3.6)

Cn XA
T ]'_ (€ +
— Fjnz — Fjnz
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¢ b* —x
jnz vz jnz M x) 1 _ .
because e T N > +z (from nr;, —» 7,) and e = o ( N 1) —~ 0, which can be

proved using (1 — rj,,,z)‘% =1+ %rj’,,z(l + o(1)) and r;,, y/nz 5 0. Therefore, from (3.4)—(3.6) and
Lemma 1.1, we get
P(Vy: < %) 5 @ (Vzx), (3.7)

over any finite interval of length z. Thus, from (3.2), a combination of (3.3) and (3.7) yields
Fx, o (X + X2) % Y*(x, 71, T2,2) uniformly with respect to x for any finite interval of z (the

convergence is uniform because of the continuity of the limit in x). Using this convergence and (3.1),
the remainder proof of this case is precisely the same as that of the first case of Theorem 2.1.

n

Turn now to the conditions nr;, — oo, j = 1,2, ./=* — 7> 0, and ry, is an SVF of n. From (1.5),
Js n ro, N B

we get

Zn Zs’n:n 4
One 2 ”s)c). (3.8)

FX e ( N7k + xl) - P( Vi NG

2oz _ Flnz 2.0z 4 1 . nz __ 2.nz Tlnz P 1
From (1.3), ok B, ‘,rm Yio+ B, ,/rl,n Y20 5 B,Y10+ B, -T2 since e = N T .

(from our conditions). Thus,

P( f/orl_z < x) — p®(x) + gD(1x). (3.9)

In addition, for every € > 0, we get

Zs'n:n - X Zs’n oz — X in
p[MM):p[ wn: = | S A 8)70, (3.10)

Yin Cnz Cnz
since Y14 = (x,) /4224 —> co. Finally, from (3.8) and Lemma 2.2.1 in [21], a combination of (3.9)

and (3.10) yields Fx, ( VX + x/l) % pDP(x) + q®(7x). Using this convergence and (3.1), the
remainder proof of this case is precisely the same as that of the first case of Theorem 2.1.

. o, . ry, .
Consider the conditions nrj, —» oo, j = 1,2, ; -~ 0, and r,, 1s an SVF of n, or nry, -

71 > 0, nrp, —» oo, and r,, is an SVF of n. In the same manner, we get F Xy ey (V20X + X2) =

ZO,nz Zs’(nz):nz_x/l w : ZO,nz _ Fl,nz 2.z p
P( NG N R 10,00y (x) + gP(x) since ol By 7 Yo+ By (|75 Yoo = ByYap and

|Zy reyne =2 g p(xa) i, . . . .
P (T > &) -~ 0 because o = —vaasn T o The remainder proof of this case is precisely
the same as that of Theorem 2.1. Finally, it is easy to see that the proof of the fourth case is similar as

that of the third case. O

Example 3.1. Let 0 < 11,7, < oo. Furthermore, let the random sample size follow the shifted geometric
RV v,, with PMF P(v, = x) = p,(1 = p,)"",x = p+ 1,p + 2,..., where np, — 1. In view of
Example 2.1, we get A,(nz) %) A(x), where A(x) is the standard negative exponential distribution.
Now, an application of Theorem 3.1 yields

A(x) = f Y (x, 71, T2, 2)dA(2) = f (p®(01xV2) + q@(02x V2))e “dz,
0 0
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Tig* (1)

AT )‘%, i = 1,2. Therefore, if x > 0, we get after some algebra

p X q X
A =P1s 2% )29 22X )
) 2 ( 2+ O'%Xz) 2 ( 2+ 0'§x2)

o1x oo X

Similarly, if x < 0 after some calculations, we get A(x) = (1 + 5o 2) %(1 + o 2) Therefore, for
07X

where o; = (1 +

all x, we have A(x) = § (1 + 2 ) +1 (1 + 22 ) This DF has no moments even if the order is less

2+o-%x2 2+0'% X2
than one.

4. Asymptotic behavior of intermediate OSs in a mixture of two SGSs with a random index

There are only three conceivable limit types for ®(v;(x)) in Lemma 1.1, as shown in [27]. But the
only used type in our study is the normal type because of the following lemma.

Lemma 4.1 (cf. [11]). Let ny, 1, ..., n, be i.i.d RVs from the standard normal distribution ®(x), then the
asymptotic distribution of any upper intermediate OS 1,_s,+1., is given by @, . (a,x+b,) % d(x),

whereanzn;g”) - ,@(b)—l——andb ~ /210gsﬁl,asn—>oo.

Lemma 4.1 was previously presented, but for a lower intermediate OS 7;, ., in [29].

The next theorem gives the asymptotic distribution of the upper intermediate OS X, g, .1., of the
sequence (1.5) under the Chibisov rank sequence s, ~ [n%, 0 < a@ < 1 (see [3,27]), where the sample
size v, is supposed to converge weakly and to be independent of the basic variables.

Theorem 4.1. let s, ~ n*, 0 < a < 1 a, = n;/(f:") ~ bl = b, =1 - S—” and b, ~ /210g1
as n — oo. Furthermore, let {v,} be a sequence of integer-valued RVs mdependent of {X;} such that

A, (nx) T’ A(x), where A(x) is a non-degenerate DF. Then, for any upper intermediate OS Xy, 1=

Xy,—s,,+1:v, We have
1) Fxoom (anx +by) L) fooo‘lﬁ(x 71,72, 2)dA(2), if sprjxlogn = 7; > 0, for j = 1,2, where

T, 1200 = (vﬁ) +40 (7552

2) Fx,,.. (\/mx+ bv,,) —> pO(x) + gO(1x), if s,r;,logn > oo, j = 1,2, rl: — 7> 0, and
riqis an SVF of n.

3) Fx.o (\/Ex + byn) —>pI(0 w)(X)+qO(x), if sprjnlogn —» oo, j=1,2, r‘—" — 0, and ry,, is an

SVF of n, or s,ri,logn —=» 71 2 0, syra,logn —> oo, and ry,, is an SVF ofn.

4) Fxoom (\/rl,nx + bv,,) %p(D(x)+qI(o,m)(x), if sprjnlogn - o0, j=1,2 22— 0, and ry, is an

’ Fln

SVF of n, or s,ry,logn —» oo, s,r,,logn — 1, > 0, and ry, is an SVF of n.

Proof. By starting the proof as we have done in Theorem 2.1, we get the corresponding equation
to (2.3) as

o0

FXx’(vn):vn (a”'x + bn") = fFXx’(nz):nz(anx + bnz)dAn(nZ)' (41)
0
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First, under the condition s,r;,logn —» 7; > 0, for j = 1,2, and from (1.5), the DF of Xy ,;).n; 18

expressed as

Fxyom @nX + D) = P(Xg(uynz < @nX + by) = P(Upz + Vi; < ), 4.2)
~ (1) ,—bn7 . nz
where U,, = Zz—’ and V,, = Z’(L—” are independent. From (1.3), we get U,, = B, V:’ Yip +
T2 nz Tjnz log ,, log log s,
B2y, o, but V= \/2r,-,nzs,, logn (1 - '2%) = /357 Tog(n) \/ o don ) lgwy

— . log s, s, log s, log(nz) logz

= _ n o _ _ logsn Snz g Sn 2 2
\27;z7%(1 — @) since log 5 = logn (1 ogn ) 5 9, ogn 7> @ and Togn = =1+ ogn 1.
Thus,

U = By \201(1 —a) 2 %Y1 + B,\212(1 — @) 73 Y. (4.3)

In addition,
<apx+b,)=Fz,

- s’ (nz):nz

(a,x + b,,), “4.4)

where Z; (... 1s an intermediate OS based on the sequence {Z; .}, given by (1.3), and Z, ,,;, Z, .., ... Zy n;
are i.i.d RVs with the common DF (1.4). Therefore,

P(Vnz < X) = P(Zs’(nz):nz

nX + by nX + by,
F(ayx + by) = p® [L] +q® (L) : 4.5)
V1 =1 V1 =71,
Using Khinchin’s type theorem and Lemma 4.1, we will show that
an bnz * 0/2 ;o
X+ = @ (a,.x + b},.) € Din(®("2x)), j=1,2. (4.6)
\/1 Fing VI = Finz

Now, we need the limit of LZT and 22" First, we get e o w1 , but r;,,, > 0 (from

Anz e Apz Apz ‘“_rj,nz
log 2=
an Snz Snz 2 o3 Snz nz _
Suljnlogn —» 7)) and 2=~ ([ N 2%/ since = ~ z7, log &£ = log(nz) (1 -

log s, )
Anz log -

log(nz)”’?

I 10g 50 I I I
log & =logn (1 — K&y logse __, o logs __, o gpq lostie) 4 losz g Thus -/ Line — 772, Second,
Sn logn 72 log(nz) n logn logn logn nz

nz Apz \“—rinz

P e ASee Jog(nz) (1 — 1% oss) (1 + o(1)) 5> 0 (from 5,7, logn <> ;). Consequently, from

Anz log(nz

(4.4)—(4.6) and Lemma 1.1, we get

we get 2 = b—( L 1), but (1 = r4,)% = 1+ Lyl + 0(1)) and 2 ~ 2 5. log =, Thus

b by,

P(V,: < x) 50 @ (2%x), 4.7)

over any finite interval of length z. Thus, from (4.2), a combination of (4.3) and (4.7) yields
Fx,on (@nX + b,) % Wi(x, 71,72, 2) uniformly with respect to x for any finite interval of z (the
convergence is uniform because of the continuity of the limit in x). Using this convergence and (4.1),
the remainder proof of this case is precisely the same as that of the first case of Theorem 2.1.

'ln

Turn now to the conditions s,r;,logn —» oo, j = 1,2, ./~ —— 7 > 0 and ry, is an SVF of n.
Js n o, N s

From (1.5), we get

(4.8)

ZO,nz " Zs’(nz):nz - bnz < X) .

\/rl,n Vrl,n
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Z

From (1.3), &= = B, [ ¥\, + B, \[25Y; <> B, Y10 + B, 12 Therefore,

( ZO,nz ) w
P < x| == pP(x) + gO(7x). 4.9)

\/rl,n

Additionally, for every € > 0, we obtain

Zs’n n _bn Z’n n _bn i
p[—| (e e >8):p[| v el Nl o, (4.10)
Fin Ay Ay

since Y12 ~ \/2s,,zr1,,,z log(nz) (1 — 222 /22 —> co. Finally, from (4.8) and Lemma 2.2.1 in [21],

10g(l’lZ) Flnz
a combination of (4.9) and (4.10) yields F Xsf(mnz(\/”l,nx + bnz) % pP(x) + qO(7x). Using this
convergence and Eq (4.1), the remainder proof of this case is precisely the same as that of the first
case of Theorem 2.1.
Flin

In the same manner, under the conditions s,r;, logn > oo, j = 1,2, 7= 5> 0, and r,,, is an SVF of

n, or s,r1,logn —» v, >0, 5,1, logn —» oo, and r,,, is an SVF of n, we get Fxyom (\/rz,nx + b,,z) =

ZO, Z

ZO,nz Zs’(nz):nz_bnz w . nz o __ Tz 2 nz p
P( Nex + N <Xx|=> pl(o,oo)(X) + q(D(X) since Novi Bp ”IZTY]’O + Bq EYZ’O - Bqu,o and
Zs’ nz :nz_bnz V2,n . . . .
P 2 enebie] > ¢e| — 0, because N2, o0. The remainder proof of this case is precisely the same
NG 7 @, 0 p p y
as that of Theorem 2.1.
Again, in the same manner, under the conditions s,r;,logn —» oo, j = 1,2, 2 -~ 0, and

Fln

ri, 1s an SVF of n, or s,r,logn —» oo, s,ry,logn —=» 7, > 0, and r;, is an SVF of n, we get

w . . p Zs’ nz :nz_an
FXym ( \Tinx + an)T>pCD(x)+qI(o,m)(x) since 3‘;7 - B,Y1pand p (l%\ﬁ' > 8) -» 0, Ve > 0.
The remainder proof of this case is precisely the same as that of Theorem 2.1. The theorem is now

fully proved. O
5. Asymptotic behavior of record values in a mixture of two SGSs with a random index

Chandler [30] wrote the seminal paper on the statistical treatment of record values. He studied the
stochastic behaviour of random record values generated by 1.1.d observations in a continuous DF F. The
cumulative hazard function Hr(x) = —log(F(x)) and its inverse ¥(u) = Hz;'(u) = F~'(1 — exp(—u))
determine the basic features of the record values. For example, the DF of the upper record value R,

may be expressed in terms of Hr(x) as P(R, < x) = I',(Hp(x)) (cf. [24]), where T',(x) = ﬁ f e ldt

is the incomplete gamma ratio function. Resnick [31] uncovered the class of conceivableolimit laws
for the upper record R,. He connected these limit laws to the max-limit laws via the Duality theorem.
For further fascinating work on the relationship between OSs and record values, see [32]. Because
the upper record based on the standard normal distribution belongs to the domain of attraction of the
normal type, written Dg(®), (cf. [24] ), the normal type is the only important type in our investigation.
Namely,

P(R, < (@7'(1 =™ V") — @7 (1 = e™M)x + @7'(1 - ™)) o> D),
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where ®~!(x) is the usual inverse function of ®(x). Furthermore, using the mean value theorem, an
analogous simplified form of this limiting result is P(R, < a,x + b,) % O(x), i.e., Pla,x + b,) €

Dgr(®(x)), where a, = % and b, = ®'(1 — e™) (cf. Example 2.3.4 of [24]). We will need the
following lemma due to [11].

Lemma 5.1. Suppose R, is the upper record value corresponding to the DF F (2), represented in the
Eq (1.4). Then, P(ZR,, < V1 =ry(ax + bn)) % ®(x), where r, = min(ry », 12,,), 1 # max(ry n, r2,) -+

l,asn — o0, a, = % and b, = ®7'(1 —e™).

The following theorem gives the limit distribution of record values regarding the sequence (1.6)
when the sample size is assumed to converge weakly and to be independent of the basic variables.

Theorem 5.1. Let xR, be the upper record value based on X, X5, ... X,,, given by (1.2), where the
random sample size v, is a sequence of integer-valued RVs independent of {X;} such that A,(nx) %

A(x), and A(x) is a non-degenerate DF. Furthermore, let r, = min(ry ,, r2,;), 1 # max(ry,, ra,;) =+ 1,
asn — oo, a, = \/% and b, = ®'(1 — e™). Then, the asymptotic distribution of the record ¥R, is given
by:

T1, l:frn:rlna . .
; ’ ifri,yn—o1;>20,for j=1,2
Ta, l‘frn:rZ,nz’ f ]Jl\/_ " / ’f / o

2) P(R,, < anx+b,) = p®(x + 1) + qD(=2L), if 1y Vi > T > 0, 1o, Vi = 0, and ry, —

1) P(xR,, < a,x+D,,) % O(x+71), where T = {

Vel
r>0,

3) P(xR,, <a,x+b,) % pd)(\/"%) +qO(x + 1), if riaVn = 0, rn,\Vn = 7> 0,and r, -
r>0,

ry, l:frn = rl,n7
ry, Iifr, =ry,

4) P(xR,, < ayx+ \/1-r1,b,) % pO( véﬁ) + qD( véﬁ)’ where r = { if

Fin\n=p ocandr, = rj, j=1,2.

Proof. By starting the proof as we have done in Theorem 2.1, we obtain the corresponding equation
to (2.3) as

P(R, <a,x+b,)= fVP(xR,,Z < a,x +b,;)dA,(nz). (5.1)
0
Under the condition rj, Vn— 1 ;2 0, for j = 1,2, by using (1.6), the DF of the record value xR, is

expressed as
PR, <ayx+by)=PWU,+V,,<x), (5.2)
\/FYLO"'Bq ‘/;Tn

Z0.nz Ryz—bnz . p
where U, = 2— and V,, = Za— are independent. Clearly, U,, = B, Y0 =~ 0, from

the condition r;, vVn = 7; > 0. On the other hand, assuming A, = a, V1 —r, and B, = b, V1 —r,,

L-r, nz nz Anz 1- Tnz

we get - = L_ — 1 (fromr;,Vn o 7j, j = 1,2)andb”;‘;an = @[é—l]TT,thatcanbe

proved using (1 — r,,z)‘% =1+ %r,,z(l +o(1)) and b,,, ~ \2n (cf. [14]). Therefore, from Lemma 5.1 and
the Khinchin’s type theorem, we get

P(V,, < %) = P(Ry. < anx + bny) —> O(x + 7). (5.3)
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Now, from the Eqs (5.2) and (5.3), and Lemma 2.2.1 in [21] plus U,, AN 0, we get P(R,; < a,x +

b,;) % ®(x + 7). The remainder proof of this case is precisely the same as that of the first case of

Theorem 2.1 by using the relations (5.1) and the last relation.
Now, turning to the second case of the theorem, i.e., under the conditions r,Vn -»> 7 > 0,

Fan Vi =p o0, and ry, = r > 0. We note that min(ry ,, r2,,;) = ry,, for large n. Moreover, the Egs (5.2)

n

and (5.3) still hold with the same previous sequences U,, and V,, but U,, AN B, @Yz,o. Then, we

X+T

get P(xR,. < a,x + by;) % pP(x+ 1)+ qd)(ﬁ). The remainder proof of this case is precisely the

same as that of the first case of Theorem 2.1 by using the relations (5.1) and the last relation. For the
third case, clearly we have min(r, ,, 2,,;) = 12, for large n. Moreover, the rest of the proof of this case
is similar to the proof of the second case. For brevity, the proof is omitted.

Finally, for proving the fourth case of the theorem, i.e., we adopt the conditions r;, Vn 5> oo, and

Yin = Tj» ] = 1,2, use the representation (2.1), the distribution of the record value xR, can be written
as

P(Xan <apx+ Vl - rnzbnz) = P(Unz + Vnz < X),
where U,,, = Loz and Vi = ZR_a— V177 are independent. Clearly, U, % B, NV2riYi1p +B; V2, Y,p.

An n

On the other hand, again by assuming A, = a, V1 —r, and B, = b, V1 —r,, we get 2‘—"7 = \/11_ -

= (. Therefore, from Lemma 5.1 and the Khinchin’s type theorem, we get

1 and V 1=rpzbpz =By,
Vi-r Apz

P(Vae < %) = PRoz < apx + 1= nicbre) <> A=),
—-r
The rest of the proof is self-evident. The theorem is now fully proved. O
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