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1. Introduction

Fractional integral operators have great significance in extensive fields of science and engineering.
They are widely used to construct and solve fractional order models and fractional dynamical systems.
In recent decades fractional integral operators are frequently used to study different types of integral
inequalities including well known inequalities of Hadamard [1–5], Ostrowski [6–9], Grüss [10, 11],
Opial [12], Chebsheve [13, 14] and Minkowski [15, 16].

We have motivated by ongoing research in integral inequalities, and interested to establish
inequalities for fractional integral operators defined in [17]. To attain the desired results, we have used
a generalized class of functions called strongly (α, h −m)-convex functions. The findings of this paper
simultaneously give generalizations as well as refinements of many recently published inequalities.

The unified Mittag-Leffler function is defined as follows:

Definition 1.1. [17] For a = (a1, a2, ..., an), b = (b1, b2, ..., bn), c = (c1, c2, ..., cn), where ai, bi,
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ci ∈ C; i = 1, 2, 3, ..., n such that <(ai),<(bi),<(ci) > 0, ∀ i. Also let α, β, γ, δ, µ, ν, λ, ρ, θ, t ∈
C, min{<(α), <(β), <(γ), <(δ), <(θ)} > 0 and k ∈ (0, 1) ∪ N with k + <(ρ) < <(δ + ν + α),
Im(ρ) =Im(δ + ν + α), then Mittag-Leffler function is defined by

Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν

(
z; a, b, c, %

)
=

∞∑
l=0

∏n
i=1 β%(bi, ai)(λ)ρl(θ)klzl∏n

i=1 β(ci, ai)(γ)δl(µ)νlΓ(αl + β)
, (1.1)

where Γ(µ) is the gamma function, Γ(µ) =
∫ ∞

0
e−zzµ−1dz, (θ)kl is the Pochhammer symbol, (θ)kl =

Γ(θ+lk)
Γ(θ)

and β% is the extension of beta function and it is defined as follows:

β%(ϑ, y) =

∫ 1

0
ϑζ−1(1 − ϑ)y−1e−

(
%

ϑ(1−ϑ)

)
dϑ. (1.2)

Along with the convergence conditions of the unified Mittag-Leffler function given in Definition 1.1,
the unified fractional operators are defined as follows:

Definition 1.2. [17] Let Φ ∈ L1[ξ1, ξ2]. Then ∀ ζ ∈ [ξ1, ξ2], the fractional integral operator containing
the unified Mittag-Leffler function Mλ,ρ,θ,k,n

α,β,γ,δ,µ,ν

(
z; a, b, c, %

)
satisfying all the convergence conditions is

defined as follows:(
Υ
ω,λ,ρ,k,n
ξ+

1 ,α,β,γ,δ,µ,ν
Φ
)
(ζ; a, b, c, %)=

∫ ζ

ξ1

(ζ − ϑ)α−1Mλ,ρ,k,n
α,β,γ,δ,µ,ν

(
ω(ζ − ϑ)µ; a, b, c, %

)
Φ(ϑ)dϑ, (1.3)

(
Υ
ω,λ,ρ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ
)
(ζ; a, b, c, %)=

∫ ξ2

ζ

(ϑ − ζ)α−1Mλ,ρ,k,n
α,β,γ,δ,µ,ν

(
ω(ζ − ϑ)µ; a, b, c, %

)
Φ(ϑ)dϑ. (1.4)

By setting ai = l, % = 0 and <(%) > 0 in (1.3) and (1.4), we get the fractional integral operator
associated with generalized Q function as (see [18]):(

QΥ
ω,λ,ρ,k,n
ξ+

1 ,α,β,γ,δ,µ,ν
Φ
)

(ζ; a, b) =

∫ ζ

ξ1

(ζ − ϑ)α−1Qλ,ρ,k,n
α,β,γ,δ,µ,ν

(
ω(ζ − ϑ)µ; a, b

)
Φ(ϑ)dϑ, (1.5)

(
QΥ

ω,λ,ρ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ
)

(ζ; a, b) =

∫ ξ2

ζ

(ϑ − ζ)α−1Qλ,ρ,k,n
α,β,γ,δ,µ,ν

(
ω(ϑ − ζ)µ; a, b

)
Φ(ϑ)dϑ, (1.6)

where

Qλ,ρ,θ,k,n
α,β,γ,δ,µ,ν

(
z; a, b

)
=

∞∑
l=0

∏n
i=1 β(bi, l)(λ)ρl(θ)klzl∏n

i=1 β(ai, l)(γ)δl(µ)νlΓ(αl + β)

is a generalized Q function defined in [19].
The more generalized and extended version of integral operator given in Definition 1.2 is defined as

follows:

Definition 1.3. [20] Let ∆ ∈ L1[ξ1, ξ2], 0 < ξ1, ξ2 < ∞ be a positive function and let Ψ : [ξ1, ξ2] → R
be a differentiable and strictly increasing function. Also let ∆

ζ
be an increasing function on [ξ1,∞).
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Then for ζ ∈ [ξ1, ξ2] the unified integral operator in its generalized form satisfying all the convergence
conditions is defined by:

(∆ΨΥ
ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,δ,µ,ν
Φ)(ζ; %)=

∫ ζ

u
Λϑζ (Mλ,ρ,θ,k,n

α,β,γ,µ,νΨ ;∆)Φ(ϑ)d(Ψ (ϑ)), (1.7)

(∆ΨΥ
ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ)(ζ; %) =

∫ v

ζ

Λ
ζ
ϑ(Mλ,ρ,θ,k,n

α,β,γ,µ,νΨ ;∆)Φ(ϑ)d(Ψ (ϑ)), (1.8)

where

Λϑζ (Mλ,ρ,θ,k,n
α,β,γ,µ,νΨ ;∆) =

∆(Ψ (ζ) − Ψ (ϑ))
Ψ (ζ) − Ψ (ϑ)

Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν(ω(Ψ (ζ) − Ψ (ϑ))µ; a, b, c, %). (1.9)

Definition 1.4. [18] By setting ai = l, % = 0 and <(%) > 0 in (1.7) and (1.8), we get the fractional
integral operator associated with generalized Q function as follows:(

Ψ
QΥ

∆,ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,δ,µ,ν
Φ
)

(ζ; a, b) =

∫ ζ

ξ1

Λ
y
ζ(Q

λ,ρ,k,n
α,β,γ,µ,νΨ ;∆)Φ(ϑ)d(Ψ (ϑ)), (1.10)

(
Ψ
QΥ

∆,ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ
)
(ζ; a, b) =

∫ b

ζ

Λ
y
ζ(Q

λ,ρ,k,n
α,β,γ,µ,νΨ ;∆)Φ(ϑ)d(Ψ (ϑ)), (1.11)

where Λϑζ (Qλ,ρ,θ,k,n
α,β,γ,µ,νΨ ;∆) =

∆(Ψ (ζ) − Ψ (ϑ))
Ψ (ζ) − Ψ (ϑ)

Qλ,ρ,θ,k,n
α,β,γ,δ,µ,ν(ω(Ψ (ζ) − Ψ (ϑ))µ, a, b, %).

One can note that if Ψ and ∆
ζ

are increasing functions, then for u < ϑ < v, u, v ∈ [ξ1, ξ2], the kernel
Λϑζ (Mλ,ρ,θ,k,n

α,β,γ,µ,νΨ ;∆) satisfies the following inequality:

Λu
ϑ(Mλ,ρ,θ,k,n

α,β,γ,µ,νΨ ;∆) ≤ Λu
v(Mλ,ρ,θ,k,n

α,β,γ,µ,νΨ ;∆). (1.12)

For more details, one can see [21]. In the whole paper we will use

I(ξ1, ξ2, Ψ ) =
1

ξ2 − ξ1

∫ ξ2

ξ1

Ψ (ϑ)dϑ. (1.13)

Convex functions are extensively utilized in mathematics, physics, mathematical statistics and
economics. The geometrical visualization of a convex function can be seen in the Hadamard inequality.
Several new classes of functions have been defined to prove generalizations and refinements of many
known mathematical inequalities. The definition of strongly (α, h − m)-convex function is defined as
follows:

Definition 1.5. [22] Let J ⊆ R be an interval containing (0, 1) and let h : J → R be a non-negative
function. A function Φ : [0, ξ2]→ R is called strongly (α, h − m)-convex function with modulus C ≥ 0,
if f is non-negative and for all ζ, y ∈ [0, ξ2], ϑ ∈ (0, 1) and m ∈ (0, 1], one have the inequality

Φ(ζϑ + m(1 − ϑ)y) ≤ h(ϑα)Φ(ζ) + mh(1 − ϑα) f (y) − mCh(ϑα)h(1 − ϑα)|y − ζ |2. (1.14)
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Remark 1. The above definition produces several types of convex functions like (h−m)-convex, (s,m)-
convex, strongly (α,m)-convex, (α,m)-convex functions etc.

The upcoming section consists of bounds of fractional integral operators given in (1.7) and (1.8).
They are constructed by using definition of strongly (α, h − m)-convex function. We have established
a Hadamard type inequality, by using a lemma for strongly (α, h −m)-convex functions. The results of
this paper are connected with various inequalities that have been published in recent decades. Finally,
by using strongly (α, h − m)-convexity of the function |Φ′| further bounds are given.

2. Main results

Theorem 2.1. Let Φ ∈ L1[ξ1, ξ2] be an integrable strongly (α, h − m)-convex function. Also let ∆
ζ

be an increasing function on [ξ1, ξ2] and, let Ψ : [ξ1, ξ2] −→ R be differentiable and strictly
increasing function, also let ∆

ζ
be an increasing function on [ξ1, ξ2]. Then ∀ ζ ∈ [ξ1, ξ2], we have

the following inequality containing the unified Mittag-Leffler function Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν

(
z; a, b, c, %

)
satisfying

all the convergence conditions:(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)
(ζ; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ζ; %) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)(ζ − ξ1) (2.1)

×

(
Φ(ξ1)Xξ1

ζ (rα, h, Ψ ′) + mΦ
(
ζ

m

)
Xξ1
ζ (rα, h, Ψ ′)−

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

)
+ Λ

ζ
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

(
Φ(ξ2)Xξ1

ζ (rα, h, Ψ ′) + mΦ
(
ζ

m

)
Xξ1
ζ (1 − rα, h, Ψ ′)

−
C(ξ2m − ζ)2h(1)(Ψ (ξ2) − Ψ (x)

m(ξ2 − ζ)

)
,

where Xξ1
ζ (rα, h, Ψ ′) =

∫ ζ

ξ1
h (rα)Ψ ′(ζ−r(ζ−ξ1))dr, Xξ1

ζ (1−rα, h, Ψ ′) =
∫ ζ

ξ1
h (1 − rα)Ψ ′(ζ−r(ζ−ξ1))dr.

Proof. Using (1.12), we can write the following inequalities:

Λϑζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν Ψ ;∆)Ψ ′(ϑ) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν Ψ ;∆)Ψ ′(ϑ), (2.2)

Λ
ζ
ϑ(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Ψ ′(ϑ) ≤ Λζξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Ψ ;∆)Ψ ′(ϑ). (2.3)

Using strongly (α, h − m)-convexity of Φ, we have

Φ(ϑ) ≤ h
(
ζ − ϑ

ζ − ξ1

)α
Φ(ξ1) + mh

(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
Φ
(
ζ

m

)
−

C(ζ − ξ1m)2

m
h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
, (2.4)

Φ(ϑ) ≤ h
(
ϑ − ζ

ξ2 − ζ

)α
Φ(ξ1) + mh

(
1 −

(
ϑ − ζ

ξ2 − ζ

)α)
Φ
(
ζ

m

)
−

C(ζ − ξ1m)2

m
h
(
ϑ − ζ

ξ2 − ζ

)α
h
(
1 −

(
ϑ − ζ

ξ2 − ζ

)α)
. (2.5)

From (2.2) and (2.4), one can obtain the following inequality∫ ζ

ξ1

Λϑζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν Ψ ;∆)Φ(ϑ)d(Ψ (ϑ))≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

(
Φ(ξ1)

∫ ζ

ξ1

h
(
ζ − ϑ

ζ − ξ1

)α
d(Ψ (ϑ))
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+ mΦ
(
ζ

m

)∫ ζ

ξ1

h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
d(Ψ (ϑ)) −

C(ζ − ξ1m)2

m

∫ ζ

ξ1

h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
d(Ψ (ϑ))

)
.

Using Definition 1.3 and setting r =
ζ−ϑ

ζ−ξ1
, we obtain(

∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)
(ζ; %) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,νΨ ;∆)(ζ − ξ1)

(
Φ(ξ1)

∫ 1

0
h (rα)Ψ (ζ − r(ζ − ξ1))dr (2.6)

+ mΦ
(
ζ

m

)∫ 1

0
h (1 − rα)Ψ ′(ζ − r(ζ − ξ1)))dr −

C(ζ − ξ1m)2

m

∫ 1

0
h(rα)h(1 − rα)Ψ ′(ζ − r(ζ − ξ1))dr

)
.

The above inequality will become(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)
(ζ; %) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,νΨ ;∆)

(
Φ(ξ1)Xξ1

ζ (rα, h, Ψ ′) (2.7)

+ mΦ
(
ζ

m

)
Xξ1
ζ (rα, h, Ψ ′) −

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

.

On the other hand, using the same technique that we did for (2.2) and (2.4), the following inequality
from (2.3) and (2.5) can be obtained:(

∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)

(ζ; %) ≤ Λζξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Φ;∆)(ξ2 − ζ)
(
Φ(ξ1)

∫ 1

0
h (rα)Ψ ′(ζ − r(ξ2 − ζ))dr (2.8)

+mΦ
(
ζ

m

) ∫ 1

0
h (1 − rα)Ψ ′(ζ − r(ξ2 − ζ)))dr −

C(mξ2 − ζ)2

m

∫ 1

0
h(rα)h(1 − rα)Ψ ′(ζ − r(ξ1 − ζ))dr

)
.

The above inequality can takes the following form(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ζ; %) ≤ Λζξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Φ;∆)(ξ2 − ζ)

(
Φ(ξ2)Xξ2

ζ (rα, h, Ψ ′) (2.9)

+ mΦ
(
ζ

m

)
Xξ2
ζ (1 − rα, h, Ψ ′) −

C(ζ − ξ1m)2h(1)(Ψ (ξ2) − Ψ (ζ))
m(ξ2 − ζ)

)
.

By adding (2.7) and (2.9), (2.1) can be obtained.
�

Remark 2. (i) If n = 1, b1 = λ+ lk, a1 = θ− λ, c1 = λ, ρ = ν = 0 in (2.1), [22, Theorem 1] is obtained.
(ii) If h(ζ) = ζ in the result of (i), then [23, Theorem 7] is obtained.
(iii) If C = 0, ∆(ϑ) = ϑβ, Ψ (ζ) = ζ, h(ζ) = ζ s and (α,m) =(1,1) in the result of (i), then [24,
Theorem 2.1] is obtained.
(iv) If ∆(ϑ) = ϑβ, h(ζ) = Ψ (ζ) = ζ in the result of (i), then [25, Theorem 4] can be obtained.
(v) If ∆(ϑ) = ϑβ, Ψ (ζ) = ζ and C = 0 in the result of (i), then [26, Theorem 1] can be obtained.
(vi) If C = 0 and h(ζ) = ζ in (2.1), then [4, Theorem 1] is obtained.
(vii) If C = 0 in the result of (i), [27, Theorem 1] is obtained.

Corollary 1. If h(ζ) = ζ, then the following inequality holds for strongly (α,m)-convex function:(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
σ+,α,β,γ,µ,ν Φ

)
(ϑ; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ϑ; %) ≤ Λξ1

ϑ (Mλ,ρ,θ,k,η
α,β,γ,µ,ν Ψ ;Υ)

((
mΦ

(
ϑ

m

)
Ψ (ϑ) −Φ(ξ1)Ψ (ξ1)

)
AIMS Mathematics Volume 7, Issue 10, 19167–19179.
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−
Γ(α + 1)
(ϑ − ξ1)α

(
mΦ

(
ϑ

m

)
−Φ(ξ1)

)
αIξ+

1
Ψ (ϑ)

)
−

C(ζ − mξ1)
m(ζ − ξ1)α

Γ(α + 1) αIξ+
1
Ψ (ϑ) −

Γ(2α + 1)2αIξ+
1
Ψ (ϑ)

(ζ − ξ1)α


+ Λϑξ2

(Mω,λ,ρ,θ,k,η
α,β,γ,µ,ν Ψ ;Υ)

((
Φ(ξ2)Ψ (ξ2) − mΦ

(
ϑ

m

)
Ψ (ϑ)

)
−

Γ(α + 1)
(ξ2 − ϑ)α

(
Φ(ξ2) − mΦ

(
ϑ

m

))
αIξ−2Ψ (ϑ)

)
−

C(mξ2 − ζ)
m(ξ2 − ζ)α

Γ(2α + 1)2αIξ−2Ψ (ϑ)

(ξ2 − ζ)α
− Γ(α + 1) αIξ−2Ψ (ϑ)

 .
Corollary 2. If (α,m) = (1, 1) and h(ζ) = ζ, then the following inequality holds for strongly convex
function:(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
σ+,α,β,γ,µ,ν Φ

)
(ϑ; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ϑ; %) ≤ Λξ1

ϑ (Mλ,ρ,θ,k,η
α,β,γ,µ,ν Ψ ;Υ) ((Ψ (ϑ) − Ψ (ξ1)) (Φ(ϑ) +Φ(ξ1))

−C(ζ − ξ1)(2I(ξ1, ζ, IdΨ ) − (ξ1 + ζ)I(ξ1, ζ, Ψ ) + Λϑξ2
(Mω,λ,ρ,θ,k,η

α,β,γ,µ,ν Ψ ;Υ) ((Ψ (ξ2) − Ψ (ϑ)) (Φ(ξ2) +Φ(ϑ))

−C(ξ2 − ζ)(2I(ζ, ξ2, IdΨ ) − (ξ2 + ζ)I(ζ, ξ2, Ψ )),

where Id is the identity function.

For positive values of C all the results obtained in the aforementioned Remarks/Corollaries get their
refinements. The following lemma is required to establish the next result.

Lemma 2.1. [22] Let Φ : [ξ1, ξ2] −→ R, be a strongly (α, h−m)-convex function with modulus C ≥ 0,
m ∈ (0, 1], 0 ≤ ξ1 ≤ mξ2. If Φ(ζ) = Φ( ξ1+mξ2−ζ

m ), then the following inequality holds:

Φ
(
ξ1 + mξ2

2

)
≤

(
h
(

1
2α

)
+ mh

(
2α − 1

2α

))
Φ(ζ) −

C
m

h
(

1
2α

)
h
(
2α − 1

2α

)
(ξ1 − ζ + mξ2 − mζ)2. (2.10)

The following result provides upper and lower bounds of sum of operators (1.7) and (1.8) in the
form of a Hadamard type inequality.

Theorem 2.2. Under the assumptions of Theorem 2.1 in addition, if Φ(ζ) = Φ
(
ξ1 + mξ2 − ζ

m

)
, then we

have

1

h
(

1
2α

)
+ mh

(
2α−1

2α

)(Φ (
ξ1 + ξ2

2

)((
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

1
)

(ξ1; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
1
)
(ξ2; %)

)
(2.11)

+
C
m

h
(

1
2α

)
h
(
2α − 1

2α

) ((
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

(ξ1 − ζ + mξ2 − mζ)2
)

(ξ1; %)

+

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

(ξ1 − ζ + mξ2 − mζ)2
)

(ξ1; %)
))
≤

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ξ1; %)

+

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)

(ξ2; %) ≤ (ξ2 − ξ1)
(
Λ
ξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆) + Λ

ξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

)
×

(
Φ(ξ2)Xξ1

ξ2
(rα, h;Ψ ′) + mΦ

(
ξ1

m

)
Xξ1
ξ2

(1 − rα, h;Ψ ′) −
C(ξ1 − mξ2)2h(1)(Ψ (ξ2) − Ψ (ξ1))

m(ξ2 − ξ1)

)
.

Proof. Using (1.12), we can write the following inequalities

Λ
ξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Ψ ′(ζ) ≤ Λξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)Ψ ′(ζ), (2.12)
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Λ
ζ
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)Ψ ′(ζ) ≤ Λξ1

ξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Ψ ′(ζ). (2.13)

Using strongly (α, h − m)-convexity of Φ for ζ ∈ [ξ1, ξ2], we have

Φ(ζ) ≤ h
(
ζ − ξ1

ξ2 − ξ1

)α
Φ(ξ2) + mh

(
1 −

(
ζ − ξ1

ξ2 − ξ1

)α)
Φ
(
ξ1

m

)
−

C(ξ1 − mξ2)2

m
h
(
ζ − ξ1

ξ2 − ξ1

)α
h
(
1 −

(
ζ − ξ1

ξ2 − ξ1

)α)
.

(2.14)

Multiplying (2.12) and (2.14) and integrating the resulting inequality over [ξ1, ξ2], one can obtain∫ ξ2

ξ1

Λ
ξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Φ(ζ)d(Ψ (ζ)) ≤ Λξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

(
mΦ

(
ξ1

m

)
×

∫ ξ2

ξ1

h
(
1 −

(
ζ − ξ1

ξ2 − ξ1

)α)
d(Ψ (ζ)) +Φ(ξ2)

∫ ξ2

ξ1

h
(
ζ − ξ1

ξ2 − ξ1

)α
d(Ψ (ζ))

−
C(ξ1 − mξ2)2

m

∫ ξ2

ξ1

h
(
ζ − ξ1

ξ2 − ξ1

)α
h
(
1 −

(
ζ − ξ1

ξ2 − ξ1

)α)
d(Ψ (ζ))

)
.

By using Definition 1.3 and setting r =
ζ−ξ1
ξ2−ξ1

, the following inequality is obtained:(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)
(ξ1; %) ≤ Λξ1

ξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)(ξ2 − ξ1)
((
Φ(ξ2)Xξ1

ξ2
(rα, h;Ψ ′) (2.15)

+ mΦ
(
ξ1

m

)
Xξ1
ξ2

(1 − rα, h;Ψ ′) −
C(ξ1 − mξ2)2h(1)(Ψ (ξ2) − Ψ (ξ1))

m(ξ2 − ξ1)

)
.

Using the same technique that we did for (2.12) and (2.14), the following inequality can be observed
from (2.14) and (2.13)(

∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)
(b; %) ≤ Λξ1

ξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)(ξ2 − ξ1)
(
Φ(ξ2)Xξ1

ξ2
(rα, h;Ψ ′) (2.16)

+ mΦ
(
ξ1

m

)
Xξ1
ξ2

(1 − rα, h;Ψ ′) −
C(ξ1 − mξ2)2h(1)(Ψ (ξ2) − Ψ (ξ1))

m(ξ2 − ξ1)

)
.

By adding (2.15) and (2.16), following inequality can be obtained:(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)

(ξ1; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)

(ξ2; %) ≤ (ξ2 − ξ1) (2.17)

×
(
Λ
ξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆) + Λ

ξ1
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

)(
Φ(ξ2)Xξ1

ξ2
(rα, h;Ψ ′)

+ mΦ
(
ξ1

m

)
Xξ1
ξ2

(1 − rα, h;Ψ ′) −
C(ξ1 − mξ2)2h(1)(Ψ (ξ2) − Ψ (ξ1))

m(ξ2 − ξ1)

)
.

Multiplying both sides of (2.10) by Λξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)d(Ψ (ζ)), and integrating over [ξ1, ξ2] we have

Φ
(
ξ1 + mξ2

2

)∫ ξ2

ξ1

Λ
ξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)d(Ψ (ζ)) ≤ h
(

1
2α

)
h
(
2α − 1

2α

) ∫ ξ2

ξ1

Λ
ξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Φ(ζ)d(Ψ (ζ))

−
C
m

h
(

1
2α

)
h
(
2α − 1

2α

) ∫ ξ2

ξ1

Λ
ξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)(ξ1 − ζ + mξ2 − mζ)2d(Ψ (ζ)).
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From Definition 1.3, the following inequality is obtained:

1

h
(

1
2α

)
+ mh

(
2α−1

2α

)(Φ (
ξ1 + ξ2

2

)(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

1
)

(ξ1; %)+
C
m

h
(

1
2α

)
h
(
2α − 1

2α

)
(2.18)

×

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

(ξ1 − ζ + mξ2 − mζ)2
)

(ξ1; %)
)
≤

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

Φ
)

(ξ1; %).

Similarly multiplying both sides of (2.10) by Λζξ2
(Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)Ψ ′(ζ), and integrating over [ξ1, ξ2] we
have

1

h
(

1
2α

)
+ mh

(
2α−1

2α

)(Φ (
ξ1 + ξ2

2

)(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
1
)

(ξ2; %)+
C
m

h
(

1
2α

)
h
(
2α − 1

2α

)
(2.19)

×

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
(ξ1 − ζ + mξ2 − mζ)2

)
(ξ2; %)

)
≤

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ
)

(ξ1; %).

From (2.17)–(2.19), inequality (2.11) can be achieved. �

Remark 3. (i) If n = 1, b1 = λ + lk, a1 = θ − λ, c1 = λ, ρ = ν = 0, in (2.11), then [22, Theorem 23] is
obtained.
(ii) If h(ζ) = ζ in the result of (i), then [23, Theorem 11] is obtained.
(iii) If ω = % = C = 0, (α,m) =(1,1), Φ(ϑ) = Γ(β)ϑβ+1 and h(ζ) = Ψ (ζ) = ζ in the result of (i),
then [28, Theorem 3] is obtained.
(iv) If ∆(ϑ) = ϑβ+1 and h(ϑ) = Ψ (ϑ) = ϑ in the result of (i), then [25, Theorem 6] can be obtained.
(v) If ∆(ϑ) = ϑβ+1, Ψ (ϑ) = ϑ and C = 0 in the result of (i), then [26, Theorem 4] can be obtained.
(vi) If C = 0 and h(ζ) = ζ in (2.11), then [4, Theorem 2] is obtained.

Corollary 3. If h(ζ) = ζ in (2.11), then the following inequality holds for strongly (α,m)-convex
function:

2α

(1 + m(2α − 1))

(
Φ
(
ξ1 + mξ2

2

) ((
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

1
)
(ξ1; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ+

1 ,α,β,γ,µ,ν
1
)
(ξ2; %)

)
+

C(2α − 1)
22αm

((
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
(ξ1 − ζ + mξ2 − mζ)2

)
(ξ1; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

(ξ1 − ζ + mξ2 − mζ)2
)

(ξ1; %)
))

≤

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

Φ
)

(a; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ+

1 ,α,β,γ,µ,ν
Φ
)

(b; %) ≤ 2Λξ1
ξ2

(Mλ,ρ,θ,k,η
α,β,γ,µ,ν Ψ ;Υ)

((
Φ(ξ2)Ψ (ξ2) − mΦ

(
ξ1

m

)
Ψ (ξ1)

)
−

Γ(α + 1)
(ξ2 − ξ1)α

(
Φ(ξ2) − mΦ

(
ξ1

m

))
αIξ−2Ψ (ϑ)

) )
−

C(mξ2 − ξ1)
m(ξ2 − ξ1)α

(Γ(2α + 1)I2α
ξ−2
Ψ (ξ1)

(ξ2 − ξ)α
− Γ(α + 1)Iαξ−2Ψ (ξ1)

)
.

Corollary 4. If (α,m) = (1, 1) and h(ζ) = ζ in (2.11), then the following inequality holds for strongly
convex function:(

Φ
(
ξ1 + ξ2

2

) ((
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

1
)
(ξ1; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ+

1 ,α,β,γ,µ,ν
1
)
(ξ2; %)

)
+

C
4

((
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
(ξ1 − ζ + ξ2 − ζ)2

)
(ξ1; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,µ,ν

(ξ1 − ζ + ξ2 − ζ)2
)

(ξ1; %)
))

≤

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,µ,ν

Φ
)

(a; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ+

1 ,α,β,γ,µ,ν
Φ
)

(b; %) ≤ 2Λξ1
ξ2

(Mλ,ρ,θ,k,η
α,β,γ,µ,ν Ψ ;Υ)

× ((Ψ (ξ2) − Ψ (ξ1)) (Φ(ξ2) +Φ(ξ1)) –(ξ2 − ξ1)λ2I(ξ1, ξ2, IdΨ ) − (ξ1 + ξ2)I(ξ1, ξ2, g))
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For positive values of λ all the results obtained in the aforementioned Remarks/Corollaries got their
refinements.

Theorem 2.3. Let Φ : [ξ1, ξ2] −→ R be a differentiable function. If |Φ′| is (s,m)-convex and let
Ψ : [ξ1, ξ2] −→ R be differentiable and strictly increasing function, also let ∆

ζ
be an increasing function

on [ξ1, ξ2]. Then ∀ ζ ∈ [ξ1, ξ2], we have the following inequality containing the unified Mittag-Leffler
function Mλ,ρ,θ,k,n

α,β,γ,δ,µ,ν

(
z; a, b, c, %

)
satisfying all the convergence conditions:∣∣∣∣∣(∆ΨΥω,λ,ρ,θ,k,n

ξ+
1 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %) +

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %)
∣∣∣∣∣≤ Λξ1

ζ (Mω,λ,ρ,θ,k,n
α,β,γ,δ,µ,ν Ψ ;∆)(ζ − ξ1) (2.20)

×

((
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ1

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ1)|Xξ1
ζ (rα, h, Ψ ′)

)
−

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

)
+ Λ

ζ
ξ2

(Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν, Ψ ;∆)(ξ2 − ζ)

((
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ2

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ2)|Xξ2
ζ (rα, h, Ψ ′)

)
−

C(ξ2m − ζ)2h(1)(Ψ (ξ2) − Ψ (ζ))
m(ξ2 − ζ)

)
,

where (
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,δ,µ,ν
Φ ∗ Ψ

)
(ζ; %) :=

∫ ζ

ξ1

Λϑζ (Mλ,ρ,θ,k,n
α,β,γ,δ,µ,ν, Ψ ;∆)Φ′(ϑ)d(Ψ (ϑ)),

(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ−2 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %) :=
∫ ξ2

ζ

Λ
ζ
t (Mλ,ρ,θ,k,n

α,β,γ,δ,µ,ν Ψ ;∆)Φ′(ϑ)d(Ψ (ϑ)).

Proof. Let ζ ∈ [ξ1, ξ2] and ϑ ∈ [ξ1, ζ]. Then using strongly (α, h − m)-convexity of |Φ′| we have

|Φ′(ϑ)| ≤ h
(
ζ − ϑ

ζ − ξ1

)α
|Φ′(ξ1)| + mh

(
1 −

(
ζ − ϑ

ζ − ξ1

)α) ∣∣∣∣∣Φ′( ζm
)∣∣∣∣∣ − C(ϑ − ξ1m)

m
h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
.

(2.21)

The inequality (2.21) can be written as follows:

−

(
h
(
ζ − ϑ

ζ − ξ1

)α
|Φ′(ξ1)| + mh

(
1 −

(
ζ − ϑ

ζ − ξ1

)α) ∣∣∣∣∣Φ′( ζm
)∣∣∣∣∣ − C(ϑ − ξ1m)

m
h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α) )
(2.22)

≤ Φ′(ϑ) ≤ h
(
ζ − ϑ

ζ − ξ1

)α
|Φ′(ξ1)| + mh

(
1 −

(
ζ − ϑ

ζ − ξ1

)α) ∣∣∣∣∣Φ′( ζm
)∣∣∣∣∣ − C(ϑ − ξ1m)

m
h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
.

Let we consider the second inequality of (2.22)

Φ′(ϑ) ≤ h
(
ζ − ϑ

ζ − ξ1

)α
|Φ′(ξ1)| + mh

(
1 −

(
ζ − ϑ

ζ − ξ1

)α) ∣∣∣∣∣Φ′( ζm
)∣∣∣∣∣ − C(ϑ − ξ1m)

m
h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
.

(2.23)

Multiplying (2.2) and (2.23) and integrating over [ξ1, x], we can obtain:∫ ζ

ξ1

Λϑζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)d(Ψ (ϑ)) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)

(
|Φ(ξ1)|

∫ ζ

ξ1

h
(
ζ − ϑ

ζ − ξ1

)α
d(Ψ (ϑ))
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+ m
∣∣∣∣∣Φ (

ζ

m

)∣∣∣∣∣ ∫ ζ

ξ1

h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
d(Ψ (ϑ)) −

C(ϑ − ξ1m)
m

∫ ζ

ξ1

h
(
ζ − ϑ

ζ − ξ1

)α
h
(
1 −

(
ζ − ϑ

ζ − ξ1

)α)
d(Ψ (ϑ))

)
.

This gives(
∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
Φ ∗ Ψ

)
(ζ; %) ≤ Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)(ζ − ξ1) (2.24)

×

( (
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ1

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ1)|Xξ1
ζ (rα, h, Ψ ′)

)
−

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

)
.

Considering the left hand side from the inequality (2.22) and adopt the same pattern as did for the right
hand side inequality, then(

∆
ΨΥ

ω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
(Φ ∗ Ψ )

)
(ζ; %) ≥ −Λξ1

ζ (Mλ,ρ,θ,k,n
α,β,γ,µ,ν Ψ ;∆)(ζ − ξ1) (2.25)

×

( (
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ1

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ1)|Xξ1
ζ (rα, h, Ψ ′)

)
−

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

)
.

From (2.24) and (2.25), following inequality is observed:∣∣∣∣∣(∆ΨΥω,λ,ρ,θ,k,n
ξ+

1 ,α,β,γ,µ,ν
(Φ ∗ Ψ )

)
(ζ; %)

∣∣∣∣∣ ≤ Λξ1
ζ (Mλ,ρ,θ,k,n

α,β,γ,µ,ν Ψ ;∆)(ζ − ξ1) (2.26)

×

( (
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ1

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ1)|Xξ1
ζ (rα, h, Ψ ′)

)
−

C(ζ − ξ1m)2h(1)(Ψ (ζ) − Ψ (ξ1))
m(ζ − ξ1)

)
.

Now using strongly (α, h − m)-convexity of |Φ′| on (ζ, ξ2] for ζ ∈ [ξ1, ξ2] we have

|Φ′(ϑ)| ≤ h
(
ϑ − ζ

ξ2 − ζ

)α
|Φ′(ξ2)| + mh

(
1 −

(
ϑ − ζ

ξ2 − ζ

)α ) ∣∣∣∣∣Φ′( ζm
)∣∣∣∣∣ − C(ζ − ξ1m)2

m
h
(
ϑ − ζ

ξ2 − ζ

)α
h
(
1 −

(
ϑ − ζ

ξ2 − ζ

)α)
.

(2.27)

On the same procedure as we did for (2.2) and (2.21), one can obtain following inequality from (2.3)
and (2.27):∣∣∣∣∣(∆ΨΥω,λ,ρ,θ,k,n

ξ−2 ,α,β,γ,µ,ν
(Φ ∗ Ψ )

)
(ζ; %)

∣∣∣∣∣ ≤ Λζξ2
(Mλ,ρ,θ,k,n

α,β,γ,δ,µ,ν, Ψ ;∆)(ξ2 − ζ) (2.28)

×

( (
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ Xξ2

ζ (1 − rα, h, Ψ ′) − |Φ′(ξ2)|Xξ2
ζ (rα, h, Ψ ′)

)
−

C(ξ2m − ζ)2h(1)(Ψ (ξ2) − Ψ (ζ))
m(ξ2 − ζ)

)
.

By adding (2.26) and (2.28), inequality (2.20) can be achieved. �

Remark 4. (i) If n = 1, b1 = λ + lk, a1 = θ − λ, c1 = λ, ρ = ν = 0, in (2.20), [22, Theorem 26].
(ii) If C = 0 in the result of (i), [27, Theorem 4] is obtained.
(iii) If h(ζ) = ζ in the result of (i), then [23, Theorem 14] is obtained.
(iv) If ∆(ϑ) = ϑβ and Ψ (ζ) = h(ζ) = ζ in the result of (i), then [25, Theorem 5] is obtained.
(v) If ∆(ϑ) = ϑβ+1, Ψ (ζ) = ζ and C = 0 in the result of (i), then [26, Theorem 2] is obtained.
(vi) If C = 0 and h(ζ) = ζ in (2.20), then [4, Theorem 3] is obtained.
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Corollary 5. If h(ζ) = ζ in (2.20), then the following inequality holds for strongly (α,m)-convex
function:∣∣∣∣∣(ΥΨΩω,λ,ρ,θ,k,η

ξ+
1 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %)
∣∣∣∣∣

≤ Λ
ξ1
ζ (Mω,λ,ρ,θ,k,η

α,β,γ,δ,µ,ν Ψ ;Υ)
((

m
∣∣∣∣∣Φ′ ( ζm

)∣∣∣∣∣Ψ (ζ) − |Φ′(ξ1)|Ψ (ξ1)
)
−

Γ(α + 1)
(ζ − ξ1)α

(
m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣ − |Φ′(ξ1)|

)
αIξ+

1
Ψ (ζ)

)
−

C(ζ − mξ1)2

m(ζ − ξ1)α

(
Γ(α + 1) αIξ+

1
Ψ (ζ) −

Γ(2α + 1) αIξ+
1
Ψ (ζ)

(ζ − ξ1)α

)
+ Λ

ζ
ξ2

(Mλ,ρ,θ,k,η
α,β,γ,δ,µ,ν, Ψ ;Υ)((

|Φ′(ξ2)|Ψ (ξ2) − m
∣∣∣∣∣Φ′ ( ζm

)∣∣∣∣∣Ψ (ζ)
)
−

Γ(α + 1)
(ξ2 − ζ)α

(
|Φ′(ξ2)| − m

∣∣∣∣∣Φ′ ( ζm
)∣∣∣∣∣) αIξ−2Ψ (ζ)

)
−

C(mξ2 − ζ)2

m(ξ2 − ζ)α

Γ(2α + 1) 2αIξ−2Ψ (ζ)

(ξ2 − ζ)α
− Γ(α + 1) αIξ−2Ψ (ζ)

 .
Corollary 6. If (α,m) = (1, 1) and h(ζ) = ζ in (2.20), then the following inequality holds for strongly
convex function:∣∣∣∣∣(ΥΨΩω,λ,ρ,θ,k,η

ξ+
1 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %) +

(
Υ
ΨΩ

ω,λ,ρ,θ,k,η
ξ−2 ,α,β,γ,δ,µ,ν

Φ ∗ Ψ
)

(ζ; %)
∣∣∣∣∣

≤ Λ
ξ1
ζ (Mλ,ρ,θ,k,η

α,β,γ,δ,µ,ν Ψ ;Υ)
((
|Φ′ (ζ)| + |Φ′(ξ1)|

)
(Ψ (ζ) − Ψ (ξ1)) −C(ζ − ξ1)2I(ξ1, ζ, IdΨ ) − (ξ1 + ζ)I(ξ1, ζ, Ψ )

+ Λ
ζ
ξ2

(Mλ,ρ,θ,k,η
α,β,γ,δ,µ,ν, Ψ ;Υ)

((
|Φ′(ξ2)| + |Φ′ (ζ)|

)
(Ψ (ξ2) − Ψ (ζ)) −C(ξ2 − ζ)(2I(ζ, ξ2, IdΨ ) − (ζ + ξ2)I(ζ, ξ2, Ψ ))

)
.

For positive values of C all the results obtained in the aforementioned Remarks/Corollaries get their
refinements.

3. Conclusions

This article investigates the bounds of fractional integral operators containing unified Mittag-Leffler
function via strongly (α, h − m)-convex function. The proved results are more generalized and refined
as compared to existing inequalities in the literature. Also, they hold implicitly for various classes of
functions such as (α,m)-convex, (s,m)-convex, (h−m)-convex, strongly convex, strongly (α,m)-convex
and strongly (h − m)-convex functions.
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