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1. Introduction

Since Kolyada and Snoha [1] proposed non-autonomous discrete systems, many practical
problems can be described by non-autonomous discrete systems, such as biology, computer science
and technology, control science and engineering and so on [2–5]. The non-autonomous discrete
system is formed by iterating several mappings in a certain order. This is more complicated and
difficult compared to the composition of an autonomous system involving only one mapping.
Therefore, most scholars study non-autonomous discrete systems by approximating them to
autonomous systems. In recent years, there have been relatively few studies on the chaos of
non-autonomous systems. For example, Sanchez, Sanchi, and Villanueva [6] studied the interaction of
some dynamical properties of a nonautonomous discrete dynamical system and its induced
hyperspace nonautonomous discrete dynamical system. Abu-Saris [7] investigated the asymptotic
behavior of nonautonomous discrete dynamical systems governed by the system of difference
equations (recursive equations). Lan and Peris [8] characterized the set of weak stable points and
showed that the set of weak stable points is residual, and investigated the relation between weak
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stability and shadowing property. Canovas [9] presented some recent results concerning
non-autonomous discrete systems and explained some problems in this field. Shi [10] showed some
close relationships between chaotic dynamical behaviors of the original system and its induced
system. Lan [11] studied transitivity, periodic density and sensitivity in an original nonautonomous
system and its connections with the same ones in its fuzzified system. Vasisht and Das [12]
introduced various properties of non-autonomous dynamical systems having periodic shadowing
property and local weak specification property. Salman, Wu, and Das [13] expressed some sufficient
conditions under which topological transitivity and dense periodic points imply sensitivity for
nonautonomous systems on Hausdorff uniform spaces.

Denote that N be the set of natural number and H be a complete metric space with the metric d.
hn : H → H(n ∈ N) be a continuous mapping sequence. Denote h1,∞ = (h1, h2, · · · ). (H, h1,∞) is called
a non-autonomous discrete system. For any x ∈ H, the orbit of point x under h1,∞ is Orb(x, h1,∞) =

{x, h1(x), h2 ◦ h1(x), · · · , hn
1(x), · · · }. Where, hn

1 = hn ◦ · · · ◦ h1, h0
1 is the identity mapping.

If a non-autonomous discrete system satisfies :

hn+p(x) = hn(x), ∀x ∈ H, n ≥ 0, p ∈ N

then, (H, h1,∞) is called a p-periodic discrete system. Particularly, if p = 1, (H, h1,∞) is an autonomous
discrete system. Let ĥ = hp ◦ . . . ◦ h1, then (H, ĥ) is said to be an autonomous discrete system induced
by the p-periodic discrete system (H, h1,∞).

In 1989 Devaney [14] introduced the concept of Devaneys chaos. A continuous mapping h : H → H
is Devaney chaotic if:

(1) h has sensitive dependence on initial condition;
(2) h is topologically transitive;
(3) h is periodically dense.
Sensitively dependent on initial conditions means that in a system that changes deterministically or

with weak randomness over time, two almost identical states become inconsistent after a sufficient
period of time. In 1971, the first precise definition for sensitivity was proposed by Ruelle and
Takens [15]. Afterwards, some definitions related to sensitivity were successfully introduced. For
example, Li-Yorke sensitive, syndetically sensitive, infinite sensitive, collectively sensitive and
F -sensitive see [16–20].

The transitivity is the key factor of dynamic system. Its intuitive explanation is that the orbit of a
certain point runs through every field of every point in the metric space. In recent years, the topological
properties of the dynamic system, such as syndetically transitive, totally transitive, transitive, mixing
and weakly mixing (see [14,21–24]), has attracted the attention of many scholars.

In 2012, Huang [25] studied the sensitivity of a special non-autonomous discrete system-periodical
discrete system. This paper generalizes the results in [25], and studies the stronger form of sensitivity
relationship between the p-periodic discrete system and its induced autonomous discrete system in the
sense of Furstenberg families. At the same time, the transitivity and mixing of p-periodic discrete
system are discussed.

The structure of this paper is as follows: In Section 2, some concepts related to sensitivity,
transitivity and mixing are introduced. In Section 3, the transitivity and mixing of the p-periodic
discrete system will be discussed. In Section 4, some necessary and sufficient conditions or sufficient
conditions for the chaotic properties of p-periodic discrete system will be given.
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2. Preliminaries

A subset K ⊂ N is syndetic if there exists a T ∈ N such that [t, t + T ] ∩ K , ∅ for any t ∈ N.
Let H is a complete metric space with the metric d. For a p-periodic discrete system (H, h1,∞), h1,∞ is
called transitive if there is an x ∈ H such that Orb(x, h1,∞) = H. For any λ > 0 and any nonempty open
subsets A, B ⊂ H, denote

Nh1,∞(A, λ) = {n ∈ N : there exist x, y ∈ A with d(hn
1(x), hn

1(y)) > λ};

Nh1,∞(A, B) = {n ∈ N : hn
1(A) ∩ B , ∅}.

Through the above definition, we can get another equivalent definition of transitivity, i.e., for any
nonempty open subsets A, B ⊂ H, one has Nh1,∞(A, B) , ∅; h1,∞ is called totally transitive if for any
integer n ≥ 1 such that hn

1 is transitive; h1,∞ is called weakly mixing if h1,∞ × h1,∞ is transitive on
H × H, i.e., for any nonempty open sets Ai, Bi ⊂ H(i = 1, 2) there exists an integer n ≥ 1 such that
hn

1(A1)∩B1 , ∅ and hn
1(A2)∩B2 , ∅; h1,∞ is called mixing if for any nonempty open subsets A, B ⊂ H,

there exists a N > 0 such that hn
1(A) ∩ B , ∅ for any n ≥ N; h1,∞ is called syndetically transitive if for

any nonempty open sets A, B ⊂ H, Nh1,∞(A, B) is syndetic.
Let Z+ be the set of positive integers andP be the collection of all subsets of Z+. A collection R ⊂ P

is a Furstenberg family if and only if it is hereditary upwards, i.e., R1 ⊂ R2 and R1 ∈ R imply R2 ∈ R; A
Furstenberg family R is p-invariant if pR ∈ R for any R ∈ R; A Furstenberg family R is called positive
shift-invariant if for any R ∈ R and any integer r ≥ 0 such that R + r ∈ R; A Furstenberg family R
is called negative shift-invariant if for any R ∈ R and any integer r ≥ 0 such that R − r ∈ R; Where,
R + r = {b + r : b ∈ R} and R − r = {b − r ≥ 1 : b ∈ R}. A Furstenberg family R is called shift-invariant
if it is both negative shift-invariant and positive shift-invariant.
Definition 2.1. [26] Let F be a Furstenberg family. The system (H, h1,∞) (or the mapping sequence
h1,∞) is F -sensitive with the sensitivity constant λ > 0 if for any nonempty open set V ∈ H with
Nh1,∞(V, λ) ∈ F .
Definition 2.2. [26] Let F1,F2 be two Furstenberg family. The system (H, h1,∞) (or the mappings
sequence h1,∞) is (F1,F2)-sensitive with the sensitivity constant λ > 0 if for any x ∈ H and any ε > 0,
there is y ∈ H with d(x, y) < ε such that

{n ∈ N : d(hn
1(x), hn

1(y)) > δ} ∈ F2 and {n ∈ N : d(hn
1(x), hn

1(y)) < δ} ∈ F1

for some δ > 0.
Definition 2.3. [26] Let F be a Furstenberg family. The system (H, h1,∞) (or the mapping sequence
h1,∞) is F -collectively sensitivity with the collective sensitivity constant λ > 0. If for any ε > 0 and
any finitely many distinct points x1, x2, · · · , xs ∈ H and there exist s distinct points y1, y2, · · · , ys in H
such that the following two conditions are satisfied.

(1) d(xi, y j) < ε for all 1 ≤ i, j ≤ s;
(2) there exist i0 and j0 satisfying 1 ≤ i0, j0 ≤ s such that

{n ∈ N : d(hn
1(xi), hn

1(y j0)) > λ(1 ≤ i ≤ s) or d(hn
1(xi0), h

n
1(y j)) > λ(1 ≤ j ≤ s)} ∈ F .

Definition 2.4. [27] The system (H, h1,∞) (or the mapping sequence h1,∞) is said to be collectively
sensitivity with the collective sensitivity constant λ > 0. If for any ε > 0 and any finitely many distinct
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points x1, x2, · · · , xs ∈ H and there exist s distinct points y1, y2, · · · , ys in H such that the following two
conditions are satisfied.

(1) d(xi, y j) < ε for all 1 ≤ i, j ≤ s;
(2) there exist 1 ≤ i0, j0 ≤ s and n ∈ N such that

d(hn
1(xi), hn

1(y j0)) > λ(1 ≤ i ≤ s) or d(hn
1(xi0), h

n
1(y j)) > λ(1 ≤ j ≤ s).

Definition 2.5. The mapping sequence hn(n ≥ 1) is said to be uniformly continuous if for any ε > 0,
there exists a δ(ε) > 0 such that for any x, y ∈ H with d(x, y) < δ(ε), d(hn

1(x), hn
1(y)) < ε for any n ≥ 1.

Definition 2.6. [27] The mapping sequence hn(n ≥ 1) is said to be collectively uniformly continuous,
if for any ε > 0, there exist δ > 0 such that for any finitely distinct points x1, x2, · · · , xs ∈ H and
y1, y2, · · · , ys ∈ H with d(xi, y j) < δ(∀1 ≤ i, j ≤ s), there are 1 ≤ i0, j0 ≤ s such that d(hn(xi0), hn(y j)) <
ε(1 ≤ j ≤ s) or d(hn(xi), hn(y j0)) < ε(1 ≤ i ≤ s) for any n ≥ 1.
Lemma 2.7. [27] If hn(n ≥ 1) is uniform continuous, then it is collectively uniform continuous.

3. Transitivity and mixing of the p-periodic discrete system (H, h1,∞)

In this section, the syndetically transitivity, totally transitivity, transitivity, mixing and weakly
mixing of the p-period discrete system will be discussed.
Theorem 3.1. Let mappings hn(n ≥ 1) be continuous bijections on H. The autonomous discrete
system (H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is topologically transitive (resp.
syndetically transitive) if and only if the p-periodic discrete system (H, h1,∞) is topologically transitive
(resp. syndetically transitive).
Proof. (i) Since the autonomous discrete system (H, ĥ) is topologically transitive, then for any
nonempty open subsets A, B ⊂ H, Nĥ(A, B) , ∅. That is

Nĥ(A, B) = {n ∈ N : ĥn(A) ∩ B , ∅} = {n ∈ N : hpn
1 (A) ∩ B , ∅} , ∅.

So, pNĥ(A, B) ⊂ Nh1,∞(A, B), which implies that Nh1,∞(A, B) , ∅. Thus, the p-periodic discrete system
(H, h1,∞) is topologically transitive.

Suppose that the p-periodic discrete system (H, h1,∞) is topologically transitive, then for any
nonempty open subsets A, B ⊂ H there exists a n > 0 such that hn

1(A) ∩ B , ∅.
Take m ≥ 0 such that n = pm + k, 0 ≤ k ≤ p − 1. Then, one has that ∅ , hn

1(A) ∩ B = hpm+k
1 (A) ∩ B.

Obviously we can get ∅ , (hpm+k
pm+1)−1(hpm+k

pm+1◦hpm
1 (A)∩B). And since hn(n ≥ 1) are continuous bijections,

then equation

(hpm+k
pm+1)−1(hpm+k

pm+1 ◦ hpm
1 (A) ∩ B) = (hpm+k

pm+1)−1(hpm+k
pm+1 ◦ hpm

1 (A)) ∩ (hpm+k
pm+1)−1(B) , ∅

holds. Set (hpm+k
pm+1)−1(B) = B′ which implies that ĥm(A)∩B′ , ∅. Thus, the autonomous discrete system

(H, ĥ) is topologically transitive.
(ii) Since the autonomous discrete system (H, ĥ) is syndetically transitive, then for any nonempty

subsets A, B ⊂ H, Nĥ(A, B) is syndetic. And since

Nĥ(A, B) = {n ∈ N : ĥn(A) ∩ B , ∅} = {n ∈ N : hpn
1 (A) ∩ B , ∅}.
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So, pNĥ(A, B) ⊂ Nh1,∞(A, B). This implies the p-periodic discrete system (H, h1,∞) is syndetically
transitive.

Suppose that the p-periodic discrete system (H, h1,∞) is syndetically transitive, then for any
nonempty subsets A, B of H, Nh1,∞(A, B) = {n ∈ N : hn

1(A) ∩ B , ∅} is syndetic. For any
n ∈ Nh1,∞(A, B), we pick m ≥ 0 such that n = pm + k, 1 ≤ k ≤ p − 1. Similar to the proof of sufficiency
in Theorem 3.1 (i), we can get ĥm(A) ∩ B′ , ∅, where B′ = (hpm+k

pm+1)−1(B). And hence by the Theorem
2.4.4 (3) in [25], it follows that {mi}

∞
i=1 is an infinite set. And according to the previous derivation, we

can get {mi}
∞
i=1 ⊂ Nĥ(A, B′). So, Nĥ(A, B′) is syndetic. This implies the autonomous discrete system

(H, ĥ) is syndetically transitive.
This complete the proof.

Theorem 3.2. Let mappings hn(n ≥ 1) be the continuous self-mapping on H.
(i) The autonomous discrete system (H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is

topologically weakly mixing, then the p-periodic discrete system (H, h1,∞) is topologically weakly
mixing.

(ii) The autonomous discrete system (H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is
topologically mixing, then the p-periodic discrete system (H, h1,∞) is topologically weakly mixing.

(iii) The autonomous discrete system (H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is
totally transitive, then the p-periodic discrete system (H, h1,∞) is syndetically transitive.
Proof. (i) Suppose that the autonomous discrete system (H, ĥ) is topologically weakly mixing, then
for any nonempty subsets Ai, Bi ⊂ H(i = 1, 2), there exists an integer n ≥ 1 such that ĥn(A1) ∩ B1 , ∅

and ĥn(A2) ∩ B2 , ∅. As the autonomous discrete system (H, ĥ) is induced by the p-periodic discrete
system (H, h1,∞), then

ĥn(A1) ∩ B1 = hpn
1 (A1) ∩ B1 , ∅ and ĥn(A2) ∩ B2 = hpn

1 (A2) ∩ B2 , ∅.

Let m = pn, then one has

hm
1 (A1) ∩ B1 , ∅ and hm

1 (A2) ∩ B2 , ∅.

So, the p-periodic discrete system (H, h1,∞) is topologically weakly mixing.
(ii) Suppose that the autonomous discrete system (H, ĥ) is topologically mixing, then for any

nonempty subsets Ui,Vi ⊂ H(i = 1, 2), there exists a N1 > 0 and N2 > 0 such that ĥn1(U1) ∩ V1 , ∅

and ĥn2(U2) ∩ V2 , ∅ for any n1 ≥ N1 and n2 ≥ N2. Choose N = max N1,N2, then for any n ≥ N, one
has that ĥn(U1) ∩ V1 , ∅ and ĥn(U2) ∩ V2 , ∅. As the autonomous discrete system (H, ĥ) is induced
by the p-periodic discrete system (H, h1,∞), then hnp

1 (U1) ∩ V1 , ∅ and hnp
1 (U2) ∩ V2 , ∅. Let m = np.

It is obviously the p-periodic discrete system (H, h1,∞) is topologically weakly mixing.
(iii) Since the autonomous discrete system (H, ĥ) is totally transitive, then for any nonempty open

subsets A, B ⊂ H and for every integer n ≥ 1 there exists a s ∈ N such that (̂hn)s(A) ∩ B , ∅. And
since (̂hn)s(A) ∩ B = hpns

1 (A) ∩ B , ∅. Let m = pns, then hm
1 (A) ∩ B , ∅. It is easy to find an integer

M > 0 with m ∈ [n, n + M] ∩ Nhm
1
(A, B). Thus, the p-periodic discrete system (H, h1,∞) is syndetically

transitive.
This complete the proof.

Theorem 3.3. Let mappings hn(n ≥ 1) be the continuous self-mapping on H.
(i) If the autonomous discrete system (H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is

topologically mixing, then it is topologically weakly mixing.
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(ii) If the p-periodic discrete system (H, h1,∞) is topologically mixing, then it is topologically weakly
mixing.
Proof. (i) Let the autonomous discrete system (H, ĥ) be topologically mixing. Given any nonempty
subsets A1, A2, B1, B2 of H. Then exist N1,N2 > 0 such that for any n1 > N1, ĥn1(A1) ∩ B1 , ∅ and for
any n2 > N2, ĥn2(A2)∩B2 , ∅. Set N = max{N1,N2}, then for any n > N, it follows that ĥn(A1)∩B1 , ∅

and ĥn(A2) ∩ B2 , ∅. Thus, the autonomous discrete system (H, ĥ) is topologically weakly mixing.
(ii) This proof is similar to (i), so omitted here.
This complete the proof.

Obviously, through the above theorem, we can get the following Corollary 3.4.
Corollary 3.4. Let mappings hn(n ≥ 1) be the continuous bijections on H.

(i) If the autonomous discrete system (H, ĥ) is mixing, then the p-periodic discrete system (H, h1,∞)
is transitive.

(ii) If the autonomous discrete system (H, ĥ) is totally transitive, then it is syndetically transitive.
(iii) If the autonomous discrete system (H, ĥ) is weakly mixing, then the p-periodic discrete system

(H, h1,∞) is weakly mixing.
(iv) If the autonomous discrete system (H, ĥ) is mixing, then the p-periodic discrete system (H, h1,∞)

is weakly mixing.
From the above discussion and the relationship between concepts, one can get the relationship of

syndetically transitive, totally transitive, transitive, mixing and weakly mixing (see Figure 1).

Figure 1. Relationship of conceptions.

Remark 3.5. According to the above figure, we can see that there are still some relationships that
cannot be deduced back. For example,

(i) If the p-periodic discrete system (H, h1,∞) is topologically weakly mixing, then is the autonomous
discrete system (H, ĥ) topologically weakly mixing?

(ii) If the p-periodic discrete system (H, h1,∞) is topologically mixing, then is the autonomous
discrete system (H, ĥ) topologically mixing?
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(iii) Does the syndetically transitivity of the p-periodic discrete system (H, h1,∞) imply totally
transitivity?

(iv) If the p-periodic discrete system (H, h1,∞) is syndetically transitive, then is the autonomous
discrete system (H, ĥ) totally transitive?

These questions can continue to be studied in depth.

4. Sensitivity of the p-periodic discrete system (H, h1,∞)

In this section, some necessary and sufficient conditions, or sufficient conditions for p-periodic
discrete system to be F -sensitive, (F1,F2)-sensitive, F -collectively sensitive, F -collectively infinity
sensitive, sensitive or collectively sensitive will be given.
Theorem 4.1. Let mappings fn(n ≥ 1) be continuous mapping sequence on H and the Furstenberg
family F ,F1,F2 be p-invariant. The autonomous discrete system (H, ĥ) induced by the p-periodic
discrete system (H, h1,∞) is F -sensitive (resp., (F1,F2)-sensitive, F -collectively sensitive), then the
p-periodic discrete system (H, h1,∞) is F -sensitive (resp., (F1,F2)-sensitive, F -collectively sensitive,
F -collectively infinity sensitive).
Proof. (i) F -sensitive. Let the autonomous discrete system (H, ĥ) be F -sensitive with the sensitive
constant λ > 0. Then for any open set A ⊂ H, Nĥ(A, λ) ∈ F . By the p-invariantity of F , pNĥ(A, λ) ∈ F
is established for any positive integer p ∈ N. And since

Nĥ(A, λ) = {n ∈ N : there are x, y ∈ A such that d(̂hn(x), ĥn(y)) > λ}
= {n ∈ N : there are x, y ∈ A such that d(hpn

1 (x), hpn
1 (y)) > λ},

then pNĥ(A, λ) ⊂ Nh1,∞(A, λ). And hence according to the upward heredity of F and the p-periodic
discrete system (H, h1,∞) is F -sensitive.

(ii) (F1,F2)-sensitive. Assume that the autonomous discrete system (H, ĥ) is (F1,F2)-sensitive with
the sensitive constant λ > 0. For any x ∈ H and ε > 0, there is a y ∈ H with d(x, y) < ε such that

{n ∈ N : d(̂hn(x), ĥn(y)) > δ} ∈ F2 and {n ∈ N : d(̂hn(x), ĥn(y)) < δ} ∈ F1.

By the p-invariantity of (F1,F2), p{n ∈ N : d(̂hn(x), ĥn(y)) > δ} ∈ F2 and p{n ∈ N : d(̂hn(x), ĥn(y)) <
δ} ∈ F1 are established for any positive integer p ∈ N. And since

{n ∈ N : d(̂hn(x), ĥn(y)) > δ} = {n ∈ N : d(hpn
1 (x), hpn

1 (y)) > δ}

and
{n ∈ N : d(̂hn(x), ĥn(y)) < δ} = {n ∈ N : d(hpn

1 (x), hpn
1 (y)) < δ},

then
p{n ∈ N : d(̂hn(x), ĥn(y)) > δ} ⊂ {m ∈ N : d(hm

1 (x), hm
1 (y)) > δ}

and
p{n ∈ N : d(̂hn(x), ĥn(y)) < δ} ⊂ {m ∈ N : d(hm

1 (x), hm
1 (y)) < δ}.

And hence according to the upward heredity of Furstenberg families F1,F2 and the p-periodic discrete
system (H, h1,∞) is (F1,F2)-sensitive.
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(iii) F -collectively sensitive. Let the autonomous discrete system (H, ĥ) be F -collectively sensitive
with the sensitive constant λ > 0. For any ε > 0 and any finitely many distinct points x1, x2, · · · , xs ∈ H,
there exist s distinct points y1, y2, · · · , ys in H such that the following two conditions are satisfied.

(1) d(xi, y j) < ε for all 1 ≤ i, j ≤ s;
(2) there exist i0 and j0 satisfying 1 ≤ i0, j0 ≤ s such that

{n ∈ N : d(̂hn(xi), ĥn(y j0)) > λ(1 ≤ i ≤ s) or d(̂hn(xi0), ĥ
n(y j)) > λ(1 ≤ j ≤ s)} ∈ F .

Then,

p{n ∈ N : d(̂hn(xi), ĥn(y j0)) > λ(1 ≤ i ≤ s) or d(̂hn(xi0), ĥ
n(y j)) > λ(1 ≤ j ≤ s)} ∈ F

is established for any positive integer p ∈ N. And since

{n ∈ N : d(̂hn(xi), ĥn(y j0)) > λ(1 ≤ i ≤ s)

or
d(̂hn(xi0), ĥ

n(y j)) > λ(1 ≤ j ≤ s)} = {n ∈ N : d(hpn
1 (xi), h

pn
1 (y j0)) > λ(1 ≤ i ≤ s)

or
d(hpn

1 (xi0), h
pn
1 (y j)) > λ(1 ≤ j ≤ s)},

then
p{n ∈ N : d(̂hn(xi), ĥn(y j0)) > λ(1 ≤ i ≤ s)

or
d(̂hn(xi0), ĥ

n(y j)) > λ(1 ≤ j ≤ s)} ⊂ {m ∈ N : d(hm
1 (xi), hm

1 (y j0)) > λ(1 ≤ i ≤ s)

or
d(hm

1 (xi0), h
m
1 (y j)) > λ(1 ≤ j ≤ s)}.

According to the upward heredity of Furstenberg family F and the p-periodic discrete system (H, h1,∞)
is F -collectively sensitive.

This complete the proof.

Theorem 4.2. Let mappings hn(n ≥ 1) be uniformly continuous on H. The autonomous discrete system
(H, ĥ) induced by the p-periodic discrete system (H, h1,∞) is sensitive (resp., collectively sensitive) if
and only if the p-periodic discrete system (H, h1,∞) is sensitive (resp., collectively sensitive).
Proof. (i) sensitive. Assume that autonomous discrete system (H, ĥ) be sensitive with the sensitive
constant λ > 0. Then for any open set A ⊂ H, Nĥ(A, λ) , ∅. And since

Nĥ(A, λ) = {n ∈ N : there are x, y ∈ A such that d(̂hn(x), ĥn(y)) > λ}
= {n ∈ N : there are x, y ∈ A such that d(hpn

1 (x), hpn
1 (y)) > λ},

then pNĥ(A, λ) ⊂ Nh1,∞(A, λ). This implies Nh1,∞(A, λ) , ∅. Thus, the p-period discrete system (H, h1,∞)
is sensitive.
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Let the p-period discrete system (H, h1,∞) be sensitive with the sensitive constant λ > 0 and let B
be any nonempty open set of H. Then Nh1,∞(B, λ) , ∅. Since hn is uniformly continuous on H. Then
there exists λ1 > 0 such that for any x, y ∈ B with d(x, y) < λ1,

d(hn
1(x), hn

1(y)) < λ1 (4 − 1)

for any n ≥ 1. Pick n0 ∈ Nh1,∞(B, λ), one has that d(hn0
1 (x), hn0

1 (y)) > λ. Then there must be m ≥ 0 such
that n0 = mp + k, 0 ≤ k ≤ p − 1. So,

d(hn0
1 (x), hn0

1 (y)) = d(hk
1(̂hm(x)), hk

1(̂hm(y))) > λ.

Thus, d(̂hm(x), ĥm(y)) > λ1. Otherwise, the result will conflict with (4-1). So, n0 − k ∈ Nĥ(B, λ1) , ∅.
This implies that the autonomous discrete system (H, ĥ) is F -sensitive.

(ii) collectively sensitive. Assume that the autonomous discrete system (H, ĥ) is collectively
sensitive with the sensitive constant λ > 0. For any ε > 0 and any finitely many distinct points
x1, x2, · · · , xs ∈ H,there exist s distinct points y1, y2, · · · , ys in H such that the following two
conditions are satisfied.

(1) d(xi, y j) < ε for all 1 ≤ i, j ≤ s;
(2) there exist 1 ≤ i0, j0 ≤ s and n ∈ N such that

d(̂hn(xi), ĥn(y j0)) > λ(1 ≤ i ≤ s) or d(̂hn(xi0), ĥ
n(y j)) > λ(1 ≤ j ≤ s).

And since
d(̂hn(xi), ĥn(y j0)) = d(hpn

1 (xi), h
pn
1 (y j0)) > λ(1 ≤ i ≤ s)

and
d(̂hn(xi0), ĥ

n(y j)) = d(hpn
1 (xi0), h

pn
1 (y j)) > λ(1 ≤ j ≤ s).

Set m = pn, then

d(hm
1 (xi), hm

1 (y j0)) > λ(1 ≤ i ≤ s) or d(hm
1 (xi0), h

m
1 (y j)) > λ(1 ≤ j ≤ s).

Thus, the p-periodic discrete system (H, h1,∞) is collectively sensitive.
Let the p-periodic discrete system (H, h1,∞) be collectively sensitive with the sensitive constant

λ > 0. By Lemma 2.8, the uniformly continuity of hn can imply collectively uniformly continuity of
hn. That is there exists a λ1 > 0 and for any finitely distinct points x1, x2, · · · , xs ∈ H, y1, y2, · · · , ys ∈ H
with d(xi, y j) < λ1(∀1 ≤ i, j ≤ s) such that there are 1 ≤ i0, j0 ≤ s with

d(hn
1(xi0), h

n
1(y j)) < λ or d(hn

1(xi), hn
1(y j0)) < λ (4 − 2)

for any n ≥ 1. According to the collectively sensitive of (H, h1,∞), there exists a n0 ∈ N such that

d(hn0
1 (xi), h

n0
1 (y j0)) > λ(1 ≤ i ≤ s) or d(hn0

1 (xi0), h
n0
1 (y j)) > λ(1 ≤ j ≤ s).

Without loss of generality, we only consider the following case, the other case is similar.
There exists an 1 ≤ i0 ≤ s such that

d(hn0
1 (xi0), h

n0
1 (y j)) > λ(∀1 ≤ j ≤ s).
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Then there must be m ≥ 0 such that n0 = mp + k, 0 ≤ k ≤ p − 1. So, one has that

d(hn0
1 (xi0), h

n0
1 (y j)) = d(hk

1(̂hm(xi0)), h
k
1(̂hm(y j))) > λ(∀1 ≤ j ≤ s).

Thus, d(̂hm(xi0), ĥ
m(y j)) > λ1(∀1 ≤ j ≤ s). Otherwise, the result will conflict with (4-2). This implies

that
d(̂hm(xi), ĥm(y j0)) > λ1(1 ≤ i ≤ s) or d(̂hm(xi0), ĥ

m(y j)) > λ1(1 ≤ j ≤ s)}.

Thus, the autonomous discrete system (H, ĥ) is F -collectively sensitive.
In fact, by the proof of Theorem 4.2, we can see that in general, the sensitivity of an autonomous

system (H, ĥ) implies the sensitivity of a periodic discrete system (H, h1,∞). However, the converse is
only valid under the conditions that “ fn(n ≥ 1) be uniformly continuous”. A counterexample is given
below for illustration.
Example 4.3. Let I = [0, 1] be the closed unit interval and f , g be defined by

f (x) =


1 − 2x f or x ∈ [0,

1
2

)

x f or x ∈ [
1
2
, 1]

g(x) =

0 when x is an irrational number in I

1 when x is a rational number in I

Where, g is the Dirichlet function. In the following, the relationship of the sensitivity between the three-
period system f , g, f , f , g, f , f , g, f , · · · and the autonomous system induced by it will be considered.

Let λ = 1
4 , for any ε > 0 and x ∈ [0, 1] there must be y ∈ B(x, ε) (When x is a rational number, take

y as an irrational number; when x is an irrational number, take y as a rational number) such that

d(g ◦ f (x), g ◦ f (y)) = 1 > λ.

Thus, the three-period system f , g, f , f , g, f , f , g, f , · · · is sensitive. Next, we consider the sensitivity of
the autonomous system induced by the three-periodic system. Let h = f ◦ g ◦ f , then for any x ∈ [0, 1],
h(x) = f ◦ g ◦ f (x) ≡ 1. So, the autonomous system is not sensitive.

5. Conclusions

The induced autonomous discrete system (H, ĥ) is F -sensitive (resp., (F1,F2)-sensitive,
F -collectively sensitive) implies that the p-periodic discrete system (H, h1,∞) is F -sensitive (resp.,
(F1,F2)-sensitive, F -collectively sensitive). Under the condition that the mappings fn(n ≥ 1) are
uniformly continuous, the p-periodic discrete system (H, h1,∞) is sensitive (resp., collectively
sensitive) if and only if the induced autonomous discrete system (H, ĥ) is sensitive (resp., collectively
sensitive). What’s more, some sufficient and necessary conditions or sufficient conditions for the
p-period discrete system (H, h1,∞) to be syndetically transitive, totally transitive, transitive, mixing
and weakly mixing are obtained.
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