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Abstract: Let R be a commutative ring with multiplicative identity, C a coassociative and counital R-
coalgebra, B an R-bialgebra. A clean comodule is a generalization and dualization of a clean module.
An R-module M is called a clean module if the endomorphism ring of M over R (denoted by Endg(M))
is clean. Thus, any element of Endgr(M) can be expressed as a sum of a unit and an idempotent element
of Endgr(M). Moreover, for a right C-comodule M, the endomorphism set of C-comodule M denoted
by End“(M) is a subring of Endg(M). A C-comodule M is a clean comodule if the End(M) is a
clean ring. A Hopf module M over B is a B-module and a B-comodule that satisfies the compatible
conditions. This paper considers the notions of a clean ring, clean module, clean coalgebra, and clean
comodule in relation to the Hopf Module. We divide our discussion into two parts, i.e., clean and
bi-clean Hopf modules. A B-Hopf module M is said to be clean if the endomorphism ring of M is
clean, and M is a bi-clean Hopf module if M is clean as a module over B and also clean as a comodule
over B. Moreover, we give sufficient conditions of (bi)-clean bialgebras and Hopf modules related to
the cleanness concept of modules and comodules.

Keywords: clean ring; clean module, clean comodule; clean coalgebra; clean Hopf module; bi-clean
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1. Introduction

Throughout, R is a commutative ring with a multiplicative identity. In 1977, W. K. Nicholson
introduced the notion of a clean ring. The ring R is clean if every element of R can be expressed as the
sum of a unit and an idempotent element [1]. Based on the isomorphism properties of R, R is clean
if and only if the ring Endg(R) is clean. Some authors study clean modules by using the cleanness
of their endomorphisms. An R-module M is said to be clean if the endomorphism ring Endg(M) is a
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clean ring (see [2, 3]).

Sweedler introduces coalgebras over a field as the dualization of algebras over a field [4].
Furthermore, the ground field has been generalized to a commutative ring with a multiplicative
identity. The readers are suggested to refer to [5] for more detailed basic notions of coalgebra and
comodule over a commutative ring. For any comodule M over a coalgebra C, the endomorphism ring
of C-comodule M is denoted by End“(M) is a subring of Endgx(M) over addition and composition
functions. It is interesting since a subring of a clean ring is not need to be clean. Based on this fact
and some results in module theory, Puspita et al. [6, 7] introduced the notion of clean comodule over a
coalgebra.

Let (M, o™) be a right comodule over a coassociative and counital R-coalgebra (C, A, €). The right
C-comodule M is clean if the endomorphism ring of C-comodule M is clean. By taking M = C, the
clean R-coalgebra (C, A, €) is defined by the fact that C is a comodule over itself with left and right
coaction A. The R-coalgebra C is said to be clean if the endomorphism ring of End(C) is clean.

Now, we consider coalgebras with an algebraic structure. The Algebras with compatible coalgebras
are known as bialgebra. A Hopf module over a bialgebra is a module over an algebra structure, and
also, it is a comodule over a coalgebra structure. Both of these structures are compatible. The study of
bialgebras and Hopf modules from the point of view of ring and module theory, for example, can be
referred to [5, 8].

This paper divides the notion of clean in Hopf modules into two parts, i.e., clean Hopf modules
and bi-clean Hopf modules. A B-Hopf module M is said to be bi-clean if M is clean as a module
and it is also clean as a comodule over B. It means both of the endomorphisms of B-module M
(or Endg(M)) and the endomorphisms of B-comodule (or End®(M)) are clean rings. On the other
hand, in [5], the endomorphisms of B-Hopf module is the intersection of Endz(M) and End®(M) i.e.,
End3(M) = Endg(M)N End®(M). A B-Hopf module M is a clean B-Hopf module if End5(M) is clean.

As we have already known from ring theory, if Endg(M) and End®(M) are clean, it does not imply
Endj(M) is clean. If End5(M) is clean, we also can not conclude that Endg(M) and End®(M) are
clean. So the relationship of cleanness on Endg(M), End®(M) and Endg(M) are interesting to be
observed.

The relationship for some clean algebra structures is clear for the trivial case. Any ring R with
multiplication y is an R-coalgebra by trivial comultiplication Ay : R® R — R,r — r ® 1 and counit
er = Ig. Here, the R-algebra (R, u,t) and R-coalgebra (R, A7, er) satisfy the compatible properties
on [5] such that R is a bialgebra over itself. Throughout, (R, u,t, A7, er) 1s said to be the trivial R-
bialgebra R.

Moreover, for any R-module M and the trivial R-bialgebra R, we can define an R-coaction o} :
M — M ®g R,m — m® 1 such that for all m € M and r € R, 0¥ (mr) = 0™ (m)As(r). Consequently,
any R-module M is a trivial R-Hopf module. Here, M is a clean R-module if and only if M is a clean
R-comodule. Moreover, the trivial R-comodule M is clean if and only if M is a (bi)-clean Hopf module
over R.

In general conditions, the perfect relationships on the trivial R-Hopf module (R, u, ¢, A7, €7) does not
imply that every ring R is clean if and only if R is a clean Hopf module. For example, although Z, is a
clean ring (clean module over itself), by changing the trivial comultiplication withn —» n® 1 + 1 ®n
for any n € Z4, it shows that Z, is not a clean coalgebra (comodule over itself). Thus, Z, is not
automatically a bi-clean bialgebra or clean Hopf module over itself. The transfer of clean properties
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among rings, modules, coalgebras, and comodules is not obvious. It motivates us to investigate clean
Hopf modules and bialgebras and their relation to clean modules and clean comodules. In the category
of modules, we have some examples of the clean module, which are also clean as a comodule and
satisfy the compatible axioms of a Hopf module. This work connects clean modules and comodules,
which brings us to some properties on clean Hopf modules and clean bialgebras.

2. Some basic notions

In this section, we give some basic notions of Hopf modules before we study the properties of clean
Hopf modules. To understand the R-bialgebra and a Hopf module, we need to study coalgebra, and
comodule structures [5].

Definition 2.1. An R-module B that is an algebra (B, u, t) and a coalgebra (B, A, €) is called a bialgebra
if A and € are algebra morphisms or, equivalently, i and ¢ are coalgebra morphisms.

An R-linear map f : B — B, of bialgebras is called a bialgebra morphism if f is both an algebra
and a coalgebra morphism. An R-submodule / C B is a sub-bialgebra if it is a subalgebra as well as a
subcoalgebra. Moreover, [ is a bi-ideal if it is both an ideal and a coideal.

Since an R-bialgebra B has both a coalgebra and an algebra structure, R-coalgebra B must be
compatible with the algebra structure of B. One can require compatibility conditions for
corresponding modules and comodules. Throughout, B is an R-bialgebra with product u, coproduct A,
unit map ¢ and counit &.

Definition 2.2. An R-module M is called a right B-Hopf module if M is

(1) aright B-module with an action gy, : M ® B — M,
(2) aright B-comodule with a coaction o™ : M — M ®; B;
(3) forallm € M, b € B, o™ (mb) = oM (m)A(b).

In Definition 2.2, it is essential to see that when B is a Hopf algebra over a field, then any Hopf
B-modules are a free module over B [4,9]. It is importantly related to the property of cleanness on free
modules.

Let B be an R-bialgebra, M and N B-Hopf modules. An R-linear map f : M — N is a B-Hopf
module morphism if it is both a right B-module and a right B-comodule morphism. We denote the set of
B-module homomorphisms, B-comodule morphisms, and B-Hopf module homomorphisms from M to
N as Homp(M, N), Hom®(M, N) and Hom%(M, N), respectively where Hom3(M, N) = Homg(M, N) N
Hom®(M, N). In case M = N we have End5(M) = Endg(M) N End®(M).

For an R-bialgebra B, the dual B* = Homg(B, R) also has a natural (B*, B*)-bimodule structure with
the following right and left scalar multiplication [5]:

—:B®B" — B, b f+ [c+ f(ch)],
—:B"® B — B, f®b [cH f(bo)].

Forae Band f,g € B
a—(frg) =) (a— f)x(a— ).
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Thus, a right B-Hopf module M is a left B*-module. The clean Hopf module and bi-clean Hopf
module come from the module’s and comodule’s clean properties. In the main result, we will focus
our investigations on the compatible condition of the cleanness of modules and comodules and the
cleanness of algebras and bialgebras.

3. Results

We start our result by defining clean and bi-clean Hopf modules.

Definition 3.1. Let B be an R-bialgebra. A B-Hopf module M is bi-clean if both Endg(M) and
End®(M) are clean.

In [5], the set of endomorphism of B-Hopf module M are denoted by Endg(M) = Endg(M) N
End®(M). A clean B-Hopf module is defined as follows.

Definition 3.2. Let B be a bialgebra. A B-Hopf module M is clean if End5(M) is clean.

Since End5(M) = Endg(M) N End®(M) and for any clean rings does not imply its subring being
clean, we have that the bi-cleanness and cleanness of Hopf modules are independent. A clean and
a bi-clean R-bialgebra is a special case of a clean and bi-clean Hopf module in Definition 3.1 and
Definition 3.2, when B = M (or B consider as a Hopf module over itself).

In [5], for an R-module K and R-bialgebra B, we can construct a right B-Hopf module K ®; B with
the canonical structure, Ix @ A : K@ B = (K®g B)®g Band Ix @ u : (K ® B) @ B — (K ®r B).
Here, we give a relationship of the clean property of the R-module K, bialgebra B, and B-Hopf module
K ®r B.

Lemma 3.3. Let B be an R-bialgebra and K a clean R-module. If f € Endg(K), then the endomorphism
of B-Hopf module f ®g Iy : K @ B — K ®g B is a clean element of the End5(K ®g B).

Proof. Suppose that K is a clean R-module, f € Endg(K), and B is an R-bialgebra. By [5], clearly that
K ®g B is aright B-Hopf module and for an R-module endomorphism f : K = K, f® Iz : K® B —
K ®g B is a B-Hopf module endomorphism or f ® I € End5(K ® B). Here, we prove that f ® I is a
clean B-Hopf module morphism.

(1) Since K is a clean R-module, f = u + e for an idempotent e and a unit u in Endg(K). Thus,

f®IB:(u+e)®IB
=u®IB+e®IB€EndR(K®RB).

Clearly, the identity map I is a unit and also it is an idempotent of Endg(B). Therefore, u ® I is
a unit of Endgr(K ®g B) and e ® I is an idempotent of Endgr(K Qg B). Consequently, f ® Iy can be
expressed as a sum of an idempotent and a unit element of Endg(K®g B). Thus, f € Endgr(K®g B)
is a clean element in Mp.

(2) We need prove f is a clean endomorphism of B Hopf module. Here, we need to make sure that
u® I is a unit of Endg(K ®g B) and e ® I is an idempotent of Endg(K ®g B). Based on [5] (page
135), since u, e € Endgr(K) and B is an R-bialgebra, we have u ® I3 and e ® I are B-Hopf module
morphisms. Analogue, we obtain f ® Iz = u® Iz + e ® Iy € End®(K ® B).
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It means, if K is a clean R-module, then for any f € Endg(K), f ® Ip is a clean element of Endg(K ®r
B). |

As a corollary, if K = R is a clean ring (or R-module R), then the identity map of R-bialgebra B
is a clean element of the endomorphism of R-bialgebra B. The simple result above brings us on some
special cases related to the clean modules and clean comodules.

In ring theory, if R is a clean ring, then the ring of n X n-matrices over R (denoted by M, (R)) is also a
clean ring [10]. In [5], The ring M,(R) is an R-coalgebra with a comultiplication and counit as below:

A:M,(R) = M,(R) ® M,(R),e;j = Z, je; ® e, (3.1)
and
& . Mn(R) - R, ejj— (S,‘j, (32)

where 6;; = 1 if i = j and equal to zero if i # j. Throughout, the R-coalgebra M,(R) with the
comultiplication (3.1) and the counit (3.2) is denoted by MS(R). In [7], we also have if R is a clean
ring, then R-coalgebra MCS(R) is clean. The following proposition gives a bi-clean R-bialgebra from
the set of all n X n-matrices over R.

Proposition 3.4. If R is a clean ring, then MC(R) is a bi-clean R-bialgebra.

Proof. Ttis clear that if R is a clean ring, then M (R) is a clean ring and also clean as an R-coalgebra [7,
10]. For this proposition, we only need to check that M,f (R) is an R-bialgebra. Let {e;j}i<; < be
the set of canonical basis of n X n-matrices over R. Consider the R-algebra (M (R), u,t) and the R-
coalgebra (M,f (R), A, &). See the commutative diagram on [5] page 130 and put ¢;;, e;; € M,f (R) where
i, k,l=1,2,...,n.

(1) For j = k, we have

Ao (e ®ey) = Aley)
= Z €iq ® €ul.

On the other hand,

() o (Iycr ®tw Iycg) o (A®A)(e; ® ew)
= () o (Iyer ®tw & Iycg))(Alerj) ® Alew))
=peu) o (Iycr ®twe IM,,C(R))((Z ia ® €4) ® (Z e ® ep))
a b

= U WU ycry®W® Iycp)en ®ej+ep®erj+ ...+ ey, ® ey))
e Qe +ep®ey+...+e, ey
= (U )T ycry @ W Iycp)en ®ej@en @e) + ...
(€in ® €4 ® €1 ® enr)
=(ueu)e)®e®ejj®e)+...(en ey, e, @ ey)
= (e ®ep)@ulej®en) + ...+ e, ®ep) @ (e, ® en)
=ejenejje+ ...+ el ®eyjen
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= Z €illy ® €4jCak-
a

In general case, for any k and j, the equation ;, ej.e;, ® €,je, means:

2 Cia ® ear,  a=1=j;
Zeiaela®eajeak:{oa “ ¢ a;&l]];&a

a

_ { Zk ik ey, k:a:I:j;

0, a#l,j+a.
_ 2k ® ey, k=j;
0, Jj#k.

(2) For j # k, we have A o u(e;; ® er;) = A(0) = 0 and
(@) o (Iycry ®tw® Iycr) © (A®A)(e;; ® ew)
= (U p) o (Iycr ®tw ® Lycp))(Alei)) ® Alew))
= @O P Uygay ® W & Lyc) () €in ® €) ® (D €t ® )

=0, since k # j.

From Points 1 and 2, we have Aoy = (u® ) o (Iycpy @ tw ® Iyc(g)) 0 (AR A).
For the second step, prove that Aot = (1 ®¢) o (“ = 7). Here, the unit of MS(R)is ¢ : R —
ME(R), 1 — I, such that for any r € R,u(r) = rl, and the counit of M(R) is € : MS(R) — R where

e |—>{ L I.ZJ;. Thus, for any r € R we have:
’ 0, i+#].

Ao u(r) = A(rl),)
= r(A(1,))

”(A(i ei;)
i=1

F(Zelk@)ekl+Zezk®ek2+...+Zenk®elm)
k k k

s r(en +€22+...+€,m)

= r(l,)
=rl,.

Moreover,

te)(rel)
=ur)®u)
=rl,®1I,
=r(l,®1,)

@y o (" =")r)
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=rl,.

Since Aot = (t®¢) o (“ = 7), ¢ is an R-coalgebra morphism. Thus, (MS(R),u,t, A, €) is a bi-clean
R-bialgebra. o

Let G be an abelian group. For the next result, we take the R-coalgebra R[G] with comultiplication
A : R[G] — R[G] ® R[G], g — g ® g. Hence, R[G] is an R-bialgebra (see on [5] page 130). We have
the following result.

Proposition 3.5. Let G be a torsion group. If R is an Artinian principal ideal and a Boolean ring, then
R[G] is a bi-clean R-bialgebra.

Proof. 1tis clear that R[G] = {} . azg8lag € R} [11] is an R-bialgebra and also R[G] is also an R-Hopf
algebra. In [12], R[G]is acleanring if R is a Boolean ring and G is torsion where Endg(R[G]) = R[G]
is a clean ring. For its dual, in [6], we have any G-graded module M over R is clean if and only if M
is a clean R[G]-comodule. Take M = R[G] and consider R[G] as a G-graded module over R. Since R
Artinian principal ideal, R[G] is a clean G-graded module over R, then R[G] is a clean comodule over
itself or R[G] a clean. Therefore, if R is an Artinian principal ideal and Boolean ring, then R[G] is a
bi-clean R-bialgebra. O

In Proposition 3.5, since R is Artinian and Boolean, then every element of R is idempotent. It
implies R is semi-simple with no nonzero nilpotent elements. Furthermore, R is a finite direct of some
division rings, and the only Boolean division ring is the field with two elements. Thus, R is a finite
direct sum of copies of Z,.

Functor F from the category of G-graded R-module to the category of R[G]-comodule is
equivalence. Thus, a G-graded R-module M is clean if and only if M is a clean R[G]-comodule [6].
We will observe the cleanness for R[G]-Hopf module M.

Proposition 3.6. Let R[G] be an Artinian principal ideal and M a G-graded module over R. If M is a
Hopf R|G]-modules, then M is a bi-clean Hopf R[G]-module.

Proof. Let M be a G-graded module over R. Since the category of G-graded module isomorphic to the
category of R[G]-comodule, M is a R[G]-comodule with the following conditions:

(1) From [6], Endg(M) =~ End®S/(M) is a clean ring since M is clean as a G-graded module over R.
(2) As amodule over R[G], Endg;c(M) is clean since R[G] is an Artinian principal ideal [2].

Points 1 and 2 imply M is a clean R[G]-Hopf module. O

We have already known from some previous results that the direct product [];ca R, 1s clean if and
only if R, is clean for any A. Analog to the family of R-coalgebra {C,},ca We have a similar property.
We are going to bring these concepts for the direct sum of bialgebra.

Proposition 3.7. Let {(B,, ta, 1, Ay, €0)}en be a family of R-bialgebras and B = @&, B, the direct
sums of the family of R-bialgebra {B,},ca. Then, B is clean if and only if B, is clean for every A € A.

Proof. Let B = @,cA B, be an R-bialgebra. Thus B is an R-algebra and B is an R-colagebra.
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(1) From [13], we have End®(B) is clean if and only if EndB/l(Bﬁ) (as a comodule over itself) is a
clean ring for any 4 € A.

(2) Futhermore, [14] proved that B is a clean algebra if and only if B, =~ Endp (B,) is a clean ring for
any A € A. Since B, =~ Endpg,(B,) implies that B = @,c5 B, 1s clean.

Consequently, B is a clean R-bialgebra if and only if B, is clean R-algebra for all 4 € A. O
4. Conclusions

Bi-cleanness and cleanness on the Hopf modules category can be considered as generalizations of
the clean module. This concept is motivated based on the fact that not any comodules are clean as a
module, and not every clean module is a clean comodule. Therefore, we divided our result into bi-clean
Hopf modules and clean Hopf modules using the property of their endomorphism as a module over a
ring and as a comodule over coalgebra.
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