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Abstract: Three edges e, e; and e in a graph G are consecutive if they form a cycle of length 3 or a
path in this order. A k-injective edge coloring of a graph G is an edge coloring of G, (not necessarily
proper), such that if edges e;, e, e; are consecutive, then e; and e; receive distinct colors. The
minimum k for which G has a k-injective edge coloring is called the in jective edge coloring number,
denoted by x(G). In this paper, we consider the injective edge coloring numbers of generalized
Petersen graphs P(n, 1) and P(n, 2). We determine the exact values of injective edge coloring numbers
for P(n, 1) with n > 3, and for P(n,2) with4 < n < 7. For n > 8, we show that 4 < )(;.(P(n, 2)) < 5.
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1. Introduction

Let G be a finite and simple graph. We use V(G), E(G) and A(G) to denote its vertex set, edge
set and maximum degree, respectively. A proper vertex (edge) coloring is a mapping from the
vertex (edge) set to a finite set of colors, such that adjacent vertices (edges) receive distinct colors.
A k-injective coloring of a graph G is a mapping ¥ : V(G) — {1,2,...,k}, such that if two vertices
have a common neighbor, then they receive distinct colors. The injective chromatic number of G,
denoted by y,(G), is the minimum k for which G has a k-injective coloring. The injective coloring of
graphs was originated from the Complexity Theory on Random Access Machines, which was proposed
by Hahn et al. [8] and applied to the theory of error correcting codes and the designing of computer
networks [2].

Similarly, Cardoso et al. [6] introduced the concept of injective edge coloring, motivated by a
Packet Radio Network problem. Three edges e, e, and e; in a graph G are consecutive if they form
a cycle of length 3 or a path in this order. A k-injective edge coloring of a graph G is a mapping
v o E(G) — {1,2,...,k}, such that if e, e,, ez are consecutive, then ¥(e;) # Y(es). If there is a
k-injective edge coloring of G, then we say that G is k-injective edge colored. The minimum k for
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which G has a k-injective edge coloring is called the injective edge coloring number of G, denoted by
X(G).

Cardoso et al. [6] showed that it is NP-complete to decide whether X;.(G) = k. They determined the
injective edge coloring numbers for paths, cycles, complete bipartite graphs, and Petersen graph, and
they also gave bounds on some other classes of graphs.

Proposition 1.1 ([6]). Let P, (C,) be a path (cycle) of order n, K, , be a complete bipartite graph, and
P be the Petersen graph. Then

e x,(P,) =2, forn>4.

' | 2 ifn=0(mod4),
* Xi(Co) = { 3 otherwise.
o X;'(Kp,q) = mln{P, CI}
o x;(P)=5.

A graph G is an ' edge injective colorable (perfect EIC—) graph if )(;.(G) = w'(G), where W' (G)
is the number of edges in a maximum clique of G. In [11], Yue et al. constructed some perfect EIC-
graphs, and gave a sharp bound of the injective edge coloring number of a 2-connected graph with some
forbidden conditions. Bu and Qi [5] and Ferdjallah [7] studied the injective edge coloring of sparse
graphs in terms of the maximum average degree. Kostochka [9] studied the injective edge coloring in
terms of the maximum degree. Recently, in [3, 4], Bu et al. presented some results on the injective
edge coloring numbers of planar graphs. In this paper, we will consider the injective edge coloring of
generalized Petersen graphs.

For positive integers n and k, where n > 3 and 1 < k < 3, the generalized Petersen graph P(n, k) is

a graph with vertex set V. = {uj,up,...,u,;v1,v2,...,v,} and edge set E = {uu;r, u;v;, vivigl i €
{1,2,...,n}, the subscripts are taken modulo n}. We denote uy,u,,...,u, as outer vertices and
Vi,V2,...,V, as inner vertices. The edges u;u;11, viviyr, and u;v; are denoted as outer edges, inner

edges and leg edges, respectively, where i € {1,2,...,n}. Generalized Petersen graphs are being
analyzed extensively because of their applications. There have been some results about the colorings
of generalized Petersen graphs, see in [1, 10, 12].

Here we consider the injective edge colorings of generalized Petersen graphs P(n, k) for k = 1 and
k = 2. We prove the following theorems:

Theorem 1.1. If n > 6, then we have that

X}(P(n,l))={i ifn=0(mod6),

otherwise.

Moreover; x (P(3,1)) = 6, x,(P(4,1)) = 4, x,(P(5,1)) = 5.

Theorem 1.2. Ifn > 8, then 4 S)(;.(P(n, 2)) < 5. Moreover, X;.(P(4, 2)) =4, /\(;.(P(S, 2)) = )(;.(P(6, 2)) =
X(P(7,2)) = 5.

The paper is organized as follows. The exact values of the injective edge coloring numbers of
P(n, 1) are presented in Section 2. In Section 3, we estimate the injective edge coloring numbers of
Pn,?2).
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2. Injective edge coloring of P(n, 1)

In this section, we determine X;(P(n, 1)) for n > 3. The graph P(n, 1) is shown in Figure 1. We
denote the cycle u u,...u, as outer cycle, and the cycle vv,...v, as inner cycle. We say that an edge ¢;
sees an edge e,, if there is an edge e such that e, e, e, are consecutive. A labelling of P(n, 1) is a

mapping L from vertices of P(n, 1) to a set {1,2, ..., k}.

Figure 1. The generalized Petersen graph P(n, 1).

We need a proposition posed by Cardoso et al. [6].

Proposition 2.1 ([6]). If H is a subgraph of a connected graph G, then )(;.(H ) < )(;-(G).
By this proposition, we have the following lemma.

Lemma 2.1. [fn > 3, then y,(P(n, 1)) > 3.

Proof. Since the edges u u,, upus, u3vs, v3va, vavy, viuy form a cycle of length 6, Cq is a subgraph of
P(n, 1). By Proposition 1.1 and Proposition 2.1, we have that )(;.(P(n, 1)) > 3.
O

Lemma 2.2. Forn > 6, )(;.(P(n, 1)) = 3 if and only if n is a multiple of 6.

Proof. Suppose that P(n, 1) has an injective edge coloring ¢ using only three colors 1, 2 and 3. Let
C = vivav3Vs -+ V1 VyVy.

Claim 1: Every edge e on C must receive the same color as one of its adjacent edges on C.

Proof. Assume this is not the case. Then there exist three consecutive edges on C that receive distinct
colors. Assume without loss of generality that ¥(viv;) = 1, ¥(vav3) = 2, ¥(v3v4) = 3, then the edge
U3 cannot be colored. O

Since ¢ is an injective edge coloring, no three consecutive edges can receive the same color.
Therefore, the edges of C can be divided into adjacent pairs and each pair receives the same color.
In particular, C must have even length.

Without loss of generality, we assume that ¥ (viv,) = 1, Y(vovs) = 1, Y(v3vy) = 2, Y(vavs) = 2.

Claim 2: ¥ (vsvg) = ¥(vgv7) = 3.
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Proof. Clearly y(vsvg) # 2. Assume that ¥(vsvg) = 1. Then by Claim 1, ¥ (vgv7) = 1. It follows
that Y (usug) = 3. Now the edge uszu, can not be colored, a contradiction. Therefore, ¥ (vsve) = 3. By
Claim 1, y¥(vgv7) = 3. This completes the proof of Claim 2. O

By Claim 1 and 2, the edges of C are colored in the pattern 112233 --- (up to renaming colors).
Therefore, the length of C is a multiple of 6.

On the other hand, if the length of C is a multiple of 6, then we give a 3-injective edge coloring of
P(n, 1) in the following way. We first label some of the vertices in P(n, 1) as follows: L(v;) = 1 for
ie{l,7,...,n=5}); L(v;) = 2fori € {3,9,..,n=3}; L(v;) = 3 fori € {5,11,....,n — 1}; L(x;) = 1 for
ie{4,10,...,n—-2}; L(u;)) = 2fori € {6,12,...,n}; L(u;) = 3 fori € {2,8,...,n — 4}. If a vertex v is
labelled, then we color the edges incident with v by the color L(v). Since n is a multiple of 6, all the
edges are colored, and it is easy to check that this coloring is a 3-injective edge coloring of P(n, 1).
Therefore, we complete the proof of this lemma.

m]

Now we show that if n > 6 and » is not a multiple of 6, then there is a 4-injective edge coloring of
P, 1).

Lemma 2.3. Ifn # 0 (mod 6) and n > 6, then )(;(P(n, 1) <4.

Proof. Clearly there are five cases depending on n (modulo 6). We will give the coloring in each case:
we first label some of the vertices of P(n, 1) with numbers in {1,2,3,4}. Let ¢ be an edge coloring
such that if a vertex v is labelled by L(v), then we color the edges incident with v by the color L(v).
This edge coloring ¢ might not be injective edge coloring. If this is the case, then we adjust the colors
of some edges to obtain an injective edge coloring .

Case 1. n = 6m+ 1, m € N. We label the vertices as follows:

o L(v))=1, Luyj) =1,i€{1,7,13,...,n -6}, j€{4,10,16,...,n - 3};
o L(vi)=2, L(u;)=2,i€{511,17,...,n-2}, j€{2,8,14,...,n - 5};
o L(vj)=3, L(uj) =3,i€{3,9,15,...,n-4}, j€{6,12,18,...,n— 1},

Let ¢ be the edge coloring defined above. We can see that ¢ is not an injective edge coloring, so we
adjust the colors of some edges in the following way:

Set Y(u,ottn-1) = Y(Up1Vo-1) = YUpu,) = 4, Yuu) = Yavy) = Ymuw) = 2,
YWVpo1vy) = Y(u,v,) = 3, y(nuy) = Y(upus) = 4. Let y(e) = ¢(e) for all the other edges of
P(n,1). It is easy to check that the coloring i is an injective edge coloring.

Un—6 Un—5 Un—4 Un—3 Up—2 Un—1 Unp, Uy Ug us Uy Us
2 2 1 1 4 4 2 2 4 1 1
1 2 3 1 2 4 3 2 4 3 1 2
e 1 3 3 2 2 3 1 1 3 3 2
Un—6 Un—5 Un—4 Un-3 Up—2 Un—1 Un 1 V2 U3 Uy Us

Figure 2. An injective edge coloring of P(n, 1) when n = 1 (mod 6).

Case 2. n = 6m + 2, m € N. We label the vertices as follows:
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o L(v)=1, Luyp) =1,i€{1,7,13,...,n="T}, j€{4,10,16,...,n—4};
o L(vi)=2, L(u;) =2,i€{511,17,...,n -9}, j€{2,8,14,...,n - 6};
o L(vj)=3, L(uj) =3,i€{3,9,15,...,n-5}, je{6,12,18,...,n—8}.

Let ¢ be the coloring defined above. We define i in the following way: Y(v,_4v,—3) = ¥(v,_3V,—2) =
¢(un—3vn—3) =4, ¢(un—3un—2) = w(un—2un—1) = w(un—Zvn—Z) =2, lﬁ(Vn—an—l) = Qb(vn—lvn) = w(un—lvn—l) =
3, U(uy-1uy,) = Y(u,uy) = Y(u,v,) = 4, Y(e) = ¢(e) for all the other edges of P(n, 1). It is easy to check
that ¢ is an injective edge coloring of P(n, 1).

Up—6 Up—5 Up—4 Up—3 Up—2 Up—1 Unp, Uy U2 us Uy Us

. 2 1 1 2 2 4 4 2 2 1 1 ...
2 3 1 4 2 3 4 1 2 3 1 2

. 3 3 4 4 3 3 1 1 3 3 2

Un—6 Un—5 Un—4 Un—3 Un—2 Un—1 Un, U1 V2 U3 V4 Us

Figure 3. An injective edge coloring of P(n, 1) when n = 2 (mod 6).

Case 3. n = 6m + 3, m € N. We label the vertices as follows:

o L(vi)=1,L(uj)=1,i€{1,7,13,...,n -8}, j € {4,10,16,...,n - 5};
o L(vi)=2,L(uj) =2,i€{5,11,17,...,n-4},j€{2,8,14,...,n =T}
o L(vj)=3,L(u;) =3,i€{3,9,15,...,n-6},j€{6,12,18,...,n - 3}.

Let ¢ be the coloring defined above. We define ¢ in the following way: ¥(v,_3v,—2) = ¥ (u,_v,—2) =
L, w(un—Zun—l) = Qb(un—lun) =2, lp(unvn) = w(unul) =3, W(Vn—Zvn—l) = w(vn—lun—l) = w(vn—lvn) =4,
U(uuy) = 4, Y(e) = ¢(e) for all the other edges of P(n, 1). It is easy to check that ¢ is an injective edge
coloring of P(n, 1).

Un—6 Un—5 Un—4 Un—3 Up—2 Up—1 Unp, Uy U2 us Uy Us
1 1 3 3 2 2 3 4 2 1 1
3 1 P 3 1 4 3 1 P 3 1 P
e 3 2 2 1 4 4 1 1 3 3 2
Un—6 Un—5 Un—4 Un—3 Un—2 Un—1 Un U1 V2 U3 V4 Us

Figure 4. An injective edge coloring of P(n, 1) when n = 3 (mod 6).

Cased.n =6m+ 4, m e N. We label the vertices as follows:

o L(vi)=1,Lu;)=1,i€{l1,7,13,...,n—-3}, j € {4,10,16,...,n — 6};
o L(vi)=2,L(uj)=2,i€{511,17,...,n-5},j€{2,8,14,...,n - 2};
o L(vi))=3,L(u;) =3,i€{3,9,15,...,n-1},j€{6,12,18,...,n - 4}.

Let ¢ be the coloring defined above. We define ¢ as follows: ¥(u,_u,) = ¥(u,v,) = Y(u,u;) = 4,
Y(e) = ¢(e) for all the other edges of P(n, 1). Then ¢ is an injective edge coloring of P(n, 1).
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Un—6 Un—5 Un—4 Un—3 Up—2 Up—1 Unp, U1 U2 us Uy Us

e 1 3 3 2 2 4 4 2 2 1 1 e
1 2 3 1 2 3 4 1 2 3 1 2

e 2 2 1 1 3 3 1 1 3 3 2

Un—6 Un—5 Up—4 Up-3 Up—2 Up—1 Un, U1 V2 U3 Uy Us

Figure 5. An injective edge coloring of P(n, 1) when n = 4 (mod 6).

Case 5. n=6m+ 5, m € N. We label the vertices as follows:

e L(vi)=1,Lu;)=1,i€{1,7,13,. n—lO},] €{4,10,16,...,n-T};
o L(vi))=2,L(uj) =2,i €{5,11, 17 6},j€{2,8,14,...,n—9};
° L(vi)=3,L(Ltj)=3,l€{3,9,15,..., -8}, j € {6, 12,18, .,n—>5};
o L(vy_4) = L(u,) = 4, L(u,—») = 1.

Let ¢ be the coloring defined above. We define ¢ in the following way: Y(u,_4u,—3) = Y(u,_3v,-3) =
2, Y(Vy_3Vna) = Y(Vuavuo1) = 3, Y (v vy) = Y (Vo) = 2, Y(e) = ¢(e) for all the other edges of
P(n, 1). Then ¢ is an injective edge coloring of P(n, 1).

Un—6 Un—5 Un—4 Un—3 Up—2 Up—1 Unp, Uy U2 us Uy Us
e 3 3 2 1 1 4 4 2 2 1 1

P 3 4 P 1 P 4 1 P 3 1 P
e 4 4 3 3 2 1 1 3 3 2
Un—6 Un—5 Un—4 Up-3 Up—2 Un—1 Un, 1 V2 U3 Uy Us

Figure 6. An injective edge coloring of P(n, 1) when n = 5 (mod 6).

It follows from Cases 1-5 that )(;.(P(n, 1)) < 4 for all n with n £ 0 (mod 6) and n > 6. O
Next we determine )(;.(P(n, 1) for3<n<S5.
Lemma 2.4. y;(P(3,1)) =

Proof. Since every pair of edges in {u u,, urus, usuy, viva, vovs, v3vi} see each other, they should be
colored with different colors. This implies that )(;.(P(3, 1)) > 6. On the other hand, P(3,1) has a 6-
injective edge coloring as follows: ¥(u;vy) = Y(uiuz) = 1; Y(uyva) = Y(uauz) = 25 Y(usvs) = Y(usuy) =
3; ¥ (vivy) = 4; Y(vvs) = 5;¢(vavy) = 6 . Therefore, X;(P(?), 1)=6

O

Lemma 2.5. y;(P(4,1)) =

Proof. Since every pair of edges in {v|v,, uousz, v3vy, usu;} see each other, they must be colored with
different colors. So )(;.(P(4, 1)) > 4. On the other hand, P(4, 1) has a 4-injective edge coloring as
follows: Y(uivy) = Y(uuz) = Y(uiug) = 15 Y(ouz) = Y(vavy) = Y(vav3) = 2; Yluzup) = Y(uzvs) =

U(uzug) = 3; (vaus) = Y(vavs) = Y(vavy) = 4. Therefore, y;(P(4,1)) =
O

Lemma 2.6. y;(P(5,1)) =

Proof. By Lemma 2.1, we have that y;(P(5,1)) > 3. We claim that x(P(5, 1)) > 4, for otherwise we
would color the outer cycle with three colors. Then there exist three consecutive edges on the outer

AIMS Mathematics Volume 6, Issue 8, 7929-7943.



7935

cycle that are colored differently. Without loss of generality, let (v uy) = 1, Y(uou3) = 2, Y(usuy) = 3,
then the edge v,v; must be colored with a fourth color, and hence, /\/;(P(S ,1)) > 4.

Next we show that )(;.(P(S, 1)) > 5. We assume by contradiction that P(n, 1) has an injective edge
coloring using four colors.

If only three colors are used to color the edges of the outer cycle, then there are two pairs of adjacent
edges such that each pair is colored with one color and the remaining edge is colored with a third color.
Without loss of generality, let y(ujuy) = Y(uuz) = 1, Y(uzuy) = 2, Yugus) = 2, Y(usu;) = 3, then we
must have that Y(vsvy) = 4, Yy(vov3) = 3, Y(v3vy) = 3, Y(u1vy) = 4, but now the edge usvs cannot be
colored.

If four colors are used to color the edges of the outer cycle, then there are two adjacent edges
colored with the same color, all other edges are colored differently. Without loss of generality, let
Yuuy) = 1, Yluauz) = 1, Y(uzuy) = 2, Y(ugus) = 3, Y(usuy) = 4, then we get that Y(vsv)) =
2, Y(v3vg) = 4, Y(ugvy) = 3, but now the edge usvs cannot be colored.

So an injective edge coloring of P(5, 1) requires at least five colors, that is, )(;.(P(S, 1)) >5. In
Figure 7, we give a 5-injective edge coloring of P(5, 1), therefore, )(;.(P(S, 1)) =5.

Figure 7. An injective edge coloring of generalized Petersen graph P(5, 1).

Combining Lemma 2.1 to Lemma 2.6, we obtain the exact values of injective edge coloring numbers
of P(n, 1) for n > 3, which completes the proof of Theorem 1.1.

3. Injective edge coloring of P(n,2)

In this section, we study the injective edge coloring number of P(n,2). We first show that
X;(P(n,2)) > 4.

Lemma 3.1. Ifn > 6, then)(;.(P(n, 2)) > 4.

Proof. Suppose by contradiction that X;.(P(n, 2)) = 3. Let ¢ be a 3-injective edge coloring of P(n,?2).
We may assume that ¥(u;v;) = 1. Then since every pair of edges in {u;v;, u;_1vi_1, Ui+1vi+1} see each
other, they must be colored differently. Without loss of generality, let ¢(u;_1vi_1) = 2, Y(uip1vir1) = 3.

Then we have Y (u;12viv2) = 2, Y(uinaviez) = 1, Y(Uisavizg) = 3. Now note that (u;, u;42) = 2 or 3.
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v; Vi+2 Vit+4

Ui—1 Ui+1 Ui+3

Ui Ui+2 Ujt+4

Vi—1 Vi+1 Vi+3

Figure 8. Partial structure of generalized Petersen graph P(n, 2).

Case 1. Y(u;y1u;12) = 2: Since the edge v;v;,, sees the edges u; 1u;4o and u; 4viq, Y(Vivipn) = 1.
Similarly, ¥(u;u;+1) = 3. But then since the edge v;_1v;; sees edges u;u;, 1, Uir1Uis2, Uir3Vir3, it Must be
colored with a fourth color, a contradiction.

Case 2. Y(u;iuiry) = 3: Since the edge viiovipq sees the edges uiy i and uv;, vipoVig
must be colored with 2. Similarly, ¥(u;,u;,3) = 1. Now since the edge v vz sees edges
U;_1Vi_1, Uis1Uis2, Uiso U3, 1t must be colored with a fourth color, a contradiction.

Therefore, at least four colors are required in an injective edge coloring of P(n, 2).

O

Next we find a 5-injective edge coloring of P(n,2) where n > 8. There are two cases depending on
whether n is even or odd.

Lemma 3.2. Ifn > 8 and n is even, then X;.(P(n, 2)) <5.

Proof. Let n = 2q. The inner vertices of P(n,2) induce two cycles, each of length g. We denote these
two cycles as C; and C,, where C; = viv3... vy 1vi and Cy = vyvys...vyyv». The graph P(2q,2) is
shown in Figure 9.

Figure 9. The generalized Petersen graph P(2g,2).

Casel.2g=4m+2,m>2andme N.

We first label some of the vertices on the outer cycle as follows: L(x;) = 1 fori € {1,5,9,...,2g-5},
L(u;) = 2 fori € {3,7,11,...,2q — 3}, L(uy,—1) = 3. Then if a vertex is labelled, we color the three
edges incident with this vertex by its labelling. Now the uncolored edges are the edges on the cycles
C, and C,, and the edges u;vy; for 1 <i < gq.

Subcase 1.1. g = 1 (mod 4). For the edges on the cycle Cy, let ¥(v3vs) = 3, the other edges
VsV7, V7V, ..., v1v3 are colored in the order 44554455...4455. For the edges on the cycle C,, let
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Y(vavs) = Y(v4ve) = 3, the other edges vevg, Vgvio, . . ., Va,v2 are colored in the order 44554455. ..445.
Finally, let Y(uyvy;) = 3 fori € {5,7,9,...,9 — 2}, Y(uvy;) = 4 fori € {4,8,...,q — 1}, Y(upvy;) = 5
fori €{6,10,...,q = 3}, Y(uav2) = Y(ueves) = 5, Y(usvs) = 3, Y(urgvoy) = 2. It’s easy to check that the
coloring ¢ is an injective edge coloring of P(2q, 2).

V2g—9  U2¢g—7 V2g—5 UV2g—3 V2¢—1 U1 U3 (%1 U7 Vg 11
e 3 5 5) 5 3 4 4 5 5)
1 2 1 2 3 1

U2q—8 U2q—6 U2q—4 u2q—2r% %UQQ U2
" lag_g Uzq—7 U2q—5 Uzq—3 Uzq—1 up u3 us uz ug uin |
3 5 3 4 2 5 3 5 4 3 5
4 5 5 4 4 5 3 3 4 4 5
Vog—8  UV2g—6  V2qg—4  UV2¢—2 Vg (%] V4 (] Ug V10 V12

Figure 10. An injective edge coloring of P(2¢,2) when g = 1 (mod 4).

Subcase 1.2. g = 3 (mod 4). Then g — 2 = 1 (mod 4). For the edges on the cycle C;, let
Y(v3vs) = Y(vsvy) = 3, the other edges v;vg, vovyy, ..., V1v3 are colored in the order 44554455. . .44554.
For the edges on the cycle C,, let ¢(vovs) = Y(v4ve) = 3, the other edges vevs, Vgvio, ..., VagV2 are
colored in the order 44554455. . .44554. Finally, let Y(uy;v,;) = 3 fori € {5,7,9,...,q-2}, Y(uxvy;) = 4
forie {4,8,...,q— 3}, Y(uyvy;) = Sfori € {6,10,...,9 — 1}, W(uyvs) = 4, Y(ugvy) = 3, W(ugve) = 5,
Y(uagvag) = 2. It’s easy to check that the coloring i is an injective edge coloring of P(2q,2).

V2q—9  VU2¢—7 V2¢—5 U2¢-3 U2¢-1 U1 U3 Vs U7 Vg V11
5 4 3 3 4 4 5

3
u2q—2(% %u2q U1z
; o
3 4 3 5 2
5 4 4 5 5
V2¢g-8  VU2¢g—6 V2g—4  U2¢-2 V2q V2 V4 Vg Us V10 V12

Figure 11. An injective edge coloring of P(2¢,2) when g = 3 (mod 4).

Case2.2g=4m,m>2andm € N.

In this case, the labelling of the vertices on the outer cycle are: L(y;) = 1 fori e {1,5,9,13,...,2¢g-
3}, L(u;) = 2 fori € {3,7,11,15,...,2¢g — 1}. Similar to Case 1, if a vertex is labelled, we color the
three edges incident with this vertex by its labelling. Now the uncolored edges are the edges on the
cycles Cy and C,, and the edges uy;v,; for 1 <i <gq.

Subcase 2.1. g = 2 (mod 4). For the edges on the cycle Cy, let y(v,v3) = ¥(v3vs) = 3, the other edges
VsV7, V7V, . .., Vag-1V1 are colored in the order 44554455...4455. For the edges on the cycle C», let
W(vavs) = Y(v4ve) = 3, the other edges vevs, vgvio, - . . , Vo4V are colored in the order 44554455. ..4455.
Finally, let Y(uyvy;) = 3 fori € {5,7,9,...,q — 1}, Y(upvy;) = 4 fori € {4,8,...,q — 2}, Y(upvyi) = 5
fori € {6,10,...,q}, Y(uvy) = 4, Y(uqvy) = 3, Y(ugve) = 5. It’s easy to check that the coloring ¢ is an
injective edge coloring of P(2q, 2).
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V2¢—-9 Uzq 7 Uzq 5 Uzq 3 Uzq 1

2712(1 8] ]712(1 ()2 2712(1 4] ]712(1 22 2712(1 ] ] 2 2 Uy ] ] Uue 2 2 ] ] 'lLl()2 2 'lle

Uzq 9 U2q— 7 U2q—5 U2q— 3 U2q—1 uu
H 5 4 4 H H 3 3 4 4 H
V2g-8  U2¢g—6  V2g—4  U2¢—2 V2q V2 V4 Vg Us V10 V12

Figure 12. An injective edge coloring of P(2¢,2) when g = 2 (mod 4).

Subcase 2.2. g = 0 (mod 4). We color the edges v;v3,v3vs,...,v2,-1v; on the cycle C; and the
edges vavy, V4Vs, . . ., Vo4V On the cycle C, both in the order 33443344 --3344. Then let Y(uxvy;) = 3
fori e {2,6,...,q9 — 2}, Y(uyvy) = 4fori e {4,8,...,q}, ¥(uyvy) =5 forie{l,3,5,...,qg—1}.It’s
easy to check that the coloring i is an injective edge coloring of P(2q,2).

Uzq]] 22 ]] 22 ]]U1022

lt11

V2q—9  VU2¢—7 V2¢—5 U2¢—3 U2¢—1

v .7:"2qu U2q—7 U2q—5 U2q—3 U2q—1
4 5 3 5 4
4 4 3 3 4 4 3 3 4 4 3
V2¢g-8  VU2¢g—6 V2g—4  U2¢—2 V2q V2 V4 Vg Us V10 V12

Figure 13. An injective edge coloring of P(2¢,2) when g = 0 (mod 4).

Lemma 3.3. Ifn > 9 and n is odd, then /\/;(P(n, 2)) < 5.

Proof. Since n is odd, the inner vertices of P(n,2) induce a cycle of length n, denote the cycle as C,
where C = viv3vs - - v, v, Vavy - - - v, vy. It suffices to consider the following five cases.

Casel.n=5m,m > 2:

Since n is odd, m is odd. We color the edges as follows:

o Y(uv)) = 1fori e {1,6,11,...,n—4}; y(uv;) = 2 fori € {2,7,12,...,n - 3}; ¥(u;v;) = 3 for
i€{3,8,13,....,n=-2}; Y(uv;) =4 fori e {4,9,14,...,n—1}; y(u;v;) = Sfori € {5,10,15,...,n}.

o Y(uiu;) = Y(uuier) = Y(uvy) fori € {3,5,7,9,...,n =2} ¥(u,_1u,) = 2,4 (uuy) = Yuuy) = 1.

o Y(vivipa) = Yuivipr) fori € {1,3,5,...,n =2}, y(vivieo) = Y(uiaviyo) fori € {2,4,6,...,n - 3};
Y(u-1v1) = 5,¢(vev2) =5

Now we obtain a 5-injective edge coloring of P(n, 2).

Up—8  Un—7 Un—6 Un—5 Up—g Un-3 3 Up—2 3 Up—1 9 Un Uy u2 us

3 s>
Figure 14. An injective edge coloring of P(n,2) when n = 0 (mod 5).

Case2. If n=5m+1,m>2:
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In this case m must be even since 7 is odd. Let

o Y(uv;) =1forie{l,6,11,...,n—5}; Yy(u;v;) =2forie{2,7,12,...,n—4}; ¥(u;v;) = 3 fori e
{3,8,13,...,n=3} ¥(uv;) =4 fori € {4,9,14, ... ,n-2}; ¥(u;v;) = Sfori € {5,10,15,...,n—1};
w(unvn) =3.

o Y(uiu;) = Y(uuiy) = Y(uvy) fori € {3,5,7,...,n =2}, Y(up_1u,) = 3, Y(uuy) = Y(uyuz) = 1.

o Y(viviso) = Y(upvier) fori € {1,3,5,...,n—6}; y(viviyr) = Y(Uipvisn) fori € {2,4,6,--- ,n—3};
Y(WVnavp2) = 1, Y(vavy) =5, Y(vev2) = 2, Y(v,mvy) = 2.

This way we obtain a 5-injective edge coloring of P(n, 2).

Un—8 Un—7 Un—6 _Un-5 _Upn—g4 Un-3 Up—2 Unp—1 Un
: 5 5 4 4

3

Figure 15. An injective edge coloring of P(n,2) when n = 1 (mod 5).

Case3. If n=5m+2, m>?2:
In this case m is odd. Let

o Y(uyv;) =1forie{l,6,11,...,n—6}; Y(u;v;) =2forie{2,7,12,...,n—5}; ¥(u;v;) =3 fori e
{3,8,13,...,n—-4}; ¥(u;v;) =4 fori e {4,9,14, ... ,n-3}; ¥(u;v;) = Sfori € {5,10,15,...,n-T};
Y(Up-2Vn2) = 2, Y(y_1va-1) = 5, Y(uyvy,) = 3.

o Y(ui—ju;) = Y(uuiy) = Y(uvy) fori € {3,5,7,...,n = 2}; Y(u,—1u,) = 3, Y(uuy) = Yuuy) = 1.

® Y(viviso) = YU vier) fori € {1,3,5,...,n =8}, y(Vivizo) = Y(uiaviso) fori € {4,6,8,...,n = T7};
YVn6Vn-a) = 5, Y(Vpava2) = 4, Y(vpav) = 4, Y(vp2) = 5, Y(vavy) = 250(vu5v,3) =
4, y(Vp3ve1) =4, Y(vvi) = 5.

It is easy to check that this way we obtain a 5-injective edge coloring of P(n,?2).

Up—-8 Up—7 Up—6 Upn—5 Up—4 Up—-3 Up—2 Up—1 Un Uy (%) us Ugq Uus Up

3 1 1 3 3 5 5

4 5 1 2 3 4 2 L 5 3 1 2 3 4 5 1
Up—8 Un—7 Un—6 n—>5 Un—4 Up-3 n—2 Un—1 Un 1 2 U3 Vg Us
5

R 4 4 4 4 5 F
Figure 16. An injective edge coloring of P(n,2) when n = 2 (mod 5).

w7

Cased. If n=5m+3,m>2:
Then m is even. Let

o Y(uv;)) =1forie{l1,6,11,...,n=2} ¥(uv;,) =2forie{2,7,12,...,n— 1}; Y(uv;) = 3 fori e
{3,8,13,...,n=5} ¥(u;v;) = 4fori € {4,9,14,...,n—4}; ¥(u;v;) = Sfori € {5,10,15,...,n-3};
w(unvn) =4,

o Y(uiu)) = Y(wui) = Y(uyy) for i € {3,5,7,....n — 4} Y(uy3u,2) = 1, ¥(upout,y) =
3y (up-uy) = 3, Y (uauy) = 1,9 (uup) = 1.

® Y(viviy2) = Yuiviyy) fori € {3,5,7,...,n = 4}, Y(viviy2) = Y(uisavipo) fori € {4,6,8,...,n— 5}
$(Vn—3vn—l) =2, lﬁ(vn—lvl) =2, ¢(VIV3) = 4,',0(\/”_2\/”) =35, W(VnVZ) =2, lﬁ(V2V4) =2.
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We again obtain a 5-injective edge coloring of P(n, 2).

Un—5 Un—4 Un-3 n—2 n—1 Un 1 2 U3 V4

\\L 3 3 5 5\\2/ 5\2>‘<2/ 4\2//4\

Figure 17. An injective edge coloring of P(n,2) when n = 3 (mod 5).

Case5.If n=5m+4,m>2:
Then m is odd since 7 is odd. Let

e Y(uv)) = 1fori e {1,6,11,...,n—3}; y(uv;) = 2 fori € {2,7,12,...,n —2}; ¥(u;v;) = 3 for
i€{3,8,13,....,n—1}; y(uv;) =4 fori e {4,9,14,...,n}; Y(uv;) = 5fori € {5,10,15,...,n—4}.

o Y(ui1u;) = Y(uuier) = Y(uvy) fori € {3,5,7,...,n =2} Y(u,1u,) = 4, Y(uuy) = Yuuy) = 1.

o Y(viviya) = Yuivipr) fori € {1,3,5,...,n =2}, y(vivieo) = Y(uiavipo) fori € {2,4,6,...,n - 3};
Y(WVa-1v1) = 5, (vav2) = 5, ¢ (vavy) = 2.

We again obtain a 5-injective edge coloring of P(n, 2).

Up—8  Un—7 _Un—6 _ Un-5 _Un—q4 Un-3  Up—2 Un—1 Un U1
. 3 3 5 b) 2 2 4 1

1

355
Figure 18. An injective edge coloring of P(n,2) when n = 4 (mod 5).

It follows from Lemma 3.2 and Lemma 3.3 that )(;.(P(n, 2)) <5forn > 8.
Now we study )(;.(P(n, 2))for4 < n < 7. 1f n =5, then the graph P(5, 2) is just the Petersen graph,
by proposition 1.1, y;(P(5,2)) = 5.

Lemma 3.4. y;(P(4,2)) = 4.

Proof. Since every pair of edges in {u;vy, uvy, usvs, usv4} see each other, they should be colored
differently, that is, /\/;.(P(4,2)) > 4. On the other hand, P(4,2) has a 4-injective edge coloring as
follows: y(u1vy) = Y(uiuz) = Y(uiug) = 15 Y(uzuo) = Y(uzvs) = Y(usuy) = 2; Y(uzva) = Y(vivs) = 3;
W(vauy) = Y(vovy) = 4. Therefore, )(;.(P(4, 2)) = 4.

O

Lemma 3.5. y(P(6,2)) = 5.

Proof. Denote the outer cycle of P(6,2) as C = ujupuzususucu;. By Lemma 3.1, )(;(P(6, 2)) > 4.
Assume by contradiction that P(6, 2) has a 4-injective edge coloring.

Case 1. Only three colors are used to color the edges of C.

In any 3-injective edge coloring of C, there exist two adjacent edges that are colored differently, and
each color is used twice. Without loss of generality, let Y(u;u,) = 1, ¥ (uu3) = 2. By symmetry, we
only need to consider the cases ¥ (uzuy) = 3 or Y(uqus) = 3.
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If Y(usuy) = 3, then Y(v,v4) = 4. Since the edge v4ve sees edges ugus, usug, Ugly, V2V, these four
edges are colored with different colors in {1, 2, 3,4}. So v4v¢ cannot be colored.

If Y(uqus) = 3, then Y(v,v4) = 4. Similarly, the edge v4v¢ cannot be colored.

Case 2. Four colors are used to color the edges of C.

First note that there exist no four successive edges u;u;,1, Uir1livo, Uiralir3, Uir3Uir4 that are colored
differently, because otherwise the edge v;.1v;;3 cannot be colored. So there exists an i such that
Yuittiv1) = Y(Uiiza), Y(Uisttivg) = Y(Uiau;ys), the subscripts are taken modulo 6. Without loss
of generality, let Y(u uy) = Y(upus) = 1, Y(uzuy) = 2, Y(ugus) = Y(usug) = 3, and Y(ugu;) = 4. Then
we have that Y(v,v4) = 4, ¥ (ugve) = 2,¥(v3vs) = 4, and hence, the edge u;v; cannot be colored.

Therefore, at least five colors are needed in an injective edge coloring of P(6,2), that is X;.(P(6, 2)) >
5. On the other hand, Figure 19 shows a 5-injective edge coloring of P(6,2). So we have that
)(;.(P(6, 2)) =5, as required.

Figure 19. An injective edge coloring of P(6,2).

Lemma 3.6. y;(P(7,2)) = 5.

Proof. Denote the outer cycle of P(7,2) by C = ujuyusususuguzu;. By Lemma 3.1, )(;.(P(7,2)) > 4,
We assume by contradiction that P(7,2) has a 4-injective edge coloring.

Case 1. Only three colors are used to color the edges of C:

Then there exist three edges colored with the same color, two of them must be adjacent, and the
third one is opposite to them. Without loss of generality, let Y(u u,) = Y(uus) = Y(usug) = 1. By
symmetry, if suffices to consider the following three sub-cases.

If y(uiuz) = 1, Y(upuz) = 1, Y(usus) = 2, Yugus) = 2, y(usug) = 1, Yluguz) = 3, Y(uzuy) = 2,
then the edge v;v, must be colored with 4, but now the edge v4v cannot be colored.

If y(uiup) = 1, Y(uouz) = 1, Y(uzug) = 2, Yugus) = 2, Y(usug) = 1, Y(usuy) = 3, Y(uuy) = 3,
then the edge v4v¢ must be colored with 4, but now the edge v,v; cannot be colored.

If y(uiuz) = 1, Y(upuz) = 1, Y(ususg) = 2, Yugus) = 3, y(usug) = 1, Ylugur) = 2, Y(uzuy) = 3,
then the edge v;v, must be colored with 4, but now the edge v;vs cannot be colored.

Case 2. Four colors are used to color the edges of C:

First note that there exist no four successive edges u;u; 1, Uiyiliva, Uis2Uiv3, Uir3Uirs (the subscripts
are taken modulo 7) that are colored differently, because otherwise the edge v;,1v;;3 cannot be colored.
Since there are four colors and seven edges on C, at least one color, say 4, that is used only once.
Without loss of generality, let (uu;) = 4. Since edges upus, ujuy, uju, are colored differently,
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suppose Y(uuz) = 1 and Y(u7u;) = 2, then uzuy and ugu; must be colored with 1 or 2. So yY(uuus) = 3
or t//(u5u6) =3.

In both case, we have that ¥(uzuy) = 1, W(ugus) = 3, w(usug) = 3 and Y(ugu;) = 2. Then we deduce
that Yw(vavy) = 2, Y(vave) = 4, Y(uv7) = 1, Y(uyvy) = 3, now the edge u,v, cannot be colored, a
contradiction.

So we have shown that X;.(P(7, 2)) > 5. In Figure 20, we give a 5-injective edge coloring of P(7,2).
Therefore, )(;.(P(7, 2)) =5.

Figure 20. An injective edge coloring of P(7,2).

From Lemma 3.1 to Lemma 3.6, we complete the proof of Theorem1.2.
4. Conclusions

In this paper, we have determined the exact values of the injective edge coloring numbers for P(n, 1)
with n > 3 and for P(n,2) with 4 < n < 7. For n > 8, we have showed that 4 < )(;.(P(n, 2)) < 5.

However, we don’t know whether the exact values of the injective edge coloring numbers for P(n,?2)
are 4 or 5. We conjecture that )(;.(P(n, 2)) = 5.It1is also open to compute the exact values of the injective
edge coloring numbers of P(n, k) for k > 3.
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