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1. Introduction

In 1984, the weighted Hardy-Littlewood average operator U, was defined as follows by the
authors [3].

1
Uy(f) = fo Y@ f(tx)dt, x € R",

where ¢ : [0,1] — [0, 00) is a measurable function and f is a measurable function on R”. When we
choose n = 1 and ¢ = 1, the Hardy-Littlewood average operator U, is reduced to the classical Hardy
operator.

Next, Xiao [35] proved that U, is bounded on LP(R") if and only if

1
A py = fo Py(t)dt < 0.

Moreover,

WUyl @ny—rr@ey = Anpy-
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Besides, Xiao discovered that this operator is bounded on BMO spaces.
Now, we consider the Hardy-Cesaro operator, which is generalized of Hardy-Littlewood average
operator, defined as follows.

Definition 1.1. Let  : [0,1]¢ — [0, 00) be measurable function and s : [0,1]1Y — R be almost
everywhere non-zero measurable function. The Hardy-Cesaro operator is defined by

Uy.sa(f)(x) = f Y f(s(nx)dt,

[0,11¢
for a measurable complex-valued function f on R".

In case d = 1, the Hardy-Cesaro operator U, ,; was studied by Chuong and Hung [8]. On the
weighted Lebesgue and weighted BMO spaces, the authors provided sufficient and necessary
conditions for the boundedness of U ;.

Furthermore, the theory of commutators is crucial in the investigation of the regularity of solutions
to partial differential equations. For the natural extension, the commutators of Coifman-Rochberg-
Weiss type of Hardy-Cesaro operators are discussed in this study as follows,

Uy d(f) = bUy sa(f) = Uy sa(bf) = Y(0) f(s()x)(b(x) - b(s(t)x))dr.

[0,1]11

Incase d = 1 and s(¢) = i1(¢) = ¢, the commutator of Hardy-Cesaro operator U fl’,,l.l,l was researched
by Fu et al. [15]. The authors demonstrated that U 571.1,1 is bounded on L”(R") for all b € BMOR") if
and only if

1
2
f t‘”/ptjl(t)log;dt < 0.
0

Recently, the commutators of the Hardy operator, Hardy-Cesaro operator, and Hausdorff operator
have been extensively studied on the real field, p-adic field and Heisenberg group (see e.g., [6, 10,
16, 18,27] and references therein for more details). As is well known, the theory of function spaces
with variable exponents has some essential applications in the electronic fluid mechanics, recovery of
graphics, elasticity, harmonic analysis, and partial differential equations (see e.g., [1,2,4,5,9, 12,13,
19,25,26,32-34,36] and the references therein).

Motivated by the above results, the purpose of this paper is to give sufficient conditions for the
boundedness of U f;’s’ , on the local central Morrey and Morrey-Herz spaces with variable exponents
when the symbol functions belong to central BMO spaces with variable exponent. Moreover, through
block decompositions, the boundedness of Uf;,s, , on the Herz spaces with variable exponents is also
discussed. Finally, we establish the sufficient and necessary conditions for the boundedness of U é’,’s’ p
on the local central Morrey and Morrey-Herz spaces with constant exponents.

The following is the structure of our paper. In Section 2, we present necessary preliminaries on
Lebesgue spaces, local central Morrey spaces, Herz spaces, Morrey-Herz spaces, and central BMO
spaces with variable exponents. Our main results are given and proved in Section 3.
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2. Preliminaries

Let us give the following symbols and notations before we state our results in the next section:

1) B(a, r) denotes the ball centered at a with radius r for every a € R and r > 0.

2) Given a measurable set €, let yo denote its characteristic function, xx = x¢,, Cx = By \ By—; and
B, ={xeR":|x| <2k}, forall k € Z.

3) Let w(-) be a non-negative weighted function on R” and a measurable set E. Then,

w(E) = fa)(x)dx.
E

4) We use a < b to mean that there is a positive constant C, independent of the main parameters,
such that a < Cb. The symbol a ~ b means that both a < b and b < a hold.

Let us present the definition of the Lebesgue space with variable exponent (see e.g., [4,12,13] and
the references therein).

Definition 2.1. Let P,(R") be the set of all measurable functions p(-) : R — [1, 00) such that
1 <p_<px) <py<oo, forall x eR",

where p_ = essinf, . p(x) and p, = ess Sup g p(X).
For p(-) € P,(R™), the variable exponent Lebesgue space LP(R") is the set of all complex-valued
measurable functions f defined on R" such that for some n > 0,

p(x)
Fp(f/n):f(@) dx < oo,

R

The variable exponent Lebesgue space LP/(R") is a Banach function space when equipped with the

norm
e = inf{n >0:F, (%) < 1}_

For p € $,(R"), we have the following inequalities, which are commonly utilized in the sequel.

i If F,(f) < C, then |f]|,,., < max{C7,C7}, forall f e LR,
lii] If F,(f) 2 C, then||f],,, = min{C7,C7}, forall f € L"(R"). 2.1)

o =

The space P(R") is defined by the set of all measurable functions p(-) € £,(R") and there exists a
constant p,, such that

P = lim p(x).

|x| =00

The set Lﬁfg(R” \ {0}) consists of all measurable functions f on R" \ {0} satisfying f.yx € L' (R")

for any compact set K c R" \ {0}.
Let Cg)g(R”) denote the set of all log-Holder continuous functions a(-) satisfying at the origin

C(l/
la(x) — a(0)| < ——2— forall x € R".
log (e + ﬁ)
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Denote by C2(R") the set of all log-Holder continuous functions «(+) satisfying at infinity

ol £ ——=——, forall x e R".
|a(x) — @l Tog(e + [x)’ or all x

Next, we would like to give the definition of Herz spaces, Morrey-Herz spaces (see [25, 32] for
more details) and local central Morrey spaces.

Definition 2.2. Let p € (0,),q(-) € P,(R"), a(-) : R* — R with a(-) € L¥(R") and w(-) be a

non-negative weighted function on R". The nonhomogeneous Herz space K Z(()) P(w) is defined by

K507 @) = {f € L@ 0D : Ifllgrng, < o).
Here
1/p
W llsrrw = (llwwo)‘“ " o e * Z o (B " Fxall ] .
Definition 2.3. Let p € (0,0),q(-) € Pp(R"), a(-) : R* — R with a() € L®(R™) and w(-) be a
non-negative weighted function on R". The homogeneous Herz space K ) (w) is defined by

a(-),p ) mn .
Ky @) = { € LDV (0D < Uil < o).

Here
1/p
1flgeor,, Z (B il o)

k=—00

Definition 2.4. Assume that A € [0,00), p € (0,00), g(-) € P,(R") and a(-) : R" — R with a(-) €
L®(R"™). The Morrey—Herz space M KZ,(;(’,A)(R”) is defined by
MKy ®") = | f € LIVR 0D < [1f1],, o,y < 00
Pq(-) - loc ‘ MIA(;(;;)(R") .
Here

I/p
koA ki
||f||MKW(Rn) =sup2™ [Z 2 a()ka”Lq()(Rn)) .

k() €7 k=—c0

Theorem 2.1 (Proposition 2.5 in [25]). If A € [0,00), p € (0,0), g(-) € P,(R") and a € L*(R") N
Cloog (R™) N C%R"), then we obtain

”f”MKa()A(Rn) X~ max { sup M, Jo» SUP (Mz ko T M; ko)}

ko€Z~ koeN
Here
ko 1/p _1 1/p
My, = 270! ( Z 2K 0P| £y 1P LO®) ] My, = 270 ( Z 2k OP|| £y, - ] ,
k=—0c0 k=—o00
ko 1/p
My, = 2700 {Z 2P| Xl ] :
k=0
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We get the following result from the definition of Morrey-Herz spaces with variable exponents and
Proposition 2.5 in [25].

Lemma 2.1. Let a(-) € L*(R"), g(-) € P,(R"), p € (0,0) and A € [0,00). If a(-) is log-Hdlder
continuous both at the origin and at infinity, then
. i(A-a(0) -
||fX</||L‘I(‘)(RVl) S 2'] ||f||MK‘;fq)(’;(Rn)’ for all ] € Z ’

|| f)(j” LIO®n < 2j(/l—aoo)|| f||M1'<;f;,>g.’)‘(R")’ forall jeN.

a() a(-),p

Remark 2.1. If w = 1, then Ka()p(w)—Kq()p(R") nd K., (w) =

a) (R”) are defined in []] If
A =0, then MKP(;(/;(R") = q()p(R”) When a(-) is constant we have MKp q()(R") = M[(I7 q()(Rn)
(see [20] ). If both a'( ) and q(-) are constant, then M K p’q(_)(R") =M Kp,q(Rn)’ KO R = K¢ ,(R")

q().p
R" = K (R") are classical Morrey—Herz spaces (see e.g. [22,24]).

q()p

and Kq()p

It is well known that the local Morrey space [14,29] has some important applications to the partial
differential equations. As a natural extension, we define the local central Morrey space.

Definition 2.5. Let 1 € R, g(-) € P,(R"). The local central Morrey space Bif'c)’l(R”) is defined by

- q(-).A ") Ymon
Bioe (R") = {f € L)®") ¢ |fll o0, < 0.

loc
Here
11|y
k<oandkez [Bell11l|zaa,)

If g(-) is constant, then we denote Mloc (R") = Bﬁfcu(R”) Moreover, we recall the central Morrey

space as follows.

||f||Bﬁ§2J(R") =

Definition 2.6. Assume that q € (1,0), A € R. The central Morrey space M (R") is defined by
1
Amny — ny . —
MR = {f € Ly @) W flinan < oo}, where | il = S0P il

Let us recall to define the central BMO spaces with variable exponent (see [30]).

Definition 2.7. Let q(-) € P,(R"). The variable exponent central bounded mean oscillation space
. )
cmo’ (R™) is defined as the set of all functions f € Lq( )(R") such that

f = foonllLeomon ! f
. =su ’ ) < 00, where = x)dx.
(14 . up Twon = g0 J T

1] a0 (B0,
B(0,r)

Definition 2.8. The space BMO(R") consists of all locally integrable functions f : R* — C such that

1
||f||BMO(Rn) = Sl;p ﬁ !|f(x) — fpldx < o0,

where the supremum is taken over balls B C R".
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Remark 2.2. If () is constant, then CMO" (R") = CMO'(R") is defined in [23]. The space
CMOq(R") is a local version of the space BMOR") at the origin. Furthermore,
BMO(R") ¢ CMO' (R").

Definition 2.9. Let B € (0,1]. The Lipschitz space Lip’(R") is defined as the set of all functions
f : R" — C satisfying ||f

Lipfam) < oo, where

) = fOI

X,yER", x#y |x - ylﬁ

Il

Lipf®n)

Definition 2.10. Let f € Llloc(R”). The Hardy-Littlewood maximal operator M is defined as follows.
1
M(f)(x) = sup — lfFDldy.
>0 I B(x,r)

The set B(R") consists of all measurable functions g(-) € P,(R") satisfying that the operator M is
bounded on LI (R").

Lemma 2.2. (see Lemmas 1 and 2 in paper [20]) Let g(-) € B(R").

(i) Then we have a positive constant 6 € (0, 1) such that

R ST\’ )
:I/Its::Lw < (%) and ”XBHL& < u, for all balls B inR" and all measurable subsets S C B.
BIILaORm)

I sllzso@y ~ 1S|
(ii) Then we obtain
”XB/(”Lq(‘)(R”)”/\/Bk||Lq'(~)(Rn) = |Bk|a fOr allk € Z.

Let us present the notation of the central block.

Definition 2.11. Let () € P,(R"),a(-) € LY(R") N CLER™) N CLERY), and a(0), @ € (0,00). A
measurable function b(x) is a central (a(-), q(-), w)-block if there exists k € Z such that

(i) supp(b) C By,

e —an/n s a(0), ifk <0
(11) (160 @ny S W(Br)™ ™" with ay =

Ao, Otherwise.

Definition 2.12. Let g(-) € P,(R"), a(-) € L(R™") N Clos (R™), and a € (0, ). A measurable function
b(x) is a central (a(-), q(+), w)-block of restricted type if there exists k € N such that

(i) supp(b) C B,
(11) ||b||Lq(')(Rn) s w(Bk)_a/N/n'

From the results in [24,31], we give the following decomposition theorems.

Theorem 2.2. Let p € (0, 1], g(-) € P(R"), a() € L*(R") N CX(R") N C¥(R") and a(0), @ € (0, 00),
w(x) = |x? for B € (—n, ). The following two statements are equivalent:
() f € K307 ().
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(i1) f can be represented by f = ), A by, where ), |A|P < oo and each by is a central (a(-), g(-), w)-
keZ keZ
block with the support in By. Additionally,

I/p
1 llgeroy > inf{z w} :

keZ
where the infimum is taken over all decomposition of f as above.

Proof. Firstly, let us prove (i) infers (ii). For any f € K“( P (W),

= ) Abi(x), with 4 = [lw(B)™" o@n and b(x) = S :
f(x) é b (x) k= B fxill Lo @n) k(X) (B Fill o

It is clear to see that sup(b;) C Bg. On the other hand, by assuming a(-) € C5(R") N Cg)g(R”) and
using Step 1 and Step 4 in the proof of Theorem 3 in the paper [21],

W(B) = w(By)*, if k > 0and x € Cy, 2.2)
W(B)* ™ if k < 0and x € Cy.

Thus, foreach k € Z,

a(0), if k£ <0,

1Bl oo @y S w(By) ™" with a; = )
s, Otherwise.

Consequently, for any k € Z, b, is a central (a(+), g(+), w) - block with support contained in B, and

Z AP = Z llw(By)*C )/ank”Lq()(Rn) ||f||;a((_;,,,(w) < 0o
ot

keZ kezZ

Next, let us prove (ii) infers (i). Let f(x) = Z 4;b(x) be a decomposition of function f which

satisfies the assumption (ii) of this theorem. For any k € Z, by applying the Minkowski inequality,

el < D 1B o e

jzk

Hence, by p € (0, 1] and the inequality (2.2),

1 acrn,, < Z WBY O 1A ) wamm”" D IAPIBE )

t1() >k >k
=T+ T,. (2.3)
To estimate T, by a/(0), @ € (0, 00) and w(x) = |x,

-1 -1 -1

T < Z w(Bk)am)p/n(Z |4;/Pw(B j)—ar(O)P/")l + Z w(Bk)fz(mp/n(i A1 Bj)—mx,p/n)

k=—00 ]:k k=—oc0 ]:O
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-1 -1

< Z Z |2 P sBraOpin Z kO Z |42 israpin)

k=—co j=k
_1 j
k—j 0
< Z Z Mjlpz( Do+paOp/n Z P < Z 4,7 < oo, (2.4)
j=—00 k=—00 =0 ez

Now, by @ € (0, o), we estimate T as follows.

T, < Z w(By )amp/n Z 1P w(B;) aoop/n < Z Z 1A [Pk B+mmp/n

Jj=zk k=0 j>k

- Z Z |4 P2k DB rmacpin Z 1,17 Z pk=pB+masp/n < Z 7 < 0.

J=0 k<j k<j

Hence, by (2.3) and (2.4), we imply f € K ()p (w) and finish the proof of Theorem 2.2.

By the similar argument as in the proof of Theorem 2.2 and the definition of the nonhomogeneous
Herz space Ka( P (w), we obtain the following theorem.

Theorem 2.3. Let p € (0,1], g(-) € PR"), a(:) € L(R") N Cff,g(R") and as € (0,0), w = |xP with
B € (—n, ). The following two statements are equivalent:
(i) f € Ky ().

(i) f can be represented by f = ), Aiby, where Y, || < oo and each by is a central (a(-), q(+), w)-
k=0 k=0
block of restricted type with the support in By. Moreover,

00 I/p
1 llgeroy > mf{kaV’} ,

k=0
where the infimum is taken over all decomposition of f as above.

Remark 2.3. We observe the differences between Theorems 2.2 and 2.3. In more detail, Theorem 2.2

presents that the central blocks {b;}icz build the homogeneous Herz space I'{Z((:))’p(w). Meanwhile,
Theorem 2.3 shows that the central blocks of restricted type {b;}ren decompose the nonhomogeneous
Herz space KZ(("))VP (w).

3. Main results and their proofs

For simplicity of notation, we set

Kymax(t) = max{|s@) /%, |s) 4}, Vo = {r € [0, 117« |s()] > 1}, V_ = {r € [0, 1]* : [s()] < 1},
PhsyR") = {u € Pr(R") : u(s~'(t))) = u(), for almost everywheret € supp(p)}.

In 2011, Tang et al. [28] obtained a sufficient condition on () for the boundedness of U f;’l.l’l on the
Morrey-Herz spaces with constant exponents when the symbol b belongs to a Lipschitz space. In more
detail, they proved the following result.
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Theorem 3.1. [28, Theorem 1.1] Let & : [0,1] — [0, 00) be a measurable function, € (0, 1),
beLipP(R"), 1 <¢g» < g < o0, aj,a € Rand A € [0, ). If

1
B = f Y(Or e < oo,
0

then Ufz’l.l’l is bounded from MK;,Y%(R”) to MKZZ?(R"), where ay = ax + B+ n(l/q, — 1/qy).

Accordingly, the authors [7] give a sufficient condition on ¥(¢) and s(¢) such that Uy}j,m is bounded
on the weighted Morrey-Herz spaces.
By considering all weights to be constant, Theorem 4.2 in [18] reduces the below theorem.

1 1 1
Theorem 3.2. Let q,q,,r € (1,00) and A € (-1/q;,0) such that — = — + —.
q9 441 n

() If both C = fw L Y@Isdt and D = fm Lo Y@IsOI™logls(0)lldt are finite then for any b €
CMO" (R") then U f;g , is bounded from M (R") to M?(R").
(i) If for any b € CMO 1(R“), Uf;’s’d is bounded from M?*(R") to M@ (R"), then D is finite.

Very recently, Dung and Thuy [11] consider the commutator of the Hausdorff operator, which is
generalized of the commutator of Hardy-Cesaro operator. The authors establish the boundedness for
the commutators of Hausdorff operators on the weighted Herz-type Hardy spaces with symbols in
central BMO spaces and Lipschitz spaces.

As a natural development, we need to study the boundedness of commutators of Hardy-Cesaro
operators with symbols in central BMO spaces with variable exponent on some function spaces.
Theorems 3.3-3.5 partially solved the above problem.

Our first main result is presented as follows.

Theorem 3.3. Let q, g1 € P sy(R"), 11 € Py (R") N BR"), A, 4; € R such that
1 1 1

L 3.1
7O " 70 N0 G-
P TN S 32)
q- i+ qi+
ifb e Mo ®R") and
A= YO Ky, maxOPOIs@) max{[s)["/4, s 9~ }dt < oo,

(0,1}

where ¢(t) = 1 + 1og,|25(D)lyv, () + 1og, | == xv_ (&) + Ko max(OUSO"xv, (®) + xv_), then Uf;’s’d is
- q1(:).41 - g(-),4

bounded from B, (R") to B),. (R"). Moreover,

1
s(1)

b
1) e < o )
1Ol 0 ny 04 ny S APy 100
Proof. Firstly, we prove the following inequality
b
Uy s aP oy S UMD o010 g 1110815 (3.3)
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for any k € Z, where m — 1 < log,|s(t)] < mand U = f[O,l]d YOKy max OO 1 108, dE-

Indeed, by using the Minkowski inequality and the Holder inequality,
13t < f YONIBC) = bSO Mo IF (SO oy dt. (3.4)
(0,11

Next, it is easy to see that

Ib(-) = bsDNInowy < N1BC) = b o,y + 1bs, — bp,,llinow,) + 116(s(0)) = bg,,, 1o,
=J1+Jh+ J5. (35)

. r (
From the definition of the space CMO l )(R”), it follows

T < Wlgnow||Pl 0 - (3.6)

cMo 'R

On the other hand, by the Holder inequality and Lemma 2.2.1i, for all k € Z,

Il

1 L19Be)
ka - ka-H < B_ |b('x) - ka+I dx S B—”b - ka+|||Lrl(')(Bk+1)
1Bil Bl
k
”IHL’;(‘)(B,M)HI”Lrl(')(B"“)
< 161 710 oy S NP 16 -
|Bisi] cMO " (R CcMO " (R
If m > 1 then
ba, = ., | < |boe = boa| + 0+ bas = D | < mlbll o, < 102I2SOLIBI 010 -
Otherwise,
1
- < — e < — CHO
1, = Ba] < =Bl 10y < 108 | Wl 0
Thus

Ja < Ml s, = ] S Mllos,(l0ga 25, (1) + logy | w )bl G

1
s(1)
Now, we will estimate J3. By using the formula for change of variables,

|b(s(t)x) — bg,,, |\n1x) |b(z) — bg,,,|\n® o
F ((b(s(®)) = bs,,, x5, /m) = f ( . ) dx = f (%) “ls()"dz

By s(t)By

b -b ri(z
= f (max{ls@)l‘”/”:|s<t>|—"/”-}M) Yz

Brtm

AIMS Mathematics Volume 7, Issue 10, 19147-19166.
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.. Il ry ) o .
This gives J3 < K max(OIb()=bp,, 0.,y < 1n0@) T max(®) Hliy (()’Z 1Bl 1 ey Besidles,
by using Lemma 2.2.1, there exists a positive constant ¢ € (0, 1) such that
|Bk+m| .
1l B = 2 ifm 2 1
Lrl(')(BlH—m) <
||1||L’1(‘>(Bk) (lBk+m|)‘S otherwise 2mn5’ otherwise.
i
From these,
I3 % 100 Ko anax (15O d 7.0 4+ xr Ol 10 g (3.8)
On the other hand,
|f(s(D)x)] a1 lf@haw, -,
Fy (£, /) = f (T) Cdx= | (= . ) Is(o) " dz
Bi s(6)By
@
< f(max{ls(t)r"/q“,Is(t)l_"/‘“}—lf(Z)l)ql “dz
n

Bim

Thus [| f(sO))Nza0@y < Kgpmax O f a0, Hence, together with inequalities (3.4) and (3.6)—(3.8),
we obtain that the inequality (3.3) holds.
For any kK < 0 and k € Z, by (3.3),

b
WU}, s oM aorcy) <11l (
= A0
|Bk|/l||1||L‘1('>(Bk) Mo B\ Jio,13¢

w(t)wa ,max(t)(b(t)nk,mdt) | |f| |BIIJC('>~11 (R")?

IIT] |L’l(')(Bk)|Bk+m|/ll Tl Lar0ay.

where 1, = 1 .By (3.2), 2™! <|s(f)] < 2™ and (2.1),
|Brl 1| oo 3y
2max{kn/r1+,kn/r1, }2(k+m)n/ll 2max{(k+m)n/q1+,(k+m)n/q1,}
Mem S SknAymin{kn/gkn/g_)
< 2k(min{n/r1+,n/r17}+n/11+min{n/q1+,n/qlf}—nxl—max{n/qﬁn/qf})2mn/11 zmax{mn/qu,mn/qlf}
< I max{| s()l"' 4+, |s(@)"1-}.
Hence,
b
-l < e g1 () .
103 a0y S Pl 10 1 00
This finishes the proof of Theorem 3.3. O

Let us give the boundedness for the commutators of Hardy-Cesaro operators on the Morrey-Herz
spaces with variable exponents.

Theorem 3.4. Let p, 1 € (0,0), ¢.q1 € Ppsy(®R"), 11 € Ppsy(R) N BRY, @,y € LR N CRM N
C%(R") such that

2(0) > max{— + a1(0), —2 + a1}, (3.9)

I+ I+
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Qoo < Min{— + @1(0), 2 + a1}, (3.10)
ri-— ri-—

SPRATO]
Assume that b € CMO  (R") and the condition (3.1) in Theorem 3.3 holds. If

Ay = f W(OKy, maxOPOmax{|s@l O, [s'""1=}dr < oo,

[0,1]¢
.. . b . 1) mn O o
where ¢(t) is given in Theorem 3.3, then U vosd IS bounded from M Kp " ()(R ) to MKZ o R"). Moreover,
U, sdlIMKalm(R,,) MR gy S S F0lbBll 0110 -

Proof. By estimating as in (3.3) and using (2.1), we have
U‘?’,S,d(f)XkllLQ(‘)(Rn)
< ||b||CM071(~)(Rn)||1||Lr1(4)(3k) j[:),l]d w(l)(}(m,max(t)¢(t)(||ka+m—1”qu(')(Rﬂ) + ||f)(k+m||qu(-)(Rn))dt

< 20l 0 Y OK g, mar OO Xkem-1llnog + 1 X wmllznon )t (3.11)

R™) (0.1}
for any k € Z, where m — 1 < log,|s(t)| < m and p; = max{kn/ry,, kn/r\_}.

On the other hand, by Lemma 2.1,

< pmax{(ktm=1)(A=a1 (0)).(k+m—1)(A~ anm>}||f|| K104

”f)(“m 1||Lq1<>(Rn) >

— zpzmax{z(m D(A-a1(0)) 2(m D(A- a/loo) ||f|| Hl()/l

5 (R

SR
—a1(0 —Qeo

< 27 max {lsO1" O 15O 1l

where p; := max{k(1 — @{(0)), k(1 — @)}
Similarly,

A-a1(0 A-a 1o
120k oy = 277 maxtls@F =@, SO M0
pq1
Thus, by (3.11),
b P1+02
108 a2l ey S 277NN 10 o (3.12)

Note that,

k(- + min{d — @1(0), A — a10}), ifk <0,

p1+p2= (3.13)
k(rli_ + max{d — a1(0), 1 — @}), otherwise.

Now, by applying Proposition 2.5 in [25], we compose

U5 caCf )||M,-<;<é;t;(Rn) < max { sup Uy, sup(Uy + Uy)}. (3.14)

k() S/ ko eN
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where
ko I/p 1 1/p
_ ~—kod ka(O)p||7 b P _ ~—kod ka(O)p||7 7b P
U =270 N ok P“Uw’s,d(f))(k”Lq(.)(Rn)} U, =270 [Z 2O ug Pl o |
k=—o00 k=—00
ko 1/p
_ ~—koa kacop b p
Us =2 Z 2 ”Uw,s,d(f))(k”Lw(Rn)
k=0
By using (3.12) and (3.13),
k
Uy < bl o, 27 S 2eOraeen) P
1= R ep0"" @ ; MK 4 &)

ko
in{ 41— N 1/p
_ —ko/l( kp.min{ r]” +4 aq(O)Jra(O),rI" +1 alm+a(0)}) || ||
= Falbll 10 gy Z 2 : ' Tz gy
k=—o0o 410

In the view of the inequality min{% + A —a;(0) + a0), % + A — a1 + @(0)} > 0, it is clear to see that

komin{ "~ —a1(0)+2(0), 7~ —a 10 +a(0)}
< T+ "+ BNEIC (- . .
Uy < A2 | LRI e (3.15)
By applying an argument similar to the above, we also have
~kod
< 0 e (- . .
Uy < A2 ||b||CM0 1()(R")”f”MK,,,lq(lzﬁf(R”) (3.16)

Next, by (3.12) and (3.13), U5 is estimated as follows.

ko
- 1/p
U S A2 ko’l( Z 2kaoop2(,01+,02)[)) 1ol
k=0
ko )
= y{zz—k()/l( Z 2kp-max{,lf_+/lfm(O)+am,rl—_+/lfalm+am}) P”b”
k=0

< ﬂZ (Zkomax{rli_—(u(0)+aw,rli_—(z1m+aoo} + 2—k0/1) ||b||

cmo™” (]R”)”f Il,, Ko 2131 &)

ST0! S O o
cMo™ (R f ”MK,,,’,“(o ®")
CMO”(’)(R'!)”f llMK;f,i,(l’li;l(R")'
Hence, by (3.14)—(3.16), 1 > 0, (3.9) and (3.10), we obtain
Ub ()4 < b . S (), .
1Uysalluxeoa@n < Flibll '()(Rn)”f”Mpr'q(l)(_:(R")
Therefore, the proof of Theorem 3.4 is completed.

Let us state the central BMO space with variable exponent estimate for Uf; .4 on the Herz spaces
with variable exponents.

Theorem 3.5. Let p € (0,11, ¢, q1 € Piyy(R"), 11 € Py (ROINBRY), @ € L2(R")NCLER)NCE(R")
with @(0) = @ € (0,00). Assume that w = |xIf, v = |x|° with B,{ € (—n, o) and { = B — L

ool
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o)
beCMO' (R™) and the condition (3.1) in Theorem 3.3 holds.
) Ifp=1and

ﬂ3 = l/’(t)wa,max(t)¢(t)Kr1,max(t)|S(t)lgdt < 00,

[0,11¢
where & = n/ri_ — @e — B /n and ¢(t) is given in Theorem 3.3, then

b
[ Ulp,S,d”K;rl(»()_,)l (w)—>k3((,'))’l(v) S ﬂSHb”CMO’I(‘)(Rn)-
) IfO<p<1,0>(1-p)/pand
A= | UKy i DS OK s manOI5(OF (0 O+ D7, 1) + logals@ xev ()dt < o,
[0,1]
then
b
” Uw’s’dl|KZ§.()j)p(UJ)_7KZ((.-))Yp(V) < ﬂﬁtllbl |CMOr1 (')(Rn) .

Proof. Let f € K*""(w). By Theorem 2.3, we compose

q1()
f= Z Aiby,
=0

o 1/ . .
where ( > I/Iklf’) ? < £ KO (i) and for k € N, b, is a central (a(:), g;(+), w)-block of restricted type
k=0 a10)

such that supp(b;) C By and ”bk”Lq(')(Rn) < CU(Bk)_a""/".
Consequently,

[Se]

UL (DGO < Y TS (b)) with T (b)) = | w(0)LIb) = b(s(0)| b))l

k=0 [0,114

We remark that the following inequality is true.

ﬂ3”b”cMo"(')(Rn)’ p=1,
||U£,S,d(bk)||,«(u<;>»p < (3.17)

o M
’ bl 10 P € O, Dand o > (1= p)/p.

Indeed, we consider

U5 b)) = by (b)), where !, (b)) = | w(@lb) = b(s)lIbi(s@)x)ldr,
Vi

JEZ
with V; = {r € [0, 1]? : 277 < |s(¢)] < 27/*!}. Combining this with supp(b;) C By,
supp(u, , 4 (b)) C By ;. (3.18)
Note that,

a; = a(0) = @, forall € € Z. (3.19)
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Thus, by estimating as in (3.3),

b
”u(/,,s,d,j(bk)l|Lq<‘>(Bk+/-) < ”1||U1(‘)(Bk+/')”b”CMOYI(‘)(R”)f l/l(l)?(q],max(l)(ﬁ(l‘)”bﬂ|Lq1(»)(3k+l)dl‘
Vi

< 2° 3w(Bk+j)ak”/"||b||cM0’1<')(R”)f lﬁ(l)(qu’maX(t)(p(t)( w(By)
Vi

with p3 = max{(k + j)n/ri,(k + j)n/r;_}. From the definition of p; and k € N,

23 < maX{zkn/rH, 2""/”*}max{2j"/”+, 2]."/”*}
< 2kn/r17max{ls(t)|—n/r1+’ |s(t)|—n/r1,}
= 2(k+j)n/r1_7(rl ,max(t)|s(t)|n/”_’

for all k € N. Besides, by the relation (3.19) and w(x) = |x/, v(x) = |x¥ with ¢ = 8 — 2

ool]-

(k+j)n ( (,U(Bk+j) )(zk/n

2 (B ) ™" 2 w(Byy ;) " and = |s(t)| "B,
w(By)

These lead to that

b o
||ul/,’s,d,j(bk)”L‘1(')(R”) Sullbll L. o V(Biej) i/,

cmo ' ®Rm)
Here
"j = f WOKy, max OO K max (D)D) 1.
Vi
By setting
ub (B
V,s,d,j .
b _ Af wjllbll . ne o # 0,
g(p,s,d,j(bk) - uj”b”CMO”(')(R") CcMO ' (R)
0, otherwise.
Thus

Ulllj,s,d(bk) = Z ujl|b||cM0r1(')(Rn)gz,s,d,j(bk)-

JEZ

w(Bk+j) )a/k/n

(3.20)

By (3.18) and (3.20), for j € Z, the function gi,s, d,j(bk) is a central (a(-), g(+), v)-block. Combining this

with Theorem 2.2,
1T Bl 0n, < 1Bl 10 (D lus?)
S AN g gy = g0 meny i :
JEZ
Case 1: p = 1, we have } |u;| = As.

JEZ
Case 2: p€(0,1)and o > (1 — p)/p, by the Holder inequality,

1/p .
(D )" s >0 iyl + ug
}

jeZ JEZVO

<> f YOK gy max OB DK, maxOlsOF ((og, )] + 1), (1) + [logs s xv(0))dt
V.

JEZ J
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= ﬂ4.
From these, the inequality (3.17) is achieved. Hence,
AP 010 g I ”Kiff'é;”(w)’ p=1

hnd —_ /p
U} s a(Pllgeorn, < ( E APNUY, Bl ) <
v,s.d K0P (v) v,s.d KeOp ~ A L e
a0 k=0 q() ) 4||b||CMO 1()(R’l)||f||qu(()f)p(u))’ p € (09 1)5

ando > (1 - p)/p.
As a consequence, the proof of this theorem is obtained. O

When all of ¢q(-),q:(:), (), a(-)and @(-) are constant, we give the sufficient and necessary
conditions for the boundedness of Ui,s, , on the local central Morrey spaces M?;C’A(R”) and
Morrey-Herz spaces MK2'(R™).

P
Theorem 3.6. Let V, be a null set, q,q,r, € (1,00) and A € R such that
1 1 1
-—= — + —. (3.21)
q9 491 T

(i) Ifb € CMO' (R") and

Ay = f Y(r)(1 + log,
[0,11¢

g1 - g
then U :Z’s’ 4 Is bounded from M?OIC (R™) to MfOC(R”). Moreover,

st

%‘ + s )ls@)"dt < oo,

b *
|| Ul//,S,d| |M;10|(;/I(R")—>M;I£(R") s ﬂl ||blch0r1 R

(i1) Conversely, if U fz’s’ 4 Is bounded from M;]O]CJ(R") to Mﬁ;j(R”) forallbeC M Or1 (R™), then
1
s()

Proof. (i) By Theorem 3.3 with the null set V,, we immediately complete the proof of part (i).

(i1) Conversely, suppose U z’s’ , 1s bounded from Mf[OICJ(R”) to Mi;j(R") forall b € CM Orl R™. We
choose

A = Y(1)log,

st < ||U;,
[0.1]¢

- q1.4 . q,A .
’S’d”Mlo]c RM— Mo (R™)

b(x) = logy|x|and f(x) = |xI".

. ! . k(nd+n/qr)
From Example 7.1.3 in [17], b € CMO (R"). Besides, ||f||M]quC.A ksosagfkezm

)= IIf ||Mql,/1 ) Moreover, by choosing b and f as above,
loc

o =1.Bya

similar argument, we also have ||f]| . ¢1
Mloc(R

Ugl;,s,d(f)(x) = A f(x).

Thus,
b
”UW’Ssd(f)”M;]O:(R") _ o ”f”Mlqoi(Rn) N

- 1 - 1
M Al

b

b
”Uw’dl|M7<};”<R">HM?<;;‘<R"> =
which finishes the proof of part (ii).
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Theorem 3.7. Let V. be a null set, p, A € (0,), q,q,,r € (1,), a,a; € R such that @ = —n/r| +a;.
Assume that the condltlon (3.21) in Theorem 3.6 holds.
1) Ifbe CMO' (R”) and

- 1
AL = f[o » :,b(t)(l +log, 0

then U :Z’s’ , 1s bounded from MKI‘,”qf (R") to MK®, b q(

[+ 15O s < e,

R™). Moreover,

b *
|| Ul//J’d”MKZ‘lq’IA(R")%MK" JL(Rn ﬂz”blchO’l ®RY"
(i1) Conversely, ifo;’S’d is bounded from MK;;?(R”) to MKQ A(R”)for allb e CMO (R") then
Ay = Dlog, |— | Is@f==="/dr < U2 |
2 = 013 y(Dlog, | — s(1) s(1) sd MK R - ME SR’

Proof. (i) By Theorem 3.4 with the null set V,, we obtain the proof of part ().

(ii) Now, we will give the proof of part (ii). Assume that Ub sd is bounded from MKZ',IIA(R") to
a/l

R forallb e C M O (R”) By choosing b as in the proof of Theorem 3.6 and g(x) = |x|*~* /41,
For any keZ,

—giai— g B
llgxillza rmy = (f | x|g1 A ”dx) ~ Qk(-a1)
Ck

Hence, by 4 € (0, 00),

ko 1/p ko 1/p
—koA § k —koAd § kpa
||g||MK"1’A(Rn) = Sup2 0 2 pwl”g/\/kniql R") = Sup2 0 2 P = 1
Pt ko€Z J—— ko€Z [—

By a similar estimation and «; + n/q, = a + n/q, one has ||gl|,, Ked@m) = Consequently, by

”g”MKZ‘lq]A(Rn).
U(Z,s,d(g)(x) = A" g(x), we deduce

Hk

b
llUlp,s,d(g)llMKZ:;(R”) ”g”M]’(‘“(Rn)
_ ~ 5 -

Ub o)A A o Z
” W’S’d”MKp’lql ® )HMKp’q(R ) ||g||MK"1 ’A(R") ”g”MK (Rn)
P41
This ends the proof of Theorem 3.7.
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