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Abstract: This article demonstrates the stability property of two boundary equilibria of a symbiotic
model of commensalism and parasitism with harvesting in the commensal population. The model
was proposed by Nurmaini Puspitasari, Wuryansari Muharini Kusumawinahyu, Trisilowati (2021).
We first give two numeric examples to show that the corresponding results of the mentioned paper
may be incorrect. Then, by analysis of the characteristic roots of the characteristic equations, we
obtain sufficient conditions that ensure the locally asymptotic stability of the equilibria. After that, by
applying the standard comparison theorem, some novel results on the global attractivity of these two
equilibria are obtained respectively. Our results complement and supplement some known results.
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1. Introduction

The aim of this paper is to present an investigation of the dynamic behaviors of the following
symbiotic model of commensalism and parasitism with harvesting in the commensal population:

dx X y qEx

— = 1 7 iy . S —

dt rlx( ky ak] ) mkE + I’HQX’

dy y z

=2 = - —p= 1.1
o = - -b kz), (1.1)
dz Z y

= 1= 2 402

dt r3Z( k3 - Ck3 )’

where x(7),y(f) and z(¢) denote the commensal population, host population and parasite species,
respectively. All parameters used in this model are positive. The definitions of these parameters are as
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follows: r;,i = 1,2,3 represents the intrinsic growth of x,y and z; k;,i = 1,2,3 show the carrying
capacities of x, y and z. The parameter a is the interaction parameter for x and y and b and c the
interaction parameters between y and z. The parameter E is the fishing effort parameter used to
harvest, ¢ is the catching power coefficient and m; and m, are the suitable constants.

During the lase few decades, many scholars have investigated the dynamic behaviors of the
commensalism model [1-38]. Biologists have studied the phenomenon of commensalism through
direct observation of wild species [7-9]. Mathematicians have studied the dynamic behavior of biased
populations through hypothesis and theoretical derivation, with relevant topics including the influence
of the Allee effect [1-6,26-28], the influence of functional response [10, 13,21, 22, 25, 28, 29], the
influence of feedback controls [28-30], the influence of linear harvesting or Michaelis-Menten type
harvesting [15, 16, 23, 31-38], the existence of a positive periodic solution or an almost periodic
solution [11, 12, 14, 20, 22, 31, 36], the influence of stage structure [17], the stability of the
system [10, 18, 32-35], the influence of nonlinear birth rates [19], the influence of noise [24], the
influence of delays [25]; These topics have been extensively investigated and many important results
were obtained. On the other hand, to meet human needs, the exploitation of biological resources and
harvesting of populations are commonly practiced in fishery, forestry and wildlife management.
Ecological modeling incorporates linear harvesting or Michaelis-Menten type harvesting, and it has
become one of the main study topics in the area of population dynamics [15, 16, 23], [31-48].
Chen [38] was first to incorporate the Michaelis-Menten-type harvesting into the two species
Lotka-Volterra commensalism model, and he investigated the local and global stability of the
equilibria. ~ Since then, many scholars have conducted works on commensalism systems with
Michaelis-Menten type harvesting [31-38]. However, the commensalism models were not well
studied in the sense that to this day, most of the works have focused on the two species case. Only
recently did Puspitasari, Kusumawinahyu and Trisilowati [32, 33] begin to study three species and
four species cases. In [32], Puspitasari, Kusumawinahyu and Trisilowati proposed System (1.1). The
system has eight equilibria, which take the following forms:

T0(0,0,0), T1(0,0,k3), T2(0,k2,0), T3(x3,0,0),

kz—bk3 k3 +Ck2
l+bc’ 1+bc

740, ). Ts(x5,0. k), Te(xg ko, 0), To(x5,5,25).

Concerned with the local stability property of those equilibria, the authors declared that “of the eight
points, only two points are asymptotically stable if they meet certain conditions.” Indeed, they showed
that 7, and T are locally asymptotically stable while the other six equilibria are all unstable. Note that
from the third equation of System (1.1), we have that

% = r3z(1 - k% +ckl3)
> r3z(1 - k%)

Hence,

lim inf z(¢) > k3.

t—+0o
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That is, for any positive initial conditions, z(#) can not approach 0 as t — +oco0, which means that the
equilibria T, T», T3 and Ty are always unstable. Hence, it is only necessary to investigate the stability
property of the remaining four equilibria.

Now let us consider the following two examples.

Example 1.1. Consider the following system

%C = x(l—x+y)— l?x’
D= y(1-y-2), (1.2)
% = z(l—z+y).

Here, for System (1.1), we chose r;, = k; = E = c =a = 1,i = 1,2,3,b = 2,q = 3 and m; =
my = 1. The results of numerical simulations (Figures 1-3) show that in this case, 77(0, 0, 1) is locally
asymptotically stable.

Example 1.2. Consider the following system

5
% = y(l —-y- 2z), (1.3)
% = z(l —z+y).

Here, all the coefficients are the same as that of System (1.2), only with ¢ changing from 3 to 0.1. The
results of numerical simulations (Figures 4-6) show that in this case, T5(x3,0,k3) = (0.949,0,1) is
locally asymptotically stable.

x(?) 14

0.5 1

0

0 1 2 3 4 5
t

Figure 1. Dynamic behaviors of the first component x in System (1.2) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.
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y(1)

Figure 2. Dynamic behaviors of the second component y in System (1.2) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.
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z(1t)

0.5+

t

Figure 3. Dynamic behaviors of the third component z in System (1.2) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.
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Figure 4. Dynamic behaviors of the first component x in System (1.3) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.
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Figure 5. Dynamic behaviors of the second component y in System (1.3) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.
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Figure 6. Dynamic behaviors of the third component z in System (1.3) with the initial
conditions (x(0), y(0), z(0)) = (0.5,0.5,0.5), (1,1, 1), (1.5,1.5,1.5) and (2, 2, 2), respectively.

The above two examples show that in System (1.1), 71(0,0, k3) and Ts5(xZ,0, k3) are all possibly
asymptotically stable. The conclusion of Puspitasari, Kusumawinahyu and Trisilowati [32] may be
incorrect.

Now, one natural problem is to obtain sufficient conditions to ensure the local asymptotic stability
of the equilibria 7'(0,0,k3) and T5(x:,0,k3). Another interesting thing is that the conclusions of
Puspitasari, Kusumawinahyu and Trisilowati [32] are all local ones; thus, we wanted to to whether we
could obtain some sufficient conditions to ensure the globally stability property of the equilibrium.

The aim of this study was to give definitive answers to the above two problems.

2. Local stability of 7', and T’

We will investigate the local stability property of 71(0, 0, k3) and T'5(xz, 0, k3) in this section.
The variational matrix of System (1.1) is

F —_ 0
n
rvb
J(x1,%,y) = 0 Fx —% , (2.1)
r3zc
0 — F
P 33
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where
E E
o= onfiofa@)nx__gE _ gbwm
ki ki ki mE+mx  (mE + mx)
y bz ry
F,y = 12 222
22 r kK ks s
Z cy r3
Fy = 1-—=+=|-—-—.
33 r3 i ks ks
Theorem 2.1. Assume that
<L 2.2)
my
and b
1< —2 (2.3)
ka

hold, then, T\(0,0, k3) is locally asymptotically stable.
Proof. The Jacobian matrix of the equilibrium point 7(0, 0, k3) is given by

r—-L 0 0
1
bk
0 }"2(1 - k—z) 0
0 Ccr3 —r3

The characteristic equation of the above matrix is

(1= - mil))(z - r2(1 - bk—]?))u +73) = 0.

Hence, the characteristic roots are

bk
/11:rl—mi<O,/12:r2(1—k—3)<0,/13:—r3<O.
1 2

Consequently, 7(0, 0, k3) is locally asymptotically stable. This ends the proof of Theorem 2.1.
Remark 2.1. In Example 1.1, one could easily check that

1’1:1<i:3
m

and

bk
ke
Hence, it follows from Theorem 2.1 that 7(0,0,1) is locally asymptotically stable, which is
consistence with the numerical simulations (Figures 1-3).

1< =2.

Theorem 2.2. Assume that

q < rimy, (2.4)
qn, r
—_— < — 2.5
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and b
1<— 2.6
I (2.6)
hold, then, Ts5(xZ,0, k3) is locally asymptotically stable.
Proof. x; satisfies the equation
X qE
l-—)———=0. 2.7
r1( ) mkE + myx 27

It is easy to verify that under the assumption that Eq (2.4) holds, Eq (2.7) admits a unique positive
equilibrium, indeed, x; could be expressed as follows:

-B, + 1[33 - 4BIB3

= 2.
-x5 2Bl 4 ( 8)

where
Bl = ryny, Bz = rlmlE - klmzrl, Bg = Equ - Eklmlrl.

The Jacobian matrix of the system about the equilibrium point 7's(xz, 0, k3) is given by

rixia
G k5 0
1
Dk , (2.9)
0 I"z(l - k_z) 0
0 cr3 —r3
where
G . x5 nXs qE qExsm;
1n = n k k, M E + mox 2
5 (m1E+m2x5)
rix: Exim
= D5, I by using Eq (2.6)).

(mlE + myXx;

The characteristic equation of the above matrix is

(1= Gu)(a=r1 = 22))a+r =0.

Hence, it follows from Eqs (2.5) and (2.6) that the characteristic roots are

1= _rlx;‘ N qgExim, - _r1x§ . gmoXx; <0
: kl * 2 k] mZE ’
(mlE + mzxs) 1

bk
/12:7'2(1—](—3)<O, /13:—1’3<O.
2

Consequently, T's(x3, 0, k3) is locally asymptotically stable. This ends the proof of Theorem 2.2.

Remark 2.2. In Example 1.2, one could easily check that

q:0.1<r1m1:1,
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qmy r
——=01<1=—
me k1
and bi
<=2 =2,
ko

Hence, it follows from Theorem 2.2, Ts(xz, 0, k3) is locally asymptotically stable. This is consistent
with the numerical simulations (Figures 4—6).

3. Global attractivity of 7, and T’s
We showed in the previous section that 7'1(0, 0, k3) and T'5(xZ, 0, k3) could be locally asymptotically
stable under some suitable assumption. In this section we will further show that, under some suitable

assumption, 7(0, 0, k3) and T's(xZ, 0, k3) could be globally attractive.

Theorem 3.1. Assume that

qE
P — 3.1
" mkE + l’l’lzkl ( )
and b
1< = 3.2
I (3.2)
hold, then, T1(0,0, k3) is globally attractive.
Proof. For & > 0 sufficiently small, Condition (3.1) implies that
ar& qE
+ < . 3.3
" kl mkE + mz(kl + 8) ( )
Condition (3.2) implies that
b(ky —
e m8) (3.4)
k>
From the third equation of System (1.1), we have that
dz Z
— > 1-— 3.5
— 2 s k3), (3.5)
hence
liminf z(¢) > k3. (3.6)
t—+00

For aforementioned € > 0, there exists a 77 > 0 such that
z2(t) > ks — e for all t>T,.

From this and the second equation of System (1.1), for r > T, we have that

% < rzy(l—k%—bk3k:8)
< m(1-p25)
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Hence, it follows from Eq (3.4) that

k3—8

¥(0) < y(T1)exp{ry(1 - b )t =T} >0 as t - +oo.

The nonnegative of y(¢) together with the above inequality leads to
lim y(r) = 0.
t=+00
From Eq (3.7), for aforementioned € > 0, there exists a 7, > T such that
yit)y<e as t=>T,.

For t > T,, from the above inequality and the third equation of System (1.1), we have that

SO,
. £
lim sup z(¢) < k3(1 + C_k )

t—+00 3

Equation (3.6) together with Eq (3.9) leads to

ks < liminf z(1) < limsup z(r) < ks(1 +c—).
t—+00 k3

—+00

With ¢ as sufficiently small positive constants, setting € — 0 in Eq (3.10) leads to

lim z(¢) = k3.

t—+00

For t > T,, from Eq (3.8) and the first equation of System (1.1), we have that
dx X P>
— < 1—-—+a—).
2 <l ki “kl)

Thus,
) £
lim sup x(¢) < k1(1 + ak—).

t—+00 1

Setting € — 0 in the above inequality leads to

lim sup x(¢) < k;.

t—+00

Consequently, for € > 0 sufficiently small, there exists a 75 > T, such that
x(t) <k +¢e for all t>Ts;.

From the above inequality and the first equation of System (1.1), for # > T3, we also have that

dx rx(l X+a8) qEx
dt — : ki ki mE +myk; + &)
E
< x(r1 + aE - el )

k1 mkE + mz(kl + 8)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
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It immediately follows from Eq(3.3) and the above inequality that

rE qgE
x(t) < x(T3) exp {(7’1 + Clk—l - miE + ks + 8))()? - Tg)} — 0 as t - +oo,
that is
Iim x(¢) = 0. (3.12)
[—+00

Equations (3.7), (3.11) and (3.12) show that 7,(0, 0, k3) is globally attractive.
This completes the proof of Theorem 3.1.

Remark 3.1. In Example 1.1, one could easily check that

qE 3
=l<— ==
" mE + myk, 2
and bi
1< == =2
)

Hence, it follows from Theorem 3.1 that 7,(0, 0, 1) is globally attractive, which is consistent with the
numerical simulations (Figures 1-3).

Theorem 3.2. Assume that

q < rimy, (3.13)
qni; r
L 3.14
and b
ky

hold, then, Ts5(xz,0, k3) is globally attractive.

Proof. The idea for the proof of this theorem comes from the work of Chen [38].
By using Eq (3.15), similar to the analysis of Eqs (3.5)—(3.11) in the proof of Theorem 3.1, we have
that
lim y(#r) =0, lim z(¢) = k3. (3.16)
t—+00 t—+00

Let € > 0 be a sufficiently small positive constant; it follows from Eq (3.16) that there exists 7 > 0
such that
y(t)<e for all t>T.

From the above inequality and the first equation of System (1.1), we have that

dx X e qEx
— < l-—4+a—)- ——————. 3.17
dr rlx( k] akl ) I’I’l]E + mpx ( )
Now, let us consider the equation
du u e qEu
— = l-—+4a—) —F/——. 3.18
dt rlu( ki akl) mE + myu ( )
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Condition (3.13) implies that

£ q
r1(1 + ak—]) > m—]
holds. Let £
u £ q
Fuy=n(1-2L 42y 942
(u) rl( ki akl) mkE + myu

Then, we have the following:
(1) There is a unique u;, such that F(u;) = 0, where, by simple computation,

—-A, + 1’A§ - 4A1A3

t = . 3.19
Al = mpry, A2 = Em1r1 — Eannpry — klmzrl,

A3 = Equ—Eklmlrl—Eamlrls.

(2) Forall u} > u >0, F(u) > 0.
(3) Forall u > u; > 0, F(u) < 0.

Hence, it follows from Lemma 2.1 in [49] that the unique positive equilibrium u; of System (3.18)
is globally stable. By the comparison theorem of the differential equation, it immediately follows from
Eqgs (3.17) and (3.18) that

lim sup x(¢) < u;. (3.20)

t—+00
Since € > 0 is an arbitrary small positive constant, if we let ¢ — 0 in Eq (3.19), from the expression of
x; (see Eq (2.8)), we have that

lim sup x(#) < x3. (3.21)
t—+00
From the first equation of Eq (1.1), we have that
dx X qEx
— l-—)-——-.
dr rlx( k; ) mkE + myx
Now let us consider the equation
dw w qgEw
- = l-—) ——. 3.22
dt I’1W( kl) mE + myw ( )

Similar to the above analysis, we could show that (3.22) admits a unique positive equilibrium w = x;
that is globally stable. By the comparison theorem, it immediately follows that

liminf x(¢) > x3. (3.23)
f—+00
It follows from Eqgs (3.21) and (3.23) that
lim x(7) = x5. (3.24)
f—+00

Equations (3.16) and (3.24) show that T5(xZ, 0, k3) is globally attractive.
This ends the proof of Theorem 3.2.

Remark 3.2. In Example 1.2, one could easily check that all the conditions of Theorem 3.2 are
satisfied; hence, it follows from Theorem 3.2 that T5(xZ, 0, k3) is globally attractive. This assertion is
consistent with the numerical simulations (Figures 4—6).
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4. Conclusions

Puspitasari, Kusumawinahyu and Trisilowati [32] proposed System (1.1). The system has eight
equilibria. By computation, they showed that 7, and 7 are locally asymptotically stable while the other
six equilibria are all unstable. However, our numerical simulations (Examples 1.1 and 1.2) showed that
T, and T’ are also possibly locally stable.

By analyzing the Jacobian matrix’s characteristic equation for the equilibria 7 and 75, some
suitable conditions that ensure the local asymptotical stability of the equilibria 7, and 75 were
obtained.

Next, by developing the analysis technique of Baoguo Chen [38], we also obtained sufficient
conditions that ensure the global attractivity of the two equilibria.

At the end of the paper, we would like to mention that to this day, most of the works on
commensalism models focused on the two species case, and seldom did scholars study the more
complicated multispecies case; we will try to do more works on this topic.
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