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1. Introduction

A semiring which is a common generalization of rings and distributive lattices was introduced first
by Vandiver [26] in 1934. This algebraic structure appears in a natural manner in some applications
to the theory of automata, formal languages, optimization theory and other branches of applied
mathematics (for example, see [4,5, 11-14, 18]). In algebraic structure point of view, we are able
to study the concept of an n-ary semiring as a generalization of a semiring because a semiring is a
special kind of an n-ary semiring where n = 2 and so every results on an n-ary semiring is also true on
a semiring but not conversely.

In modern algebra, it is well-known that the kernel of a ring homomorphism is an ideal [2] and also
true for a semiring homomorphism. Conversely, each ideal of a ring can be considered as the kernel
of a ring homomorphism. Notwithstanding, this condition is not generally true in case of an ideal of
a semiring [1]. However, this condition can be true if we replace the ideal by a special ideal which is
called a k-ideal defined by Henriksen [15]. A more restrict class of ideals of a semiring which is called
an h-ideal was introduced by lizuka [16].

To generalize the algebraic system of an algebra from a binary operation to an n-ary operation,
Dornte [8] first defined the notion of an n-ary group in 1928. Later, Timm [25] studied an n-ary group
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with commutative property. As a generalization of a semigroup and an n-ary group, the notion of an
n-ary semigroup was introduced by Siosson [22,23]. Some properties of idempotent elements of an
n-ary semigroup were studied by Dudek [10]. The concepts of homomorphism, quotient structures,
and some ideal theoretic were studied by Crombez and Timm [6,7]. Later, in 1981, Dudek [9] studied
the divisibility property of an (m, n)-ring. As a generalization of a semiring and an (m, n)-ring, Alam,
Rao and Davvaz [3,19] introduced the notion of an (m, n)-semiring.

In 1992, Sen and Adhikari [20] studied the notion of a full k-ideal which is a k-ideal containing the
set of all additively idempotent elements of a semiring and use it to construct a congruence relation in
order to make the quotient semiring to be a ring. More results of full k-ideals of a semiring were also
investigated by Sen and Maity [21] in 2021. As a similar way of Sen and Adhikari [20], Sunitha, Nagi
Reddy, and Shobhalatha [24] studied full k-ideals of ternary semirings.

It 1s well-known that if we have a congruence relation p on an n-ary semiring S, then we can
immediately obtain that S/p is also an r-ary semiring. It is interesting that what is the kind of a
congruence relation p affecting S/p to be an n-ary ring. In this work, we study the notions of k-ideals
and A-ideals of n-ary semirings and also investigate their connections. Finally, we use a full k-ideal to
construct a congruence relation in order to make the quotient n-ary semiring to be an n-ary ring.

2. Preliminaries
Let N be the set of all natural numbers and i, j,n € N. An algebra (S; f) consisting of a nonempty

set S together with an n-ary operation f : §" — § is called an n-ary groupoid [8]. For 1 <i < j<n,
the sequence y;, yi+1,Yi+2, - - -, y; of elements of S is denoted by y{ . If j < i, then we denote it to be the

.. (=1, i
empty symbol. If x; = x, = -+ = x;_; = x where x;,x,,...,x.1,x € §, we write x instead of x| L
So, the term
f(x’ xa LRI ax’yi9yi+1a LRI ’)’j,Zj+1aZj+2, AR ’Zn)
i—1 terms
where zj.1,2j+2,...,2, € S can be simply represented by

W=D o,
f( X ,Y{,Zj+1)-
Similar_ly, for 1 <i < j < n, we also denote the sequence A;, A;,1, Aisa,...,A; of nonempty subsets
of § by A{. IfA, =A,=---=A,=A,where | <k<nandA,A,,..., A A are nonempty subsets

(€9]
of S, then we write A instead of A’l‘.
Let x%”‘l € §. The associative law [10] for the n-ary operation f on S is defined by forall 1 <i <
j<n. L
SO LGN, ey = Fo FOGTh, .
If this law holds for all elements xf"‘l € §, an n-ary groupoid (S; f) is called an n-ary semigroup.
An n-ary semiring is an algebra (S; +, f) type (2,n) for which (S; +) is a semigroup, (S; f) is an

n-ary semigroup and for all x{,a,b € §,1<i<n,
f&ha+b,xt ) = f a X)) + F(T b, AL ).

Indeed, an n-ary semiring is a (2, n)-semiring [3]. An n-ary semiring {S; +, f) is said to be additively
commutative ifa + b=b +aforalla,b € §.
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In this work, we simply write S instead of an additively commutative n-ary semiring {S; +, f).
For any nonempty subsets A, B, A of an n-ary semiring S, we denote

A+B={a+beS|acA,be B}
and

fAD) ={f@)eS |a €Ai,1<i<n].

(n)
A nonempty subset 7" of an n-ary semiring S is called a subalgebraof S if T+7 C T and f(T) C T.
Definition 1. /3] Let 1 < i < n. A nonempty subset A of an n-ary semiring S is called an i-ideal of S

(=1 (n—1)
ifA+ACAand f(S ,A, S )CA. IfAisani-ideal of S forall 1 <i < n, then A is called an ideal
of S.

An element a of an n-ary semiring S is called additively regularifa = a + b + a for some b € S. If
in addition, the element b is unique and satisfies b = b+ a + b, then b is called the additively inverse of
ain S and will be denoted by the notation a’. Particularly, if every element of S is additively regular,
then § is called an additively regular n-ary semiring. Furthermore, if every additively regular element
of § has the unique additively inverse, then S is called an additively inverse n-ary semiring.

Let S be an additively inverse n-ary semiring. It is obvious that x = (x)" and (x +y)" = x’ + )’ for
all x,y € S.

Lemma 1. Let S be an additively inverse n-ary semiring. Then for any x] € S, (f(x])) =
FO X, X ), forall 1 < i <.

Proof. Let x| € § and 1 < i < n. Since

FOD + O X, X ) + FOD) = FOT X+ X+ xi, 7)) = FOT X, ) = (D)

and

SO XX ) + FOD + FO L ah ) = FOT af + 2+ X x) = FOq 7 X X,

we obtain that

(FODY = fOi X, 1),
O

An element x of an n-ary semiring S is called additively idempotent if x + x = x. We define the set
of all additively idempotent elements of S by E* = {x € § | x + x = x}. It is not difficult to verify that
E* is an ideal of §.

A partially ordered set (L, <) is said to be a lattice if every pair of elements a, b of L has both greatest
lower bound and least upper bound. If every subset A of a lattice L has both greatest lower bound and
least upper bound, then L is called a complete lattice. It is not difficult to show that a partially ordered
set (L, <) has the greatest element and every subset of L has the greatest lower bound if and only if L
is a complete lattice.

A lattice L is called modular [17] if L satisfies the following law; for all a,b € L, a < b implies
aV(xAb)=(aVx)Ab,forevery x € L, where xVy and x Ay is the least upper bound and the greatest
lower bound of x,y € L, respectively.
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Lemma 2. [17] A lattice L is modular if and only if for any a,b,c € L,aANb=aANc,aVb=aVc,
and b < c implies b = c.

3. k-ideals and /-ideals of n-ary semirings
In this section, we introduce the notions of k-ideals and A-ideals of n-ary semirings and study some
of their properties.
Definition 2. A nonempty subset A of an n-ary semiring S is called a k-ideal of S if A+ A C A,
1)

(i— (n—i)
fCS A, S ) CAforalll <i< nand the following condition is satisfied: forany x € S, x+a =>b
for some a,b € A implies x € A. If A is a k-ideal of S and E* C A, then A is said to be a full k-ideal.

According to Definition 2, it is clear that every k-ideal of an n-ary semiring is an ideal. However,
the converse is not generally true as the following example shows.

Example 1. Define an n-ary operation f on N by f(a}) = a; - a; - a3---a, for any a| € N. Then
(N;max, f) is an n-ary semiring. We have that 2N is an ideal of (N; max, f) but not a k-ideal because
max{1,2} =2but 1 ¢ 2N.

The following example is an example of a k-ideal of an n-ary semiring which is not a full k-ideal.

Example 2. Define an n-ary operation f on N by f(a}) = min{a;,as,as...,a,} for any a} € N. Then
(N; max, f) is an n-ary semiring and E* = N. It is easy to obtain that the set I, = {1,2,3,...,m}is a
k-ideal of (N; max, f) but not a full k-ideal because E* € I,,.

The following example is an example of a k-ideal of a finite n-ary semiring which is not a full
k-ideal.

Example 3. Let S = {a,b}. Then (P(S);U, f) is an n-ary semiring where P(S) is the power set of S
and f is the n-ary operation on P(S) defined by f(A}) = N, A, for any A; € P(S). It is easy to show
that {0, {a}} is a k-ideal of (P(S); U, f) but not full because E* = P(S) Z {0, {a}}.

We give an example of a proper full k-ideal of an n-ary semiring as follows.

Example 4. Consider the n-ary semiring (N U {0}; +, f) where + is the usual addition and f is the
n-ary operation defined in Example 1. We have that the set of all additively idempotent elements of
(N U {0}; +, f) 1s {0} and 2N U {0} is a full k-ideal.

Remark 1. Let {A},c; be a family of full k-ideals of an n-ary semiring S. Then (,.; A; is a full k-ideal
as well if it is not empty.

Remark 2. Every k-ideal of an additively inverse n-ary semiring S is an additively inverse subalgebra
of §.

Proof. Let K be a k-ideal of §. Clearly, K is a subalgebraof S. Leta € K. Then (a+a’) +a=a € K
and so a + @’ € K. This implies that a’ € K. Hence, K is additively inverse. O

The k-closure of a nonempty subset A of an n-ary semiring S is defined by

[Als ={x€ S |x+a=bforsomea,bc A}
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It is easy to prove that forany @ # A € S, A C [A]; if A + A C A. Furthermore, if A is closed under the
addition, then [A]; is also closed. Now, we give some necessary properties of k-closure of nonempty
subsets of an n-ary semiring as follows.

Lemma 3. Let A, B, and A" be nonempty subsets of an n-ary semiring S. Then the following statements
hold:

(1) if A+ A C A, then [A]; = [[Aldi;

(2) if A C B, then [Alx C [Bli;

(3) [Alk + [Blk € [A + Bli;

(4) if A} are closed under the addition, then f(Af‘l, [Ail, AL ) C [f(AD] forall 1 <i<n.

i+1

Proof. (1) Let® # A C S be such that A + A € A. Obviously, [A]ly C [[Alilk- If x € [[Ali]x, then

x +y =z for some y, z € [A]; such that y + a; = b; and z + a, = b, for some a;, a,, b, b, € A. Then
xX+y+a+tay=z+a+a,=z+ay+a; =by,+a. 3.1

Wehavey+a +ay=by+a, € A+ACAand b, +a; € A+ A C A. Using (3.1), we get x € [A]; and
so [[Alilk € [Alk.
(2)—(4) are straightforward. O

Lemma 4. If A is an ideal of an n-ary semiring S, then [A]y is a k-ideal of S
Proof. Let A be an ideal of . It is clear that [A]; is closed under the addition. Using A being an ideal

@(i-1) (n—i) @(i-1) (n—i)
of § and Lemma 3(2) and (4), we obtain that f( S ,[Alx, S ) C[f(S ,A, S ) C[Al. f x e S is
such that x+a = b for some a, b € [A];, then by Lemma 3(1), we get x € [[Ali]x = [Alx. Therefore, [A];
is a k-ideal of S'. m|

The following corollary is directly obtained by Lemma 4.

Corollary 1. Let S be an n-ary semiring. The following statements hold:

(1) anideal A of S is a k-ideal if and only if A = [A];;
(2) [E* )k is a full k-ideal of S

Lemma S. Let A and B be two full k-ideals of an additively inverse n-ary semiring S. Then [A + B]; is
a full k-ideal of S such that A C [A + B], and B C [A + B];.

Proof. Clearly, A + B is closed under the addition. It holds that

(i-1) (n=i) =) (=) =) (n=i)
fCS ,A+B, S )Cf(S A S)+f(S.,B, S)CA+B

forall 1 <i < n. Now, A + Bis anideal of S. Using Lemma 4, we immediately get that [A + B]; is a
k-ideal. Since E* CAand E* C B, E* = E*+E* C A+ B C [A + B];. Hence, [A + B]; is a full k-ideal
of §.

Leta € A. Then

a=a+d +a=a+(@ +a)e A+E*CA+BC[A+B].

Hence, A C [A + B];. Similarly, we are able to get that B C [A + B];. O
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Theorem 1. Let K(S) be the set of all full k-ideals of an additively inverse n-ary semiring S. Then
K(S) is a complete lattice which is also modular.

Proof. We have that K(S) is a partially ordered set with respect to usual set inclusion. Let A, B € K(S).
By Remark 1 and Lemma 5, we obtain that AN B € K(S) and [A + B]; € K(S), respectively. Define
AANB=ANBand AV B = [A + B];. Obviously, A N B is the greatest lower bound of A and B. Let
CeK(S)suchthat AC Cand BC C. ThenA + BC C + C C C. By Remark 3(2) and Corollary 1(1),
we get [A + B];, C [C]y = C. Hence, [A + B]; is the least upper bound of A and B. Now, K(S) is a
lattice. Clearly, S is the greatest element of K(S). Let {C;},; be a family of elements in K(S). By
Remark 1, we get that ("{C},c; € K(S). These imply that K(S) is a complete lattice.
Finally, let A, B, C € K(S) such that

AANB=AANCandAVB=AvCandBCC.

Letxe C. Thenxe CCAVC =AV B =[A+ B];. It follows that there exist a;,a, € A and by, b, € B
such that x + a; + b; = a, + b,. Then

x+a+d,+b=x+a +b+a,=a+by,+a} =a,+a; +b,. (3.2)

Now, x € C,a; +a} € E* C C and b,b, € B C C. Using (3.2), a, + a} € [C]y = C. At this point,
a+aj,ay+a; € ANC =ANC =AAB=ANB C B. Itfollows thata, +a| +b, € Band a,+a|+b; € B.
Using (3.2) again, we obtain that x € [B]; = Band so C C B. Hence, B = C. By Lemma 2, K(§) is a
modular lattice. O

Now, we introduce a more restricted class of k-ideals of an n-ary semiring as follows.

Definition 3. A nonempty subset A of an n-ary semiring S is called an h-ideal of S if A+ A C A,
(-1 i
fCS A, S )CAforalll <i<nand the following condition is satisfied: forany x € S, x +a+ s =

b + s for some a,b € A and s € S implies x € A.

It is unnecessary to define a full 4-ideal of an n-ary semiring because every h-ideal is immediately
full, i.e., if A is an h-ideal of S and x € E*, then forany a € A, x + a + x = a + x implies x € A.

It is obvious that every h-ideal of an n-ary semiring is a k-ideal. In general, the converse is not true
as it is shown by the following example.

Example 5. Let S = {a, b, c}.

Define an n-ary operation f on the power set P(S) of S by f(A]) = N, A; for any AT € P(S).
Then (P(S); U, f) is an n-ary semiring. We have that T = {0, {a}, {b}, {a, b}} is a k-ideal of (P(S); U, f).
However, T is not an h-ideal because {c} U {a,b} U {a,c} = S = {b} U {a,c} where {a,b},{b} € T
but{c}¢T.

Remark 3. Let {A},; be a family of h-ideals of an n-ary semiring S. Then ();c; A; is an h-ideal as well
if it 1S not empty.

Remark 4. Every h-ideal of an additively inverse n-ary semiring S is an additively inverse subalgebra
of S.
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Proof. Let H be an h-ideal of S. Clearly, H is a subalgebraof S. Leta € H. Then (a+a’)+a+s =a+s
forall s€S. So,a+a € H. This means thata’ + a = b forsome b € H and thusa’ +a +t = b + t for
any ¢ € §. This implies that @’ € H. Hence, H is additively inverse. O

The h-closure of a nonempty subset A of an n-ary semiring S is defined by
[Al,={xeS|x+a+s=b+sforsomea,beAand s S}.

It is obvious that [A]; € [A], for any @ # A C §. Moreover, it is not difficult to verify that for
any) # AC S,A C[A],if A+ A C A. Furthermore, if A is closed under the addition, then [A], is
also closed. Now, we give some necessary properties of /-closure of nonempty subsets on an n-ary
semiring as follows.

Lemma 6. Let A, B and A’ be nonempty subsets of an n-ary semiring S. Then the following statements
hold:

(1) if A+ A C A, then [A];, = [[Aln]n;

(2) if A C B, then [A],, C [Bly;

(3) [Aln + [Bln S [A + Bl

(4) if A| are closed under the addition, then f(Af‘l, [Ailn, AL ) C[f(AD]yforall 1 <i < n.

Proof. (1) Let® # A C S be such that A + A C A. Obviously, [A], C [[Al.]lx- If x € [[A].]n, then
x+y+s=z+sforsomey,z€[A],and s €S wherey+a; +u=>b;+uandz+a, +v =>b, +v for
some aj, dr, b1, bo € Aand u,v € S. Then

x+y+s+atutar+v=x+Q@y+a +tu)+a+s+v
=x+bi+tut+ar+s+v
=x+bi+atu+s+v 3.3)
X+y+s+atut+tay+v=z+s+a+tu+a,+v
=aq1+(@Z+a+v)+s+u
=a;+by+v+s+u. (3.4)
Using (3.3) and (3.4), we getthat x + (b +ap) +u+s+v = (a; + b)) +u+ s+v where by +a,a, + b, €

A+ACAandu+ s+veS implies x € [A], and so [[A],]x C [A]s.
(2)—(4) are straightforward. O

Lemma 7. If A is an ideal of an n-ary semiring S, then [A]}, is an h-ideal of S .

Proof. Let A be an ideal of S. Clearly, [A]h 1s Closed under the addltlon Usmg A being an ideal of §

and Lemma 6(2) and (4), we obtain that f( S [A], S ) - [f( S LA, S )]h C [A]y. If x € S is such
that x + a + s = b + s for some a,b € [A], and s € S, then by Lemma 6(1), we get x € [[A],], = [Als.
Therefore, [A], is an h-ideal of S. O

The following corollary is directly obtained by Lemma 7.

Corollary 2. Let S be an n-ary semiring. The following statements hold:
(1) an ideal A of S is an h-ideal if and only if A = [A];
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(2) [E*], is an h-ideal of S .

Lemma 8. Let A and B be two h-ideals of an additively inverse n-ary semiring S. Then [A + B], is an
h-ideal of S such that A C [A + B, and B C [A + B],.

(i-1) (n—i) (-1)  (n—i) (-1)  (n—i)
Proof. Since f(S ,A+B, S)C f(S ,A S)+f(S.,B, S)CA+Bforalll<i<nandA+B
is closed under the addition, we get A + B is an ideal of §. Using Lemma 7, we obtain that [A + B],
is an h-ideal. Leta € A. Thena=a+d +a=a+(a +a) € A+ E* CA+ B C [A + B],. Hence,
A C [A + B],. Similarly, we are able to get that B C [A + B],. O

Theorem 2. Let H(S) be the set of all h-ideals of an additively inverse n-ary semiring S. Then H(S)
is a complete lattice which is also modular.

Proof. We have that H(S) is a partially ordered set with respect to the usual set inclusion. Let A, B €
H(S). By Remark 3 and Lemma 8, we obtain that A N B € H(S) and [A + B], € H(S), respectively.
Define AANB=ANBand AV B = [A + B],. Obviously, A N B is the greatest lower bound of A and
B. LetC € H(S)suchthat A € Cand B C C. ThenA+ B C C + C € C. By Remark 6(2) and
Corollary 2(1), we get [A + B], € [C], = C. Hence, [A + B], is the least upper bound of A and B.
Now, H(S) is a lattice. Clearly, S is the greatest element of H(S). Let {C;},c; be a family of elements
of H(S). By Remark 3, we obtain that ({C;} € H(S). These imply that H(S) is a complete lattice.
Finally, let A, B, C € H(S) such that

AANB=AANCandAVB=AVvCandBCcC.

Letxe C. Thenxe CCAVC =AV B=][A+ B],. It follows that there exist a;,a, € A, b1,b, € B
and s € S suchthat x + a; + by + s = a» + b, + s. Then

X+a+di+b+s=x+a +b +s+a]
=ay+b,+s+d]
=ay+a; +by+s. (3.5)

Since, x € C,a,+a} € E* C Cand b, € B C C, we have x+a,+a}+b, € C. Using (3.5)and b, € B C C,
we geta, +a) € [C], = C. Atthis point, a; +aj,a, +a} e ANC=AANC=AANB=ANBCB. It
follows that a; + a| + by € B and a, + a + b, € B. Using (3.5) again, we obtain that x € [B], = B and
so C C B. Hence, B = C. By Lemma 2, H(S) is a modular lattice. m]

4. n-ary ring congruences

In this section, we characterize an n-ary ring congruence with respect to a full k-ideal of an
additively inverse n-ary semiring.

Definition 4. A binary relation p on an n-ary semigroup {S; f) is said to be a congruence if p is an
equivalence relation and satisfies the following property; for any ay, b} € S,

(al, bl)a ((lg, bZ)’ ) (an’ bn) € P lmplles (f(ar]l)’ f(b7)) € p-
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Lemma 9. An equivalence relation p on an n-ary semigroup {S; f) is a congruence if and only if for
any a,b, x| € S,

(a,b) € p implies (f(x)”", a, %), f(x¥, b, X1p)) € p
foreach1 <i<n.

An equivalence relation p on an r-ary semiring (S; +, f) is a congruence if p is a congruence on
(S;+)yand (S; f).

Definition 5. An n-ary semiring (S; +, f) is called an n-ary ring if (S; +) is a group. In other words,
the following conditions are satisfied;

(1) there exists 0 € S suchthat x+0=x=0+xforall xe€ S;
(2) foreach x € S, thereisy € S suchthat x +y=0=y+ x.

If (S;+, f) is an n-ary ring, then the element y in the condition 2 is usually denoted by —x.

Definition 6. A congruence p on an n-ary semiring S is called an n-ary ring congruence if the quotient
n-ary semiring S /p :={lal, | a € S} is an n-ary ring.

Theorem 3. Let A be a full k-ideal of an additively inverse n-ary semiring S. Then the relation
pa=1{(a,b) €S XS |a+b" €A} isan n-ary ring congruence such that —[al,, = [d'],,.

Proof. Let A be a full k-ideal of S'.

Firstly, we show that p is an equivalence relation on S. Let a,b,c € S. Sincea+a’ € E* C A, p,
is reflexive. If a + b’ € A, then by Remark 2, we getb +a’ = (b)Y +a’ = (a+ b')’ € A and so p, is
symmetric. Assume thata+ b’ € Aandb+ ¢’ € A. Thena+c¢ +b+b" € A. Sinceb+ b’ € E* CA,
a+c’ € [A]r = A. So, pa is transitive. Now, p, is an equivalence relation.

Secondly, let a, b, ¢, x| € S. Assume that (a, b) € ps. Thena + b’ € A and so

(a+c)+b+c) =a+c+c +b
=(a+b)+(c+)
EA+E"CA+ACA.

Hence, (a + ¢,b + ¢) € ps. Using Lemma 1, we obtain that for each 1 <i < n,

faax ) + (FOL b x)) = fOT X)) + f(L Y )
= fx L a+ b, X,
(G3)) (n—=i)
ef(S ,A S)CA.
Hence, (f(x',a, x, ), f(x7!,b,x}.))) € pa. Therefore, we obtain that p, is a congruence on S .
Finally, we show that S/p, is an n-ary ring together with the operations @ and F on S/p, defined
by
lal,, @ [b),, = la+ D]y, and F([aily,, [a2ly,, - - - [anlp,) = [f(@)]y,
for any a,b,a} € §. It is immediately to obtain that (S/p4;®, F) is a quotient n-ary semiring
of (S;+,f). Lete e Efandx € S. Then(e+x)+x’ = e+ (x+x') € E"+E* = E* C A and
so (e + x, x) € py. It follows that

lelp, @ [x]p, = [e + xlp, = [x]p,.
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Sincee+ (x+x) =e+x +x€A, (e,x+ x') € pa. It turns out that

[x]p, ® [X']p, = [x + X, = [elp,-
Therefore, S/p, 1s an n-ary ring. O

Theorem 4. Let p be a congruence on an additively inverse n-ary semiring S such that S /p is an n-ary
ring and —[al, = [a’],. Then there exists a full k-ideal A of S such that ps = p.

Proof. Let A ={a € S | (a,e) € p for some e € E*}. Using the reflexivity of p, we get E* C A # 0.
Let a,b € A. Then there exist e, f € E* such that (a,e) € p and (b, f) € p. Then (a + b,e + f) € p

(=1 (n—i)
and e+ f € E*. Hence,a+b € Aandthus A+ A C A. Letx € f(S ,A, S ) foreach 1 <
i < n. Then x = f(x" ,x!. ) for some xl € S and ¢ € A such that (¢,g) € p for some g € E*.
It follows that (x, f(x1 28 X)) = (f(x S Cy X2 ), f(xl ,g, 1+1)) € p. Since E* is an ideal of §,

(n—i)
FOh g )+ fih g x ) = fGh g + g X)) € f( 5’ ,E*, S) C E*. So, x € A leads to
(i-1) (n—i)
f(S ,A, § )CA. Now,Aisanideal of S.

Let x € [A]y. Then x + a = b for some a,b € A where (a,e) € p and (b, f) € p for some e, f € E*.
However, [f], and [e], are additively idempotent in the ring §/p. This obtains that [e], = [f], is the
zero element of S/p. It follows that [f], = [b], = [x + al, = [x], ® [al, = [x], ® [el, = [x],. Thus,
x € A and so [A]; = A. By Corollary 1(1), A is a full k-ideal of §'.

Finally, we show that p = ps. Let (a,b) € p. Then (a +b',b+Db") € p. Sinceb+b' € E*,a+b" € A
and thus (a,b) € ps. Hence, p C p4. If (a,b) € pa, then a + b’ € A. Thus, (a + b’,e) € p for some
e € E*. We have that [b], = [e], ® [b], = [a+ D', ®[b], = [al, @[V’ ], ®[b], = [al,®[b+ D], = [al,,
since b + b’ € E*. This shows that (a, b) € p and so p, C p. Therefore, p = p,. O

The concepts of full k-ideals and h-ideals of an additively inverse n-ary semiring are coincidence as
the following remark.

Remark 5. If § is an additively inverse n-ary semiring, then full k-ideals and h-ideals coincide in S'.

Proof. Since every h-ideal is a full k-ideal, we show that every full k-ideal is an h-ideal. Let A be
a full k-ideal. Then S/p,4 1s an n-ary ring and A is its zero element by Theorem 3. Let x € S and
xX+a+s=0>b+sforsomea,beAands € S. Then [x], + [al, + [s], = [b], + [s],. It follows that
[x], + 0 + [s], = 0+ [s], where O is the zero of S/p4. Hence, [x], + [s], = [s], and so [x], = 0. It turns
out that x € A. Therefore, A is an A-ideal. O

5. Discussion and conclusions

In algebraic structure point of view, we are able to say that an n-ary semiring is a generalization of
a semiring and a ternary semiring, and any results on an n-ary semiring are also true on a semiring and
a ternary semiring because a semiring is an n-ary semiring where n = 2 and a ternary semiring is an
n-ary semiring where n = 3.

The notions of a k-ideal and a full k-ideal of an n-ary semiring were defined in Section 3. There is
a k-ideal which is not full as it is shown by Example 2. However, every h-ideal of an n-ary semiring

AIMS Mathematics Volume 7, Issue 10, 18553-18564.



18563

is immediately full. Moreover, h-ideals and full k-ideals are coincidence in an additively inverse n-ary
semiring and the set of all of them forms a complete lattice and also a modular lattice.

A group (ring) congruence is such a congruence relation on a semigroup (semiring) that the quotient
semigroup (semiring) is a group (ring). Similarly, an n-ary ring congruence is such a congruence
relation on an n-ary semiring that the quotient n-ary semiring is an n-ary ring. Constructing a relation
with respect to a full k-ideal of an additively inverse n-ary semiring is a way to obtain an n-ary ring
congruence. Indeed, if A is a full k-ideal of an additively inverse n-ary semiring S, then the relation
pa =1{(a,b) € S XS | a+ b € A}is an n-ary ring congruence where b’ is the additively inverse of b.
Conversely, if p is an n-ary ring congruence on an additively inverse n-ary semiring S, then there exists
a such full k-ideal A of S that p = p,.
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