AIMS Mathematics, 6(5): 5088-5105.
AIMS Mathematics DOI: 10.3934/math.2021301
% , Received: 03 December 2020
o Accepted: 01 February 2021
http://www.aimspress.com/journal/Math Published: 09 March 2021

Research article

Ulam stabilities of nonlinear coupled system of fractional differential
equations including generalized Caputo fractional derivative

Tamer Nabil->*

! King Khalid University, College of Science, Department of Mathematics, Abha, Saudi Arabia

2 Suez Canal University, Faculty of Computers and Informatics, Department of Basic Science,
Ismailia, Egypt

* Correspondence: Email: r_3bdelsadek @yahoo.com.

Abstract: In this paper, we establish the existence and uniqueness of solution for a nonlinear
coupled system of implicit fractional differential equations including y-Caputo fractional operator
under nonlocal conditions. Schaefer’s and Banach fixed—point theorems are applied to obtain the
solvability results for the proposed system. Furthermore, we extend the results to investigate several
types of Ulam stability for the proposed system by using classical tool of nonlinear analysis. Finally,
an example is provided to illustrate the abstract results.

Keywords: fixed-point; y-Caputo operator; coupled implicit system; Ulam stability; existence of
solution
Mathematics Subject Classification: 47H10, 26A33, 34B27, 39B82

1. Introduction

Fractional calculus is very significant and important part of mathematical analysis. As is well
known, fractional calculus plays a very vital role for the study of fractional order systems. Fractional
differential equations (FDEs, for short) are utilized in many applications of engineering and natural
science topics, such as dynamics of biology, finance, optimal control, automation system, image
analysis, fluid and elasticity [1-7].

Different natural problems can be modeled as mathematical problems. The solvability of these
mathematical problems is an important aspect of modern mathematics. The fixed-point theory can be
applied to investigate the solvability for those natural problems. A large number of works dealing with
refinements, applications of fixed-point theory in different types of FDEs have appeared [8—11]. In
particular, Schaefer’s and Banach fixed-point theorems are effectively used to establish the solvability
of a lot of nonlinear natural problems [12].
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With the development of powerful mainframe computers and parallel computing methods, the
investigation of stability of solutions of FDEs has become important tool to achieve and to confirm
the study, which led that stability study to be one of the most important research subjects in functional
analysis. Additionally, sometimes it is too difficult to find an exact solution for nonlinear FDEs, in
such case stability analysis plays a very important role in the study. The theory of Ulam stability was
introduced in 1940 by Ulam [13]. The following year, Hyers [14] established a type of stability in the
Banach space which was more generalized than the concept of Ulam stability, and applied this type to
achieve the stability conditions of functional equations. After that, Rassias [15] considered another
definition of stability condition, that definition was more improved than Ulam and Hyers stabilities,
and used this definition to study the stability of FDEs [16, 17].

Recently, more and more researchers are interested in applying the Hyers-Ulam stability [18-22].
In 2017, Ali et al. [23] established the existence of solutions for the coupled of FDEs involving
Riemann-Liouville fractional operators and achieved Hyers-Ulam stability (HUS). In the same year,
Khan et al. [24] considered the existence of solution, therefore HUS for the coupled system of FDEs
in Caputo’s sense. Recently, in 2019, Ali et al. [25] greatly given Ulam Stability conditions of
solution for nonlinear coupled implicit FDEs.

There are several approaches to define the fractional derivative such as Riemann-Liouville,
Hadamard, Erdely Kober and Caputo [26]. Recently, in 2017, Almeida [27] proposed new definition
of the fractional derivative and called this operator y-Caputo derivative. This new definition is more
generalized than Riemann-Liouville, Hadamard, Erdely Kober and Caputo operators types. He given
a lot of properties of these new fractional derivative operator. After one year, Almeida et al. [28]
studied the uniqueness of solution for the system of FDEs including -Caputo derivative.

Nowadays, Abdo et al. [29] proposed an implicit nonlinear FDE including y-Caputo derivative
under nonlocal condition. They obtained the existence and uniqueness of solution for this problem
under some hypotheses.

In this paper, we investigate the existence and uniqueness of solution for the following couples
system of FDEs

"Dy u() = ft, u(t),” Dy v());
"D v(t) = gt v(),” Dy u(@));
a€(0,1),tel=[0,T], T € R*;
subject to the nonlocal conditions
u(0) + hy () = uo;

v(0) + ha(v) = vo,

(1.1)

where u,v € C(I,R), f,g : IXR?> - R, hy,h, : CU,R) = R, up,vyp € R and *D*¥ is y-Caputo
derivative operator. We apply Schaefer’s and Banach-fixed-point theorems to obtain the existence and
the uniqueness of solution for the proposed system (1.1) under certain hypotheses. Furthermore, we
study several kinds of Ulam stability for the proposed system (1.1). The system (1.1) is very general
since it is involved fractional derivatives with unlike kernels. Further, it has been shown that these
Y-fractional derivatives unify a wide class of fractional derivatives such as the aforementioned one. On
the other hand, the y-Caputo operators are found to be more effective and practical than the classical
Caputo operators in the mathematical modeling of numerous phenomena and process in dynamics
systems [30-35].
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2. Preliminaries

In this section, we give some basic concepts and auxiliary results. The following definition was
given in [25].
Definition 1. Let I = [0,T], T > 0, and C(I,R) be the space of all continuous functions u : I — R. It
is easy to prove C(I,R) is a Banach space with the norm, ||ul|c = ntlgx \u(t)|. Therefore, C"(I,R), n € N,
is the space of all n—times continuous and differentiable functions from I to R.

The following definition was given in [26,27].
Definition 2. Let € C"(I,R) be an increasing function such that '(t) # 0 for all t € 1. Consider
u: I — R be an integrable function. The y—Riemann-Liouville fractional integral of order @ > 0, « €
(n — 1,n) for some n € N, of the function u is defined as

1 t
Jigut) = m [ WO -w@) wo .

and the y-Riemann-Liouville fractional derivative of order « > 0, a € (n— 1, n) for some n € N, of the
function u is defined as

DY u(t) =

n n—a—1

The following definition was given in [27,28].

Definition 3. Let € C"(I,R) be an increasing function such that y'(t) # 0 for all t € 1. Consider
u: I — R be an integrable function. The y-Caputo fractional derivative of order « > 0, a € (n —1,n)
for some n € N, is defined by y-Riemann-Liouville fractional derivative as

[k] (0)

"Dy u(t) = Dy [u(r) - Z W) - y(0)] -

where, u[k](t) = ﬁa)k u(t). We recall the following Lemma which was given in [28].
Lemma 4 Suppose that u : I — R, then
(1) if u € C"(I,R), then *D5Y Jou(t) = u(p),

(2) ifu € C*(I,R), then

-1

TSV DEY () = u(r) - Z

k=0

therefore, if @ € (0, 1), then
Jol DY u(t) = u(t) — u(0).

Now we recall Schaefer’s fixed-point theorem which was given in [36].
Theorem 5. (Schaefer’s fixed—point theorem) Let X be a Banach space and T : X — X be a
continuous and compact map. Furthermore, let

:{xEX:XZ/lTx, /le((),l)},

be a bounded set. Then T has at least one fixed-point in X.
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Let f,g : IXRXR — Rand hy, h, : C(I[,R) — R. Then we study the Ulam stabilities of the
following proposed problem.

"Dyl u(r) = f(t,u(),” Dy v(a));
"Dy v(0) = g(t1,v(1),” DY u(1));
e (0.1), 1€ =[0,T], T €R*:

2.1
subject to the nonlocal conditions 1)
u(0) + hy(u) = uo;
v(0) + hy(v) = vy.
The following two Lemmas will be utilized throughout in the paper.
Lemma 6. [29] Let h € C(I,R), then the FDE
“DeYu(t) = f(t,u(®),” D3 u(d));
ae(Ol),teI—[OT] T > 0; 2.2)

subject to the nonlocal conditions
u(0) + h(u) = uo,

can be written as the following integral equation

u(t) = uo — h(u) + ﬁ f W ()W) = ()" £t u(),” Dy u() ds.
From Lemma 6, we can show the following interesting Lemma.

Lemma 7. The solution of the system (1.1) is equivalent to the following coupled system of nonlinear

integral equations

u(t) = g — hi(u) + s [0/ ()W) — W)™ f(t,u(t).” D v() dis,
and (2.3)

V(1) = vo = o(v) + s [ ()W(0) — ()™ gt v(1).” DY u(o) ds.
3. Existence and uniqueness

In this partition we will investigate the solvability of the proposed system (1.1). The system (1.1)
can be written as

Dyl u(t) = x(1) = f(t,u(t), y(t));
Dy v(t) = y(t) = g(t, v(t), x(1));
a€0,1),tel=[0,T], T eR";
subject to the nonlocal conditions
u(0) + hy(u) = uo;

v(0) + hr(v) = vy.

(3.1)

Now, define the following two operators,
T,:C(,R)-> CU,R) , T,:C{,R)— C{U,R),
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such that

Tyu(t) = uo — () + 75 fot W (W) = ()" ft,u(),” D) ds

R - . (3.2)
Tov(1) = vo = () + 55 Jo 0 ()W) = w(s)™™ g(t,v(0),” Dy u(r) ds

where r € I and u,v € C(I,R).

We will study the proposed system under the following conditions:
(C1) f,g : I xR X R — R are continuous;

(C2) forall r € I, there exists L; € (0,1), i = 1,2, 3,4, such that

|f(t,wi,21) = f(t,wo, 22)| < Lilwy — wal + Lylzy — 22,

lg(t, wi,z1) — g(t, w2, 22)| < Lslwy — wa| + La|zi — 22,

VYwi,wa, 21,22 €R;
(C3) forallt € I, there exists Ay, Bf,Cy, Ay, By, Cy € C(I,R) such that

Lf (@, u(n), w)l < Ap(t) + By(Dlu(0)| + Cr(Olw(D)],

lg (2, u(t), w(D))| < Ag(2) + B(@Dlu(n)] + Cy(D)Iw(D)],
Yu,w € C(I,R), with

Aj} = sup A(1), B} = sup B(1), Cj} =supCp(t), A =supA,(1), B, =supBy(r), C,=supCy1),
tel tel tel tel tel tel

(C4) hy,hy : CU,R) — R, are continuous and there exists Ls, Lg € (0, 1) such that

|hi(u) — hoy(V)| < Lslu — v,

|ha(u) — h3(V)| < Lelu — v,

forall u,v € C(I,R).
Let X be the product space X = C(I,R) X C(I,R) with the norm

1 Vlx = llu@llc + [vDllc,
we can prove that X is Banach space. Define F' : X — X such that
F(u,v) = (Tu, Trv)(®).

The existence of solution for the proposed system (1.1) is equivalent the existence of the fixed-point
for the operator equation

(u,v) = F(u,v) = (Thu, Trv)(?).

Theorem 8. Let the conditions (C1)—(C4) hold. Then F is compact.
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Proof. Arzela-Ascoli’s theorem will be applied by doing the following steps.

Step 1. F is continuous.

Define D, = {(u,v) € X : ||(4, v)|lx < r}. Consider {(u,,v,)} be a sequence in X such that {(u,, v,)}
converges to (u,v) in D,. Hence, u, — u and v, — v. Thus, we have that

T (u)(®) = Ty @)(O] < 1 () =y )] + 5 fot ¥ (WD) = ()" xu(s) = x()l ds

@Y (3.3)
IT2(vi)(1) = T2(V)(O)] < |ha(vi) = oW + 75 o ¥ (@(0) = () yul(s) = y() ds
where y,, y, x,, x € C(I,R) and
Yo = [t un(@,y2(0) 5 yu = 8, va(), x,(1)).
From condition (C2), we get that
12 () — x(D)] < Lilun(2) — u(®)] + Loly, () — (0 , (3.4)
[yu(t) = YOI < Ls|v,(8) = (0] + Lalx,(t) — x(@)] (3.5)
which implies that
%2 () = x(D)] < Lilun(2) — u(®)l + LoLs|v, (1) — v(D)] + Lo Lalx,(2) — x(2)], (3.6)
therefore,
6, (1) = XD < T2 lun(0) = u(®) + 52 va(0) = v(0)l, 3.7)
and
[y (1) = y(@)] < %Iun(t) —u(@®) + (L3 + %)Ivn(t) — (1)l (3.8)
Thus, we have that
T (u,)(0) = Ti(@)(O] < Lslu () = u()] + 75 fot W ($)(W(2) = ()"
[z 4 (8) = u(s)] + 72 lva(s) = v(s)1 ds (3.9)

T2 (va)(2) = Ta)(D)] < Lelva(1) = v(Ol + 555 o W ()0 = w(s)e!

(T2 lun(s) = u(s)] + (Ls + ZEEIVa(s) = v(s)I] ds

Since (u,,v,) — (u,v) as n — oo, for all + € [ and from Lebesgue Dominated Converges
theorem [36], we have

IT1(u)(0) = Ti()Dllc = 0, [[T2(v)(@) = T2(W)(D)llc — O,
as n — oo. Also,
1F'(tt, vi)(@) = F(u, v)Ollx = [IT1()(0) = T1(@)(Dllc + IT2(va)(0) = To(v)(@)llc-

Thus,
|F' (v )(8) = F(u, v)(®)|lx — 0,
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as n — oo. Thus F is continuous operator.
Step 2. F is bounded operator in X.
By using (C3), we get

XD < Ap(2) + Br(Olu(®)] + Cr OO < A} + By r + Cp [y(0)],

similarly, we find that
V(DI < Ay + B, r + C, |x(1)],

therefore, we have
|x()] < A;i- + Bji- r+ C;i (A; + Bz r+ Cg*lx(t)l).
It follows that

A*

f+BJ;. r+Cf Ag+Cj;.Bg r

1-C; C;

llxllc < =M,.

Similarly, we have
IVlle < Ag + B, r+ Cy My = M.

Thus, we have

T @)D < luol + 1 ()] + 75 o & ()@ = w(s)°" 1x(9)] ds

3.10
< lutgl + 1 (O)] + L7 + (T — w(0))" My, G109

and
I T(W)(D)] < [vol + [Ra(V)] + ﬁ fot W ()W) — ()™ y(s)l ds

3.11
< ol + 11a(O)] + Loy + s (U(T) = (O M G-AD

Therefore, we have

ITulle < [ugl + |h1(0)] + Lsr +

e 1)(l//(T) —Y(0)"M, = Ay,

1

T < + |y (0)| + Ler +
ITovllc < [vol + |h2(0)| + Ler Ta+ D

W(T) =y (0)"M; = A,.

Hence, we have
|1F(u,v)(®D)llx <A1 + Ay = A.

Thus, F is bounded in X .
Step 3. F is equicontinuous operator in X.
Let #,,1, € I such that #; > t,. Then, we get

IT\@)(t) = Ti(®)] = I [ ¥ (W@(0) = ()™ x(5) ds = 75 [ &/ (9W(12) = ()™ x(s) dis]
< il o W OIWE) = w() ™ = (W (0) = Y(9))* ' 1x(s) ds]
il 70 (W) - w(s) x(s)ds
< s lWn) = p(0)" = Wit) = w(0)* = 2(p(12) — Y1)

(3.12)
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Therefore, we obtain that
I T2(v)(t1) — To(v)(12)] < r(a+1)[(l/’(12) Y(0)* = (1) — (0)* = 2(¥(82) — Y(11))]. (3.13)

When t; — 1,, we get

IT1(u)(11) = T1(u)(22)] = O, (3.14)
and
IT>(v)(11) = To(v)(12)| = 0, (3.15)
thus, we find that
|F(u,v)(t) — F(u,v)(t;)| = 0. (3.16)

Hence, F is equicontinuous. Thus, F is completely continuous. From Arzela-Ascoli’s theorem [37], F
1s compact operator. O

Theorem 9. Let the conditions (C3) and (C4) hold. The proposed system (1.1) has at least one solution
if L <1, where

(W(T) — (0))* + max{Ls, Le},

F( + 1)
and
* B B e Ce B GBI G
g 8

Proof. Let B defined as

={u,v)eX:(u,v)=AFu,v), 0 <A<1}.
We will show that B is bounded. Let (#,v) € B such that

u(t) = AT u(t), v(t) = ATv(t), A € (0, 1).

Then for each ¢ € I, we have that

()] = Ao — I (u) + r(a)fo l//(S)(l//(t) Y($))*™" £t u(@),” Dy v(e)) ds)
< fuol + Lslu(®)] + 11 (0)] + w5 o W ()@ = wis)* IIX(S)Ids,

(3.17)
VOl = 1A(vo — I (V) + 15 fol W ()W) — ()™ g1, v(@0), Dyl u(t)) ds)|
< ol + Lev(®)] + 1h2(0)] + 775 fot W ()W) = () y(s)lds.

From (C3), we get
IX(D] < A} + B lu()] + C; (@)l (3.18)
Ol < A, + B, v(@®)] + C, [x(0)] . (3.19)

Thus, we have
B* C B

XDl < A%+ CrA, + —cic Iu(t)l T C*C* ———(?)| , (3.20)
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|y(l)| < (Ag + Ang + CngAg) + T}C‘Z Iu(t)l + T}'}C‘; |V(Z)| . (321)
Then, we have that
B’ C:B:
()] < luol + Lslu(®)] + 111 0)] + momgs W(T) — $(0)*[A} + CFA; + qulu(t)l + 1_2_7’CEIV(I)I],
(3.22)
and
< Ivol + L Io(O)] + mp (U(T) = PO [(AL + A%C: + CHCIAL) + ok /e
|V(t)| = |V0| + 6|v(t)| + | 2( )| + r(a_,_])(w( )_ w( )) [( g + f-g + g g) + l—C} C; |l/t(t)| + ]—C; C; |V(t)|]
(3.23)
Using the last two inequalities, we obtain that
(@, VIOllx < lu(@] + V()]
<Ll vl + K. G2
Hence, we have
I Ollx < (3.25)
where Y
L = T - O ¢ + L 7L )
oy — 9O + max(Ls, L)
¢ =max{A} + C}A,, — o (A + ALC, + CLCAY), P —h
gl—Cng 1-C;C & & &8 1-C;C 1-C C
K= hi(0 h,(0 T) — y(0))",
luto| + 1~ (O)] + [vol + 112 (0)]) + T+ 1)(90( ) = ¥(0))
and
C=A%+Cp Ay + Ay + AGC, + CrCLAL.
Since L < 1, than B is bounded. Thus, F possess at least a fixed-point. O
Theorem 10. Suppose that the conditions (C1) and (C2) hold. If L* < %, where
* W()—yO)* 3\ Wy (O)*
LL L: Htsalfz;{)[ﬁ(so)-)'; I_ZM( i F(Qf]) L 1] }‘(IE?L;(L%))(wZ))I;‘(’afI) ) (3.26)
1—1L224( T(a+1) )]a [L6 + (L3 + 13L32L1 )( T(a+1) )]}7

then the system (1.1) has a unique solution in X.

Proof. We apply Banach contraction approach to prove F has a unique fixed-point. Let (u,v), (4, V) €
X. Then, we have

IT1(w)() = Ty @) (O] < Lslu(t) — u(t)] + 5 Jo & (@) = W) x(s) = X(s)l ds
IT2()(1) = Ti(M)(O < Lelv(r) = V(O] + 55 o & @) = w(s)*" y(s) = (o)l ds

where x, x,y,y € C(I,R), such that

(3.27)

x=ftuy , y=gtvX).
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Therefore, we get

_ . LL _
=X S —— U — U]+ |y = V),
1-LL, 1 - LyL,
Ll _ LoLsLy _
V< —u-ul+Ls+ ——)lv—-
vy = 1_L2L4|u ul + (Ls 1_L2L4)Iv Vi
From substitution the last two equations in (3.27), we get
IT)(u)(8) = T @) < [Ls + =2 (Ul — 1l + (725 (U Rl -, (3.28)

IT2(0)(0) = Ta(M)(0)] < 725 (Ul — ] + [L + (Ls + 2RE)(UEEDIv -7, (3.29)

where
% _ L W(T)—y(0)* LyLs W(T)—y(0)*
LL L Ht%{)[ﬁfo;;* Lz T L )L] 2( 1_<L$(Lf>)(w(0)§‘(*a+l) % (3.30)
4 = oL3Ly — .
l—leL4( T(a+1) ), [Le + (L3 + 1-L,L4 X T(a+1) -

By adding the inequalities (3.28) and (3.29) and taking the maximum over / , we get

IF (u, v)(1) = F@, v)(Dllx <217 || (u,v) = @, ) llx -

IfL* < %, then F has a unique fixed-point in X. O
4. Stability analysis

In this section, some types of Ulam stability will be considered. First we recall the definitions of
those types of Ulam stability. For more details, see [38].
Definition 11. The system (1.1) is called Ulam-Hyers stable( UHS, for short) if there exists 11,1, € R*
such that for every €, , &, > 0 and each (u,v) € X of the inequalities

"D u(r) - £t u(),” Dyv(o)] < en,

(14 Y 4.1
DY) = gt v(0),” DV u(e)] < e, @D
where t € I, there exists a unique solution (u,v) € X of the system (1.1) such that
—u| <
lu(t) —u(r)| < A, €, Vtel, 42)

v(t) = v(t)| < A &, YEeL

Definition 12. The system (1.1) is called generalized Ulam-Hyers stable (GUHS, for short) if there
exists 1, ¢ € C(R*,R*), ¢1(0) = ¢2(0) = 0, such that for every &, , & > 0 and each (u,v) € X
solution of the inequalities

"Dy u() = f(tu@).” DIV < e

@ . 473
FDv(1) — gt v(0).* DIV u(t)] < &7 (4.3)
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where t € I, there exists a unique solution (u,v) € X of the system (1.1) such that

lu(t) —u()| < @i(&1), Yt el,

() = T(0)| < @a(er), W 1€ 1. “44)

Definition 13. The system (1.1) is called Ulam-Hyers-Rassias stable (UHRS, for short) with respect
to 1,y € C(I,R"), if there exists k,,, Ky, € R" such that for every €, , € > 0 and each (u,v) € X
solution of the inequalities

*DY u(t) - ﬂHM)Dwmmsawﬁx

4.
D5 v(r) — g(t, v(0),” DY u(®)] < &5 @a(0), 4.5
where t € I, there exists a unique solution (u,v) € X of the system (1.1) such that
lu(t) —u(D)| < Ky, €1 @1(0), V1€, 4.6)

V(1) = V()| < Ky, €2 a(2), YT EL

Definition 14. The system (1.1) is called generalized Ulam-Hyers-Rassias stable (GUHRS, for short)
with respect to ¢1,¢0, € C(I,R), if I k,,, Ky, € RY such that for each (u,v) € X solution of the
inequalities

"Dy u() = f(t, (), Dy vD)] < 1),

P 4.7
DY) - (e v(0).” D u(d)] < a0 @D
where t € I, there exists a unique solution (u,v) € X of the system (1.1) such that

u(®) —u(] < ky, @1(1), V1€, 4.8)

v(®) = V()| < Ky, @2(1), V1 EL

Lemma 15. Let a € (0, 1), if (z1,22) € X is the solution of the inequalities (4.1), then (z1,2;) is the
solution of the following system

T 0))*
[21(0) = M) < (Hrei)en

T 0
l22(1) = Na(0)] < (U525 ),

4.9)

Proof. Let (z1,22) € X be any solution of the inequalities (4.1), then there exists (0;,0,;) € X (0,
dependent of z; and ®, dependent of z;) such that

"Dy u(t) = x(1) = f(1, u(®), () + ©1(1);
"D () = y(1) = gt v(D), x(1)) + Ox(1);
ae(0,1), tel=[0,T], T e R";
subject to the nonlocal conditions

u(0) + hy(u) = uo;

v(0) + o (v) = vy,

(4.10)

and
O <& , 0,0 <e ,Vtel.

Thus, the system (4.10) is equivalent to the following system
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1(0) = o = () + iy Y0 (00 =)™ x(5) ds + i [10 (0 ~p()" On(s) ds,
22(t) = vo = (V) + o5 3 W (W) ~ W)™ ¥(5) ds + r [ ¥ (W) = ()™ O(s) ds .

4.11)
Let .
Ni(6) = ug = () + 7 [, ¥ (W) = v(s)* ™ x(s) ds @12
Na(t) = vo = o) + s [ 0/ ()W (1) = ()" ¥(s) ds '
Thus, we have
l21(t) = Ni(0)] < W) fo Y ()W) — ()™ [01(9)] ds < (UEEP sy
a-1 WTM)—-y0)* (4.13)
|Z2(t) NZ(I)| = F(a/) j(; ‘ﬁ (S)(w(t) l//(S)) |®2(S)| ds < ( T(a+1) )82
O

Theorem 16. Suppose that (C1) and (C2) hold. Then the system (1.1) will be UHS and consequently
GUHS under the following condition

Ly L T)—y(0)* Ly L T)—y(0))* Ly L T)—y(0)* Ly L3 L T)—y(0)* 1
14((¢()¢())) 2 3((¢()l//()))( 14((¢()¢()) ),[L6+(L3+ 2 L3 4)(0#()!//()) )]}<§

max{(l—Lz L\ T(et+l) D T-L L\ T(a+l) 7°N1-L Liv I(a+)) -1, Ly T(a+1)
4.14)

Proof. Let (z1,2) € X be solution of the system (4.1) and (u, v) be the unique solution of the proposed
system (1.1). Hence, we get |[N(?)| < &; and |N,(?)| < &, , YVt € 1. Therefore

|21(6) — u@)] < l21(6) = Ni(@©] + IN:1 (1) — u()],

|z2(2) — v(®)| < |z2(2) — No(B)] + [N2(2) — v(2)I. (4.15)

From Lemma 15, we get

l21(1) — u()] < (URE e + Lla (1) — u(d) + fow(sxw) ()" 12, (5) = xu(9)] ds,
l2a(t) = v(0)] < (LR e, + Lolaa() = vl + s o 0 ()@@ = @)™ Iy (s) = y(9)] ds,

(4.16)
where
X, () = f(t,20(0), y5,(D) » x(0) = f@t, u@), y.(1) , 4.17)
Voo (1) = (1, 22(2), %, (1)), yo(2) = g(2, v(1), x,(1))
From (C1), we have
ey () = 28] < Lalea (6) = w(®)] + Loy (6) = 30(0), “18)
V2, (1) = »o(D] < Ls|za(2) = v(D)] + Lalx,, (7) — x,(2)].
Thus, we get
e, (1) = 0, (0] < =gl () — w@)] + 12512 () — @), (4.19)

Vo (1) = (O] < T2l () — w(@)] + (Ls + EE)lza(t) = v,

Therefore, we obtain

T 0))* Ly L T)—y(0))*
(MR (1) = 0] + 725 (Ul — v,

W(@)—yO)*
|21(2) — u(@®)] < ( )er + (Ls + T(a+t]) 1-Ly L4\ T(a+1)
(4.20)

T(a+1) - L La

AIMS Mathematics Volume 6, Issue 5, 5088-5105.



5100

and

|22(2) — v(1)] <
((¢(T)—¢(0)) Ve + (lLl Ly ((¢(T)—¢(0)) Yz1(6) = u(d)| + [Le + (L + Ly L3 Ly )((l//(T)—l//(O)) MNiza(t) = v(0)|.

F((X+l) —L) Ly F(Q+l) 1—L2 Ly F(a+1)
4.21)
By Taking the maximum over ¢ € [ for (4.20) and (4.21), we get that
Izt = ulle < (UREE e +y (lla = ulle + llza = vile)), (4.22)
and
Iz = vlle < (UE)er + 7 (lz1 = ulle + Iz = viie)) (4.23)
where

_ Ly Ly @(T)—y(0))” Ly Ly (W(T)—y(0))” Ly Ly W(T)—y(0))” Ly L3 Ly~ W(T)—y(0)”
Y =max{(n L Crgen ) oo C e ) o e ) e + (Ls + 725 7)) gy DI

(4.24)
Then by adding (4.22) and (4.23), we get
G215 22) = (wW)lly < (HEEF)E + 2y Iz, 22) = (@, v)lIx))- (4.25)
Lete =g +&,and E = (%). Hence, if y < % , we get that
I(z1,22) — (U, V)llx < G &, (4.26)
where
. E
=12
Thus, we have
— < 0
llz1 —ulle < g &, 4.27)

ez =vlle < g &

Thus the system (1.1) is UHS. Therefore, if we put ¢,(e) = ¢,(g) = ¢ &, we have that ¢(0) =
¢2(0) = 0 and
lz1 — ulle < ¢1(e),
4.28
22 = vllc < @ae). (%:28)

Thus, the system (1.1) is GUHS. O

Lemma 17. Suppose the following condition holds:
(C5) If 1, ¢» € C(I,R) are increasing. Then, there exists yg,, g, € R* such that for every t € I, the
following inequalities hold

Tol 1) < pgy 01(0) T3 0(0) < g, 920

If (z1,22) € X is the solution of the inequalities (4.5), then (z1,22) are the solution of the following
inequalities
|21(6) = N1(D)] < g, 91 (1) &1,

lz2(t) = Na(t)| < s, 02(2) €. (4.29)
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Proof. From Lemma 15, we get

21t = N < 1 [ 0/ ()@ (0) = w()* 1©1(5)] ds,

CEAg . (4.30)
|22(t) = N2 (D] < 745 fo W ()W(1) — () |Ox(s)| ds.
From (C5), we have that
z1(1) = N1 (D] < py, $1(0) &1,
22(2) = Nao(D)| < g, $2(1) &3. 4.31)
o

Theorem 18. Consider the Conditions (C1), (C2) and (C5) hold. Then the system (1.1) is UHRS and
GUHRS under the following condition

Ly L T)—y(0)* Ly L T)—y(0)* Ly L T)—y(0)* Ly L3 L T)—y(0)® 1
1 Ly ((w()lﬂ())) 2 L3 ((Al’()'ﬁ()) ),(1 1 Ly ((lﬂ()l//()) ),[L6+(L3+ 2 L3 4)((91’()90()) )]}<§

max{( 1-Lp Ly I'(a+1) > 1-Lp Ly T(a+1) —Ly Ly I'(a+1) 1-Lp Ly T(a+1)
(4.32)

Proof. Let (z1,z;) € X be any solution of the system of inequalities (4.5) and (u,v) be the unique
solution of the system (1.1). By using Lemma 17 and by doing the same steps as in the proof of
Theorem 16, we get

llz1 — ulle < pg, 1) &1 + 7y (lz1 —ulle + llz2 = Vlle), (4.33)
and

lz2 = Vllc < pg,d2(0) &2 + 7y (llz1 — ulle + llz2 = vle)- (4.34)
Thus, we have

I(z1, 22) = (W, V)llx < ppp(De + 2y (lz1 — ulle + llz2 = Ve, (4.35)
where
E=& + &,

and

$() = max{d, (1), g0}, V 1 € I 1y = maxitig,. tg,).

Ify <1, we get

l(z1,22) = (u, Vllx < G (1) &. (4.36)

Thus, we have

llzr —ulle <G o) &,
llz2 = Vllc < G (1) &.

Thus, the system (1.1) is UHRS. Therefore, if we put € = 1, then the system (1) is GUHRS. O

(4.37)
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5. An application

The next example is an application to the previous theoretical results. Consider the following -
Caputo system of FDEs

3w
2+u@+* Dy, (1)

S
* 55
D8+ M(t) = élﬁ )
70e+10(L+Hu(D)|+* Dy (D))
3

3
"DIv() = & + st cos(v(t) — v(@) sin() + & sin(* D u(r));
tel=[01], CRY
subject to the nonlocal conditions

_ 1 33.
u(0) = II—OM(3§),
v(0) = 5v(d),

where Y(t) = V1 +1t , for all + € [0, 1]. It it clear that ¢ is increasing and differentiable function
on [0, 1]. Therefore,

2+ x| + [yl

l =
f(t, x,y) 70e+10(1 + |x| + |y|)’

also

t 1 ) |
gt,x,y) = 0 + m(l cos(x) — xsin(?)) + 30 sin(y).

It is clear that, f and g are continuous. Then the condition (C1) holds. Therefore, we have

|f(t7 xl’yl) - f(t’ XZ,)’Z)| < (lxl - le + |)’1 _y2|)9

70e10
1
lg(t, x1, ¥y < %(le = X2| + |y1 = 2D,
|f(t,x,y)| < ! + 1||+ [yl
, X, = X s
Y 35¢!10  70e10 70e10 Y

1
lg(z, x, y)| < %(1 + xl + [y,
for all x,y, x1,y1, x2,y> € Rand ¢ € [0, 1]. Thus, the conditions (C2) and (C3) hold with

1 1
Li=Ly=-———, Ly=L=—,
1 27 70e10° 4~ 350
therefore
* 1 x 1 . . 1 . . *_1
A7 = 35000 Br = Jp000 €5 =85 = g0 A= B =6 = 55

From the nonlocal condition, we have uy = vo = 0 and h;(u) = su(2) , h(v) = 75v(2). Hence, we
have that )
Ay (ur) = hy(up)| < 1—O|M1 — u|,
1
lho(uy) — ha(up)| < E|M1 — o,
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for all u;,u, € C([0, 1],R). Hence the condition (C4) holds with Ls = Lg = 0.1. By using the above
conditions, we get that L* = 0.126191 < % As a result, the system (5.1) has a unique solution.
Therefore

max|( Ly Ly ((;//(T) - @11(0))“), Ly Ls ((lﬂ(T) —y(0)°
1-L, Ly [a+1) 1-L, L4 [a+1)

Ll L4 (l//(T) - '70(0))0[ L2 L3 L4 (l//(T) _ '7[/(0))(1 N 1
oL T Rarny e+ s+ T2 F 1 = 0136191 < o,

From Theorem 18, the system (5.1) is UHS, GUHS, UHRS and GUHRS.

)5

6. Conclusions

In this article, we investigated the solvability of a nonlinear coupled system of implicit fractional
differential equations including y-Caputo fractional operator under nonlocal conditions. The proposed
system is more general than many of the systems proposed in pervious literature. We applied Schaefers
and Banach fixedpoint theorems to study the solvability of the proposed system. Furthermore, we
extended the results to investigate several of Ulam stability for the proposed system. Finally, we
provided an example to illustrate the abstract results. The results given in this article extended and
developed some previous works.
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