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Abstract: The aim of this paper is to obtain the boundedness of some operator on grand generalized
Morrey space Lﬁ)’¢’¢(G) over non-homogeneous spaces, where G C R" is a bounded domain. Under
assumption that functions ¢ and ¢ satisfy certain conditions, the authors prove that the Hardy-
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1. Introduction

Let G be a bounded domain in R". Recall that a Radon measure p on the domain G is said to satisfy
the polynomial growth condition, if there exists a positive constant Cy such that, for all x € G and
r € (0, 00),

u(B(x, ) < Cor?, (1.1)

where d is a fixed number in (0,n] and B(x,r) :={y € G : |x — y| < r}. The bounded domain G with
a such Radon measure is also called a non-homogeneous space. Moreover, Tolsa [24] showed that
the analysis associated with the non-homogeneous space over Euclidean space R”" plays a key role in
solving the long-standing open Painlevé’s problem and Vitushkin’s conjecture. On the development
and research of the operators and function spaces over non-homogeneous spaces, we refer readers to
see [5,7,17,19,21-23,25].

On the other hand, Iwaniec and Sbordone [9] introduced the theory of grand Lebesgue space L”,
which is one of the intensively developing directions in Modern analysis. What’s more, the grand
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Lebesgue spaces have important applications in geometric function theory, Sobolev spaces theory
and PDEs; for example, see [1-3, 6, 10], respectively. Since then, many papers focus on the grand
spaces and the boundedness of operators on these spaces. For example, Kokilashvili [11] obtained
the boundedness of several well-known operators on weighted grand Lebesgue spaces. In 2019,
Kokilashvili et al. established the weighted extrapolation results in grand Morrey spaces and obtained
some applications in PDE (see [15]). In 2021, Kokilashvili and Meskhi [12] obtain the boundedness
of maximal operators, fractional integral operators and singular integral operators on generalized
weighted grand Lebesgue spaces over non-doubling measures. More researches on the boundedness
of integral operators in grand spaces can be seen [13, 14, 16, 20] and the references therein. The
interpolation result in grand spaces can be seen in [4, 8].

In this paper, we will consider the boundedness of maximal operators, fractional integral operators
and 6-type Calder6n-Zygmund operators in grand generalized Morrey spaces ij)’“”d’(G) over non-
homogeneous spaces. For the study of maximal operators, fractional integral operators and 6-type
Calder6n-Zygmund operators in generalized Morrey spaces defined on non-homogeneous spaces, we
rely on the results of references [5,18,21].

Now let us begin to recall some necessary notions. The following definitions of the coefficient K g
and (a, §)-doubling ball are from [23], also see [5].

Definition 1.1. For any two balls B C §, define

KB,S =1+

(1.2)

where rp and rg respectively denote the radii of the balls B and S, and Npg the smallest integer
satisfying 2Ves rp > ry.
Definition 1.2. Let a,8 € (1,00). A ball B C G is said to be (@, 5)-doubling if u(aB) < Bu(B).

In [23], Tolsa showed that there exists a lot of big” doubling balls. To be precise, given any point
x € supp(u) and ¢ > 0, there exists some (@, 8)-doubling ball B centered at x with radius rg > ¢ due to
the growth condition (1.1).

Let 1 < p < oo and ¢ be a function on (0, p — 1] which is a positive bounded and satisfies }Cli’)% w(x) =

0. The class of such functions will be simply denoted by ®,,. Then the norm of functions f in grand
Lebesgue space L,¢(G) is defined by

”f”Lf,’W(G) = 0<i2§—1[90(8)]1§”f”Lz_g(G), (1.3)

where L, (G) is the classical Lebesgue space with respect to a measure y, and defined by the norm:

1l ) = (L|f(x)|rdu(x))r, 1 <r<oo.

On the base of grand Lebesgue space Lfl’W(G), we recall the definition of grand generalized Morrey
spaces as follows.
Definition 1.3. Let 1 < p < coand ¢ € ®,,. Suppose that ¢ : (0, c0) — (0, 00) is an increasing function.
Then grand generalized Morrey space £2"¥%(G) is defined by

L 1 .
||f||Lfl’)""‘¢(G) = {f € Lloc(/’l’G) . ”f”j:ﬁ)»%d’((;) < Oo}’
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where
| |f| |LZ)’¢'¢(G)

= sup g(e) sup[$(u(B))]” ( f |f(x>l”‘€dﬂ<x>)m
B

O<e<p-1 BcG
= sup @@l g-s¢)- (1.4)
O<e<p-1

Especially, if we take ¢(g) = £’ with > 0 in (1.4), then we can denote

”f”.cﬁ)v‘ﬂﬁ(G) = ||f||_£lfl’>*9’¢(G)-

Remark 1.4. (1) If we take the bounded domain G = R” in Definition 1.1, then generalized Morrey
space LL’"’(G) is just the generalized Morrey space .E;‘p(R”) (see [21]), namely,

11l = suploGuCB)I fB FOIduo) 1< <. (15)

(2) If we take function ¢(¢) = ti" fort>0and 1 < p < q < oo, then grand generalized Morrey space
Lﬁ)"""”(G) defined as in (1.4) is just the grand Morrey space Lﬁ)’q(G) which is sightly modified in [15],
that is, .
ANl gy = | Sup 1<P(8) Sl;p[/l(B)P 7| fll ey (1.6)
<e<p-—

Throughout the whole paper, C represents a positive constant which is independent of the main
parameters. Given any g € (1,0), let ¢’ := g/(q — 1) denote its conjugate index. Furthermore, mg(f)
denotes the mean value of function f over ball B, that is, mg(f) = ﬁ fB fO)du®).

2. Hardy-Littlewood maximal operator on [,ﬁ)"p"”(G)

Let G be a bounded set in R” with non-negative Radon measure u without mass-point and u(G) < co.
Throughout the paper, for a function f : G — R, we denote

— [ f®). ifxeG
f“”‘{o, ifx¢G. 2.1)

For a p-integral function f : G — R, the Hardy-Littlewood center maximal function in [12] is defined
by

M, d 2.2
o) = i‘j}iﬂw( N f ) 2.2)

By (2.1), if the bounded set G tends to space R", then Hardy-Littlewood center maximal function Mg
defined as in (2.2) is denoted by _
Mf(x)=Msf(x), xeG. (2.3)
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The main result of this section is stated as follows.
Theorem 2.1. Let1 < p < o0, p € @, and ¢ : (0,00) — (0, o) be an increasing function. Assume that
the mapping ¢ — ‘M 1s almost decreasmg there exists a positive constant C such that

o) )

S0 (2.4)

for s > t. Then M defined as in (2.2) is bounded on ~£,":)"”"’>(G).

Proof. Choosing a number ¢ such that 0 < £ < § < p — 1, then, by applying Definition 1.3, write

||MGf||£1’)‘F-¢(G)
= Sup () SUPLOGUBNT Mo g

O<e<p-1

< sup ¢(e) Sup[¢(/1(3))]_ﬁllMGf llzz-2s)

0<e<é

+ sup ¢(&) sup [¢p(u(B))] _ﬁ”MGf”LP °(B)

o<e<p-1

=:D; + D,.

For Dy, by applying the ~£,‘Z’¢(R”)—boundedness of M (see [21]) and (1.4), we can deduce that

sup ¢(&) Sup [p(u(B))] _ﬁ”MGf”LP °(B)

0<e<6
= Sup PENMG Il ey < sup GENM Il gr-c(z,
0<e<é 0<e<é
< C sup @(@IIfll g4, < CIlf 1l oo
0<e<d

Now let us estimate D,. Since 6 < € < p — 1, then we have l’j—:g > 1. Further, by applying Holder’s
inequality and Lﬁ"/’(R”)—boundedness of M, we have

D; = sup (&) suplg(u(BI] T IM e
<e<p—
< sup () suplg(u(B)] T PENMll s gy [(B)I 775
<g<p-—

= sup @(e)le@d)] 90(5)Sup[¢(,u(3))]_ﬁ $u(B))]7

o<e<p-1

><[¢(.u(B))]‘ﬁIIMfIILp-a(B)[y(B)]E—ﬁ
= sup @(&)pd)] <p(5)sup[¢(,u(B))]po 7 [u(B)] 77

o<e<p-1

X[B((BNT 7 Ml 55
sup  (&)[p(d)]” [u(G)]7F 7%

o<e<p-1

IA
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xp(6) sup[¢<u<B>)]‘ﬁ 1M1l s

< ||f||£1’)¢¢(G) sup Lp(a)[ga(é) [/,L(G) | P=a=5 e)(p 5)
o<e<p-1
< Clifll L0#9Gy:
Which, together with the estimate for Dy, the proof of Theorem 2.1 is finished. O

With an argument similar to that used in the proof of Theorem 2.1, it is easy to obtain the following
result on the maximal operator Z\F/VI,,G.
Corollary 2.2. Let] < p < oo, p € ®, and ¢ : (0,00) — (0, ) be an increasing function. Assume
that the mappmg t - ¢() is almost decreasmg function satisfying (2.4). Then non-centered maximal

operator M, is bounded on L9(G), where M, is defined by

_ | :
M) = Mo(H() = sup(#—( 5 f . If(y)lrdﬂ(v)) . 2.5)
B

x€B
3. Fractional integral operator on £,(G)

Let G be a bounded domain in R", then fractional integral operator IS being associated with G is
defined by

IS f(x) := f &d,u(y), O<a<n. (3.1)
G lx =yl
By applying (2.1), it is easy to see that (3.1) is equivalent to the following form
I$f(0) = Lf(%). (3.2)
Theorem 3.1. Let G be a bounded domain in R",0 <@ <n,1 < p <g<coand ; = 5 — <. Suppose
that measure y satisfies (1.1), and ¢ satisfies (2.4) and the following inequality
t dl
¢( LPpLL) 53)
We set i
Y(e) = (p(p __ma-e )]a(q_gw, O<e<g-1,
n+alqg—e)

p
where ¢ € ®,,. Then I¢ is bounded from LZ)’“J"”(G) to LZ)"”’M (G).
To prove the above theorem, we need the following lemma in [21].

Lemma 3.2. LetO<a<n,1 <p<g<ooand %1 = é — 2. Suppose that measure ¢ satisfies (2.4) and

(3.3). Then I, is bounded from £7%(G) to LL**"(G).

Proof of Theorem 3.1. Via the definition of ¢ and ¢ € @, it is easy to see that y € @,. Let us fix o
with o € (0, g — 1), then write

1S £l

P
LZ)"M} 4 ©G)
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= sup U(e) suplo(u(B)] 7 f 19 F“au()

O<e<g-1
= max{osup w(e) sup[¢<y<B>>]—w( f 1S F 0l 8du<x))r
sup._ (&) supl ()T 7 f 1S Fr-“du(n) }
o<e<q-
= max{E, E;}.

For E,. By applying Holder’s inequality and Definition 1.3, we obtain that

SUp_(e) Suplo(u(B)] f 11O ()l 8dﬂ(X))

o<e<q—1

q-&
o

< sup w(e)sup ¢(u(B))]’“{( f |13f<x>|‘f—“dﬂ<x>)q’

o<e<g-1

MB)]I‘?-‘?}Q_S

= sup yYl(e) Sup [o(u(B))]” o [u(B)] @1 a0

o<e<g-1

x[¢(/J(B>>]‘ﬁ( fB |I§f(x)lq“’du(x))ﬁ

< sup Y(&)[u(G)]T SUP[¢(,U(B))] v f ey in ”dﬂ(X))a

o<e<g-1

< [u(G))*7 sup '7[/(8)||Iaf|| 2

o<e<gq-1 o (G)

< Coq sup YOILTI | o

0<e<o VRN ()

Thus, for small constant o= > 0,

125 1 o < Coq sUp l/’(e)lllafll L

q-¢
Love O<s<or RN

By applying Lemma 3.2 and (1.4) , we find that there exist 0 < € < 0 and 0 < i < ¢ such that

SR
SN

holds. So we have

VWS e < wwnuju e SCU@IL e
L © RO £ @)
< Ccufo ”(C’j(—p'z))n fllgrocy
< CleI= Lo e@Ifll o,
S C”f”‘cfl’)’d’(c)-
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Further, taking the supremum on &, we can obtain that

¢ r <C b
WA < Ml

Thus, the proof of Theorem 3.1 is completed. O
4. 6-Type Calderén-Zygmund operators on £,*?(G)

Definition 4.1. Let 6 be a non-negative and non-decreasing function on (0, co) with satisfying

1
f @dt < oo. 4.1)
0

t

A kernel K, € L!

loc

(R" X R"\ {(x, x) : x € R"}) is called a 6-type kernel if there exists a constant C > 0

such that
|K(x,y)| < — 4.2)
lx =yl
for all x,y € R” with x # y, and for all x, x’,y € R" with |x — y| > 2|x — x|,
, , lx — x'| 1
KGxy) = KGO+ K G0 = KO0 < OO~ ) —— 43)
lx =yl /]x =yl

Remark 4.2. If we take the function 6(¢) = ¢ with # > 0 and € > 0, then #-type kernel K, defined as in
Definition 4.1 is just the standard kernel K on non-doubling measure space (see [21]).

Definition 4.3. Let p € (1,00) and G be a bounded domain in R”. A locally integrable function f is
said to be in the space RBMO(u) if there exist a positive constant C and, for any ball B C G, a number
/B such that

1
mﬁxpﬂm<mwmsc (4.4)

and, for any two balls B and S such that B C §,

|/ — fs| < CKpg, 4.5)

where fp represents the mean value of function f over ball B, that is,

1
= du(y).
/B ﬂ(B)‘J;f(y);dy)

The infimum of the positive constants C satisfying both (4.4) and (4.5) is defined to be the RBMO(u)
norm of f, and it will be denoted by || f|lremog (o || f1].).

Let Ly (1) be the space of all L*(u) functions with bounded support. A linear operator T} is called
a 0-type Calderén-Zygmund operator TS with kernel Ky satisfying (4.2) and (4.3) if, for all f € Ly ()
and x ¢ supp(f),

Yﬁmw:ﬁmwmmww=ﬁfmw%mw> 4.6)
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Thus, we also denote T (f)(x) = To()(x).
Given a function b € RBMO(y), the commutator [b, T§'] which is generated by b and 7§ is defined by

[b, Tol(F)(x) = [b, TE1(F)(x) = j; (b(x) = b(yY)Ko(x, y) f(»)du(y). 4.7)

The main theorems of this section is stated as follows.
Theorem 4.4. Let p € (1,00), ¢ € @, and u satisfy condition (1.1). Suppose that ¢ is a function
satisfying (2.4), the doubling condition

é(r)
B o ° 4.8
B b5 (4.8)
and )

., t t r

Then T defined as in (4.6) is bounded on L,’,’)"""b(G), that is, there exists a constant C > 0 such that,
for all f € L597(G),

G
ITS P o6y < CIAl s gy

Theorem 4.5. Let 6 be a non-negative and non-decreasing function on (0, co) with satisfying (4.1),
p € (1,00) and K satisfy (4.2) and (4.3). Suppose that u satisfies condition (1.1) and G is a bounded
domain in R”. Then ng 1s bounded on £ﬁ)"p’¢(G), that is, there exists a constant C > 0 such that, for
any f € L1"**(G),

||T,96”g(f)||£ﬁ>’¢’¢(G) < C”f”_ﬁlll’)#’-‘l’(G)’

where the truncated operator ng is defined by
19f@= [ KEpode). veG (4.10)
(VG Ix—l>e)

Moreover, we also denote Tgfg f(x) = Tg,j(x).

9’8}90 is bounded in grand generalized Morrey space .EZ"""”(G)
uniformly on & > 0, then it is east to obtain that 7§ is bounded in grand generalized Morrey space
L2%%(G). Thus, we only need to prove the Theorem 4.5.

Theorem 4.7. Let p € (1,00), b € RBMO(u), ¢ € ®, and u satisfy condition (1.1). Suppose that
THG is bounded on Lz(G), and ¢ is a function satisfying (2.4), (4.8) and (4.9). Then, the commutator

[b, TQG ] defined as in (4.7) is bounded on Lﬁ)"""”(G), that is, there exists a constant C > 0 such that, for
all f e LD¥(G),

Remark 4.6. Once we prove that {T¢

G
||[ba Tg ]f”L;II’)-‘F*f‘ﬁ(G) < C”b”RBMO(y)I|f||£fl’)v¢v¢’(G)-

To prove the above theorems, we should recall the following lemma which is slightly modified
in [5].
Lemma 4.8. Let 6 be a non-negative and non-decreasing function on (0, co) with satisfying (4.1),

AIMS Mathematics Volume 7, Issue 1, 1000-1014.
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p € (1,00) and K satisfy (4.2) and (4.3). Suppose that u satisfies condition (1.1). Then Ty is bounded
on L/ (R"), that is, there exists a constant C > 0 such that, for all f € L] (R"),

||T9,a(f)||Lﬁ(Rﬂ) < C”f”LZ(]R")’

where the truncated operator Ty is defined by

Tosf(x) = f | K(x,y)f()du(y), xeR" (4.11)
x—y|>e

Also, we should establish the following lemmas about 7y, and commutator [b, Ty].
Lemma 4.9. Let 6 be a non-negative and non-decreasing function on (0, co) with satisfying (4.1),
p € (1,00), and K satisfy (4.2) and (4.3). Suppose that ¢ is a function satisfying (2.4), (4.8) and (4.9).
Then Ty defined as in (4.11) is bounded on Lﬁ’¢(R”).

Proof. Let B := B(cp, rp) be a fixed ball with center at cp and radius rp, and set € < rg. Decompose
function f as
= fi+ = fxa+ fxenes)-
Then write
10PN ey < NTaeCfOll oy + ITosCl gy =: Fi + Fo.

With an argument similar to that used in the estimate of Theorem 1.1 in [21], it is easy to see that

F2 = ||T9,8(f2)||LZ¢(Rn) S C||f||LE>‘/’(Rn)-

For F,. By applying (1.3), (2.4) and Lemma 4.8, we can deduce that

ITesCll oy = SuploB)IF| f Ter (P (o)

BcR”"

< suplo(u(B)] f |T98<f1)<x>|"du(x>)
< 0sup[¢<u(B>>r#( If(x)l”du(x))p
BCR” 2B
< csuﬂgwww))ri[¢<u<2B>>]i[¢</J(2B>>]—f‘v( 2 If(x)l”du(x))p
cR" B
u(QB)|h
< Cllflggoge sup (B)]
< C||f||£ﬁ’¢(Rn)-
Which, combing the estimate of F;, the proof of Lemma 4.9 is finished. O

Moreover, we say that T, is bounded in Lebesgue space Lj,(R") if the family of truncate operators
{Tye}es0 18 bounded in Lﬁ (R™) uniformly on & > 0, and T is bounded in generalized Morrey space
Lﬁ"/)(R”) if {Ty¢}e>0 1s bounded in Lﬁ’¢(R") uniformly on & > 0, where T} is defined by

Tof(x) = fR K )fOMu0), xR @.12)
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Respectively, given a function b € RBMO(u), commutator [b, Ty] which is generated by Ty and b 1s
defined by

[0, Tol f(x) = b(0)Tof(x) = To(bf)(x). (4.13)

Lemma 4.10. Let » € RBMO(u), 6 be a non-negative and non-decreasing function on (0, co) with
satisfying (4.1), p € (1, o), and K satisfy (4.2) and (4.3). Suppose that ¢ is a function satisfying (2.4),
(4.8) and (4.9). Then [b, Ty] defined as in (4.13) is bounded on Lﬁ’¢(R”).

To prove Lemma 4.10, we should recall the sharp maximal function M i

1 —_—
MFf(x) = sup — f fO) = ma(Plduty) +  sup e Zms(
Bax H(3B) I Bes: xeB, K
ss doubling

and the non-centered doubling maximal operator

1
NFw= s fB OO,

s doubling

By applying Lebesgue differential theorem, it is easy to see that for any f € L} (u),

loc
lf (Ol < Nf(x), (4.14)
for pu-a.e. x € R"; see [22].

Proof of Lemma 4.10. With a slightly modified argument similar to that used in the estimate of (9.4)
in [22], we also obtain the following pointwise inequality on the commutator [b, Ty]f, that is,

MH([b, Ty )(x) < Cliblirayog{ Mro/,.f (X) + Myn(Taf)(0) + Toe(H(0)), (4.15)
where, for any p > 1, A?,,(p) is the non-centered maximal operator defined by

1
’

—_ ] .
Mn(p)(f)(x):sgp(m fB Lf O du(y))

From (4.14), the Lﬁ"”(R")-boundedness of M,,(p) (see [21]) and Lemma 4.9, it follows that

”[b’ Te]f”_gf"*‘t(Rn)
= sgp[qb(B)r%n[b, Tol iz < sgpm(za)]-%uzv([b, Tol Pllzes

_1
< Csup[¢(B)] 7 \M*([b, Tol )iz sy < CIUMA(ID, Tol f)ll yro e,
B H
< C”b||RBMO(;1){”Mr,(9/8)f”£ﬁ’¢(Rn) + ||Mr,(3/2)(T9f)||_££""(Rn) + ||Te,s(f)||£g$¢(Rn)}

< Clblssion {11l g4y * 1Tl o
< ClibllrBMoo 11l 7o g -

which is our desired result. |

AIMS Mathematics Volume 7, Issue 1, 1000-1014.
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Now we state the proofs of Theorems 4.5 and 4.7 as follows.

Proof of Theorem 4.5. Let 6 be a fixed constant satisfying 0 < £ < § < p — 1. By applying Definition
1.3, write

TSPl sy = sup @@ITEl gee
O<e<p-1
< sup eI Dlgges)+ P @OITEDN g
O<e<d o<e<p-1
= G1+G2.

The estimates for G; goes as follows. From Definition 1.3 and Lemma 4.9, it follows that

sup (P(S)”ng(f)”_cﬂ W(G) Sllp ‘10(8)||T9 s(f)”[l’ ‘¢(Rn

O<e<o O<e<o6

< C sup (@)|f]| 2roo@n < C sup (@l g-so
0O<e<d O<e<d

< Cllfll_cﬁ)v%¢((;)-

Since 0 < 6 < € < p — 1, we notice that ” > 1. Applying Holder inequality and the boundedness of
Ty, in Lj(R") (see Lemma 4.8), we can deduce that

sup @(&Tg.(f M gz-20)
d<e<p-1

= sup @ITo(Pll gosq)

o<e<p-1

1

= sup ¢(e) sup[¢(u(B)>]‘p—s( f |Te,g<?><x>|'”‘€du(x))“

o<e<p-1 BcG

m‘

< sup (o) suplgu(B)] 7| f Tee (Do) (B 177

o<e<p—1 BcG

<C sup ¢le) supl(u(B)I 7| f FOOrduo) B 7

o<e<p-1 BcG
1

<C sup <P(8)SuP[(ﬁ(ﬂ(B))]_ﬁ[(l)(M(B))]P5[/1(3)]“ »3

o<e<p-1
(BT fB |f<x>|l’-5du<x>)“
<C sup (&) sup[p(u(B)] 7 [$(u(B)]7 [u(B)] 7

o<e<p-1 BcG

X[ u(B)] 75 f FCrdu)”

For the above result, we divide into the following cases.
Case L If r3 > 1, then, by applying (2.4), we obtain that

(l;) ](p«»@ £)

[$(u(B)] 7 [$(u(B))]77 [u(B)| 77 = [W(B))

AIMS Mathematics Volume 7, Issue 1, 1000-1014.
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:[¢w<B<cB,1>))X uB) |
ou(B) " $uBlcs, 1)

w(B(cg, 1)) 1750
Cl———— C
: [qb(u(B(cB, 1>)>] =

Case I1 If rg < 1, then, by applying the monotonicity of ¢, we can deduce that

(BT~ (BB (BT < [d(u(B)] 7 [$(u(B))] 7 [u(B)] 75
< [u(Blcs, I < C.

Combing the cases I and II, we further obtain that

sup @(@NIT g (Nl 74

o<e<p-1

< C sup (e) SuplGu BT 7 [Hu(B)I7 [u(B)| 7=

o<e<p-1

X[ (u(B))] 75 f )

<C sup o) suplou(B)I 7 f Fpduo)

o<e<p-1

<C s PO o) SuplouB)] 7 f AP dut)

o<e<p-1

< C(P(p - 1)[‘10(5)] lllf”LZ)*‘P*d’(Rn)
< Cllfll s ey

Which, together with estimate of G, we obtain the desired result. O

Proof of Theorem 4.7. Let 6 be a fixed constant satisfying 0 < £ < § < p — 1. By applying Definition
1.3, write

nmmmmw)
= sup @@L, TEIN gr-veg

O<e<p-1
_wﬂwﬂﬂmw%+m¢@wﬂmwm)
O<e<d o<e<p—1
= Fl + Fz.

The estimates for F; is given as follows. By applying Lemma 4.10 and Definition 1.3, we obtain that

sup @(&II[b, T 1)l =g

O<e<o

= Ssup 90(8)”[17 TG](f)HLP F“’((;) Sup ()0(8)”[17 TQ](f)”Ln—raa(Rn)

O<e<d

AIMS Mathematics Volume 7, Issue 1, 1000-1014.



1012

< Clbllremog) Sup 80(8)||f||g' ob gy < Cl|b||RBM0(,1)||f||LZ)w(G),

O<e<d

where ? is defined as in (2.1).
Now let us estimate F,. By virtue of Holder’s inequality, the L;;(R")-boundedness of [b, T<'] (see
Lemma 4.10) and Cases I and II, it then follows that

sup (@b, T3 1N gr-vs g

o<e<p-1

= sup @(&)llb, Tol(f M 20,

o<e<p-1

~ Sup (&) Suplou(B)| 7 f 5, TP duC0)

o<e<p-1

< Clibllrsmog Sup ¢(s)sup[¢w(3)>]‘fs f FoP- ‘Sdu(X))é[u(B)]"lf‘Plﬁ

o<e<p—-1

< Clbllkeyog) sup so(e)sup[asww))rﬁwww»]mw(B)]ﬁ—ﬁ

o<e<p—-1 BcG

1
_L _ =
XIguBNT 7 f O duo)
B
< C||b||RBM0(,1)||f||LZ)w(G)-

Which, together with the estimate of F;, we complete the proof of Theorem 4.7 O
5. Conclusions

In this paper, we mainly obtain the boundedness of Hardy-Littlewood maximal operator, fractional
integral operators and 6-type Calderén-Zygmund operators on the non-homogeneous grand generalized
Morrey space Lﬁ)"p’¢(G). In addition, the boundedness of commutator [b, T§'] which is generated by
f-type Calder6n-Zygmund operator T and b on spaces L,’?"’”’¢(G) is also established.
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