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1. Introduction

The convexity of function is a classical concept, since it plays a fundamental role in mathematical
programming theory, game theory, mathematical economics, variational science, optimal control
theory and other fields, a new branch of mathematics, convex analysis, appeared in the 1960s.
However, it has been noticed that the functions encountered in a large number of theoretical and
practical problems in economics are not classical convex functions, therefore, in the past decades,
the generalization of function convexity has attracted the attention of many scholars and aroused great
interest, such as h-convex functions [1-5], log-convex functions [6—10], log-h-convex functions [11],
and especially for coordinated convex [12]. Since 2001, various extensions and generalizations of
integral inequalities for coordinated convex functions have been established in [12—17].

On the other hand, calculation error has always been a troublesome problem in numerical analysis.
In many problems, it is often to speculate the accuracy of calculation results or use high-precision
operation as far as possible to ensure the accuracy of the results, because the accumulation of
calculation errors may make the calculation results meaningless, interval analysis as a new important
tool to solve uncertainty problems has attracted much attention and also has yielded fruitful results,
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we refer the reader to the papers [18, 19]. It is worth notion that in recent decades, many authors
have combined integral inequalities with interval-valued functions(IVFs) and obtained many excellent
conclusions. In [20], Costa gave Opial-type inequalities for IVFs. In [21,22], Chalco-Cano investigated
Ostrowski type inequalities for IVFs by using generalized Hukuhara derivative. In [23], Romén-Flores
derived the Minkowski type inequalities and Beckenbach’s type inequalities for IVFs. Very recently,
Zhao [5, 24] established the Hermite-Hadamard type inequalities for interval-valued coordinated
functions.

Motivated by these results, in the present paper, we introduce the concept of coordinated log-4-
convex for IVFs, and then present some new Jensen type inequalities and Hermite-Hadamard type
inequalities for interval-valued coordinated functions. Also, we give some examples to illustrate our
main results.

2. Preliminaries
Let Ry the collection of all closed and bounded intervals of R. We use R} and R to represent the
set of all positive intervals and the family of all positive real numbers respectively. The collection of

all Riemann integrable real-valued functions on [a, b], IVFs on [a, b] and IVFs on A = [a, b] X[c, d] are
denoted by Ru.p1)» L R(apy and I D). For more conceptions on IVFs, see [4,25]. Moreover, we have

Theorem 1. [4] Let f : [a,b] — Ry such that f = [f, f]. Then f € IRqqp) iff f.f € Rijas)) and

b b b
@R [ s = [(R) | s | ?(x)dx].

Theorem 2. [25] Let ¥ : A = Ry. If F € 1Dy,), then

b
ID) f f F (x, y)dxdy = (IR) f dx(IR) f F(x,y)dy.

Definition 1. [26] Let & : [0, 1] — R*. We say that f : [a,b] — R7 is interval log-h-convex function
or that f € § X(log-h, [a, b],R}), if for all x,y € [a, b] and ¥ € [0, 1], we have

f@x+ (1 =9y) 2 [FOILF".
h is called supermultiplicative if
h(9t) > h(9)h(T) (2.1)

for all 9,7 € [0, 1]. If “ >” in (2.1) 1s replaced with “ <”, then £ is called submultiplicative.

Theorem 3. [26] Let F : [a,b] - R, h (%) # 0. If ¥ € SX(log-h,[a,b],R}) and F € IRup)), then

1 b
?_(a - b)zh(Z) 2 exp [L f In F (x)dx
b—a]J,
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Theorem 4. [27] Let F : [a,b] — R}, k(%) # 0. [f & € SX(log -h, [a,b].R}) and F € TR qp, then
1 _ 1
a+Db\|+2(1) 3a+b a+3b\|«(1)
)
) )

U
s &
2
\a¥
I
=
Il
=

(2.3)
L nds

]

F(@)F (b)F (“ il b)

]

[F (@)F (b)) heorar
3. Main results
In this section, we define the coordinated log-A-convex for IVFs and prove some new Jensen type

inequalities and Hermite-Hadamard type inequalities by using this new definition.

Definition 2. Let 4 : [0,1] — R*. Then ¥ : A — R7 is called a coordinated log-h-convex IVFs on A
if the partial mappings

Fy i la,b] = R7, Fy(x) = F(x,y),
Frile,dl = R Fu(y) = F(x,y)

are log-h-convex for all y € [c,d] and x € [a, b]. Then the set of all coordinated log-A-convex IVFs on
A is denoted by S X(log -ch, A, R7).

Definition 3. Let /2 : [0,1] —» R*. Then ¥ : A — R" is called a coordinated log-i-convex function in
A if for any (xy, y1), (x2,¥2) € A and ¥ € [0, 1] we have

F(@x; + (1 = Dxa, Fy1 + (1= )y) < [F e,y [F Ceo y) "7 3.1)

The set of all log-h-convex functions in A is denoted by S X(log -h, A, R*). If inequality (3.1) is reversed,
then 7 is said to be a coordinated log-h-concave function, the set of all log-A-concave functions in A
is denoted by S V(log -h, A,R¥).

Definition 4. Let & : [0,1] — R". Then ¥ : A — R7 is called a coordinated log-h-convex IVF in A if
for any (x1,y1), (x2,y2) € A and ¢ € [0, 1] we have

F@x1 + (1=, Oy1 + (1= 9)y2) 2 [F (e, y)] "7 [F o, 32"
The set of all log-h-convex IVFs in A is denoted by S X(log-h, A, RY).

Theorem 5. Let F : & — R} such that F = [, F1. If F € SX(log-h, A, R iff & € S X(log -h, &, R*)
and F € SV(log-h, o, R*).

Proof. The proof is completed by combining the Definitions 3 and 4 above and the Theorem 3.7 of [4].
m]
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Theorem 6. If ¥ € S X(log-h, A,R}), then ¥ € S X(log -ch, A, R}).
Proof. Assume that ¥ € SX(log-h,A,R}). Let F, : [c,d] — R}, F.(y) = F(x,y). Then for all
¥ € [0,1] and yy, y; € [c, d], we have
Fr(@y1 + (1 =D)y) = F(x, Iy + (1 = P)y,)
DFOx+ (1 =P)x, 0y + (1 —P)y)
2 [F (e, )" [F (x, y)]
= [Fo0]"” [Fo]" "

Hence F,(y) = ¥ (x,y) is log-h-convex on [c, d]. The fact that 7, (x) = F (x,y) is log-h-convex on [a, b]
goes likewise. O

Remark 1. The converse of Theorem 6 is not generally true. Let A() = 9 and ¢ € [0,1], Ay =

[g, g] X [% ’%] and F : A; — R7 be defined:

F(x,y) = [e‘Si”x_Si””, 64xy] .

Obviously, we have that ¥ € S X(log-ch, &1, R}) and F ¢ SX(log-h, &, R}). Indeed, if (%, %), (5. %) €
A1, we have

I d-dr

T JT JT Vi . .
- 1= ) - 1= Z)\ = —sin*g —sin , 2 1= :I’
9—'(194+( 9207+ ( ﬂ)4) [e P 829(1 — O)

PG (53 ]

If 9 = 0, then

Thus, ¥ ¢ SX(log-h, A1, RY).

In the following, Jensen type inequalities for coordinated log-A-convex functions in A is considered.

Theorem 7. Let p; € R*,x; € [a,bl,y; € [c,d],(i = 1,2,...,n),F : A — R*. If h is a nonnegative
supermultiplicative function and ¥ € S X(log -h, A,R"), then

1 n 1 n n »i
F [yT Z Pi%is - Z Pi)’i) < l_[[?(xi,yi)]h(ﬁ), (3.2)
"=l =1 i=1

where P, = 3 pi. If h is a nonnegative submultiplicative function and ¥ € SV(log-h, A,R*), then
i=1
(3.2) is reversed.

Proof. If n = 2, then from Definition 3, we have

7 %M + %xz, %)’1 + %yz < [7:(361,)H)]h(ﬁ)[?':(xz,h)]h(ﬁ)-
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Suppose (3.2) holds for n = k, then

LS p S | < [T )
Pk - PiXi, Pk - Piyi| = 2 Xis Yi .

Now, let us prove that (3.2) is valid whenn = k + 1,

Prsr \Pk+ Prst Pk + Prst

k=1
1 Pk + Disi ( PV Pra1Vest )
piyi + +
P Z Pre1 \Pk+ Pis1 Pk + Prst
[7k+/7k+l k—1

[7_.( P, Pen¥in PRk Predkn )] Prer 1—[ ()] (e
Pkt P+t Pkt Pi+t Pkt Pkvt Pr T Dist ‘i

h( 1’k+1’k+1 ) P

k-1
+
— 9_-( 2 :pixi + Pk T Di+1 ( PicXk + Pl+1Xk+1 )’

IA

([?-(xk ol v ) [F oty Yir1)] et )) 1_[ [F (xi, yi)] i)
k 1 o

< [F (e y0)] i) [¢(xk+layk+l) P l_[ [F Cxi i)l i)
i=1

k+1 .

= [ [,
i=1
This completes the proof. O

Remark 2. 1f h(9) = 1, then the inequality (3.2) is the Jensen inequality for log-convex functions.

Now, we prove the Jensen inequality for log-A-convex IVFs in A.

Theorem 8. Let p; € RY, x; € [a,b],y; € [c,d],i=1,2,..,n,F : A = R} such that ¥ = [F Ifhzs
a nonnegative supermultiplicative function and ¥ € S X(log -h, A, RY), then
1 n 1 n n (2
F [;ﬂ Zl pivis 5 Zl piyi) > D[ﬂxi,yin (7), (3.3)

where P, = zn] pi. If ¥ € SV(log-h, A,RY), then (3.3) is reversed.
i=1

Proof. By Theorem 5 and Theorem 7, we have

Z(% Zn: PiXi, % Zn: p,-y,-) < ﬁ[f(xi,yi)]h(f);)
"=l "=l i=1
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and
— 1 n 1 n no 5
7 [gT Z Piis o~ Z piyi) 2 H[T Gy 1170,
il "=l i=1
Thus,
7| Z ! Z
D iXis iVi
P, Ll p LiPY
B B T T oo o LT P g
= h_ Pn - DPiXi, Pn L PiYi|» Pn - Pi Z»Pn - Diyi
2 H[Z(xi,)’i)]h(%), H[?(xi,yi)]h(vfi)}
Li=1 izl
= \‘I[T(Xl,yl)]h(%)
i=1
This completes the proof. -

Next, we prove the Hermite-Hadamard type inequalities for coordinated log-A-convex IVFs.

Theorem 9. Let ¥ : A — R} and h : [0,1] — R" be continuous. If ¥ € S X(log -ch, A,R7}), then
a+b c+d
55
1 1 b
p X ( . fln?(x,c+d)dx
4h(3)\ 20 (3) (b - a) Ja 2
1
Sy T
21 (1) (d - o) Je 2
1 b d
>} S 1 ,y)dxd
_eXp[(b—a)(d—c)fa fc n ¥ (x, y)dxdy

1 b b
2 exp [% f h(d9 (% f InF(x,c)dx + 1 f InF (x,d)dx
0 —aJg -a Ja

d

1
(D)

2 ex

(3.4)

1 d
+ — InF(a,y)dy + —— InF (b, y)dy
d-c, d-c,

S [F (@, OF (a, DF (b, OF (b, dylb ")
Proof. Since F € S X(log-ch, A,R7), we have

c+d
A5
:ﬁ(ﬁc+(1—ﬁ)d;(l—ﬁ)c+ﬁd)

S [Fudc + (1 = N @D [Fu((1 = D)e + 9]
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That is,

lnﬂ(c+d)

2
2h (%)ln [F:(Pc + (1 = DHD)F((1 = F)c +Id)].

Moreover, we have

1
n(3)
1
f InF,(dc + (1 — Hd)dd + f
0 0

1 1
f In¥ (Jc + (1 - Pd)dd, f InF(9c + (1 - ﬂ)d)dﬁ]
0 0

c+d
IT(T)

1

2 InF,((1 =P + ﬁd)dﬁ]

1 1
+ f InF (1 - P)c + Id)dd, f InF (1 - P)c + ﬂd)dﬂ]
0 0

1 d 1 4 _
:2[ f InF (y)dy, —— f lnTx(y)dy]
d-cJ. x d-cJ.

In 7, (y)dy.

“d-c .

Similarly, we get

i 1
T O)dy 2 In [FOF(D)] f h(9)do.
0

d-cJ,
Then

c+d 1 d !
InF, (T) ) — f In F(y)dy 2 In [F(c)F(d)] f h($)d9.
- c 0

That is,

1
ln(f(x, %i) ! fd InF (x, y)dy 2 In [F(x, OF (x, d)] f h()d?.
0

oD —
2h(3) d—cJ,

Integrating over [a, b], we have
1 b d
—f ln?'(x, cr )dx
2h (1) (b - a) Ja 2

1 b d
») m f f In F (x, y)dxdy

b b 1
1 f InF(x,c)dx + 1 f In 7 (x, d)dx] f h(9)d?.
b—-a ], b—-a ], 0

D)
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Similarly, we have

1 fdl T(a-'_b,y)dy
(%)(d—c)
b d
Qm fa fc In 7 (x, y)dxdy

d 1
b f InF (a, y)dy + b f In 7 (b, y)a’y] f h(%dv.
d-c ], d-c /. 0

D)

Finally, we obtain

ln?(a_'-b c+d)

w0 2

1 1 fb ( c+d) 1 f (a+b ) }
= InF | x, a’x+— InF ,v|dy
(%)[ 20(3) b~ 2 m)d-o ?
_(b_a)(d_ )f fdlnf(x Y)dxdy
f h(ﬁ)dﬁl f In " (x, e)dx + 57— f In F (x, d)dx
2 0 b—a

d

InF (a,y)dy + E f In 7 (b, y)dy]

" d-c
1 ?
o) 3 (f h(ﬁ)dﬂ) [InF(a,c) +InF(a,d) + InF(b,c) + nF (b,d)
0
+InF(a,c) +InF(a,d)+InF(b,c) + InF(b,d)]

2

1
2 ( f h(ﬂ)dﬁ) [InF(a,o)F (a,d)F (b, c)F (b,d)] .
0
This concludes the proof.

Remark 3. If ¥ = F and h(1) = 9, then Theorem 9 reduces to Corollary 3.1 of [13].
Example 1. Let [a, b] = [c,d] = [2, 3], k() = . We define ¥ : [2,3] X [2,3] — R} by

1
F(x,y) = [x_y e Vit W] .

From Definition 2, ¥ (x,y) € S X(log-ch, A, R7).
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Since
a+b c+d\|[#@) [4
|:7:( 2 9 2 ) —[25,6 >
1 1 b
gl (o259
4h(3)\2n(3) b - a) Ja 2
. | jﬁm?(a+bmyb :[ngguu@qﬂ,
2n (1) d =) Je 2 135
1 b d 1662 4
_ InF (x, y)dxdy| = | =, e3GV3-2VD|
eXp (b—a)(d—c)L I HT('X y) X y |:729 e’
1 L L
exp Ef h(ﬁ)dﬁ(mf lnT(X,C)d)Hfmf InF (x, d)dx
0 —adJa - % Ja
d 1 d 2 53—
+ — 1n7—‘(a,y)dy+—fln9t(b,y)dy = %e,ew’
d-c ¢ d-c c 81
and

[7:(61, C)?'(a’ d)}@(b’ C)T(b, d)](fol h(ﬂ)dﬂ) _ |:é’ e‘/i‘*' \/-;’l .

It follows that
25° ~1135°
and Theorem 9 is verified.

Theorem 10. Let ¥ : A — R} and h : [0, 1] — R” be continuous. If ¥ € S X(log -ch, A, R}), then

16¢* £36V3-2V2)

729°

U

5 2\/66' 615\/565\5} 5 [1 ﬁJr\/g]

81 °

1

(D)

a+b c+d
2 72

1 b c+d
| m|F|x d
Mﬂe)w—a)l:r% (x 2 » g

1 d a+b
— | mlF vlld
+4h2()(d—c)[ n( ( 2 y» Y

L
2

b
b ;f ln(?(x,3c+d)?'(x,c+3d))dx
)b -a)Ja 4 4

4h (3
1

3a+b a+3b
—— | In|F VI|F v|ld
+4h( )(d-c)L[d n( ( 4 y) ( 4 y)) Y

1
2

2 b d
2 exp [m L I In 7:()(?, y)dXdy]
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1
2(b - a)

1 ,(a+b !

lhlLblT F(x,d)]d lhﬂdﬁ
S +hl5 b_afa n[F (x, OF (x,d)] xfo (®)

1 1) 1 !

F (a,c)F (a,d)F (b, C)T(b,d)g_-(a sz b,c)?,(a 42- b,d)
c+d c+d
xﬂf(a, 5 )gf(b, 5 )

[3+n(3)1(' onas)
2 [F(a, O)F (a,d)F (b, c)F (b, d)]z[%”(%)]z( fy man) .

b 1
2 exp [ f In (T(x, OF (x,d)F* (x, fracc + d2)) dx f h(9d
a 0

2 exp

2

Proof. Since ¥ € S X(log -ch, A,R7), by using Theorem 6 and (2.3), we have

1 a+b
4h2(%)1n[7—;( 2 )

5 1 ln[gjy(3a+b)¢y(a+3b)

4h(}) 4 4
1 b
Qb—afa In F(x)dx
1 ,[a+b !
2 Eln F(a)F,(b)F, > f h()dv
0

1 1 :
3+ (5)] In [ F5(a)7F5(b)| fo h(9)d?.

That is,

4;,21(%) nfr (5%

5 1 1n[9’(3a+b,y)?'(a+3b,y)]
4h (1) 4 4

1 b
D —— f In F(x, y)dx
b—a ],

2

1
In [T(a, WF (b, )F> (# y)] f h()dd
0

| =

U

1
Iy h(l)] In[F(a, y)F (b y)] f h(9)do.
2 T3 .
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Moreover, we have
d
el A et
42 (3)d - c) Je 2
. 1 f‘dln[?_(&z+b’y)T(a+3b,y)]dy
4h(3)(d-c) Je 4 4

1 b d
D) m f f ln 7:()6', y)dXdy

1 d b 1
2 d—0 fc In [T (a,y)T(b,y)Tz(%,y)] dy fo h(9)dd

1 1 1 !
5+h(§)]E fd In[F (a,y)F (b,y)] dy fo h(3)d9.

)

Similarly, we have

b
1 fln[?—'(x,c+d)
42 (%) (b - a) Ja 2
1 b 31Ld) ( c+3d)
>———— | In|F|x,—=—|F(x
4h(%)(b—a)£ n[ (x 4 )7 \* 73

1 b d
me f In 7 (x, y)dxdy

b 1
25 bl_a) f In [T(x, OF (x, d)F? (x,czd)] dx fo h(©)d9

0 =i |
—+h|= f In[F(x,c)F (x,d)] dx f h(3)d?.
a 0

dx

dx

D -
2 2/|b—a

We also from (2.2),

a+b c+d 1 b c+d
1 , D 1 , dx,
) “7:( 2 2 ) b—afa “7:(x 2 )x

a+b c+d 1 a+b
1 D 1 dy.
)HT( ) ’ > )—d_cf nT( D) ,}7) Yy

Again from (2.3),

b

p=a | T wody 24 |F (@, F (0. )F (42.¢)] f h()dd

> [§+ 1 (1) InIF @ OF b, 0] f, ),
b

L ["hFedds 2im |7 (. d)F b ) (42.d)| [ h(9)d?

b—a],

>[4+ n(3)|In[F @ dF Bb.d)] ) hd)as,
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d

= InF (a.y)dy 2 1In|F(a)F (a.d)F?(a %2)| [ h@)d9

> [§+n(3)|nF (@ OF (@.d) [ h@)as,
d

InF (b,y)dy

= In[F (b, OF (b, 7> (b, %2)| [ h(9)dd

51
2
> [L+n(3)|mIF G OF b, a) [ h(@)dd

and proof is completed.

Example 2. Furthermore, by Example 1, we have

a+b c+d /3&) 1_6 2 Vi0
[T( 2 2 ) [25’e

ex ! bln( (xc+d))
P 4h2(%)(b a) T2
1 a+b
S — d
+4h2(§)(d—c)f ( ( )) '
ool gty [ {25 [ 2
(5)(19 a)
1 d 3a+b a+3b 256€%  avi2vs), 3y
" (%)(d—c)fln(?r( 4 ’y)gj( 4 ’y))dy]:[n”l’e » ]
256¢*  saviavp
‘”‘p[mf [ | < |
1
f 1n(7-‘(x, OF (x. d)F? (x, ;d)) dx f h(©)do
0

200 -a) J,
1 ,(a+b ! ~
+ =0 fln (T(a,y)?'(b,y)?‘ (Ty) dy ) h(ﬂ)dﬂ] _l

1
(1 +h(1))b1 f ln[T(x,c)?"(x,d)]dxf h(3)dd
- 0
1 1 1 ! 862 15v3-52
+(§+h(§))d_cfln[?(a,y)af(b,y)]dyj; h(ﬂ)dﬂ]:[2187,e 3 ]

[T(a, o)F (a, d)F (b, o)F (b, d)F (#’ C) F ( atb , d)

2
c+d c+d
xT(a, > )?(b, 3 )

b

64¢? 4(3 \63—2 V), \To
18225 ¢ ’

exp [

b

16 V6e? 123822310
10935 ¢

b

[L+n())]( meoran) l% ffr]
=|—.¢€ 2
90’
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and

[ (a, Y . d)F (b, )T (b, dyPL T (G 00) [% 2 V32 ﬁ] .

It follows that

16 ezm] 5 [ 6462 4(3\52;/%3\%]

625° 18225°¢
[ 256€%  46vi2v) L3I 256€*  s6vi2vd)
Dl 5 7|2 e T
| 72171 531441
[ 16 \/662 12V3-8v2+3 V10 862 15v3-5V2
2 ,€ 6 2|, 3
| 10935 2187
D) Eﬁ’e%/i%f“m 5 i’e2\g+2‘/§
190 — 36

and Theorem 10 is verified.
4. Conclusions

We introduced the coordinated log-h-convexity for interval-valued functions, some Jensen type
inequalities and Hermite-Hadamard type inequalities are proved. Our results generalize some known
inequalities and will be useful in developing the theory of interval integral inequalities and interval
convex analysis. The next step in the research direction investigated inequalities for fuzzy-interval-
valued functions, and some applications in interval nonlinear programming.
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