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1. Introduction

The colored noise was first introduced in [23, 24] in order to obtain the information of velocity
of randomly moving particles, which cannot be obtained from the white noise since the the Wiener
process is nowhere differentiable. Moreover, for many physical systems, the stochastic fluctuations are
correlated and should be modeled by the colored noise rather than the white noise, see [20].

This paper is concerned the asymptotic behavior of the plate equation driven by nonlinear colored
noise in unbounded domains:

Uy + au, + Au + fom U($)A*(u(t) — u(t — s))ds + vu + f(x,u)
= g(x, 1) + h(t, x,u){;(w), t > 7, x € R", (1.1)
u(x, 7) = ug(x), ulx,7) =u10(x), xR, 1<,

where 7 € R, a,v are positive constants, ¢ is the memory kernel, f and & are given nonlinearity,
g € L? (R,H'(R"), and s is a colored noise with correlation time § > 0.
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It is clear that (1.1) becomes a deterministic plate equation as ¢ = 0 and /2 = 0. In this case, we can
characterize the long-time behavior of solutions by virtue of the concept of global attractors under the
framework of semigroup. Some authors have extensively studied the existence of global attractors for
the autonomous plate equation. For instance, the attractors of deterministic plate equations have been
investigated in [2,8,12,14,30,32-35,44] in bounded domains. In [2,30,34,35], the authors considered
global attractor for the plate equation with thermal memory; Khanmamedov investigated a global
attractor for the plate equation with displacement-dependent damping in [8]; Liu and Ma obtained the
existence of time-dependent strong pullback attractors for non-autonomous plate equations in [12,14];
Yang and Zhong studied the uniform attractor and global attractor for non-autonomous plate equations
with nonlinear damping in [32, 33], respectively; In [44], the author obtained global existence and
blow-up of solutions for a Kirchhoff type plate equation with damping. For the case of unbounded
domains, see refereces [9,10,13,31,42].

The existence and uniqueness of pathwise random attractors of stochastic plate equations have been
studied in [15, 16,21, 22] in the case of bounded domains; and in [36—41] in the case of unbounded
domains. In all these publications ( [36—41]), only the additive white noise and linear multiplicative
white noise were considered. Notice that the random equation (1.1) is driven by the colored noise
rather than the white noise. In general, it is very hard to study the asymptotic dynamics of differential
equations driven by nonlinear white noise, including the random attractors. Indeed, only when the
white noise is linear, the stochastic equations can be transformed into a deterministic equations,
then one can obtain the existence of random attractors of the plate equation (1.1). However, this
transformation does not apply to stochastic equations driven by nonlinear white noise, and that is why
we are currently unable to prove the existence of random attractors for systems with nonlinear white
noise.

For the colored noise, even it is nonlinear, we are able to show system (1.1) has a random attractor
in H*(R") X L*(R") X R, (the definition of ®,, see Section 3), which is quite different from the
nonlinear white noise. The reader is referred to [6, 7,26, 27] for more details on random attractors
of differential equations driven by colored noise. However, for the random plate equations driven by
colored noise (1.1), we find that there is no results available to the existence of random attractors. In
the present paper, we will prove that (1.1) is pathwise well-posed and generate a continuous cocycle,
and the cocycle possesses a unique tempered random attractor. This is different from the corresponding
stochastic system driven by white noise

« aw
u,,+aut+A2u+f 1A (u(t)—u(t—s))ds+vu+ f(x,u) = g(x, £)+h(t, x, u)oW, t>1, xeR", (1.2)
0

where the symbol o indicates that the equation is understood in the sense of stratonovich integration.
For (1.2), one can define a random dynamical system when A(-, -, «) is a linear function, see [41]. But for
a general nonlinear function A, random dynamical system associated with (1.2) can not be defined due
to the absence of appropriate transformation, hence asymptotic behavior of such stochastic equations
has not been investigated until now by the random dynamical system approach. This paper indicates
that the colored noise is much easier to handle than the white noise for studying pathwise dynamics of
such stochastic equations.

The main purpose of the paper is establish the existence and uniqueness of measurable tempered
random attractors in H*(R") x L*(R") x R, for the dynamical system associated with (1.1). The key
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for achieving our goal is to establish the tempered pullback asymptotic compactness of solutions of
(1.1) in H*(R") x L*(R") X R,.». Involving to our problem (1.1), there are two essential difficulties
in verifying the compactness. On the one hand, notice that system (1.1) is defined in the unbounded
domain R" where the noncompactness of Sobolev embeddings on unbounded domains gives rise to
difficulty in showing the pullback asymptotic compactness of solutions, to get through of it, we use the
tail-estimates method (as in [25]) and the splitting technique (see [3]) to obtain the pullback asymptotic
compactness. On the other hand, there is no applicable compact embedding property in the “history”
space. In this case, we solve it with the help of a useful result in [19]. For our purpose, we introduce a
new variable and an extend Hilbert space.

The rest of this article consists of four sections. In the next section, we define some functions sets
and recall some useful results. In Section 3, we first establish the existence, uniqueness and continuity
of solutions in initial data of (1.1) in H*(R") x L*(R") x R, then define a non-autonomous random
dynamical system based on the solution operator of problem (1.1). The last two section are devoted to
derive necessary estimates of solutions of (1.1) and the existence of random attractors.

Throughout the paper, the inner product and the norm of L?>(R") will be denoted by (-,-) and || - ||,
respectively. The letters ¢ and ¢; (i = 1,2,...) are generic positive constants which may depend on
some parameters in the contexts.

2. Asymptotic compactness of cocycles

In this section, we define some functions sets and recall some useful results, see [4,17,18,28,29,43].
These results will be used to establish the asymptotic compactness of the solutions and attractor for the
random plate equation defined on the entire space R".

From now on, we assume (2, ¥, P) is the canonical probability space where Q = {w € C(R,R) :
w(0) = 0} with compact-open topology, # is the Borel o-algebra of Q, and P is the Wiener measure
on (Q, ¥). Recall the standard group of transformations {6,};cr on Q:

bw()=wit+)—w@), YteRand ¥V w € Q.

Suppose @ : R* X R x Q X X — X is a continuous cocycle on X over (Q, 7, P, {6;};cr). Let D be a
collection of some families of nonempty subset of X:

D=D={D(r,w) CX:D(t,w) #0,Te R, w € Q}}.

Suppose @ has a D-pullback absorbing set K = {K(t,w) : 7 € R,w € Q} € D; that is, for every
TeR, weQand D € D there exists T = T(t,w, D) > 0 such that forallt > T,

O, 7—1,0_0,D(t—1,0_,0)) C K(t, w). 2.1)
Assume that
O, T, w,x) =01, T, w,x) + Dr(t, T,w,x), VIER", TER, weD, xeX, (2.2)
where both ®; and @, are mappings from R* X R X Q x X to X.
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Given k € N, denote by O, = {x € R" : |x|] < k} and O, = {x € R" : |x| > k}. Let X be a Banach
space with norm || - ||x which consists of some functions defined on R". Given a function u# : R" — R,
the restrictions of u to Oy and Oy are written as u|o, and ulg, respectively. Denote by

Xo, = {ulo, - u € X} and Xy = {ulp, : u € X}
Suppose X, and X5 are Banach spaces with norm || - [lo, and || - ||, , respectively, and
lullx < llelo,llo, + llulg ll,, ¥ ueX. (2.3)

We further assume that for every 6 > 0, 7 € R, and w € Q, there exists ) = #y(J, T, w, K) > 0 and
ko = ko(6, T, w) > 1 such that

| D(t0, T — 10, Oy, x)|0~k0 ||O~k0 <9, VxeK(—1t,60_,w), 2.4)
and
D, (19, T — 1o, O_yw, K(7 — 19, 0_,0w))|0k0has a finite cover of balls of radius ¢ in X|Ok0- (2.5)
In addition, we assume that for every k € N, r € R*, 7 € R, and w € Q, the set
O, (1,7 —t,0_,w, K(T — t,0_,w)) is precompact in X|o,. (2.6)

Theorem 2.1 [29]. If (2.1)-(2.6) hold, then the cocycle ® is D-pullback asymptotically compact in X;
that is, the sequence {®(t,, T—1,,0_,w, x,)} ", is precompact in X foranyt € R,w € Q,D € D, 1, > oo
monotonically, and x,, € D(t — t,,0_, w).

Theorem 2.2 [29]. Let D be an inclusion closed collection of some families of nonempty subsets of X,
and @ be a continuous cocycle on X over (Q,F , P,{0,};cr). Then © has a unique D-pullback random
attractor A in D if © is D-pullback asymptotically compact in X and © has a closed measurable
D-pullback absorbing set K in D.

3. Cocycles of random plate equations

In this section, we first establish the existence of solution for problem (1.1), then define a non-
autonomous cocycle of (1.1).

Given ¢ > 0, let {5(6,w) be the unique stationary solution of the stochastic equation:

d§+1§dt—ldW 3.1
0 5 o' - 5 ’ .

where W is a two-sided real-valued Wiener process on (Q, 7, P). The process {s(6,w) is called the
one-dimensional colored noise. Recall that there exists a ¢,-invariant subset of full measure (see [1]),
which is still denoted by €, such that for all w € Q, £;(6,w) is continuous in ¢ € R and

lim {s5(60,w) _

t—=+00 t

0.
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Let —A denote the Laplace operator in R”, A = A? with the domain D(A) = H*(R"). We can also
define the powers A” of A for v € R. The space V, = D(A%) is a Hilbert space with the following inner
product and norm

(U, )y = (A%u, A%v), -1l = A% -,

Following Dafermos [5], we introduce a Hilbert “history” space R, = Lﬁ(R*, V,) with the inner
product

MM = fo"" H(S)An (), Ana(s))ds, Y ni, 12 € Ry,
and new variables
n=ns)=ulx1t) —ulxt-ys), (x,s) ER"XR", t>1.
By differentiation we have
m(x, 8) = —n'(x, ) + u(x, 1), (x,5) ER"XR*, r>71.
Then (1.1) can be rewritten as the equivalent system

Uy + au, + Au + fooo w($)A2n'(s)ds + vu + f(x,u)
=g(x,t) + h(t, x,u)s(6,w), t > 1, x € R",

o+, =u, (3.2)

l/t(x, T) = MO(X)’ ul‘(xa T) = I/tl’()(X), X € Rn, t < T,

77 (x, s) = 7°(x, 8) = u(x,7) —u(x,7—5), x€R", seR.

We introduce the following hypotheses to complete the uniform estimates.
Assume that the memory kernel function u € C'(R*)N L!(R"), and satisfy the following conditions:
¥ s € R* and some p > 0.

u(s) =0, u'(s)+ou <0, (3.3)
note that (3.3) implies @ = |jullpi@r) = o u(s)ds > 0.

Let f : R" X R — R be a continuous function and F(x,r) = for f(x,s)ds for all x € R",r € R and
s, 81,5 €R,

hlrfl inf iglan(f(x, 5)s) > 0, (3.4
f(x,0) =0, |f(x,s1) = f(x, 5] < a1(@(x) + |17 + [52/")]s1 — 52, (3.5)
F(x,s)+¢i(x) >0, 3.6)

where p > Ofor 1 <n<4and0 < p < n%{ for n > 5, a; is a positive constant, ¢; € L'(R"), and
@ € L¥(R"M).
Let 7 : R X R" X R — XR be continuous such that for all ¢, s, 51, s» € R and x € R”",

|h(t, x, $)| < asls| + @a(t, x), (3.7)
|h(t, x, s1) — h(t, x, $2)| < asls; — 52, (3.8)
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where @, and @3 are positive constants, and ¢, € L (R, L*(R")).

By (3.3), the space R, = Lﬁ(R*, V,)(r € R) is a Hilbert space of V,-valued functions on R* with
the inner product and norm

M 1)y = f u($) (A3, (s), Asnh(s))ds,

- Vo', n, n, eV,

715, = f u(s)(An'(s), ATn' (s))ds,
0

and on R, ,, the linear operator —d, has domain
D(=0,) = {n' € H,(R", V) : 7" = 0} where H,(R",V,)={yf' : 1/'(s), 0,11 € Ly(R", V,)}.

Definition 3.1. Given 7 € R,w € Q, T > 0,uy € H*R"), u1p € L*R"), and ° € R, a function
z2(t) = (u, u;, ") is called a (weak) solution of (3.2) if the following conditions are fulfilled:

1 u(,r,w,up,u1p) € L7, 7+ T:;H*R") n C([r,t + T],L*(R") with u(r,T,w, Up,Up) =
o, (-, T, , Uy, 1 0) € L¥(1,7 + T; L*(R™) N C([1, 7 + T1, L*(R™)) with u,(1, T, w, ug, 19) = uy and
nC,nwn’,s) € L™(1,7+ T;R,0) N C([7,7 + T1, L*(R") with 7' (r, 7, w, 1°, 5) = n°.

(1) u(t, 7, -, ug, ur ) : Q — H*R") is (F, B(H*(R"))-measurable, u,(t,7, -, ug, u1 o) : & — L*(R") is
(F, B(L*(R"))-measurable, and n'(t, 7, -, °, 5) : Q = R, is (F, B(R,»)-measurable.

(iii) For all £ € C=((r,7 + T) X R),

T+T T+T T+T
- f (uy, &)dt + af (uy, &)dt + f (Au, Aé)dt

0o T+T T+T
+ f ,u(s)(Azn’(s), &ds + vf (u, &)dt + f f S (x, u(t, x))é(t, x)dxdt
0 T T Rn

T+T T+T
= f (g(t, x),&)dt + f f h(t, x, u(t, x)){s(6,w)E(t, x)dxdt.
T T R~

In order to investigate the long-time dynamics, we are now ready to prove the existence and
uniqueness of solutions of (3.2). We first recall the following well-known existence and uniqueness of
solutions for the corresponding linear plate equations of (1.1)(see [34,35]).

Lemma 3.1. Let uy € H*(R"),u;y € L>*(R") and g € L'(r,7 + T; L*(R")) witht € Rand T > 0. Then
the linear plate equation

Uy + au, + A’u + f u(HA*(u(t) —u(t — s))ds +vu=g(t), t<t<t+T,
0

with the initial conditions
u(t) = up, and u(t) = u,

possesses a unique solution (u,u,,n") in the sense of Definition 3.1. In addition,
ue C([r,7+T1, H*R"), u, € C([r,7+ T1,L*(R")) and 1’ € C([7, 7+ T],R,.,)

and there exists a positive number C depending only on v (but independent of T, T, ug, u1 o and g) such
that for all t € [t,T+ T],

T+T
()l 2@y + Nl O+ 1712 < Clluol |2y + ol +f llg(®lld?). (3.9)
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Furthermore, the solution (u,u;,n'") satisfies the energy equation

d <
E(Ilutll2 + | Aull® + Vlull* + ||n'||i,2) = =2allu|* + f & ONIAT Pds + 2(g(t), uy), (3.10)
0
and

d
70, (D)) + a(u(t), u (1)) + IAuUI? + (7' (5), @)z + V@I = DI + (8(0), u(@)),  (3.11)

for almost allt € [t,7+ T].

Theorem 3.1. Let T € R, up € H*(R"),uy9 € L>(R") and n° € Ry Suppose (3.3)-(3.8) hold, then:

(a) Problem (3.2) possesses a solution z(t) = (u, u;, ") in the sense of Definition 3.1;

(b) The solution z(t) = (u,u;,n') to problem (3.2) is unique, continuous in initial data in H*(R") x
L*(R") X R,,,, and

ueC(r,t+T],H*®R"), u, € C(r,t+T],L*R") and n'eC(r,t+ TT,R.»). (3.12)

Moreover, the solution z(t) = (u, u,,n') to problem (3.2) satisfies the energy equation:
d 2 2 2 12 2
d—t(lluzll +lull” + [[Aull” + 71l +2 | FCx,u(t, x))dx) + 2a|lu|

Rn

= f i # (OIAT IPds + 2(g(0), w) + 24s(0,w) | At x, ult, )uq(t, x)dx (3.13)
0

Rn
for almost all t € [t,7+ T].

Proof. The proof will be divided into four steps. We first construct a sequence of approximate
solutions, and then derive uniform estimates, in the last two steps we take the limit of those approximate
solutions to prove the uniqueness of solutions.

Step (i): Approximate solutions. Given k € N, define a function 77, : R — R by

s, if —k<s<k,
m(s) =4 k, if s>k, (3.14)
-k, 1if s < —k.

Then for every fixed k € N, the function 7, as defined by (3.14) is bounded and Lipschitz continuous;
more precisely, for all s, 51,5, € R

m(0) = 0, Im(s)l < [s| and [m(s1) — me(s2)l < |1 = 2. (3.15)
For all x e R"and ¢, s € R, denote
Jie(x, ) = f(x, (), Filx,s) = f Sfielx, rydr and Iy (t, x, s) = h(z, x, qi(5)). (3.16)
0
By (3.4) we know that there exists ky € N such that for all |s| > ky and x € R”,

f(x, 5)s >0, (3.17)
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thus, for all k£ > ky and x € R",
filx, k) >0,  filx,—k) <O0. (3.18)

By (3.5)-(3.6), (3.15)-(3.16) and (3.18) we know that for all s, s;, s, € R and x € R",
|fiCx, 51) = fi(x, $2)l < ar(@p(x) + [s1]” + [s2l”)ls1 = s2l, Yk 2 1, (3.19)
and
Fi(x,8)+¢1(x) 20, Yk >k (3.20)
By (3.19) we get that for all s € N and x € R",

IFi(x, )| < ar(@)lsl® +[s”*?), Yk>1. (3.21)
By (3.7)-(3.8) and (3.15)-(3.16) we obtain that for all k > 1,¢, s, 51,5, € Rand x € R",

|hk(ta X, S)l < a’2|S| + (102(t’ X), (322)
|h(t, x, 81) — hi(2, x, 52)| < asls) — sal. (3.23)

By (3.3) and (3.15)-(3.16), we find that for all k € N, s, 51, s, € N and x € R",

|fi(x, $)I < ark(ep(x) + k), (3.24)
|fi(x, 1) = filx, 2)] < @1 (p(x) + 26P)|s1 = 5. (3.25)

For every k € N, consider the following approximate system for uy, 17; :

%uk +aZuy + Auy + fooo u()A* i ($)ds + vy + fi(-, ui)
=8, 1) + (1, -, w)gs(bw), t > 7, (3.26)

w(t) = ug, Gu(t) = w10, M(x,8) =0, 5).

From (3.23)-(3.24), ¢ € L*(R") and the standard method (see, e.g., [11]), it follows that for
eacht € R,w € Quuy € H*(R"),u19 € L*(R") and ° € R, problem (3.26) has a unique global
solution (ux, 0,ux, ;) defined on [7, 7 + T'] for every T > 0 in the sense of Definition 3.1. In particular,
ui (-, T, w, up) € C([1, 7+T], H*(R")) and u;(t, 7, w, up) is measurable with respect to w € Q in H*(R") for
every t € [t,7+T1; (-, 7, w, up) € C([1,7+T], L*(R™)) and 8,u;(t, T, w, up) is measurable with respect
to w € Qin L*(R") for every t € [1,7 + T1; 7.¢. T, w,n0,8) € C([1, 7+ T1],R,) and 1 (z, T, w, 70, 5) is
measurable with respect to w € Q in R, for every ¢ € [7,7 + T'] Furthermore, the solution u; satisfies
the energy equation:

d
E(Ilazukll2 + Vlleeel P + N1 Awel P + g7 5 + 2f Fi(x, wi(t, ))dx) + 2010
Rﬂ

= f 1 ONATIPds + 2(8(1), D) + 245(0,w) f i (2, x, wi(, x))0,ui (2, X)dx (3.27)
0 R”
for almost all ¢ € [7, 7 + T]. Next, we use the energy equation (3.25) to derive uniform estimate on the
sequence {uy, O, 12 ;.-

Step (ii): Uniform estimates.

AIMS Mathematics Volume 7, Issue 10, 18497-18531.
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For the last term on the right-hand side of (3.25), by (3.21) we have

2056,w) | h(2, x, ug(t, x))0u(t, x)dx

N
s2|§5(9,w)|(a2 f (1, %) - 1By (t, )ldx + f |¢z(r,x>|-|atuk<r,x)|dx)

R» Rn
<O @l + (1 + eI + e dlP). (3.28)

By Young’s inequality, we get
2(8(0), Q) < 110 DI + g DI (3.29)
By (3.27)—(3.29) together with (3.3), it follows that for almost all # € [1,7 + T,
d
E(Ilr'i’tukll2 + el P + Al + g1 + Zf F(x, u(t, X))dx) + 2|0,
R)l

< e1(1 + 1))l DI + 10, (DI + @)l - 2 DI + 18I, (3.30)

where ¢; > 0 depends only on a;, but independent of k.
By (3.20) and (3.30) we obtain

d
a,—t(llﬁtukll2 + Vil + 1Al P + 1l + 2f Fi(x, u(t, x))d x)
Rn

<er(1+ @)D U0 + VDI + N1 Awgl® + g2 5 + 2f Fi(x, u(t, x))dx)
Rn
+ 15,0 - g2 I + 2¢1(1 + sB)DllnllLs ey + DI, (3.31)

where ¢, > 0 depends only on v and a,, but independent of k.
Multiplying (3.31) with e™ b+16@@dr 30 d then integrating the inequality on (7, f), we have

18:1al1® + llul > + 1A ® + 1%, + 2[ Fie(x, (2, x))d x
R}'l

't
et A oI 4 vl + 18wl + 1 + 2 f Filx. up(0)dx)
R)’l

!
+ f e LGOI (17, )] - lpa(IP + 2¢1(1 + IZBw)Dl@i sy + 18(SIP)ds. (3.32)

By (3.21) we get, forall k > 1,

2 |Fk(x, up(x)ldx < 2a1(||()0||L°°(R”)”uO||2 + ||M0||ZT+22(R,1))
Rn
< 201 =gl + lloll2, ) (3.33)

By (3.32)-(3.33) imply that there exists a positive constant c¢3 = ¢3(7, T, ¢, @1, ¢2, 8, W, 0, a1, v) (but
independent of k, ug, u; o) such that forall € [r,7+ T] and k > 1,

18:1ailI® + Al + 1A ® + 17, + 2f Fie(x, (2, x))d x
Rﬂ
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p+2

2 012
<cz + c3(1+ [l oll” + Hleeol [ oy + 117711 2),

which along with (3.20) show that for all # € [7,7 + T] and k > kq,

18:1al1® + Al + 11 AP + lgI7 , + 2f Fie(x, u (2, x))d x
R}'l

<e3+ 20l + es(+ ol + ol + 1°1E.). (3.34)
thus,
{up}2, isboundedin L (r, 7+ T; H*(R")), (3.35)
{0}, isboundedin L¥(r,7+T; LX(R™M)). (3.36)
(M}, isbounded in L¥(t,7 + T;R,0), (3.37)

By (3.19), there exists a positive constant ¢4 = c4(p, n, @) such that
f |fiCx, ue(t, x)Pdx < 64( lp(OPdx+ | lug(t, x)lz("“)dx),
Rn R}l Rn

which along with the embedding H*(R") — L*P*D(R") and the assumption ¢ € L*(R") implies that
there exists ¢s = c¢s5(p, n, a1, ¢) > 0 (independent of k) such that

s 1t 0Pl < {1+ IR ) (3.38)

Ri‘l

By (3.35) and (3.38) we see that
{fiC,w))y, isbounded in L*(z,7 + T; L*(R™)). (3.39)

By (3.22) we get
f e, x, ui(t, )Pdx < 20l + 2llea(01P,
Rn

which together with (3.35) shows that
(-, )}, is bounded in  L*(r, 7 + T; L*(R")). (3.40)

By (3.35)—(3.37) and (3.39)-(3.40), it follows that there exists u € L*(r,7 + T; H*(R")) with du €
L¥(1, 7+ T; L*(R"), &k, € L*(t,7+T; L>(R"), k2 € L*(t, 7+ T; L>*(R")),v"*T € H*(R") and v{*T e L>(RY)
such that

uy — u weak-star in L¥(t,7 + T; H*(R")), (3.41)
Ay — du weak-star in L¥(t, 7 + T; L*(R")), (3.42)
n, — 1 weak-starin L¥(7,7 + T;R,»), (3.43)
fil-,u) — ky weakly in L*(t,7 + T; L*(R"), (3.44)
hi(-, -, u) — k» weakly in L*(tr,7 + T; L*(R")), (3.45)
u(t+T) = v weakly in H*(R"), (3.46)
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Ou(t +T) — vI*T weakly in L*(R™). (3.47)
It follows from (3.41)-(3.42) that there exists a subsequence which is still denoted u;, such that
ur(t, x) = u(t, x) for almost all (z,x) € [t,7+ T]xR". (3.48)
By (3.15) and (3.48) we get that for almost all (¢, x) € [7,7 + T] X R”,

(i (2, X)) = u(t, )| < |mieCaage(2, %)) = i, X)) + e, %)) = u(z, X))

<lu(t, x) — u(t, x)| + | (u(t, x)) — u(t, x)| - 0, as k — oo. (3.49)
By (3.49), we have

fi(x, ui (t, x)) = f(x,u(t,x)) for almost all (¢,x) € [r, 7+ T]xR", (3.50)

hi(t, x, ui (2, x)) = h(t, x, u(t, x)) for almostall (¢,x) € [r,7+ T]xR". (3.51)

It follows from (3.44)-(3.45), (3.50)-(3.51) that

fi(,u) = f(-,u) weakly in L*(t,t + T; L*(R")), (3.52)
hi(e, - ug) = h(-,-,u) weakly in L, 7+ T; LZ(R”)). (3.53)

Step (iii): Existence of solutions.
Choosing an arbitrary £ € C3’((7, 7 + T) X R"). By (3.26) we get

T+T T+T T+ T T+T
- f (Oui, &)dt + a/f Oy, E)dt + f (Auy, Aé)dt + vf (uy, &)dt

T+T T+T
f f H() (AP (), f)del+f JieCx, ui(t, x))é(1, x)dxdt
T R®

:f (g(1), &€)dt +f f hi(t, x, ui (¢, x))s(0,w)E(¢, x)dxdt. (3.54)
T R”

Letting k — oo in (3.54), it follows from (3.41)-(3.43) and (3.52)-(3.53) that for any & € C3((7, 7 +

T) X R"),
T+T T+T T+T T+T
- f (uy, &dt + a/f (uy, &)dt + f (Au, Aé)dt + vf (u, &)dt

+T
f f ,u(s)(A217t(s) &)dsdt + f f(x, u(t, x))é(t, x)dxdt

T+T
:f (g(1), &)dt +f f h(t, x, u(t, x))(s(6,w)E(t, x)dxdt. (3.55)

Notice that
ue L™, 7+ T; H*(R") and du € L=(r,7 + T; L*(R")). (3.56)
By (3.56) we obtain
h(-,-,u) € L*(t,7 + T; L*(R")). (3.57)
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We claim that
f(,u) belongsto L™(t,7+ T;L*(R")). (3.58)

In fact, by (3.5) we obtain that there exists some ¢ = c¢(p, 1, @1, ¢) > 0 such that

1 NI < 203 (Pl o [ + NI )

2 2(p+1)
< sl + [u@IZLE).

which along with (3.56) to obtain (3.58).
By (3.54)—(3.58), we can get

u, belongsto L*(r,7+T;H*R")), (3.59)

where H~2(R") is the dual space of H*(R").
Next, we prove (u, u,, ') satisfy the initial conditions (3.2),.
By (3.26), we get that for any v € C7(R") and € C([r,7+ T)),

T+T
f (e (), V"' Odt + Quu(t + T), W (T + T) = (ue( + T), ' (T + T)
T+T T+T
+ (uo, VW' (T) = (1,0, Y(T) + @ f (O (1), VIY()dt + f (Au(1), Av)(r)dt
T+T 00 T+T
+ f fo H() A (s), vig(Ddsdt + v f (ur(0), v)gp(1)dt
T+T

+ f f S G, wi (2, x))v(x) W (t)dxdt
T R”

T+T T+T
= f (g(®), vIy(t)dt + f f hi(t, x, ug(t, x))s(6,)v(xX)Y(t)dxdt. (3.60)
T T R?

Letting k — oo in (3.60), by (3.41)-(3.43), (3.46)-(3.47) and (3.52)-(3.53) we obtain, for any v €
Cy@R") and ¢ € C*(r,t+T),

T+T
f @, " @Odt + VT v+ T) = 0T o/ (r + T)
T+T T+T

+ (uo, VIV (1) = (1,0, VIY(T) + af (Ou(®), vy(t)dt + f (Au(®), Av)y(t)dt

T+T 00 T+T
+ f f u(s) (A (s), vI(t)dsdt + vf (u(t), vy (t)dt

T 0 T
T+T

+ f f SO, u(t, x)v(x)yw(t)dxdt
T R”

T+T T+T
= f (g(®), vy(t)dt + f f h(t, x, u(t, x))ls(6,)v(x)Y(t)dxdt. (3.61)
T T R®

By (3.55) we get that for any v € C§°(R"),

%(u,, v) + a(u,v) + (Au, Av) + f"" ,u(s)(Aznt(s), vyds + v(u,v) + f f(x, u(t, x))v(x)dx

0 R
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=(g(),v) + f h(t, x, u(t, x))s(6,w)v(x)dx. (3.62)

R

By (3.62) we find that for any v € C3(R") and ¢ € C*([7, 7 + T)),

fHT(u(l), ' (Odt + Qu(t + T),vp(t+T) — (u(t+ T),v¥/'(t+ T)
+ (u(t), v¢'(t) = (Qu(1), V(1) + fT+T((9,u(t), VY(t)dt + fT+T(Au(t), Av)(t)dt
. [ - [ @) wdsdr +v [ " . e
+ fT+T fRn fOx, u(t, x)v(x)W(t)dxdt
= fHT(g(t, D, VU (Hdt + fHT ‘[Rn h(t, x, u(t, x))s(0,w)v(x)y(t)dxdt, (3.63)

together with (3.61) to obtain, for v € C;(R") and ¢ € C*([r,t+T)),

O+ T) = T (T + T) + (o, vIY'(7) — (0, VY(T)
=0T+ T), V(T +T)— T+ T), V' (T +T)+ (u(t), W (1) — (0;u(T), vIY(T). (3.64)

Let ¢ € C2([r,7 + T]) such that y(r + T) = /(t + T) = ¢/(7) = 0 and y(7) = 1, by (3.64), we have
@u(T),v) = (ur,v), ¥ veCTR. (3.65)

Let ¢ € CX([r, 7 + T]) such that y(r + T) = ¢/(t + T) = (1) = 0 and /(1) = 1, by (3.64), we have
W(T),v) = (up,v), Y veCTRY, (3.66)

which together with (3.65) that (u, u;, ") satisfies the initial conditions (3.2),.
Through choosing proper ¢ € C?([r, 7 + T]), we can also obtain from (3.64) that

u(t+T)=v"", and Su(r+T)=v"",

which along with (3.46)-(3.47) implies that

u(t+T) - u(t +T) weakly in H*(R"), (3.67)
Au(t +T) = du(t + T) weakly in L*(R"), (3.68)

thereby,
n(t+T) - n'(t+T) weakly in R,,,. (3.69)

Similar to (3.67)-(3.69), one can verify that for any ¢ € [7,7 + T,

ue(t) = u(r) weakly in H*(R™), (3.70)
A (1) — Ou(r) weakly in L*(R"), (3.71)
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n, — 1 weakly in R,,. (3.72)

By (3.70)—(3.72), we get the that (u, u,, 1) is a solution of (3.2) in the sense of Definition 3.1.
Step (iv): Uniqueness of solutions.
Let (w1, (u1);, 7)) and (u, (u2), 175) be solutions to (3.2), denote v = u; — up, 7' = 0| — 15, Then we
have
Vi + av, + A% + [T p($)A2 (s)ds + v

= f(7 uZ) - f(7 ul) + (h(t7 ) ul) - h(ta K uz))gé(gtw)’ (373)
v(t) =0, vi(r)=0.
by (3.10), we get

d
Zt(HVtH2 + AV + 17 (DI, + vIvIP)
= = 2alvl* + 2(f (- u2) = FCowr)sve) + 2(h(t, - uy) = h(t, -, u2), v) L5 (Orw). (3.74)
Since HA(R") — L*P*D([R") for 0 < p < -4, by (3.5), we get

1fCou2) = fCuDll < anllellzmnlvll + ar(lullye g + 2l g IV

and hence

2(f(a I/lz) - f(’ Ml), vt)
<2/ fCu2) = fCunllllvill

2 2
Sa’l(||‘10||lf’°(R”) + ”ulHI;IZ(Rn) + ||u2||1;12(Rn))(”v”HZ(Rn) + ”vl” ) (375)

By (3.8) we get
Z(h(t, " ul) - h(t, K u2)’ vt)gé(etw)
<lA(z, -, u) = h(z, -, u)ll[vl[1s(6rw)]
23| vl[lIvelllZs(6rw)l
<az (VI + Il G.w)l. (3.76)

It follows from (3.74)—(3.76) that

d _
E(IIV:II2 +IAVIP + 117 (I 5 + VIVIP)

<c7(1 + Nl gy + a2l JAVAE + HAVIE + 17N o + VIVIP), (3.77)

where ¢; > 0 depends on 7 and T. Since u;,u; € L*(r,7 + T; H*(R")), then applying the Gronwall’s
lemma on [7, 7+ 7], we can obtain that the uniqueness of solution as well as the continuous dependence
property of solution with initial data. O

We now define a mapping @ : R* x R X Q x HA(R") X L*(R") X R,.» — H*(R") x L*(R") X R, such
that for all 7 € R*, 7 € R, w € Q and (ug, u1 0, 7°) € H*(R") x L*(R") X R,,2,

D(t, T, w, (o, U190, %)) = (Ut + 7,7, 0_rw, uo), ;(t + T, T, 0_cw, 1 0), 7' (t + 7,7, 6_c0,1°, 5)),  (3.78)

where (u, u;, ") is the solution of (3.2). Then @ is a continuous cocycle on H*(R") x L*(R") x R, over
(Q9 ¢9 P’ {QZ}IER)'
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4. Uniform estimates of solutions

In this section, we derive necessary estimates of solutions of (3.2) under stronger conditions than
(3.4)-(3.8) on the nonlinear functions f and h. These estimates are useful for proving the asymptotic
compactness of the solutions and the existence of pullback random attractors.

From now on, we assume f satisfies: for all x € R” and s € R,

f(x, 8)s —yF(x,5) > ¢3(x), 4.1)
F(x, )+ @1(x) > aqls|”?, 4.2)
10, f(x, ) < sl + ¢, [0.f(x,5)| < @alx), (4.3)

where p > Oforl <n <4and0 < p < ,1474 forn > 5, v € (0,1], a4, ¢ are positive constants,

@3 € L'(R"), and ¢4 € L2 (R") N L™(R™), ¢ > 0 will be denoted later.
By (3.5) and (4.1) we get that for all x € R" and s € R,

YF(x,5) < a15%0(x) + a1|sl” = p3(x). (4.4)
Assume the nonlinearity 4 satisfies: for all x e R" and 7, s € R,

Az, x, $)| < @s(xX)]s] + pe(x), 4.5)
|0,h(t, x, 5)| + |0sh(t, x, 5)| < @7(x), (4.6)

where ¢5 € L*(R") N L2+147(R"), @6 € L*(R"), and ¢7 € L>(R") N L™(R").
Let D be the set of all tempered families of nonempty bounded subsets of H*(R") x L*(R") x Ryo.
D ={D(1,Q) : T € R, w € Q} is called tempered if for any ¢ > 0,

lim e “||D(t — 1, O- )l 2 @myxr2@mxr,, = 0,

f—+00
where ”D”HZ(R")XLZ(]R")X‘R,,; = zug lE ||H2(Rn)><L2(Rn)xm#,2-
€

Undera > 0,v> 0,0 > 0,@w > 0andy € (0, 1], we can choose a sufficiently small positive constant
€ such that

2¢ 3 3 1 1 1 1
& < min{l, v, ?a’ EQ, ?Q}, 501 —-2e— §87 >0, v— ivy —&a+ gszy > 0,
1 2
y—g—sa+~e>0, 1-2-2Z%.y, 4.7
2 2 0
We also assume
f e|g(s)Pds < o0, ¥ T ER, (4.8)
oo )
. —ct Leys 2
lim e f e**|g(s —p)|lids =0, forV c>0. 4.9)
t—+00 oo

Lemma 4.1. Let (3.3)—(3.5), (3.8), (4.1)-(4.2) and (4.5)—(4.8) hold. Then for any T € R,w € Q and
D € D, there exists T = T (1, w, D) > 0 such that for all t > T, the solution of (3.2) satisfies

2 2 0 2
”ut(Ta T— ta 9_7-(,(), ul,O)” + ”u(T9 T— t9 0_7-(1), uO)”HZ(Rn) + ”nt(Ta T— t’ 9_7-(,(), 77 ) S)”#,z
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-

Ley(s— 2 2 0 2
+f e (s, T = 1,070, w I + (s, T = 1,010, o)l ey + 17 (5,7 = 1,00, 7°, I} 5)ds
Tt

0
<M, + M, f (1 + |lg(s + DIP + 1s(0,) 0 )ds,

(o)

where (ug, uy 0, n°) € D(t — t,0_,w) and M, is a positive constant independent of T, w and D.

Proof. By (3.11), (3.13), (4.1) and (4.10) we obtain, for almost all ¢ € [r,7 + T],

d
E(nu,nz VIl + AU + 12, + 2 f F(x, ult, x)dx + e(u, u,>)
Rn

+ Qa - &)llull* + sau, u) + ellAull* + (' (s), u(t)),.2

—f 1 (NIARPds + &vl|ull? +87fF(x, u(t, x))dx
0 R

<ellpslloin + (8(1) + ht, -, u()E5(O,w), &u + 2uy). (4.10)
By (3.3), (4.2) and (4.5) we have
2
07 (s), u()y2 > =S 1}, - %nAunz, (4.11)
4.12)

- fomu’(S)llAn’llzds > ollrII; -
(8(t) + h(t, -, u()s(O,w), su + 2u,)
<(llg@Il + Az, -, u(@®){s(Gr)lD(Elluell + 2Jul])
S%«‘Evllull2 + allul’ + (@' + %SV_I)(llg(t)ll + (|t -, u)Zs(B,w)I)
Sl«wllull2 + allul’ + Q" + e OIIgOIP + Ra! + v DI, -, u(®)sGw)IP
Slsvllull2 +allul’ + 2 + ey DIIgOIP +2Qa" + &v HILs(0w) P llgs|
+2Qa + ev HGOWIP | lesOPut, x)Pdx

Rn

1 a B 1
s58v||u||2 +allul* + Qat + ev HlIgOIF + c1les(Gw) + RAL f lut, x)|"*2dx
Rn
4 4
+ @) | s rdx
Rn

1 3 B 1
Siewlull2 + allul® + Qo™ + ev g + cilsGw)* + 36V f F(x, u(t, x))dx
R

1 4
+ 3evlillL e + csles(w)*Hr

1 _ _ 1 4
SE&/IIMII2 +allu]? + 2a”" +ev DI + §8YfF(x, u(t, )dx + ea(1 + GO, (4.13)
R

where ¢4 > 0 depends on a, v, , €.
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It follows from (4.10)-(4.13) and rewrite the result obtained, we have
d
E(Iluzll2 +Vlull® + 11 Aull® + 1In'I[%, + 2f FQx, u(t, x))dx + &(u, u;))
Rn
1
+ 78Ul + Vil + IAul” + o7l » + 2f Fx, u(t, x))dx + e(u, u,))
R’l
1 1 1 1 1
(@ —e= eyl + el - 7y - %)nAunz +5Ge = enlinlf, + 31 = 2yl

4 1
<es(1+ g +145Bw)*7) - sl - 757 ur)), (4.14)

where ¢s > 0 depends on @, v, 7, €.
For the second term on the right-hand side of (4.14) we get

—&(a - %87)(”, U))
<e(a - }LSY)IIMIIIIMIII

1 1 1 1
SESZ(G - Zé?)’)llull2 + 5@ - ZSV)IILtzIIz. (4.15)

By (4.14)-(4.15) we get
d
d—t(lluzll2 +Vull® + Aull® + 11711, + Zf F(x, u(t, x))dx + &(u, u,))
Rn

1 1 1
+ ZEV(IIM:II2 + vllul® + 11 Aull® + 2f Flx,u(t, x))dx + e(u, u) + (G — & = gé?)’)lluzll2

Rn

1 1 1 1 1
+e(l -2y - %)IIAMIIZ + G0 = enl I, + 580 = 3vy = sa+ 2yl

<cs(1 + I8P + ZOw) 7). (4.16)

Multiplying (4.14) by €3 and then integrating the inequality [T — ¢, 7], after replacing w by 0_,w, we
get

(7, 7 = 1, 6_w, uy )|I* + Vu(z, T — t, 6_rw, up)|I* + |Au(r, T — t, 6_rw, up)||*
+ 7' (@1 = 1,60, 7°, 9)I[, + 2 f F(x, u(t,7 = 1,61, u))dx

Rn
+ 8(”(7-5 T— t’ 0_1-(1), uO)a ut(T’ T— t’ 0_7-(,(), ul,O))

1 1 i
t(Ga—e- gewf et (s, T = 1,0_r, 1 0)|*ds
Tt

1 T ,
+e(l - 4_17 — _wa)f ei'”(“‘T)llAu(s,T -1,0_ 0, M0)||2d5
Y T—t
1 T
+ 7060 -¢7) f 3Ny (1,7 — 1,60_w,11°, 5|2 1dls
Tt
1 1 1, T st 2
+—e(v— vy —¢ea+ -€7y) e N u(s, T — t, 0_rw, up)||°ds
2 2 4 Tt
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-1 2 2 2 012
<e 4‘”’(|Iu1,o|| + Vlluoll” + | Auoll” + [In II,,,2+2f F(x, uo)dX+8(uo,u1,o))
R)‘I

. f e%‘%—f)(l FlgIP + |§5<9s_7w>|2+%)ds. 4.17)

—t

For the first term on the right-hand side of (4.17), by (4.4) we get

_1 2 2 2 0112
e 4’”’(Ilu1,o|| + Vlluoll” + lAuoll” + llm°1l,,» +2f

F(x,up)dx + &(uy, Ml,o))
R}'I

<o (1t ol + ol + ol + 1)
<cre (1 + ||D(t — 1, 0,0)IP*?) > 0, as t — co. (4.18)
By (4.7) we get
le(u(t, T — t,0_rw, up), u, (1,7 — t,0_rw, u; o))

1 1
<5elu(r,r 1,00, up)|I* + Sellu(, T = 1,60, uro)lI*
1 2 1 2
SEVIIM(T,T —1,0_w, up)||” + Ellut(T,T —1,0_rw, up)ll,

which along with (4.2) and (4.18) that for all > T,
1 1
ST = 1,60, ur o)l + Ve, 7= 1,00, up)l* + Au(z, T = t, 6_.w, up)|*

1 1 T i
+ ||nt(‘[', T—1, 0—7(1.), r]O’ S)||/21,2 + (za — & — gs’)/) f e%sy(A—T)llut(s,T —t, 9_7(1), ul,O)”st
Tt

1 T
+e(l - e w_s)f ) Aus, T — 1, 0_cw, up)|Pd's
Y T—t

1 T

+ 1(39 —&y) f e%SV(S_T)Iln’(s, T—t,0_w,1°, S)||,2,,2ds
Tt

1

1 1 T
+ —s(v— =vy —ga + —&y) f eisy(s_ﬂllu(s, T —1,0_.w,up)|*ds
2 2 4 —t

0
<1+ 2”901”1)(]1@) + C;5 f

—00

eim(l T lgls + DI + |§5<9sw)|2+%)ds.

Then the proof is completed. O
Based on Lemma 4.1, we can easily obtain the following Lemma that implies the existence of

tempered random absorbing sets of @.

Lemma 4.2. I (3.3)-(3.5), (3.8), (4.1)-(4.2) and (4.5)-(4.9) hold, then the cocycle ® possesses a closed

measurable D-pullback absorbing set B = {B(t,w) : T € R,w € Q} € D, which is given by

B(t, ) = {(ug, ur0,7") € H*R") X L*(R") X Ry + ol oy + Ntrol + 1170115, < LT, @)}, (4.19)

where o

L(t,w) = M, +M1f

—00

e%M(l T ligls + DI + |§5(95w)|2+%)ds.
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In order to derive the uniform tail-estimates of the solutions of (3.2) for large space variables when
times is large enough, we need to derive the regularity of the solutions in a space higher than H*(R").
Lemma 4.3. Let (3.3)—(3.5), (3.8), (4.1)-(4.2) and (4.5)—(4.8) hold. Then for any T € R,w € Q and
D € D, there exists T = T (t,w, D) > 0 such that for all t > T, the solution of (3.2) satisfies

1 3 1
”AZMI(T’ T—1, H—Tw’ ul,O)”Z + ”AZM(T’ T—1 G—Ta)’ M0)||2 + ”AZ]][(T, T—1, H_T(.U, 770, S)”,iz

-
Lo 1 3
+ f ezg)/(" T)(||A4ut(S’ T—1, 0_-1-(,(), ul,O)”2 + ||A4M(S, T—1, 9_7(1), MO)”z)dS
—1
T - l
+ f e (|ATY (5,7 = 10w, 0", 91,
Tt

0
<M, + M, f e (1 +|g(s + DI + 15(0sw)Pds,

where (ug, uy0,1°) € D(T — t,0_,w) and M, is a positive number independent of T, w and D.

Proof. Taking the inner product of (3.2); with Azu in LA(R"), we have
d \ oo
E(A%u,,A%u) + (A%, Adu) + ||Aul? + (f (A (s)ds, Azu) + VAT ul? + (F(x, u), ATu)
0
=||A%Mt||2 + (g(®) + h(z, -, u)(a(Htw),A%u) (4.20)
Taking the inner product of (1.1); with A%u, in L2(R"), we find that
L IAS I + AP + A R + 1A
dt ! T2
= f f (A Pds = 20| ATwlP = 2(F (x, 1), AZuy) + 2(8(0) + ht, - w)s(w), ATy (4.21)
0
By (4.20) and (4.21), we get
d{ 1 5 . ER Lo 1 1 19
E(”A“'tt” + VA ull” + A ull” + A7l » + 8(A4MI,A4M)) + Qa - e)llA%ul|

+ (AT u, ATu) + £l AT ull> + &( f (s)A2n(s)ds, AZu) — f f (A |Pds
0 0

+ eVl Aiul? + e(f(x,u), A2u) + 2(F(x, u), Alu,)
=(g(t) + (1, - )s(Ow), AT 1 + 2A%u,). 4.22)

By (3.3), (4.5), (4.6) and Lemma 4.1, we have
00 2
weE 3
& f u(HN (s Atu) = ~S)Aty I, - =t (4.23)
0

- f © (N |Pds > ollAS|2,, (4.24)
0

(g(t) + h(t, -, u(t))5(O,w), eAZu + 2A ;)
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<(lg®lly + WAt, - u@)s @) ENAT ull + 2|AZ u]l)
1 | | 1
sisvnAZunz + oA + (@ + 5sv“><||g(t)||1 + 1ct, -, u() 25Ol )

1 1 1 _ _ - -
Sisvllz‘\‘l‘ull2 +allAiulP + o+ ev g} + Qa7 + e, - u®)Ow)IE

1
SErSVIIz‘ﬁull2 + ATl + Qat + v HgOIE + cslZsGrw). (4.25)
From (4.3) and Lemma 4.1 yields

le(f (x, 1), A2u) + 2(f (x, u), A2uy)|
af

1 1 a 1
<2 |=—(x,u) - A%u-A+u, + —f(x, u)-Atuldx
g OU ox

+sf Ia—f(x,u)-A%u‘A%u+a—f(x,u)~A%u|dx
rr OU o0x

ssz|u|P-|Aiu|-|Aiut|dx+2g |Alu|-|Aiu,|dx+2f 4l - |ATuldx
Rn

n

R

+8Lf|u|P-|Aiu|-|Aiu|dx+sgf|Aiu|-|Aiu|dx+g \al - |A% uldx
Rn

Rn R?l
p 1 1 1 1 g 1 o, 4 2
<24|ull”,, '||A4u||L10'||A4uz||+2§||A4u||'||A4uz||+ZIIA“utll +§”"D4”
L3
» 19 1 n € 1 5 & 2
+ edlull” - |A3ull” + egl|A7ul| +§||A4u|| +§||904||

2cp+1L2

1 3
<ellATu|* + LP||A%ul* + co,

where the definition of L see Lemma 4.2, and C is the positive constant satisfying

1 2
CllAullzz(flullodx)s, C||u||§z(f|u|‘i’”dx) v
R" R"

Choosing
2
2
0<C=imerm
thus, we get
le(f (x, 1), AZu) + 2(F (x, 1), AZu,)| < sllATu|? + gnA%unz + Co. (4.26)

By (4.22)—(4.26), we get
d
E(nAiutnz VATl + AT ul? + A2, + s(Aiut,Aim) + (@ - 2| A% w1
1 1 1 3 3 1 1
+ sa(Ahu, Atu) + o(5 - %8>||A4u||2 + ZollAb I, + SvilAul?

<cio(1 + lIgDIIF + IZ5(0,)1),
which can be rewritten as
d{ .1 1 3 1 1 1
E(nAm,n2 VATl + ATl + AT, + e(Amt,Am))
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1 1 1 3 1 1 1
+zey(IAtul? + AR + AP + |Ab 12, + oA, Adw)
1 1 e 2me Yy 3 3 1 1 e Vol
+ (@ —2e - 4—187’)||A“Mt||2 + 5(1 o §)||A“M||2 + Z(Q - 58)’)”14477’“;24,2 + 5"(1 - §)||A4M||2
1 1 1
<cio(1 + llgOI} + 1:Bw)) - &l — 187)(144%144”)- (4.27)
For the last term on the right-hand side of (4.27) we have
1 1 1
—&la - 18’)’)(14414“144”)
1 1 1
<&(a - ZSV)HA“MHHA“M:H
1 1 1 1 1 1
<38~ zenlAtul + S (@ — Zenlatulf,
which together with (4.27), we get
d 1 1 3 1 1 1
E(IIA‘%II2 + VATl + ATl + AT, + 8(A4uz,A4u))

1
# zer(IALulP + AN + 1A TP + 1A, + oA, AT0)

a 1 15 & 2me Y. 3 o, 3 1 10
(5~ 26— geplAtull”+ A - o SNAzull™+ 2o — eVt
& 14 £ 1, Lo
—(y — =y — — — A4
+ 0= 5y = Sa+ eyllAtl

<cro(1 +llgOIF + 1s(Gw)P).

Similar to the remainder of Lemma 4.1, we can obtain the desired result. ]
Lemma 4.4. Let (3.3)—(3.5), (3.8), (4.1)-(4.2) and (4.5)—(4.8) hold. Then for everyn > 0,7 € R,w € Q
and D € D, there exists To = To(n, 7, w, D) > 0 and my = my(n, 7,w) > 1 such that for all t > T,
m > mgy and (uy, Uy, n°) € D(t — t,0_.w), the solution of (3.2) satisfies

(lut(Ta T— ta 9—1'('()5 ul,0)|2 + |u(T$ T— t’ 9—‘1'(1)$ u0)|2
|x|=m

+ |Au(t, T = 1,60, up) + I7'(1, T = 1,0, 7, $)[; ))dx < 7.

Proof. Letp : R" — R be a smooth function such that 0 < p(x) < 1 for all x € R”, and

; and p(x) =1 for |x]> 1.

| =

p(x) =0 for |x| <

For every m € N, let
Pm(x) = p(x/m), x € R"

Then there exist positive constants ¢1; and ¢y, independent of m such that |Vp,,(x)| < %cn, |Ap(x)| <
Lepy forall x e R" and m € N.
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Similar to the energy equation (3.11), we have
dit fR ) P ([, (t, O + Vult, D + [Ault, ) + 17 ()]}, + 2F (x, u(t, x)))dx
+2a L npm(x)lut(t, x)dx - fR npm(X) fo Oo,u’(S)IAn’(S)Izdsdx
=—4 fR Vpu(x) - Au(t, x) - Vu(t, )dx — 2 fR Do) - Au(t, x) - w1, X)dx
-4 fR ) Vou(x) j; i u()An' (5)Vu,(t, x)dsdx — 2 fR ) Apy(x) fo i u()AN' (s)u,(t, x)dsdx
+2 fR Pl Dyt X)dx + 245(60) fR PuCO(, 2, ut, X1, X)dx. (4.28)
Taking the inner product of (3.2); with p,,(x)u in L2(R"), we have
dit fR n Pm(Xu(t, Xu,(t, x)dx + fR n Pm(X)ut, Xu,(t, x)dx + fR ,, Pm(OAu(t, x)|*dx
+ fR pu(®) fo ) p($)AR' ()Au(t, x)dsdx + v fR POt x)[dx + fR P fCxu(t, )u(t, Ndx
= fR POt x)dx -2 fR Vpu(x) - Aut, x) - Vult, x)dx - fR Do) - Aut, x) - u(t, X)dx
-2 [ Voo | s Ve, 0dsdx =~ [ 4p,0 [ (s (yutt, Vs
+ fR (Xt x) + h(e, x, u(t, X)), x)dx. (4.29)

By (4.28)-(4.29) and (4.1), we get

% ) pm(x)(lu,(t, O + (e, OF + [Autt, O + I ()2, + 2FCx, u(t, X)) + sult, )u (1 x))dx
+Qa—-¢) fR n Pm(X)|u,(t, x)Pdx + ga L n Pm(X)u(t, X)u,(t, x)dx + € L n ()| Au(t, x)*dx
te fR ) Pm(X) fo i H()AR' (s)Au(t, x)dsdx — fR ) Pm(X) fo i 1 ()|An' ()P dsdx
+ v L pulutr, X)Pdx + ey fR Pul)F (x,u(t, )dx
< fR )8t ) + h(t, x,u(t, X)) eu(t, x) + 2uy(t, x))dx — & fR pu()gs(x)dx
~2¢ fR Vpu(x) - Au(t, x) - Vu(t, x)dx — £ fR Do) - Au(t, x) - u(t, x)dx
—2e fR ) Vom(x) fo i H()AR' (s)Vu(t, x)dsdx — & fR ) Apm(x) fo i H()AR' (s)ut, x)dsdx
—4 fR Vpu(x) - Au(t, x) - Vu(t, x)dx — 2 fR Do) - Au(t, x) - w1, X)dx
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—4f Vo,u(x) fmu(s)An’(s)Vu,(t,x)dsdx—2f Ap(x) fmu(s)An’(s)u,(t,x)dsdx.
R" 0 R7 0

Similar to the arguments of (4.11)-(4.13), we have the following estimates:

2

e f pu(2) f WA (Au(t Ddsdx > - f POl pdx = == f pu(lAuldx,
R” 0 4 Jpe ’ 0 Jrn
- f Pm(X) fo 1 ($)|AR (s)Pdsdx > o f P[] Hdx,
R” R~
| f ) Pm(X)(g(t, x) + h(t, x, u(t, x)){s(6;w))(eu(t, x) + 2u,(t, x))dx|
Slsvf pm(x)lu(t,x)lzdx+af pm(x)lu,(t,x)lzdx+leyf Pm(X)F(x, u(t, x))dx
2 Rr Rn 2 Rn
+c13 fR ) Pm(X)(lg(t, O + o1 (0] + 1s(0,w)ps(x)] + I{a(Gtw)905(X)|2+147)dx,

where cy3 depends only on a, v,y and €.
By (4.30)—(4.33) we get

1 pm(x)(lu,(t, )c)l2 + v|u(t, x)l2 + |Au(t, x)I2 + |77’(s)|/21,2 + 2F (x, u(t, x)) + eu(t, x)ut, x))dx

(4.30)

(4.31)

(4.32)

(4.33)

dt Jgn
+@—8) | ot vdx + ea f Pt Vst Vdx + &(1 = =2y | pu()|Auct, x)Pdx
R» R® % R
39 112 1 2 1
+ 22| W Bodx + =ev | pu@lutt, )Pdx + =&y | pu(0F(x, ut, x)dx
4 Jo 2 27 Jen 27" )

Scmf pM(X)(lg(t,X)|2+|‘pl(X)|+|903(x)|+|§6(6tw)(’06(x)|2+|§6(91w)(p5(x)|2+2)dx
-

Cl4
+ ;(Ilull + IVl + [[ueell + (Ve | + IIUI(S)IIﬁ,z)IIAull,

where ¢4 > 0 depends only on a, v,y and &, but not on m.
By (4.34) we get

i pm(x)(lu,(t, )c)l2 + v|u(t, )c)l2 + |Au(t, )c)l2 + |77I(S)|;21,2 + 2F (x, u(t, x)) + eu(t, x)u,(t, x))dx

d t R?

4

Pm(Olus(t, ) dx + e(a - i)’) Pu(X)u(t, X)u(t, x)dx

1
+@-&--
(—¢€ 48)/) N

R~2

1 we 1
tell=gy="2) | pu0lbut, OFdx+ 2B =ey) | pu(0ln'l;dx
R R”

4
1 1 .1

+sev(l = zy) | pnOlu(t, Ol"dx + ey | pm(0)F (x, u(t, x))dx
2 27 Jan 277 )

§cl4f pm(X)(lg(t, X)|2+l(’ol(x)lﬂ%(x)l+lgé(g‘w)%(xﬂz+|§a(9tw)g05(x)|2+%)dx
R~?

(4.34)

+ lsy f pm(x)(lu,(t, O +vlu(t, OF + 1Au(t, OF + 7' ()]}, + 2F (x, u(t, x)) + sut, xuy{, x))dx
Rn
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Cl4

- lell + Vel + flael ]+ Vel + 7' (Il DlAuI, (4.35)

By Young’s inequality we get

ela - 1’}/) f Pm(X)u(t, X)u,(t, x)dx
4 R)L

1 1 11
<=&(@—=&y) | pu@lu(t,x)Pdx+ z(a - —87)f PO, X)Pdx. (4.36)
2 477 | 2477 )L

By (4.35)-(4.36) we get

% pm(x)(|ut(t, O+ vlu(t, )P + |Au(t, )P + [ ()]}, + 2F (x, u(t, x)) + sult, x)u,(t, x))dx
Rn

+ is*y pm(x)(lu,(t, X + viu(t, )c)l2 + |Au(t, )c)l2 + |U[(S)|i,2 + 2F (x, u(t, x)) + eu(t, x)u,(t, x))dx
Rﬂ

1 1 1
t(za—e—=ep) | pulut, 0Pdx + (1 = =y — 22y | pu(olAutt, x)Pdx
2 8 R” 4 Q R?

1 1 1 1
+ 530 - &y) f PO [ dx + s(v = vy —ea + =8y) | pu()lut, x)*dx
4 - 2 2 4 -

LU f (X F(x, u(t, x))dx
2% o

<(il4f Dm(’C)(Lg(t, x)|2 + |‘;01(-x)| |‘,03(X)| + |§5(91w)506(x)|2 + | 6(9t ) 5( )|2+%) X
R” C5(6,¢
Cil4 7 d

- lell + Vel + flael ] + W[Vl + 7' (Il DlAull, (4.37)

By (4.7) and (4.37) we have

% pm(x)(|ut(t, OF +vlut, OF + Au(t, OF + 7' ()]}, + 2F (x, u(t, x)) + sut, xug{, x))dx
]Rn

’ ;‘87 Pm(x)(lu,(z, OF +vlu(t, O + 1Au(t, O + 7' ()]}, + 2F (x, u(t, x)) + sut, x)ut, x))dx
Rn
§614f pm(x)(lg(t, P + 11 (0] + lo3(0)] + 1&5(6,w)6(x)* + |§6(9zw)905(x)|2+%)dx
Rn
+ 2 Q)+ 19l + )+ V]l () A, (4.38)

Multiplying (4.38) by ¢ and then integrating the inequality [T — ¢, 7], after replacing w by 6_,w, we
get

f pm(x)(lut(f, T —1,0-.0, 1 ) + Vu(t, T — 1, 0_, up)l* + |Au(r, T — t, 0w, uy)?
R}‘l
+ 17 (7.7 = 1,0_cw, 1", ), + 2F (X, u(T, T = 1,0_rw, ug)) + EU(T, T = 1, 0_rw, Uo)uy(7, T — 1, 6w, ul,o))dx

<e 1" f Pn(X) (1 o + Viuol® + |Auol” + 1n°[, , + 2F (x, ug(x)) + euo(x)uy o(x))dx
R~
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+eu f elere-o f ()15, D + 101 ()] + I (0N xds
T—t R2

+Ci f et f P05 pe(D + I5(0, - )ps(x) 7 )dxds
Tt R”

T

2c14 2

H2(R~

2

1
6157(5_7')(””(7-’ T t’ 9_7—(1), uO)” H(R™)

) + ”M[(T, T— t’ 9_70), M],())”
Tt

+ 7' (@, 7 = 1,6, 1, 9)I|3 ) )ds. (4.39)

Next, we estimate the right-hand side of (4.39). By (4.18), we know that there exists T(n, 7, w, D) > 0
such that for all t > T,

e f P ()l o + o> + [Augl® + 17°1} , + 2F (x, up(x)) + sug(ur o(x))dx <n.  (4.40)
R}’l

For the second and the third terms on the right-hand side of (4.39) we get
Cia f €370 f Pm()(&(s, VI + |1 (0] + lp3(x)dxdds
Tt R”

+Cu f £ YD f OG5 )@ (O + 15(Os-c)ps (O )dxdls
Rn

Tt

<cus f et f (g, 0P + o1+ lpa (0 d s
- |x|>5m

(%Y

¥ e f e f (125605 +) 6O + 1250 -)ps (P )dxds
- IXIZ%m

o0

0o

<cuy f ehern f (g, 9P + o1 (0] + lgs(Ddxds
- |x|>5m

]
¥ e f 4L (Ou) s f es(x)dx

00 |X|Z%ﬂl
0 1 2 4 2 4

+ C14f e+ 5(0,w)) +pdSI lps ()| dx. (4.41)
— oo |x|2%m

By (4.8) and the conditions of ¢;(x)(i = 1,3, 5, 6) satisfy, we know that there exists m; = m;(n, 7, w) > 1
such that for all m > m,, the right-hand of side of (4.39) is bounded by 7, i.e.,

i f e f (D125, D+ l1(0)] + s s
Tt R”

+c1y f eie16™0) fR n(pm(X)lé”a(Os-rw)%(X)lzv“|§a(9.v-rw)905(X)|2+%)dxds
<. (4.42)

For the last term in (4.39), by Lemma 4.1 and Lemma 4.3, we know that there exists T»(, 7, w, D) > T}
such that for all t > T,

2c14 (T

1
618)/(3_‘0(””(7-7 T—1, 9_7—(,(), MO)”
m  Jr

2
H2(R~

2

) + ”ut(T’ T t’ Q—va ul,O)”Hl(Rn)
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0 2
+ ||77[(T, T—1, H—Tw’ n, S)“ﬂ’z)ds
C
< 15

m
where c;5 > 0 depends only on @, v, 7, &, T and w, but not on m. Thus, there exists m, = my(n, 7, w) > m,
such that for all m > m, and ¢t > T,

2c14 18Y(s— ; 2
2c14 e (lu(r, T — 1, 00, ol ny + N7, T = 1,60, 11 0) 31 oy
Tt
0 2
+ ||r’t(T3 T— t’ 077'(‘()’ 77 ’ s)”/l’z)ds
E (4.43)

By (4.39), (4.40), (4.42) and (4.43) we see that for all m > m, and t > T>,
f pm(x)(h/lt(T, T-— t9 0_7-(,(), ul,0)|2 + VlM(T, T— t’ H—Tw’ l/l())|2 + |AM(T, T— ta 0_1-(,(), uO)lz
Rn
+ (T = 1,0 w1, s)IZ’2 + 2F(x,u(t, 7 — t,0_r0, up)) + eu(t, 7 — 1, 0_rw, up)u (7, 7 — t, 0_; 0, ul,o))dx

<3n. (4.44)
By (4.7) we have

€ f Pm(u(t, T —t,0_rw, up)u(t, 7 — 1,0_rw, u; p)dx

1 1
Sivf Pm(x)W(T, T— ta 9—‘['0-)’ u0)|2dx + E f pm(-x)lut(Ta T— t’ Q—Ta)7 ul,O)lde,
R’l R”l

which together with (4.2) and (4.44) yields that for all m > m, and t > T>,

1 1
f pm(x)(ilut(T’ T—1,60_w,u o) + ST = 1,00, up)* + |Au(t, T — t, 0_,w, up)|?
R’l

(T = 1,000,171, 5)2 )dx

<3n+ 2f Pm(X)p1(x)dx. (4.45)
Since ¢, € L'(R"), there exists m3 = m3(1, T, w) > m, such that for all m > ms,
2 f Pn(X)p1(X)dx = 2 f Pn(X)p1(X)dx < 2 f 1 lp1(0)ldx < 7. (4.46)
R~ lez%m [x|=5m

From (4.45)-(4.46) we obtain, for all m > m3 and t > T,
jl;lmpm(x)(%lu,(?', T—1,0_w,u o) + %vlu(r, T —1,0_.w, up)l* + |Au(t, 7 — t,0_rw, up)|*
T = 1,000,109
< Lﬂ pm(x)(%lu,(r, T—1,0_w,u ) + %vlu(r, T—1,0_w, up)]* + |Au(t, T — t,0_w, up)|*

+ 7' (7.7 = 1,0, 1, II; ,)dx
<4n.

O
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5. Existence of random attractors

In this section, we present the existence and uniqueness of D-pullback random attractors of (3.2).
Let z = (u, u;, ") be the solution of (3.2). Denote u = v + v, = i’ + n where (¥,7") and (v, ") are
the solutions of the following equations, respectively,

{ Ty + ¥, + A% + fooo u(s)A%i' (s)ds + vv = g(1), t > T, 5.0)
W) = g, TAT) = urg, (@) =1 '
and .
Vi + av, + AP + fo w(S)A2 ' (s)ds + vv = —f(x, u) + h(t, x, u)s(6,w), t > T, (52)
v(r) =0, v(r) =0, 7(1) =0. '

Lemma 5.1. Suppose (3.3), (4.7)-(4.8) hold. Then for every T € R,w € Q and D € D, there exists
T = T(t,w, D) > 0 such that for all t > T and r € [—t,0), the solution v of (5.1) satisfies

2

”‘7(7- +rT—1, H—‘rw’ uO)”Hz(R")

0
Se-%”Mz(H f e%”||g(s+r)||2ds),

~ 2 ~ 0 2
+IP(r+ 17 =100, I + 7 (r + 1,7 = 1,600,175l

where (uy, u1 ) € D(t —t,0_,w) and M, is a positive number independent of T, w and D.
Proof. From (3.10)-(3.11) and (5.1) we see that

d - g - o -
a,—t(llvzll2 + AT + 17112, + VIIFIP + (@), 7.(0))) + Qa = &)|I7I°

+ &l AT + evlITI + (1), 91(1)) + £(7f'(5), V()2 — f # (AT s
0

=(g(1), e0(1) + 20,(1))
<ellgOIIP@I + 2lg@IIT(Dl

1 1
stzllﬁ(t)ll2 +allF (I + (5 +a HlIgOII. (5.3)
In addition, we get
1 1 1
(e — 58)8@(0, V()| < 5(01 - 58)(82”?(0”2 + [F.D)IP). (5.4)
By (4.11)-(4.12) and (5.3)-(5.4) we have

d . - . - . 1 3 ..
d—t(llvtll2 + AT + 1711, + PP + 8(5(2), 5,(0)) + (e - ZS)IIWII2

2
3 1 1 1
+e(l - ?)IIMIIZ + Z2AIE, + v = 38 = 580+ 2P + 58260, (1)

1
=G+ a Hlg®IP,
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which can be rewritten as
AT+ IATIP + 171, + IFIP + e300, )
+ TP + 1AV + 171, + VIFIF + £, 7.0
+ (= 2o + el - sl + 2@ 20N + 35— £ — e + I
<G5 +a g (5.5)
It follows from (4.7) and (5.5) that
SR+ 1A + 171 + VIFIP + 50, 50
+ 3 BIP + 1A + 1717, + IFIP + (001, 7(0)
<G +a g (5.6)

Applying Gronwall’s lemma to (5.6), we get forall Tt e R, > 0,7 € [-£,0] and w € Q,

”f)r(T +7,T— ta 9_7-(,(), ul,0)||2 + ||A‘7(T +7,T— t’ 9_7-(,(), u0)||2 + ”ﬁt(T +rT—1, 0_7-(,(), 770, S)”’lzlg
+y|[p(t+r,7—-t0_10, uo)ll2 +e(V(T+r1—10_w,up),V.(T+r,17—10_w,u)H))

_1 _1 2 2 2
<e e 2 (|luy oll* + Viluoll” + lAull* + &(uo, ui 0))

1 T+r1

H5+ a He 2T f 2670 |g(5)|[2ds. (5.7)
T—t

By (4.7) we have

eW(T+r1—10_w,uy), V. (T+ 117 —10_w,uH))
S%sllfz(‘r +1,T—1,0_.0,u)l* + %sllfzr(T + 1T —t,0_w,u )l
S%vllfz(r + 17— 1 0_w,up)l* + %nv,(r + 1T = 1 0_w, up )l (5.8)
By (5.7)-(5.8) we see that forall Tt e R, > 0,r € [-£,0] and w € Q,
%IIT/,(T +r,7-10_ 0, M1,0)||2 +||AV (T +r,T—1,0_;w, uo)ll2 + 7 +rTt—1,0_ w0, 770, s)lli’2
+ %vllfz(r + 1, T =1, 0w, up)|*
<€ e (|luy ol* + Vlutol + 1 Auol® + "1 5 + £uto, 11,0))
#g+a e f,we*“‘”||g(s>||2ds. (5.9)

—t

Similar to (4.16), one can verify that

-1 2 2 2 0112
e 2 (|lur olI” + Vlluoll™ + llAuoll™ + "Il , + &(uo, u10)) = 0, as t — oo,
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which along with (5.9) yields the desire result. O
Based on Lemma 5.1, we infer that system (5.1) has a tempered pullback random absorbing set.
Lemma 5.2. Suppose (3.3), (4.8)-(4.9) hold, then (5.1) possesses a closed measurable D-pullback

absorbing set B = {B|(1,w) : T € R, w € Q} € D, which is given by

Bi(t,w) = {(uo, u10,7°) € H*(R") X LAR") X Ry : lttol 3o gy + Ntr ol +119°l 5 < Li(z, @)}, (5.10)

where 0

Li(t,w) = M, + Mgf e%‘”llg(s + T)||2ds.

—00

Lemma 5.3. Suppose (4.8)-(4.9) hold, then the sequence of the solutions to (5.1)

P T =ty O—cw, uy"), 5T, T = 1y, 0, tD), 7 (T, T = 1, O_cc0, )52

converges in H*(R") X L*(R") X R, for any T € R,w € Q,D € D,t, — oo monotonically, and

(g 1.7 ™) € D(T = 1,0, ).

Proof. Letm > n and

Vn,m(ta T—= tm Q—Tw)

=9(t, T — t,,0_r, ug')) —9(t, T — by, O_r0, ug")

=9(t, T — t,,0_r 0, u(()")) —V(t, T — ty, O, V(T — 1,, T — ty, O_ 0, ug"))

U;,m(l, T— tn, 9—7w7 S)
(On)’ S) - ﬁl(t’ T— lm’ 0—‘1"“3 n(om)9 S)

,8) = (6, T = 1y, 0, 8, 71(T = by, T = by, O_r0, O™, 5). (5.11)

=7 (t,T — t,,0_,w, 7

=i (t, T — ty, O_r0, 1O

fort>1—1t,.
by (5.1) we get

02 Vnm(D) + @OV (1) + A2, (1) + [ (A, dS + V0y() = 0, 1> T =1y,
Vn,m(T - tn) = Ugl) - ‘7(7- —In, T = Iy, H—Tw$ Mgm)), atvn,m(T - tn) = u(lr’l()) - ‘7“ (512)
Mo (T = tay ) = 1O = 7(T = 15, T = b, O_r 0, 1O, 5).

Similar to (5.9) with r = 0,7 = ¢, and g = 0, we obtain

2

2 2
10V (T, T = 1, O O)II” + AV (T, T = 1, O )* + 117, (T, T = 10, 0_c0, 9

El

+ Evvn,m(T, T— tna H_T(,U)Hz
Se_%an(”atvn,m(‘r - tn)”z + ”Vn,m(T - tn)”z + ”Avn,m(T - Z‘n)llz + ||77;,m(7' - tn’ s)”i,z)’ (513)

which together with (5.12),, we get

2 2 2
10:Vm(T T =ty O + 20AV (T, T = 1, O )" + 1117, (T, T = 1, 0—c 0, 9,5
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+ Wum(T, T — 1y, 0_.0)|
<2 (TT =ty T = s O-r, U + [P = T = By 00, 1" |2)
+ |17 (t =ty T =ty O, 1O, S)||,,,2)
+ 272 (5P + a1 + Al 1P + 12 ). (5.14)

By (5.9) with r = —t,, and ¢ = t,,, we obtain

96T = 14 T = s O, DI + 2AVT = 1, T = Ly, O_c0, ug )|
~ 0 2
{17 (T = ts T = s O—cw, O + VI = 4, T = b, 00, ug )|

1 1
<2e=e 2 (i oI + vllug” I + 1Aug I+l I 5 + (g, )

T—1y
+(1 +2a Her f 2567019 (5)|[2ds. (5.15)

Im

It follows from (5.14)-(5.15) that for m > n — oo,
”atvn,m(T’ T— tna g—rw)llz + ||vn,m(T’ T— tn’ Q—Ta))”ip(Rn) + ||77;t¢,m(7, T— tn, 9—7(1), S)”Z,Q - 0’

together with (5.11) implies {(5(7, T = £, 6w, uy"), Pu(T, T = b, O—cw, u'y), (T, T = L, O-cc0, 7OV i
a Cauchy sequence in H*(R") x L*(R") X R,,.». This complete the proof. O
Lemma 5.4. Suppose (3.3), (4.8)-(4.9) hold, then (5.1) has a unique D-pullback random attractor
A ={A(t,w):TeR we Q) e Din HX(R") x L>(R") x R0, which is actually a singleton; that is,
A (1, w) consisting of a single point for all T € R, w € Q.
Proof. From Lemmas 5.2 and 5.3 by applying the abstract results in [29], we can get the existence and
uniqueness of the D-pullback random attractor A; € D of (5.1) in H*(R") x LA(R") X R, , immediately.
Next, we prove A, is a singleton. Suppose {,}>>, 1 be a sequence of numbers such that 7, — oo as
n— oo. Givent € R,w € Q, let (zg"),z(ln()), 7o), (yf)"),y(ln()), Oy e A\ (t - t,,0_, w).
Similar to (5.13) we have

”\7[(‘[', T = Iy, 6—7(1) Z(n)) - V,(T T—1y, Q_Ta) y(”l))”
AT = 040, ) = AT T = 1000 )

(On)) - 77 (T T =1y, Q—Tw y(On))” 0,2

+ 7' (7,7 = 1, 0_rw, 1
+ v||\7(r T =y, 00, 2, WY — $(1, T — t,, 0_, 0, Yo my)12
n 0 On)pi2
<e™ (|20 = VoI + 1128 = YU + 1AL = AYPIP + 1 = yOI2 )

2
ol ol

n 2
<2e7 (23 P + 12y 1B g + 1S

<4e™ || A (T = 1, 0, W)

0 On) |2
IR g, + 1712 5 + Y1)

(5.16)

H2(RHXL2RMXR,0°

Due to A; € D, we see that the right-hand side of (5.16) tends to zero as n — oo, and thus we get

Hm (7, T = 1, 0, 2)'3) = BT, T = 1, 00, ¥)3)) = 0 in L*(R"),

M (5(7, T = £, 010, 20") = 97, T = 1, 0_,0,3)")) = 0 in HA(R"),

n—oo
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lim (77 (7,7 = t,, 0_c 0, 1) = 7' (1,7 = 1, 0_r0,y*")) = 0 in R,

which together with the invariance of A;, we know that the D-pullback random attractor A, is a
singleton. This complete the proof. O

To obtain the asymptotic compactness of the solutions of (5.2), we need the following Lemma.
Lemma 5.5. Let ug € H*(R"), u1p € L*(R"),n° € Rn, 1t € Rw € Qand T > 0. If (3.3)-(3.5), (3.8),
(4.1)-(4.2) and (4.5)-(4.8) hold, then the solution of (5.2) satisfies, for allt € [t,7+ T},

3 1 1
1A%, 7, Wl + A, (@, 7, W)l + A7 (7, 7, w, 9|2 < C,

where C is a positive number depending on 7, w, T and R when ||(ug, u; o, 7°)|| HARDX2E)R,, < R.

Proof. This is an immediate consequence of Lemma 4.3. O
Lemma 5.6. Let (3.3)—(3.5), (3.6), (4.1)—(4.3) and (4.5)—(4.9) hold. Then the cocycle ® is
D-pullback asymptotically compact in H*(R") x L*(R") X R,,; that is, the sequence {®(t,, T —
tny 0_;, W, (ug’), u(l'f())), n®Y | has a convergent subsequence in H*(R") x L*(R") X R, for any T € R,w €

n=1

Q.DeD,t, — coand (ug’), ”(17())’ 7 € D(t — t,,0_;, w).
Proof. Givent e R*,7 € R,w € Qand (ug, u19,1°) € H*(R") X L*(R") X R, 2, define

(1, 7, w, (ug, 1 0,1°)) = (Bt + 7, T, 0_rw, 1), T(t + T, T, 0_yw, U1 o), 7' (t + 7, 7,0_.0, 1", 5)),
Dy (t, 7, w, (g, 11 0,11°)) = V(I + T, T, 0_, 1), Vi(t + T, T, 0_cw, 1 0), 11'(t + T, 7,00, 11", 5)),

where (7, 77') and (v, ") are the solutions of (5.1) and (5.2), respectively.
By(3.78) we have

D(t, 7, w, (g, U1.0, %)) = ©1(t, T, W, (g, 1,0, 7°)) + Po(t, T, W, (o, 10, 1")). (5.17)

Let B € D be the € D-pullback absorbing set of @ given by (4.19). From Lemmas 4.2, 4.4 and 5.4
we see that for every 6 > 0 there exists 7y = #y(9, 7, w, B) > 0 and kg = ko(0, 7, w) > 1 such that for all
(MO’ U0, 770) € B(T — o, e—l‘ow)’

||(I)(t0’ T— tO’ g—tow’ (MO, u],O’ UO))l(jko ||H2((jk0)xL2((jk0)><§R”’2 < 6’ (518)
with Oy, = {x € R" : |x| > ko}, and
D, (19, T — 19, 01y, B(t — 19, 0_,,w)) 1s covered by a ball of radius ¢ (5.19)

in H2(R") x L*(R") x Ry
In addition, by Lemma 5.5 we know that forevery t e R*, 7 e R,w € Qand k € N,

(1,7 — 1,0_,w, B(t — 1,0_,w)) isbounded in H>(R") x H'(R") X R, 3,
and thus for each k € N,
O,(t, 7 —t,0_,w, B(t — t,0_,w))|lo, 1s precompact H*(O,) x L*(O,) % R0, (5.20)
with O; = {x € R" : |x| < k}.
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It follows from (5.17)—(5.20) we get that all conditions of Theorem 2.1 are satisfied, so ® is D-
pullback asymptotically compact in H*(R") X L*(R") X R, ,. i
Since Lemma 4.2 implies a closed measurable D-pullback absorbing set for @, and @ is D-pullback
asymptotically compact in H*(R") x L*(R") X R, from Lemma 5.6, we immediately get the following
existence theorem by Theorem 2.2.
Theorem 5.1. Let (3.3)—(3.5), (3.6), (4.1)—(4.3) and (4.5)—(4.9) hold. Then the cocycle ® has a unique
D-pullback random attractor in H*(R") x L*(R") x R0

6. The discussion of the proposed method’s theoretical analysis

In this paper, we use the uniform estimates on the tails of solutions and the splitting technique to
obtained the existence and uniqueness of D-pullback attractor for the problem (1.1). The method used
in this paper is proposed by P. W. Bates et al [3], they applied the method to deal with the asymptotic
behavior of the non-automatous random system on unbounded domains. More precisely, one first need
to show that the tails of the solutions of (1.1) are uniformly small outside a bounded domain for large
time, and then derive the asymptotic compactness of solutions in bounded domains by splitting the
solutions as two parts: one part has trivial dynamics in the sense that it possesses a unique tempered
attracting random solution; and the other part has regularity higher than H*(R") x L*(R") X R,,, based
on the estimates of solutions (see Lemma 4.3).

7. Conclusions

Using the uniform estimates on the tails of solutions and the splitting technique, we obtained
the existence and uniqueness of D-pullback attractor for the problem (1.1). It is well-known that
the pullback random attractors are employed to describe long-time behavior for an non-autonomous
dynamical system with random term, while the D-pullback attractor that we obtained can characterize
the asymptotic behavior of the equation like (1.1), which is featured with both stochastic term and
non-autonomous term.
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