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1. Introduction

Fractional integral operators have great significance in extensive fields of science and engineering.
They are widely used to construct and solve fractional order models and fractional dynamical systems.
In recent decades fractional integral operators are frequently used to study different types of integral
inequalities including well known inequalities of Hadamard [1-5], Ostrowski [6-9], Griiss [10, 11],
Opial [12], Chebsheve [13, 14] and Minkowski [15,16].

We have motivated by ongoing research in integral inequalities, and interested to establish
inequalities for fractional integral operators defined in [17]. To attain the desired results, we have used
a generalized class of functions called strongly (a, h — m)-convex functions. The findings of this paper
simultaneously give generalizations as well as refinements of many recently published inequalities.

The unified Mittag-Leffler function is defined as follows:

Definition 1.1. [I/7] For a = (ay, ay, ..., a,), b = (b1,bs,....b,), ¢ = (ci, ca, ..., ¢,), Where a;, b;,
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ci € C;i = 1,2,3,...,n such that R(a;), R(b;), R(c;) > 0, Y i. Also let a,B, vy, 6, u, v, 4, p, 0,t €
C, min{R(a), R(B), R(y), R©), R} > 0 and k € (0,1) UN with k + R(p) < R@ + v + ),
Im(p) =Im(6 + v + ), then Mittag-Leffler function is defined by

Aprookn (. - [T, Bo(bis a) (D) p( Oz

ot (50 2-00) = 24 T e bl 1B (-

where I'(u) is the gamma function, I'(u) = f e *z*7'dz, (Q)y is the Pochhammer symbol, (0) = F(lf(;l)k)
and B, is the extension of beta function and it is defined as follows:

1
By(0.y) = f 911 = 9y~ te (i m)ay. (1.2)
0

Along with the convergence conditions of the unified Mittag-Leffler function given in Definition 1.1,
the unified fractional operators are defined as follows:

Definition 1.2. [17] Let @ € L|[&),&]. Then VY £ € [£1,&], the fractional integral operator containing
the unified Mittag-Leffler function Mﬂgf, 6ZV (z; a,b,c, Q) satisfying all the convergence conditions is
defined as follows:

(rests @) ab.c.o= f & =9 My, (0 =95 a boco) DI, (1.3)
(’Y’;”;?;‘,}f;’ls,ﬂ,v fia,b,c,0)= f @ - M (W = 0Yia.b.c.0) a9, (1.4)

By setting @; = [, 0 = 0 and R(o) > 0 in (1.3) and (1.4), we get the fractional integral operator
associated with generalized Q function as (see [18]):

s
(e ?) @b = [ @00k, (e - orap) oo, ()
(eretite, @) ) = f 8 = O Qo (@0 = 00 2. b) D), (1.6)
where
Q/l,p,e,k,n Z Z BB, D) (O
@y oy \7? =2 = [T Blai, D(y)si(u)l (al + B)

is a generalized Q function defined in [19].
The more generalized and extended version of integral operator given in Definition 1.2 is defined as
follows:

Definition 1.3. [20] Let A € Li[£1,&], 0 < &1, & < o0 be a positive function and let ¥ : [&£,&] —» R
be a differentiable and strictly increasing function. Also let % be an increasing function on (&}, ).
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Then for { € [&1,&,] the unified integral operator in its generalized form satisfying all the convergence
conditions is defined by:

L PN 0)= f ALMES W A)D@)A(P(9)), (1.7)
G PN 0) = f ALMLES P A)D@)d(P(9)), (1.8)
where
, AP Q) - V() "
ALMESR W 1) = 5O P @) MY (V) - P@)) a.b. c.0). (1.9)

Definition 1.4. [18] By setting a; = I, 0 = 0 and R(0) > 0in (1.7) and (1.8), we get the fractional
integral operator associated with generalized Q function as follows:

Y4

(g T ® )(é; a.b) = L AAQLEN" W MDDV (D)), (1.10)
1
b

"2 ,w,/l,p,(-),k,n . _ y A.0,k.n .
( [ (g, ab)= L AUAQLEE" W MDDV (B)), (1.11)
AP - P
where Aﬁ(Q/lpE)kn ,A) — ( (g) ( )) Q/l,p,e,k,n ((,()(SU(QU) _ 5”(19))”,6_1, ]2’ Q)

aBy.py tp(g) —10)) a.By.o.uy
One can note that if ¥ and ‘Z' are increasing functions, then for u < 9 < v,u,v € [£], & ], the kernel

Aﬂ(M AZ Hy];"V ¥, A) satisfies the following inequality:

AQ(M‘Z%W A < A"(Mﬁgz’;’;sv;g). (1.12)

For more details, one can see [21]. In the whole paper we will use

1 2
1(£,6,P) = Y(d9. 1.13
60 P) &_&f; 0 (1.13)

Convex functions are extensively utilized in mathematics, physics, mathematical statistics and
economics. The geometrical visualization of a convex function can be seen in the Hadamard inequality.
Several new classes of functions have been defined to prove generalizations and refinements of many
known mathematical inequalities. The definition of strongly (a, h — m)-convex function is defined as
follows:

Definition 1.5. [22] Let J C R be an interval containing (0, 1) and let h : J — R be a non-negative
function. A function @ : [0,&,] — R is called strongly (a, h — m)-convex function with modulus C > 0,
if f is non-negative and for all {,y € [0,&;], & € (0, 1) and m € (0, 1], one have the inequality

DI+ m(1 — 9)y) < h@)DC) + mh(l — 9*) f(y) — mChO*)h(1 — 9|y — £ (1.14)
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Remark 1. The above definition produces several types of convex functions like (h — m)-convex, (s, m)-
convex, strongly (a, m)-convex, (a, m)-convex functions etc.

The upcoming section consists of bounds of fractional integral operators given in (1.7) and (1.8).
They are constructed by using definition of strongly (@, h — m)-convex function. We have established
a Hadamard type inequality, by using a lemma for strongly (a, & — m)-convex functions. The results of
this paper are connected with various inequalities that have been published in recent decades. Finally,
by using strongly (@, h — m)-convexity of the function |@’| further bounds are given.

2. Main results

Theorem 2.1. Let @ € L,[&1,&,] be an integrable strongly (a,h — m)-convex function. Also let ‘Z'
be an increasing function on [&),&)] and, let ¥ : [£1,&] — R be differentiable and strictly

increasing function, also let 4 be an increasing function on [£1,&). Then ¥ { € [£1,&], we have

the following inequality contammg the unified Mittag-Leffler function M * Z%Z , (z; a,b,c, Q) satisfying

all the convergence conditions:

(i, o) co+ (T, o) o < gl v - &) @
b0 p oy O\yér o g g CC = EmPRF Q) = YD)
x(@(fl)Xg (r ,h,&”)+m¢(m)X§ (r, b, ) -2 )
+ AL (M W;A)(d)(fz)X? (r,h, ¥') + m@(r%)X? (1=r"h,¥)
_ C&m = O*h()(P () - S”(X))
m(& — ) ,

where X;'(r*, h, V") = f; h(r) /(= r( —&D))dr, XS (1=, h, ") = f; h(1=r) (-1 —&))r.

Proof. Using (1.12), we can write the following inequalities:

AUMESSE )W) < AD ML W )P (), (2.2)
AGLMESS W )P () < AL (ML W5 )W )P (9). (2.3)

Using strongly (@, h — m)-convexity of @, we have

B9 < h(g_g ) @) + mi1 —(E:z)a)cp(%)— c¢ _mflm)zh(g__z)ah(l —(E:Z)Q), 2.4)

2o ~( )-S5 e

From (2.2) and (2.4), one can obtain the following inequality

() < h(

fAﬁ(M“’“" Y D) A(P(D)) < A"“(MW"" ¥ A) qb(gl)f
&

@,B,Y,01,y [N R NTRY A (é/ fl) d(T(ﬁ))
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mal ) [*1{1- (£ Jaoron - S8 [HEZ - (22 )

1

-9

Using Definition 1.3 and setting r = & Ve obtain
A,0.0.k 1,0.0.k, :
(é’u'f’;,j,;,;;v )(é 0) < AS(MME W A)E ~ &) @(fl) f h () (L - (¢ = &))dr (2.6)

C 2
+ m¢(/£n)f(; RO =) 9 = @ - &y - < f L = )P = ¢ = )

The above inequality will become
(é?’?ff;’f,f;’jjv )({ 0) < A} (Mﬂgiﬁw;d)(qb(fo)f? GRS 2.7)
C( = Em)Ph()(PQ) = P(é)
m({ = &) '

On the other hand, using the same technique that we did for (2.2) and (2.4), the following inequality
from (2.3) and (2.5) can be obtained:

+m<p(§)X"~“( @ Py —

1
(@’Y’gi’,iff;j; @) (:0) < AL (ML @; A)(&, - 4)(@(&) f h(*) V' (¢ = r(& = O)dr (2.8)

! 2
emaf) [ h1 = - e - opar - SEZE f BT~ P 1t D))
0

The above inequality can takes the following form

(st @)ei0) < AL MGES s a)E - OPEXECh, ') 2.9)
- 2 _
emaf£)x6 -y - CEZEMPHIIE) ~ ¥1D))
& - 0)

By adding (2.7) and (2.9), (2.1) can be obtained.
O

Remark 2. (i)Ifn=1,by =A+lk,a, =0—-A, c; =4, p=v=0in(2.1), [22, Theorem 1] is obtained.
(ii) If h({) = { in the result of (i), then [23, Theorem 7] is obtained.

(iii) If C = 0, AW = 9, Y(O) = ¢, W) = ¢ and (a,m) =(1,1) in the result of (i), then [24,
Theorem 2.1] is obtained.

(iv) If A(9) = 9P, h({) = V() = ( in the result of (i), then [25, Theorem 4] can be obtained.

(v) If A(9) = 9P, W(0) = ¢ and C = 0 in the result of (i), then [26, Theorem 1] can be obtained.
(vi)IfC =0and h({) = { in (2.1), then [4, Theorem 1] is obtained.

(vii) If C = 0 in the result of (i), [27, Theorem 1] is obtained.

Corollary 1. If h({) = ¢, then the following inequality holds for strongly (a, m)-convex function:

(nauteinn, @)wio)+ (1O D)d:o) < ATMGIAT Vi) ((m@(%) W) - DEDPE)

ot a.By.uy &5, By v a.By.py
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T+ ( (9 C( - mé) TQa + 1)L ()
(0] (0] Qr.. Y — "\ IR P4 —
NCETAT ( ( ) ) ) g (ﬂ)) nl — &) [ (@+ D)% ¥(9) C—ar

+ ALMEE" W) ((@(&)W(&) - m@(ﬁ) sﬂ(ﬂ)) - (cb(fz) - m@(ﬁ)) I W(ﬂ))
m m
_Cm& -0 ( TQa + 1)*I P (9)

INa+1)
(& -9

~T(a+1)°l av(ﬁ)] .

m(& = §)° (& ="
Corollary 2. If (a,m) = (1,1) and h({) = ¢, then the following inequality holds for strongly convex
function:

(euteisn, ®);0) + (TQ;“’?;;,’;’;ZV @)(ﬁ 0) < AG(MLT W1 (¥ () — P(ED) (PO) + D))

— O = ENQIEL L) = & + OIELL ) + ALMESEMT WL 7) (P (&) - P(0) (DE) + D)
~ Cley = QUL 0. 1aP) = (& + DI 62, V),

where 1; is the identity function.

For positive values of C all the results obtained in the aforementioned Remarks/Corollaries get their
refinements. The following lemma is required to establish the next result.

Lemma 2.1. [22] Let & : [£1,&,] — R, be a strongly (a, h — m)-convex function with modulus C > 0,
mée (0,1, 0< & <m&. If D) = @(%), then the following inequality holds:

&1 +mé> 20— 1 C (1\ (2¢—1 :
( 2 ) ((2 )* h( 2 ))(p(f)‘_h(za) ( 5 )(61—§+m§z—m§). 2.10)

The following result provides upper and lower bounds of sum of operators (1.7) and (1.8) in the
form of a Hadamard type inequality.

+ —_
Theorem 2.2. Under the assumptions of Theorem 2.1 in addition, if D(() = QS(M) then we
m
have
1 E1+ &\ 4 cpodpbikn qp-dop bk
qb( )((‘r;’f”’ ) : +( ress, ) : ) 2.11
e C o e @1
c (1 29— 1 ekpkn
+ ah(?)h( Ny )((y/ TR (€ = ¢ 4ty - m) @z 0)

(B2 @ - ¢+ mey - m? @ 0)) < (4720 D)o

&5 By

+(4¥1/Tw,/l,p,€,k,n @)(fz,@) < (§2_§1)(A§1(M/lp9kn y/ A)_i_Afl(M/l,U@kn Y/’A))

£l a By gy @By v @By v
_ 2 _
(@(fz)Xfl (l" h 11/’) + Qj(fl ?(1 _ r(l/’ l’l, g//) _ C(fl mé:Z) h(l)(y/(fz) T(é‘:l)) )
” m(& — &)

Proof. Using (1.12), we can write the following inequalities

AS (ML W )P () < AS (ML W )W), (2.12)

@By py @By
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(M/lpekn Yo AP () SA (Mﬂpekn 7Y (Q). (2.13)

@By, a.B,y,u,v
Using strongly (@, h — m)-convexity of @ for { € [£],&,], we have

=&\ =&\ (&) CE —mé)? (§—§1 )a ( (5_51 )a)
h h(1 - = |- h h(1 - .

P = (fz—fl) PE) +m (1 (52—51) )(p(m) m &H -6 : &H-&
(2.14)

Multiplying (2.12) and (2.14) and integrating the resulting inequality over [£}, & ], one can obtain

f; AL W MDA D) < ALMG 8 754)m (fl)

m

xfzh(l—(f‘f‘))d(vf@))m@z)f (5 é:‘) d(P(Q)
&1 & =& &
C(&, — mé,)? fz (f—fl) ( (é'—fl))
_ IS T h hll - d¥ )
m & & — & & — & ( ({)))

By using Definition 1.3 and setting r = sf;_fijl, the following inequality is obtained:

(‘q’/‘f?f;f) ,f;'f,’,’fv ¢)(§1;Q) < A (M*gj’; "W AN - §1)((¢(§2)X§2‘ b W) (2.15)
e md St = sy - CE méy)*h()(F () — PE)
& o m(& — &) '

Using the same technique that we did for (2.12) and (2.14), the following inequality can be observed
from (2.14) and (2.13)

(st @)bio) < ALMLGEE W3 A€ = &) PEDXEG" s ¥) 2.16)
_ 2 _
ema Y1 1y - SO HOIED — &)
m(é; - &)

By adding (2.15) and (2.16), following inequality can be obtained:

& By &L Byuy

T B (€0 + (BT @) (E0) < &~ &) (2.17)
(preie)eor (i, o)

(Afl(M/lpf)kn - A)+A51(M/1P9kn T,A))(@(fz)Xg(ra,h, W,)

By @.By.uy

C(& — m&)*h(1)(P(&) - S[’(51)))
m(& — &) .

Multiplying both sides of (2.10) by Af‘ (MM’ Ok Y, A)d(¥(()), and integrating over [£, &,] we have

N R NTAY

+ czs(f] et rm ) -

& +mé 1 ; 1\, (20-1 ] o
@(1 5 Z)f Af(MA%';V‘}’A)d(‘}’({))<h(2a)h( > )f ASMLESR s A)D(O)d(P()

C (1Y, (2-1
——h(za)h( o )j: AS(MLESR P AN &) = &+ méy — md)Pd(P(0)).
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From Definition 1.3, the following inequality is obtained:

1 §1+§2)(A w0 dpbikn 1 20 -1
@ etk ) o)+ h h 2.18
e S TN
X(WTe e (6 L4 mes - m0) o))< (32008 @) @)
Similarly multiplying both sides of (2.10) by A( (M/l Zzi'f, Y, )W’ ([), and integrating over [£],&,] we
have
1 &1+ E2\( 4 opwdpbikin C (1 27 -1
cp( )('r;*’m ) 0+ 5 | 2.19
epeeEy G e G e LA E S I
(e - cvme - me?)@so)< (bl o) @o
From (2.17)—(2.19), inequality (2.11) can be achieved. O

Remark 3. (i)lfn=1, b1 =A+1lk,a=0-A4, c, =4, p=v=0,in(2.11), then [22, Theorem 23] is
obtained.

(ii) If h({) = ( in the result of (i), then [23, Theorem 11] is obtained.

(iii) If w = 0 = C = 0, (a,m) =(1,1), D) = TR and h({) = V() = ( in the result of (i),
then [28, Theorem 3] is obtained.

(iv) If A(9) = 9P+ and h() = Y (F) = O in the result of (i), then [25, Theorem 6] can be obtained.

(v) If A9 = 9P+, () = 9 and C = 0 in the result of (i), then [26, Theorem 4] can be obtained.
(i)IfC =0and h({) = in (2.11), then [4, Theorem 2] is obtained.

Corollary 3. If h({) = { in (2.11), then the following inequality holds for strongly (a,m)-convex
function:

2° & +mé W Ap0k. wdp ok,
TP e (fesiii eso)

+ SO D (et 6 - mes - m0?) @0 + (372005 6~ me - ) @5 0)

2%m & By.puy
< (et o) @ o + (it o) o) < 20800558 i) (oenwien - mo (2 vieo)
T@+1) & C(mé> — &) I'Qa + 1)1.52* P(&)
- 0] D a/I ~ y/ 19' - -T 1 yj
e v ))) T e @+ DI FE)
Corollary 4. If (a,m) = (1,1) and k() =  in (2.11), then the following inequality holds for strongly
convex function:

&+ 6 oAk, A0k,
(¢( 2 ) ((Z’”’Qf ,a’fﬁ,y,lvl)@ 10)+ (TQF,Q’” B,y,:,vl)(f% Q))

+ g((i’”?ifff;’fﬂfl -0 @0+ (B @ - v - 0F) @)

v Aw,d.0,0kn . T AW,A.0,0,kn & A,0,0,k.n .
( Y ,a,ﬁ,y,u,v(p) (a’9)+( Qf*,mﬁ,y#’vqﬁ) (b:0) < 24, (M 0y 75 1)

X (F(&2) = V(D) (D(&) + D(E1) (&2 = ED)A2U(E1, 62, Lo ¥) — (61 + £2)1(£1, 62, 8))
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For positive values of A all the results obtained in the aforementioned Remarks/Corollaries got their
refinements.

Theorem 2.3. Let @ : [£1,&] — R be a differentiable function. If |@'| is (s, m)-convex and let
¥ : &1, &) — R be differentiable and strictly increasing function, also let ‘Z' be an increasing function
on [€1,&]. Then VY { € [£1,&,], we have the following inequality containing the unified Mittag-Leffler

Jfunction Magz]; v\ 2345 b,c, Q) satisfying all the convergence conditions:

(st @ W) @0 +(JT0 D V) G0 < DML VA - &) (220)

&raBy.opuy & aBy.buy a.B.y.opy
SN\ v _ e N1y b0 o A\ CE = EmP’h(D)(P() = P(£)
x((m | () X2t =) - 1@ E0IXE 0B ) e )

AL - 2)(m |9 (%)‘ XE(1 =1, )~ |0 @XEG 7))

_ CEm=*h()(P (&) - 5”(()))
m(& —{) ’

where
(st @) C0) = L LM 0 A ()P (D))
(reini.e s r)o = f AL V5 DY DD,

Proof. Let { € [£1,&;] and 9 € [£1, {]. Then using strongly (a, h — m)-convexity of |@’| we have

|2/ < h(é_g ) 201+ mh(l - (f:;)) qj(n%)‘ - ;flm)h(é—_g)ah(l ) (?—_z))
(2.21)

The inequality (2.21) can be written as follows:
F=9\" {=0\\| (& CW—ém) (=B {-9Y
_(h(é—fl)@@1)”"”’(1_(4—&))¢(E)‘_ m h(g—a)h(l_(g—fl)))

(2.22)
<) < h(é_g ) 12+ mh(l - (f:g)) QB(%)‘ — ;glm)h(gg-_g)ah(l - (?—_z))

Let we consider the second inequality of (2.22)

, A L=\ (L) _ CW=&m) =0y [ (£=0)

v <=z fioen - (5] oG-S5 =R - () )
(2.23)

{—&

Multiplying (2.2) and (2.23) and integrating over [£;, x], we can obtain:

f UM 0 AP @) < AT M0 w3 0)(100) f (
¢

@By Y
1

AP
{- 61) o
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19176

[ LAY C@W—é&m (¢ ({-8) {-0Y)
+m'(p(Z)‘L h(l—({_fl) )d(T(ﬁ))—TL h({_&) h(1—(§_§1) )d(‘}/(ﬂ))).

This gives

(b, @0 V)0 < AT UG v € (2.24)
(S wer g e N & (o A CE = EmPh(D(P () = V()
x( (| (m)‘Xf (1= 1", 07) = |0 EDIXE 0, ) o )

Considering the left hand side from the inequality (2.22) and adopt the same pattern as did for the right
hand side inequality, then

(srtessn (@5 9) @500 = ~AS L WA - &) (2.25)
(( @’(5 )‘ XS (L =17 h, ') = 1@ EDIXE (", ?f’)) - C(é_flm);h((;)_(z(f) n SU(&))).
From (2.24) and (2.25), following inequality is observed:
(breisss s 1)) @o) < ASMLG WA - &) (2.26)
(( qs'({)‘ XS (L= 1, ') — | EDIXE (", ‘P’)) - C(g_flm);h((;)_(g(f) — SU(&))).

Now using strongly (@, h — m)-convexity of |@’| on (¢, &] for £ € [£,&,] we have

20 < ) 10/ @+ mi{ 1 - (Z‘_i )) (£ - CEzEm?y 0=ty (1))
2.27)

On the same procedure as we did for (2.2) and (2.21), one can obtain following inequality from (2.3)
and (2.27):

(oo (@) @0 < AL v E - 0 (2.28)
C - O’h(1)(P -y
(o (&) X6t = om) — g ) - ST = TO)
By adding (2.26) and (2.28), inequality (2.20) can be achieved. O

Remark 4. (i)lfn=1,by=A+1lk,a; =0—-A c; =1 p=v=0,in(2.20), [22, Theorem 26].
(ii) If C = 0 in the result of (i), [27, Theorem 4] is obtained.

(iii) If h({) = { in the result of (i), then [23, Theorem 14] is obtained.

(iv) If A(®) = 98 and W () = h(() = { in the result of (i), then [25, Theorem 5] is obtained.

(v) If A(9) = 9P+, W(0) = ¢ and C = 0 in the result of (i), then [26, Theorem 2] is obtained.
(vi)If C = 0and h({) = { in (2.20), then [4, Theorem 3] is obtained.
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Corollary 5. If k() = (¢ in (2.20), then the following inequality holds for strongly (a, m)-convex
function:

T Aw.dp.0.kn . T Hw.d..0.kn .
(WQET,(Z,[?,)/,(Z/J,V¢ * T) (é/’ Q) + (W'sz',a,ﬁ,y,du,v¢ * T) (é/’ Q)'

<Az vn(mfer (£ vo - 1@eomien) - G (mfer (£ - 19en) 1 o)

C({ —mé&) « TQa+ D5 YD\ o apskn

e (F(a + 1)L V() ~ Ty ) + AL (MR )
/ ’ g r(a + 1) / / ( o

(12 @nr@ -me (=) ro) - e (1@l - m’cb (2)]) 2 M))

Cmé&, — 0 (TQRa+ 1)1 ¥ () )
- ~T(a+ 1)L %) |.

@ — )" ( &-0r @+ DHg¥ 0
Corollary 6. If (a,m) = (1, 1) and h({) = { in (2.20), then the following inequality holds for strongly

convex function:

T Aw,A.0,0.kn . T Aw,A.p,0.kn .

S AWML W) (19 (D) + 19 ED) (P — YD) = CQ = D214 1 P) — & + DIELL )
+ AL (M W 'Y')((|<P'(§z)| +1& () (F(&) = V() = C& - ORI, &, 1Y) - € + )L, &, sv»).

For positive values of C all the results obtained in the aforementioned Remarks/Corollaries get their
refinements.

3. Conclusions

This article investigates the bounds of fractional integral operators containing unified Mittag-Leffler
function via strongly (a, h — m)-convex function. The proved results are more generalized and refined
as compared to existing inequalities in the literature. Also, they hold implicitly for various classes of
functions such as (@, m)-convex, (s, m)-convex, (h—m)-convex, strongly convex, strongly (a, m)-convex
and strongly (h — m)-convex functions.
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