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1. Introduction

Fractional calculus has been extraordinarily improved as a result of the innovation and application
of classical mathematics. Several analysts have demonstrated that the image processing with newly
proposed calculus can depict the model more precisely rather than the classical images with fractional
operators [1-3]. Resultantly, fractional calculus has been broadly utilized in the scientific displaying
of issues in different scientific areas [4] and technology [5—7]. Several definitions/approaches, for
example, Riemann-Liouville, Hadamard, Katugampola, Riesz, Caputo-Fabrizio, Grunwald-Letnikov
and Atangana-Baleanu analytics, are presented and examined in a wide assortment of theory,
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see [1-3,6-20]. Many significant methodologies have been utilized to attain the analytical solutions
of fractional-order differential equations, for example, the Laplace, Mellin, Fourier, and Hankel
transforms are acquainted. However, the fractional-order differential equations established from
natural are regularly nonlinear and incredibly complicated, and many of them cannot attain the exact
analytic solutions. Consequently, various fractional calculus has dominating features of depicting
dynamic framework, moreover, they have few impediments. For instance, they can tackle smoothly
differentiable and integral operators. Recently, another methodology, which was initially proposed by
Jarad et al. [7], to determine nondifferentiable issues in a fractional Schrodinger equation, and its
significant properties were created. Later on, Rashid et al. [21] proposed more general version of
QP/\TI O has become progressively famous and attained significant progression due predominantly to
its remarkable properties in demonstrating complex nonlinear dynamical frameworks in various parts
of scientific material science, such as integrodifferential equations, heat transforms, probability
density functions, and others.

Fractional integral inequalities have been found in the fields of engineering and physics. Fractional
integral variants perform an imperative role in understanding the universe, and there are many direct
approaches to find the uniqueness and existence of the linear and nonlinear differential equations,
[22,23]. Based on fractional operators, one derives several generalizations of the Hermite-Hadamard,
Hardy, Salter, Ostrowski, Cebysev, and Pélya-Szego have taken an important place in pure and applied
mathematics [24-34]. Furthermore, Rashid et al. [35, 36], Zaheer et al. [48], Chu et al. [49] and Set
et al. [50, 51] contributed significantly in this field. For more information about inequalities on the
fractional operators, we referred to the interested readers, see [21,37-47].

Cebysev [52] introduced the well-known celebrated functional for two integrable functions is stated as

q2 q2
— [T — [ Gtorde). (1.1)
q1

2~ q1 92— q1
q1

1
9> —q1

q2
1.6 = —— [ To6de- (-
q1

where # and G are two integrable functions on [qy, ¢,]. If ¥ and G are synchronous, i.e.,

(F o) - F(w)(G0) - G(w)) 2 0,

for any o, w € [q1, q2], then T(F, G) > 0. The functional (1.1) has attracted many researchers attention
due mainly to its revealed presentations in statistical theory, numerical analysis, transform theory and
in decision-making analysis.

Besides aspects with abundant utilities, the functional (1.1) has been expanded plenteous of
concentration to produce a diversity of essential variants (see, for example, [53, 54]). Various
illustrious kinds stated in the literature are direct effects of the abundant tenders in optimizations and
transform theory. In this concern, Polya-Szegd integral inequality is one of the most celebrated
inequality. In [55], P6lya-Szego contemplated the following variant as follows:

q2 q2

[ F2(0)do [ G*(0)do ,

B T s%(,/%+ /%). (1.2)
([ FG)do) ”

q1
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The constant }t is best feasible in (1.2) make the experience it cannot get replaced by a smaller constant.
It is extensively identified that the aforesaid variants in both continuous and discrete forms show a
substantial job in inspecting the qualitative demeanor of differential/difference equations, respectively,
further to numerous new branches of mathematics. Motivated by [52, 55], our intention is to
demonstrate more wide description of Pélya-Szego and Cebysev type variants via Hilfer-gp/?"\f 0.

In this paper, motivated and inspired by the ongoing research in this field, some novel weighted
extensions of CebySev and Poélya-Szegd type inequalities are governed in the frame of
Hilfer-GPF 70 are developed. Several new generalizations are introduced which plays a crucial role
in our investigations. More precisely, under some working assumptions and using extended Cebysev
functional, the QP/T\IO for the considered variants are studied. Here, characterization results are
formulated and proved. Future research should focus on Hilfer-GPF 10 through novel outcomes and
extension of the existing results with permeable fields of science.

In this section, we demonstrate the basic notions and related preliminaries concerning to fractional
calculus [10].

Now, we describe a new fractional operator which is known as the the A-generalized proportional
fractional integral which is proposed by Rashid et al. [21].

Definition 1.1. ( [21]) Let (g1, g2)(—00 < g1 < g < o) be a finite or infinite real interval with ¢ > 0.
Let a positive monotone and increasing function A(v) defined on (g, g»] such that A(0) = 0 and A’(v)
is continuous on [q;, g»). Then the left and right-sided Hilfer-GP¥ O of a function ¥ are presented
as follows:

Y
A croe 1 exp[<L(A(0) — A@W)IA (V)
("I F o) = 6¢F(go)f (A @) — Ay~ Fwydv, q <o (1.3)
q1
and
q2
A cro ! exp[<=L(A(v) — A()IA (V)
(CToF ) e) = “T(2) f AW - A F()dv, o0<qs, (1.4)
1%

where the proportionality index € € (0,1],¢ € C,R(¢) > 0, and I'(0) = f x~le~*dv is the Gamma
0
function.

Remark 1. In Definition 1.2:

(1) If we consider A(v) = v, then we will attain both sided generalized proportional fractional integral
operator in [7].

(2) If we consider € = 1, then we will attain both sided generalized Riemann-Liouville fractional
integral operator in [56].

(3) If weconsider € = 1, along A(v) = v, then we will attain both sided Riemann-Liouville fractional
integral operator in [10].

(4) If we consider A(v) = Inwv, then we will attain both sided generalized proportional Hadamard
fractional integral operator in [54].
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(5) If we consider A(v) = Inv along with € = 1, then we attain both sided Hadamard fractional
integral operator [56].

Next, we present the one-sided definition of the Hilfer-GPF 10 proposed by Rashid et al. [21].

Definition 1.2. ( [21]) Let (g1, g2)(—00 < g1 < g, < o) be a finite or infinite real interval with ¢ > 0.
Let a positive monotone and increasing function A(v) defined on (g, ¢»] such that A(0) = 0, and A’(v)
is continuous on [qy, ¢»). Then the one sided Hilfer-GPF 7O of a function ¥ are presented as follows:

Q
v 1 [eIEHA@ - AN W)
Tz = s [ S O v, 0 <. (15
0

2. Weighted extensions of Cebysev functionals via Hilfer-GPF 10

In the sequel, we derive some refinements for the weighted extensions of Ceby3ev functionals via
Hilfer-GP¥ 7O. In this continuation, we assume that A(v) is a strictly increasing function on (0, co)
and A’(v) is continuous, 0 < g; < g, with the assumption that at any point g3 € [q1,¢2], we have

A(g3) =0

Theorem 2.1. For € € (0,1],¢ € C with R(p) > 0 and let there are two differentiable functions
F and G defined on [0, o). Also, assume that there is a positive integrable function ‘W, defined on
[0, ) such that ¥' € L*(|0,)),G € L'(|0,)) for s,r,u > 1 having % + Yil =1, } + % =1, and
i + i = 1. Suppose that a positive monotone function A with continuous derivative defined on [0, 00)
having A(0) = 0. Then the following variant grips for all o > 0

2|(" T WA TeE FG) o) — ("I, WiF)0)(“Tsf, W16)(0)|

|I7"’|I”
- 6”""1“”(90)

f f _(A@ A@))] exp[—(A(g) A®))]

1

x(A(0) = A@W)* " (A(0) = A@)* N WA @)W ()W (@) - D|f11+r11dvd17)u
o o
I -1 1 ]
X(—u”f ! f f exp [S—(A(0) - AW)] exp [—(A(0) - A@))]
S ()] € €
0 0

€1

X(A(0) — AW’ (Al0) - A@) ™' N )N @)W, )Wy (@)lv - vw‘ﬁrﬂdvda)“‘
o o
_ I g f f €
< exp |
(eT () S

X(A(©) — AW))* " (A(0) — A@)* ' N )N @)W1 ()W (D)|v - mﬁ%duda). 2.1)

Jexp [%(A(g) — A®)]
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Proof. Let us suppose the function

Hw,v) = (F ) -F@)NGW) - G®); v,ve(0,0), (2.2)

which can be written as

H(w,v) = F()GW) - F G0 - F([0)G) - GOF (). (2.3)

Conducting produt on both sides of (2.2) by e‘f’l}(tp) exp [%(A(Q) — A))](A(o) — A(v))“’_lA’(v)(W (V)

and then integrating the estimates with respect to v over (0, ), we have

1
e’I'(p)

©
-1 B
[ exp == (00 - ADIA© - A) N W @I, o1
0

@
1 -1 -
= - f exp [ (AW - AW)I(AQ) - AW N @)W\ ()F @)Gw)dv
T () e
0

1
eI

o
-1 -
@ f eX]D[ET(A(Q) - AW)](AR) = AW)* N @)W\ )F W)G(@)dy
0

1
eI'(p)

o
-1 _
[ e[ 0@ - A0IA© - M) N W 0 @6y
0

1

Q
-1 _
~“GOF O f exp[——(AQ) - AW)I(AQ) - AW)" N Wi@)dv,  (24)
0

arrives at

1
eI'(g)
= (A\T55, W T G)©) - GO IG5, W) )

-F@)(\Tsf,W16)(©) + F@G@0)("Tg7, W1)(0). (2.5)

@
-1 _
[ exp = (M) - AIA© - AW) N Wi (.01
0

Again, taking product both sides of (2.5) by  exp [ (A(0) — A@))](Alo) - A@) N )W\ (D)
and then performing integration for the variable v over (0, 0), we have

1
(e°T(¢))°
X(A(0) — AW))*™ (A(0) — A@)* N )N )W ()W (0)H (v, 0)dudD
= 2(("T5f, WD(“ T3 FG)0) - (“Tgf, WiF)0)(“Tsl, W1iG)(©)). (2.6)

o 0
-1 -1
[ [eol==200 - Awnlew = (a0 - a@)
0 0
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Moreover, alternately, we have

y oy
H(,v) = f f F(0)G (9)dod?.

Taking into account the Holder inequality, we ahve

y
F () - F@) < v - /| f ) de|
and
; 1
6w) - 6@ < I - ol f g ra|
Conducting product between (2.8) and (2.9), we get
Gw.Dl  =I(70) = F@)Gw) - G
<o ol f 7o)l | f G @1ad]

Thus, from (2.6) and (2.10), we have

2|(AJ WDE(T5E FG0) - (" Tsf WiF)o)(“Tsf  WiG)©)|

i (e¢r(¢>)2 f f exp [ (Ae) ~ AW exp[ < (Ale) - AG)

X(A@) = AW)* ™ (Ale) - A@)* N )N @)W1 ()W (DG W, D)ldvdy

o o
e—1 e—1
< —— [ [ewl==a0) - Aol ew| =A@ - A@)
(eT@) + € €
X(A(Q) = A" (Ale) - A@)* ' N )N @)W, ()W) (D)
y y
L % %

X — o177 | f 7 @) de| | f 6’ @)'dd| dvdo.

Further, taking into consideration the Holder inequality for bivariate integral, we have

AT W@ T, T 60 - (TE W T5,Wi6)e)

Q
e—1 e—1 )
(6""F(gp)) fJeXp [T(A(Q) - A(U))] exp [T(A(Q) _ A(U))]

2.7)

(2.8)

(2.9)

(2.10)

(2.11)
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X(A0) - A(v))“’_ (A(@) = A@)*' N WA @YW\ ()W (D)

Xl — o777 | f 7 @) do| dvdv)l

_1 _1

x( f f exp[——(A0) - AW)] exp| ——(A(0) - A®)]

X(A(o) - A(U))w_ (Alo) - A@)" "N N @)W ()W (D)

Xlu — BT f G (ﬂ)|’dﬁ' dudv) . (2.12)

Now, using the following properties
; 1 p 1
| f F@rde| <17l and | f G @ds) <IGl- (2.13)

From (2.12), we have
2|(AJ' WDE(ATGEFG)©) - (MTgl WiF) /(A Teh, WiG)(©)|

177115
6“‘”F”(90)

f f _(A@ AW))] exp[—(A(g) A®)]

1

X(A(Q) = AW))*™ (Ale) - A@)* A )N @)W, (W)W, (@)lv - UI”+’1'dvdl7)u

61
ewrm(sa)

f f _(A(Q) AW))] exp[—(A(Q) A®))]

X(A0) = AW)* ™ (Al0) = A@))* ' N WA @)W, )W (@)lv - ol ldvdv) . (214
Therefore, we conclude that
2|("Tsf, W)©(“Tst FG)©) — ("I, WiF) )" T, WiG)(©))

_ IF g I
T (e]T(p))’

x(A(0) = AW)* (Alo) - A@)* ' N )N @)W, )W @)lw — Bl 7 dvda), (2.15)

( f f exp[ < (A©) ~ Aw)]exp | (A@) - A®))

this is the desired inequality (2.16). O

Several notable special cases of Theorem 2 are discussed as follows.

(D If we take A(v) = v in Theorem 2, then we attain a new result for generalized proportional
fractional integral operator.
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Corollary 1. For € € (0,1],¢ € C with R(p) > 0 and let there are two differentiable functions ¥
and G defined on [0, ). Also, assume that there is a positive integrable function ‘W, defined on [0, 00)
such that ¥ € L*(]0, »)), G € L'([0, ) for s,r,u > 1 having % + ﬁ =1, % + % =1, and % + % = 1.
Then the following varinat grips for all o > 0

2(T5E, W) T5E,F 6)©) = (Tof, WiF) )T, Wi6)(©))

||¢'||" e-1 e-1 e
empru(gp) ff [ (Q U)] exp[ (Q U)](Q U) (Q U)

1

W ()W (D)l — aﬁ*%duda)“

g -1 =1
(e f f x| o - vlexp [ 0 - Do - 1) e -7)

1

W, ()W, @)v — 777 dvdu)”'

_ IF g
T (eT(p)

W, ()W, (D) — v|xﬂ+r'1duda).

(fgfgexp [:EI(Q —v)]exp [:61(9 — D)o -v) (o -b)!

(II) If we take A(v) = v along with € = 1 in Theorem 2, then we get the new result for Riemann-
Liouville fractional integral operator.

Corollary 2. For ¢ € C with R(p) > 0 and let there are two differentiable functions F and G defined
on [0, ). Also, assume that there is a positive integrable function ‘W, defined on [0, ) such that
F' e L*([0,0)),G" € L'([0, 0)) for s,r,u > 1 having % + ﬁ =1, % + % =1, and i + uil = 1. Then the
following varinat grips for all o > 0

2(T5.  WDNITs. . FG)©) — (T ;Wi F) (T ,W16)(©0)|

T” u B
L( |) ff(Q v)”” (Q U)SO Wi()Wi(D)lv - UISl fldvdv)

1

(!g(llo) f (0-v) (0~ 0 ' Wi W@l - 8l r.dvdv)‘”
< %( f f 0= v (0 = 0 Wi Wi (@)l - 51" dudo ),
0 0

which is proposed by Dahmani et al. [32]

Remark 2. In Theorem 2:
(1) If we choose A(v) = % along with ¢ = 1, then we get Theorem 3.1 of Tassaddiq et al. [57].
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(2) If we choose A(v) = v along with € = ¢ = 1, then we get result of Elezovic et al. [58].

Theorem 2.2. For € € (0, 1], ¢ € C with R(p) > 0 and let there are two differentiable functions F and
G defined on [0, 00). Also, assume that there are two positive integrable function W, and (Wz defined
on [0, ) such that ' € L*([0,)),G € L'(]0, »)) for s,r,u > 1 having % +-=1,- + -~ =1, and
714 + i = 1. Suppose that a positive monotone function A with continuous derivatlve deﬁned on [0, c0)
having A(0) = 0. Then the following variant grips for all o > 0

(AT, WA Tol WiFG) o) — (MTf, WA T 5!, Wi F ) (o)
-(*T, Wf)@(A L WG + (T (WzTQ)(Q)(A £ W)

IF NG e-1 e—1 )
S @)l (D) f f exp [——(A@) ~ Aw)] exp[——(Al0) = A@)]
0 0

X (AQ) - A@)(AQ) - A@) T N @A Wy~ o T W, ) Wa@)dudp.  (2.16)

Proof. Conducting product on both sides of (2.5) by
ﬁm exp [<(Alo) — A@)](Ao) - A@))' N () W,(D) and integrating the estimates with respect to
v over (0, 0), we have

o 0
! e—1 e—1 B
“T(Q)el Q) f f exp [——(A@) — A@)] exp[——(Al0) - A@))]
0 0

X (M) — M) (Al) — A N WA (W)W () Wa(D)H (v, D)dudd
= (AT5 sz)@(A 0+£,w1¢g)(g> ("To, W19 (" Ty lesfxg)
~("T5E, W) )Ty fwlg)@+(A £ WFG) (NIt W), (2.17)

Taking modulas on both sides of (2.20), one obtains

(" T5E, W)@ TgE, WiF G) o) — (M T5E , WG )M T 5l W F (o)
—(* 0+’Q(W27:)(Q)(A glfg(wlg)(Q)"‘(A SL{Q(WZTQ)(Q)(A 0+’Q(W1)(Q)|

o @
! e—1 e—1 B
= ST@er f f exp[——(A() - AW)] exp [——(A(0) - A@®))]
0 0
X(A©) = AW (M) =~ A@) N WA @YW W)W (@) H (v, 0)|dvdo
o @
! e—1 e—1 B
= STl Q) f f exp[——(Al) ~ AW))] exp [——(A(0) = A®@))]
0 0
X(A0) = AW)* ™ (Al0) = A@)) A @)AN W)|v - 1—,|ﬁ+%‘

y y
x f |¢'(9)|Sd9‘§‘ f |g'(ﬂ)|’dﬂ|7fwl(u)(wz(a)duda
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o 0

IF NG e—1 €—1 )
= Ml f f exp [——(Al0) = AW)] exp [—(Al0) - AD))]

0 0

X (Al0) - A)*(AR) - A@) NN W)y — BT T W ) Wa@)dudp.  (2.18)

Some special cases of Theorem 2.2 are stated as follows.
(D) If we choose A(v) = v, then we get a new result for GPF 10.

Corollary 3. For € € (0, 1], ¢ € C with R(¢) > 0 and let there are two differentiable functions ¥ and
G defined on [0, ). Also, assume that there are two positive integrable function W, and ‘W, defined
on [0, 00) such that ¥’ € L°([0,»)),G" € L'([0,)) for s,r,u > 1 having % + Yil =1, % + ﬁ =1, and

i + uil = 1. Then the following varinat grips for all o > 0

(Te, W) Tsf, WiFG) o) — (T, Wi T s, Wi F ) o)
~(T5l , WaF)(To¥, W16)©0) + (T5k , WaF §) (T, Wi)(©)|

e @

T’ K r -1 -1 ~ - =)o~

= {Jlr(sﬂ)!égr”@) f f [~ -vlew =~ -l - o~
0 0

x| = oW, )y Wa@)dudo. (2.19)

(II) If we choose A(v) = v along with € = 1, then we get a result for Riemann-Liouville fractional
integral operator.

Corollary 4. For € € (0, 1], ¢ € C with R(¢) > 0 and let there are two differentiable functions ¥ and
G defined on [0, 00). Also, assume that there are two positive integrable function ‘W, and ‘W, defined
on [0, 00) such that ¥’ € L°([0, »)),G" € L'([0,)) for s,r,u > 1 having % + S—ll =1, % + % =1, and

i + L = 1. Then the following varinat grips for all o > 0

Uy

(T5. W T5. W1 FG)©) — (T WG T , W1 F)(©)
~(T5- WF) (T, ,W16)©) + (T ,WF G T W)

o @
< IFIIG, f f - v o- 0 -5 T W, (o) Wa(0)dud, (2.20)
0 0

-~ H@I©)

which is proposed by Dahmani et al. [32].

Remark 3. In Theorem 2.2:

(1) If we choose A(v) = “7: along with ¢ = 1, then we get Theorem 3.2 of Tassaddiq et al. [57].
(2) If we choose A(v) = v along with € = ¢ = 1, then we get result of Dahmani et al. [31].
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3. Polya-Szego types inequalities involving the Hilfer-gP/fZ o

In this section, we shall derive certain Polya-Szego type integral inequalities for real-valued
integrable functions via Hilfer-GP¥ 7O defined in (1.2).

Theorem 3.1. For € € (0, 1], € C with R(¢) > 0 and let there are two positive integrable functions
F and G defined on [0, o). Suppose that a positive monotone function A with continuous derivative
defined on [0, 00) having A(0) = 0. Assume that there exist four positive integrable functions Yy, Y5, 1
and x, on [0, o) such that

) 0<T1() <F(@ <T@, 0=<xi1() <G <x2(v), (x€[0,0],0>0).

then for o > 0, the following inequality holds:

1
2 < (Lot + L) FG)©) = (AT )T 11167 0). (3.1)

Proof. From Condition (I), for v € [0, 0], 0 > 0, we have

) F)
3.2
(XI(U) Q(v)) G-
Analogously, we have
F) T
33
(Q(v) )(z(v)) G-
Multiplying (3.2) and (3.3), we obtain
[T1 W 1(v) + T2 W]F GW) 2 x1 ()T (V) + T1() T2 ()G V). (3.4)

Conducting product on both sides of (3.4) by e%r( ) exp [ L(A(0) — A@))](A(o) - A(v))“’_lA’(v) and
integrating the estimates with respect to x over (0, 0), we get

(ATe2[(Fxr + Tax2)FGN©) = (MTgf x a2 + (T35, T11267)(©)-

Applying the AM — GM inequality, i.e., u +v > 2+/uv, u,v € R*, we have

(AT (T + T)F G = 2\(A\T5 p e F 2T, 11 T26°)(©)
which leads to
( Ajo ¢Q[(T1X1 + Tz)(z)?tg])(@)) = (A ,)(1)(27"2)@)(A o QT 1,G)(0).

Therefore, we obtain the inequality (3.5) as required. m|

Some special cases of Theorem 3.1 are satated as follows.
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Corollary 5. For € € (0,1],¢ € C with R(¢) > 0 and let there are two positive integrable functions
F and G defined on [0, o). Suppose that a positive monotone function A with continuous derivative
defined on [0, 00) having A(0) = 0. Then

(II) 0<g<F@<Q<o0, 0<r<@G <R<oco, (xe[0,0],0>0).

Then for o > 0, we have

(" (;’D 7:2)(Q)(A gz)(Q) ar QR
("T¢, FG) ) VQR \ ar qr

(I) If we choose A(v) = v, then Theorem 3.1 reduces to a a new result for generalized proportional
fractional integral.

Corollary 6. For € € (0, 1], ¢ € C with R(¢) > 0 and let there are two positive integrable functions F
and G defined on [0, 00). Then

1
(T [0t + T T GD©) 2 (T TN T3, T 1267 ) (3.5)

Remark 4. If we choose A(v) = v along with € = 1, then Theorem 3.1 reduces to Lemma 3.1 in [53].

Theorem 3.2. Fore € (0,1], ¢, € Cwith R(p) > 0,R(0) > 0 and let there are two positive integrable
functions F and G defined on [0, 00). Suppose that a positive monotone function A with continuous
derivative defined on [0, 00) having A(0) = 0. Assume that there exist four positive integrable functions
Ty, 1o, x1 and x, on [0, 00) satisfying condition (1), then the following inequality holds:

("T5, 1) @A IG5 )@ (NI F (M T57,67)©)
(ATE NI 6@ + (AT, TF NI a9 @)

(3.6)

=

Proof. Applying condition (/) to prove (3.9), we get

(Tz(U) _ 7~(U)) >
xi(@ G’

and

(7:(11) T1(v) )
Go) x(v)

which imply that

(L) | BHTO) | 720 | 1)) a7

0@ n@/FO - G0 n@e®

Multiplying both sides of (3.7) by y1(D)x»(2)G*¥, we have

T1)F 1 (GO + T2(V)F (Wx(D)G ()
> 1@ @)F (V) + T1(W) T2 ()G (D). (3.8)
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Conducting product on both sides of (3.8) by
e O [ (A ©) - Aw))]exp [ZH(A0) - A®))]
(Ao) - A(U))w_l(A(Q) - A(D))‘p_lA’(v)A’(D) and integrating the estimates with respect to v and o over
(0,0), we get

(AT, TP (T xS + ( 0+£,‘1‘2¢)<@>((A ¥ x26)(©)
>((A gf FN(A T2 xix2)©@) + (“T5%,6) (AT, T1T2)(0).

Applying the AM — GM inequality, we get
("T5, F)@(AT5E x18)©) + (AT, T2 F )M T5¥ x26)(©)
> 2\/( ATeE T AT sz)@ + (A58 G(AT S, T112)(@).

which leads to the desired inequality in (3.9). The proof is completed. O
Some special cases of Theorem 3.2 are stated as follows.

Corollary 7. For e € (0,1], ¢, € Cwith R(p) > 0, R() > 0 and let there are two positive integrable
functions F and G defined on [0, 00). Suppose that a positive monotone function A with continuous
derivative defined on [0, 00) having A(0) = 0. Assume that there exist four positive integrable functions
Ty, T2, x1 and x, on [0, 00) satisfying condition (II), then the following inequality holds:

rR("T5: )T, F )0 + (M T YNNI ,G7)(0)
R
SUASL @+ ORY (gt YoM T2F. G @)

(I) If we choose A(v) = v, then we have a new result for generalized proportional fractional integral
operator.

Corollary 8. For € € (0,1],¢,f € C with R(p) > 0,R() > 0 and let there are two positive
integrable functions ¥ and G defined on [0, c0). Assume that there exist four positive integrable
functions Y1, Vo, x1 and x, on [0, 00) satisfying condition (I), then the following inequality holds:

(J L T1T2)@( T xx2) )T, F ) T5 4,67 0) !
(T35, 1PN TS5 060 + (T3, TF NN T x:6)@)) K

(3.9)

Remark 5. If we choose A(v) = v along with € = 1, then Theorem 3.2 reduces to Lemma 3.3 in [53].

Theorem 3.3. Fore € (0,1], ¢, € Cwith R(p) > 0,R(0) > 0 and let there are two positive integrable
functions F and G defined on [0, 00). Suppose that a positive monotone function A with continuous
derivative defined on [0, c0) having A(0) = 0. Assume that there exist four positive integrable functions
T1, Yo, x1 and x, on [0, 00) satisfying condition (I), then the following inequality holds:

€,p TZTQ XZ‘fg

(T, =

—) (Tt )©) = ("I, F (" T5t,67) @) (3.10)
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Proof. Using condition (), we have

1> (v)
x1(v)

o
-1 _
o | el - AIA© - Aw) A
T :
0

4
-1 _
= f exp [—(A©) - AW)I(A) - AW N W)F @)dv,
eT(y) e
0

which implies

(rger, fg)< )2 (AT 7)) G.11)

1

Analogously, we obtain

Xx2(0)
T1(D)

f exp —(A(g) A@)](A) — A@)* 1A() F(0)G([)dD

E*‘T(tp)

-1 -
z - f exp[——(A0) - A@)](A) - A" N @G ®)dD,
eI'(¢) €
0

from which one has

A g€l X2 FG A cred 2
(“T55, T )@ = (*T5¢,6%)@. (3.12)
Multiplying (3.11) and (3.12), we get the desired inequality (3.10). O

Some special casesof Theorem 3.3 are presented as follows.

Corollary 9. For € € (0, 1], ¢, € Cwith R(p) > 0, R(() > 0 and let there are two positive integrable
functions F and G defined on [0, 00). Suppose that a positive monotone function A with continuous
derivative defined on [0, 00) having A(0) = 0. Assume that there exist four positive integrable functions
T1, Yo, x1 and x, on [0, 00) satisfying condition (I), then the following inequality holds:

(A[fi“” F2)(0) (" T5,69)(©) _ OR
(AT, F G (M Tt FG)0) =g

(I) If we choose A(v) = v, then we have a new result for QP/T\I 0.
Corollary 10. For € € (0,1],¢,Z € C with R(¢) > 0,R() > 0 and let there are two positive

integrable functions ¥ and G defined on [0, c0). Assume that there exist four positive integrable
Jfunctions Y1, 5, x1 and x, on [0, o) satisfying condition (I), then the following inequality holds:
ep T 7"9 . 7’ g
(7322 Yo 7

0+

=)@ = (I, 7)) I3 G
Remark 6. If we choose A(v) = v along with € = 1 then Theorem 3.3 reduces to Lemma 3.4 in [53].
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4. Conclusions

The main objective of this paper determining weighted and extended CebySev functionals within
the Hilfer-GPF 70, which is quite useful in deriving nonlinear-differentiable problems in fractional
calculus. We have derived several generalizations that are little different from the existing research
results. Additionally, the newly proposed operator is the generalization of several existing operators
such as generalized Riemann-Liouville, Riemann-Liouville, generalized proportional fractional,
Hadamard and Conformable fractional integral operators, but they are unified when the
proportionality index € = 1. To have a better understanding of the method, we discussed the earlier
results proposed by Dhamani et al. [31, 32], Elezovic [58] and Ntouyas [53]. The findings
demonstrate that the suggested scheme is enormously imperative and computationally attractive to
deal with analogous types of differential equations. As a result, the innovative practices attained in the
contemporary research can be extended to achieve analytical solutions of other image processing
familiarized in diverse mechanism circulated presently associated with high-dimensional fractional
equations [59, 60].

Conflict of interest
The authors declare that they have no competing interests.
Acknowledgments

The authors would like to express their sincere thanks to referees for improving the article and also
thanks to Natural Science Foundation of China (Grant Nos. 61673169, 11971142, 11871202,
11301127, 11701176, 11626101, and 11601485) for providing financial assistance to support this
research.

References

1. T. Abdeljawad, On conformable fractional calculus, J. Comput. Appl. Math., 279 (2015), 57-66.

2. T. Abdeljawad, D. Baleanu, Monotonicity results for fractional difference operators with discrete
exponential kernels. Adv. Differ. Equ., 2017 (2017), Article ID: 78.

3. T. Abdeljawad, D. Baleanu, On fractional derivatives with exponential kernel and their discrete
versions, Rep. Math. Phys., 80 (2017), 11-27.

4. R.Almeida, A Caputo fractional derivative of a function with respect to another function, Commun.
Nonlinear Sci. Numer. Simulat., 44 (2017), 460-481.

5. R. Gorenflo, F. Mainardi, Fractional calculus, integral and differential equations of fractional order,
In: Fractals and Fractional Calculus in Continuum Mechanics, Springer, Wien, (1997), 223-276.

6. R. Herrmann, Fractional Calculus: An Introduction for Physicists, World Scientific, Singapore,
2011.

7. FE.Jarad, T. Abdeljawad, J. Alzabut, Generalized fractional derivatives generated by a class of local
proportional derivatives, Eur. Phys. J. Spec. Top., 226 (2017), 3457-3471.

AIMS Mathematics Volume 6, Issue 5, 4507-4525.



4522

8.

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

F. Jarad, E. Ugrlu, T. Abdeljawad, D. Baleanu, On a new class of fractional operators, Adv. Differ.
Equ., 2017 (2017), 247.

U. N. Katugampola, New fractional integral unifying six existing fractional integrals, (2016),
arXiv:1612.08596.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Mathematics Studies, Elsevier, Amsterdam, 207 (2006).

K. S. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, John Wiley and Sons, New York, (1993).

I. Podlubny, Fractional Differential Equations, Mathematics in Science and Engineering, Academic
Press, San Diego, 128 (1999).

S. K. Panda, T. Abdeljawad, R. Chokkalingam, A complex valued approach to the solutions of
Riemann Liouville integral, Atangana Baleanu integral operator and non linear Telegraph equation
via fixed point method, Chaos, Solitons Fractals, 130 (2020), 109439.

C. Ravichandran, K. Logeswari, S. K. Panda, K. S. Nisar, On new approach of fractional derivative
by Mittag Leftler kernel to neutral integro differential systems with impulsive conditions, Chaos,
Solitons Fractals, 139 (2020): 110012.

T. Abdeljawad, R. P. Agarwal, E. Karapinar, S. K. Panda, Solutions of the nonlinear integral
equation and fractional differential equation using the technique of a fixed point with a numerical
experiment in extended b metric space, Symmetry, 11 (2019), 686.

S. K. Panda, Applying fixed point methods and fractional operators in the modelling of novel
coronavirus 2019 nCoV/SARS CoV 2, Results Physics (2020), 103433. Available from:
https://doi.org/10.1016/j.rinp.2020.103433.

S. K. Panda, T. Abdeljawad, C.Ravichandran, Novel fixed point approach to Atangana-Baleanu
fractional and L, Fredholm integral equations, Alexandria Eng. J. 59 (2020), 1959-1970.

L. Dassios, F. Font, Solution method for the time fractional hyperbolic heat equation, Math. Meth.
Appl. Sci., (2020). Available from: https://doi.org/10.1002/mma.6506.

N. A. Shah, I. Dassios, J. D. Chung, A Decomposition Method for a Fractional Order Multi
Dimensional Telegraph Equation via the Elzaki Transform, Symmetry, 13 (2021), 8.

I. Dassios, D. Baleanu, Caputo and related fractional derivatives in singular systems, Appl. Math.
Comput, 37 (2018), 591-606.

S. Rashid, F. Jarad, M. A. Noor, H. Kalsoom, Inequalities by means of generalized proportional
fractional integral operators with respect to another function, Mathematics, 1225 (2020),
doi:10.3390/math7121225.

D. Zhang, Y. Zhang, Z. Zhang, N. Ahmed, Y. Zhang, F. Li, et al. Unveiling the link between
fractional Schrodinger equation and light propagation in honeycomb lattice, Ann. Phys., 529
(2017), 1700149.

Y. Zhang, R. Wang, H. Zhong, J. Zhang, M. R. Belic, Y. Zhang, Resonant mode conversions and
Rabi oscillations in a fractional Schrodinger equation, Opt. Express, 25 (2017), 32401.

A. O. Akdemir, A. Ekinci, E. Set, Conformable fractional integrals and related new integral
inequalities, J. Nonlinear Convex Anal., 18 (2017), 661-674.

AIMS Mathematics Volume 6, Issue 5, 4507-4525.


https://doi.org/10.1016/j.rinp.2020.10343 3
https://doi.org/10.1002/mma.6506

4523

25

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

. S. Belarbi, Z. Dahmani, On some new fractional integral inequalities, J. Inequal. Pure Appl. Math.,
10 (2009), Article 86.

P. Cerone, S. S. Dragomir, A refinement of the Griiss inequality and applications, Tamkang J.
Math., 38 (2007), 37-49.

Z. Dahmani, New inequalities in fractional integrals, Int. J. Nonlinear Sci., 9 (2010), 493-497.

7. Dahmani, New inequalities for a class of differentiable functions, Int. J. Nonlinear Anal. Appl.,
2 (2011), 19-23.

Z. Dahmani, The Riemann-Liouville operator to generate some new inequalities, Int. J. Nonlinear
Sci., 12 (2011), 452-455.

Z. Dahmani, About some integral inequalities using Riemann? Liouville integrals, Gen. Math., 20
(2012), 63-69.

Z. Dahmani, A. Khameli, K. Fareha, Some Riemann-Liouville-integral inequalities for the
weighted and the extended Chebyshev functionals, Konuralp J. Math., 5 (2017), 43-48.

Z. Dahmani, O. Mechouar, S. Brahami, Certain inequalities related to the Chebyshev’s functional
involving Riemann-Liouville operator, Bull. Math. Anal. Appl., 3 (2011), 38—44.

Z. Dahmani, L. Tabharit, On weighted Griiss type inequalities via fractional integration, J. Adv.
Res. Pure Math., 2 (2010), 31-38.

Z. Dahmani, L. Tabharit, S. Taf, New inequalities via Riemann-Liouville fractional integration, J.
Adv. Res. Sci. Comput., 2 (2010), 40-45.

S. Rashid, A. O. Akdemir, F. Jarad, M. A. Noor, K. I. Noor, Simpson’s type integral inequalities
for k-fractional integrals and their applications, AIMS. Math., 4 (2019), 1087-1100. doi:
10.3934/math.2019.4.1087.

S. Rashid, T. Abdeljawad, F. Jarad, M. A. Noor, Some estimates for generalize dRiemann-
Liouville fractional integrals of exponentially and their applications, Mathematics, 807 (2019),
doi:10.3390/math7090807.

S. Rashid, F. Jarad, M. A. Noor, K. I. Noor, D. Baleanu, J. B. Liu, On Griiss inequalities within
generalized K-fractional integrals, Adv. Differ. Egs., 2020 (2020).

S. Rashid, Z. Hammouch, R. Ashraf, Y. M. Chu, New computation of unified bounds via a more
general fractional operator using generalized Mittag-Lefller function in the kernel, Comput. Model.
Eng. Sci., 126 (2021), 359-378.

Z. Khan, S. Rashid, R. Ashraf, D. Baleanu, Y. M. Chu, Generalized trapezium-type inequalities in
the settings of fractal sets for functions having generalized convexity property, Adv. Differ. Equs.,
2020 (2020).

S. B. Chen, S. Rashid, Z. Hammouch, M. A. Noor, R. Ashraf, Y. M. Chu, Integral inequalities via

Raina’s fractional integrals operator with respect to a monotone function, Adv. Differ. Equs., 2020
(2020), Article number: 647.

S. Rashid, R. Ashraf, K. S. Nisar, T. Abdeljawad, Estimation of integral inequalities using the
generalized fractional derivative operator in the Hilfer sense, J. Math., 2020 (2020), Article ID:
1626091.

AIMS Mathematics Volume 6, Issue 5, 4507-4525.



4524

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

38.

S. Rashid, H. Ahmad, A. Khalid, Y. M. Chu, On discrete fractional integral inequalities for a class
of functions, Complexity, 2020 (2020).

T. Abdeljawad, S. Rashid, Z. Hammouch, Y. M. Chu, Some new Simpson-type inequalities for
generalized p-convex function on fractal sets with applications, Adv. Differ. Equs., 2020 (2020).

T. Abdeljawad, S. Rashid, A. A. AL.Deeb, Z. hammouch, Y. M. Chu, Certain new weighted
estimates proposing generalized proportional fractional operator in another sense, Adv. Differ.
Equs., 2020 (2020).

S. B. Chen, S. Rashid, M. A. Noor, R. Ashraf, Y. M. Chu, A new approach on fractional calculus
and probability density function, AIMS Math., 5 (2020), 7041-7054.

H. G. Jile, S. Rashid, M. A. Noor, A. Suhail, Y. M. Chu, Some unified bounds for exponentially
tgs-convex functions governed by conformable fractional operators, AIMS Math., 5 (2020), 6108—
6123.

T. Abdeljawad, S. Rashid, Z. Hammouch, Y. M. Chu, Some new local fractional inequalities
associated with generalized (s, m)-convex functions and applications, Adv. Differ. Equs., 2020
(2020).

S. Zaheer Ullah, M. Adil Khan. Y. M. Chu, A note on generalized convex function, J. Inequal.
Appl., 2019 (2019), 291. Available from: https://doi.org/10.1186/s13660-019-2242-0.

H. H. Chu, H. Kalsoom, S. Rashid, M. Idrees, F. Safdar, D. Baleanu, et al. Quantum analogs of
Ostrowski-type inequalities for Raina’s function correlated with coordinated generalized A-convex
functions, Symmetry, 308 (2020), doi:10.3390/sym12020308.

E. Set, A. O. Akdemir, I. Mumcu, Cebysev type inequalities for fractional integrals. Submitted.

E. Set, M. Ozdemir, S. Dragomir, On the Hermite-Hadamard inequality and othral inequalities
involving two functions, J. Inequal. Appl., 2010 (2010), 148102.

P. L. Chebyshev, Sur les expressions approximatives des integrales definies par les autres prises
entre les memes limites, Proc. Math. Soc. Charkov, 2 (1882), 93-98.

S. K. Ntouyas, P. Agarwal, J. Tariboon, On Pdlya-Szegé and Chebyshev types inequalities
involving the Riemann-Liouville fractional integral operators, J. Math. Inequal., 10 (2016), 491—
504.

G. Rahman, T. Abdeljawad, F. Jarad, A. Khan, K. S. Nisar, Certain inequalities via generalized
proportional Hadamard fractional integral operators, Adv. Differ. Egs, 2019 (2019), Article ID:
454,

G. Pdlya, G. Szegod, Aufgaben und Lehrsitze aus der Analysis: Band I, Die Grundlehren der
mathmatischen Wissenschaften , Springer-Verlag, New York, 1964.

G. Samko, A. A. Kilbas, I. Marichev, Fractional Integrals and Derivatives, Theory and
Applications, Gordon and Breach, Yverdon, 1993.

A. Tassaddiq, G. Rahman, K. S. Nisar, M. Samraiz, Certain fractional conformable inequalities
for the weighted and the extended Chebyshev functionals, Adv. Diff. Egs., 2020 (2002), 96.
doi.org/10.1186/s13662-020-2543-0.

N. Elezovic, L. Marangunic, G. Pecaric, Some improvement of Griiss type inequality, J. Math.
Inequal., 1 (2007), 425-436.

AIMS Mathematics Volume 6, Issue 5, 4507-4525.


https://doi.org/10.1186/s13660-019-2242-0.

4525

59. Y. Zhang, H. Zhong, M. R. Belic, Y. Zhu, W. P. Zhong, Y. Zhang, et al. PT symmetry in a fractional
Schrodinger equation, Laser Photonics Rev., 10 (2017), 526-531.

60. Y. Zhang, X. Liu, M. R. Belic, W. Zhong, Y. P. Zhang, M. Xiao, Propagation dynamics of a Light
Beam in a Fractional Schrodinger Equation, Phys. Rev. Lett., 115 (2015), 180403.

@ AIMS Press

AIMS Mathematics

©2021 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 6, Issue 5, 4507-4525.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Weighted extensions of Cebyšev functionals via Hilfer-GPFIO"0362GPFIO
	 Plya-Szeg types inequalities involving the Hilfer-GPFIO"0362GPFIO
	Conclusions

