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1. Introduction

Fractional differential equations have recently been applied in various areas. For some fundamental
results in the theory of fractional calculus and fractional differential equations we refer the reader to
[1,3,4,19, 25,27, 29], and the references therein. Some new aspects of the Caputo-Fabrizio derivative
can be seen in [11, 21] and the references therein. For some applications of a such derivative, we refer
to [5, 15].

Differential equations involving impulses effects; appear as a natural description of observed
evolution phenomena of several real world problems [12, 16, 18, 26]. Many physical situations are
modeled by impulsive differential equations, for example problems in optimal control theory and
problems in threshold theory in Biology. Major developments in the theory of impulsive fractional
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differential equations have been developed in the last years; see the books [1, 26], the papers
[1,2,7,6,17, 20, 24, 28], and the references therein.

Recently, in [4, 8, 13], the measure of noncompactness was applieded to some classes of functional
Riemann-Liouville or Caputo fractional differential equations in Banach spaces. See also the classical
monographs [9, 10].

In this paper first we investigate the existence of solutions for the following Cauchy problem of
Caputo-Fabrizio impulsive fractional differential equations

(CFD{ku)(t) = f(t,u(t); tel, k=0,---,m,

u(ty) = u(t)) + Li(u(t)); k=1,---,m, (1.1)
u(0) = uy,
where Iy = [0,14], Iy = (. tsn; K= 1,--- m; 0=t <1 < - <ty <tpm1 =T, up € R, f :
xR >R k=0,....m, L : R - R; k=1,...,m are given continuous functions, “"D; is the

Caputo-Fabrizio fractional derivative of order r € (0, 1).

Next, by using the measure of noncompactness, we discuss the existence of solutions for
problem (1.1), whenuy € E, f: [ XE - E; ; k=0,...,m, L : E - E; k=1,...,m are given
functions, and (E|| - ||,) is a real or complex Banach space.

2. Preliminaries

Let/:=1[0,T]; T >0, and C(/) := C(I,R) be the Banach space of all continuous functions from /
into R with the norm

llutlloo = sup lu(?)]-
tel

By L'(I) we denote the Banach space of measurable function u : I — R with are Lebesgue integrable,

equipped with the norm
T
s = f (o)
0

As usual, AC(I) denotes the space of all absolutely continuous functions from / into R.
Let My denote the class of all bounded subsets of a metric space X.

Definition 2.1. [10] Let X be a complete metric space. A map u : My — [0, o) is called a measure of
noncompactness on X if it satisfies the following properties for all B, By, B, € My.

(a) u(B) = 0 if and only if B is precompact (Regularity),
(b) u(B) = u(B) (Invariance under closure),
(c¢) u(B; U By) = max{u(B), u(B,)} (Semi-additivity).

Definition 2.2 ([10]). Let X be a Banach space and let Qx be the family of bounded subsets of E. The
Kuratowski measure of noncompactness is the map p : Qx — [0, 00) defined by

u(M) =infle >0: M C UT:]MJ-, diam(M;) < €},
where M € Q.
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The measure u satisfies the following properties

(D) uM)=0¢e M is compact (M is relatively compact).
(2) u(M) = p(M).

(3) My C My = u(My) < u(My).

4) u(My + M>) < u(My) + p(Ms).

(5) u(cM) = |clu(M), c € R.

(6) u(conv M) = pu(M).

Definition 2.3. [14] The Caputo-Fabrizio fractional integral of order O < r < 1 for a function h € L'(I)
is defined by
2(1—r)

CF gr _ 2r fT
T Lh)(T) = —M(r)(2 ~ h(t) + —M(r)(Z g h(x)dx, >0

where M(r) is normalization constant depending on r. For example, taking M(r) = %, we have
@ = 1= +r [ s, 720
0

Definition 2.4. [/4] The Caputo-Fabrizio fractional derivative of order 0 < r < 1 for a function
h € AC(I) is defined by

(" Dhyh)(1) = % fo T exp(———(r — X)W (dx; T €.

1-r

Note that ““Djh = 0 if and only if / is a constant function.
For M(r) = ZL one has

—r?

T DY) (T) = —— f exp(—— (7 — XY (s T .
1-rJp r

1 -

Lemma 2.5. Let h € L'(I). Then the linear Cauchy problem

(“FDyu)(t) = h(r); t€l:=[0,T]
{ u(0) = . &b
has a unique solution given by
!
u(t) = C +ah(r) + b,f h(s)ds, (2.2)
0

where 21— 5
a, = m, b, = m, C = ugy — ah(0).
Proof. Suppose that u satisfies (2.1). From Proposition 1 in [22]; the equation
(“"Dyu)(®) = h(1)
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implies that
u(t) — u(0) = a,(h(r) — h(0)) + brf h(s)ds.

0
Thus from the initial condition u(0) = uy, we obtain

u(t) = up — a,h(0) + a.h(r) + b, f h(s)ds.
0

Hence we get (2.2).

For our purpose we will need the following fixed point theorems:

Theorem 2.6. (Schauder’s fixed point theorem [9]). Let X be a Banach space, D be a bounded closed
convex subset of X and T : D — D be a compact and continuous map. Then T has at least one fixed
point in D.

Theorem 2.7. (Monch’s fixed point theorem [23]). Let D be a bounded, closed and convex subset of a
Banach space such that O € D, and let N be a continuous mapping of D into itself. If the implication
V =convN(V) or V= N(V)U {0} = V is compact, (2.3)

holds for every subset V of D, then N has a fixed point.
3. Main results

In this section, we present some results concerning the existence of solutions for the problem (1.1).
Consider the Banach space

PC={u:1—-E:ueC(); k=0,...,m, and there exist u(t;)
and u(t)); k=1,...,m, withu(t;) = u(t)},

with the norm

llullpc = sup [lu(D)l-
tel

In the case when E = R, we get

llullpc = sup |u(?)|.
tel

Definition 3.1. By a solution of the problem (1.1) we mean a function u € PC that satisfies u(0) = u,
(“"Dru)®) = f(t,u(r)); fort € I, k=0, ,m, and

u(ty) = u(t)) + Ly(u(t)); k=1,--- ,m.

Lemma 3.2. Let h : I — E be a continuous function. A function u € PC is a solution of the fractional
integral equation
(1) = ug — a,h(0) + a,h(t) + by, [y h(s)ds; if t € Iy,

k
u(t) = up - a;h(0) + Y Li(u(t)) + a,h(r) 3.1)
i=1

+b, [ h(s)ds; if t€ L, k=1,...,m,
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if and only if u is a solution of the following problem

(CFD{ku)(t) =ht),tel, k=0,...,m,
u(ty) = u(t) + L(u(t)); k=1,...,m,
u(0) = uy.

Proof. Assume u satisfies (3.2). If ¢ € I, then
(“F Dyu)(t) = h(?).

Lemma 2.5 implies that

u(t) = up — a,h0) + ah(t) + b, f h(s)ds.
0

If t € I;, then
("D} u)(t) = h(1).

Lemma 2.5 implies that
u(t) = u(ty) — ah(ty) + a,h(t) + brf h(s)ds.
Thus )
u(t) = Li(u(t))) + u(ty) — ah(t,) + a,h(t) + brf h(s)ds

141

= Li(u(t))) + up — a,h(0) + a,h(t))

- t
+ b, fl h(s)ds — a,h(t)) + a,h(t) + b,f h(s)ds
0 n

!
= Li(u(t))) + up — a,h(0) + a,h(t) + b, f h(s)ds.
0
If t € I, then
("D u)(t) = h(r).
Then, we obtain

u(t) = u(ty) — a,h(t,) + ah(t) + b, f h(s)ds

15}

= Ly(u(ty)) + u(ty) — a,h(ty) + a,h(t) + b, f h(s)ds

[5)

= Ly(u(ty)) + Li(u(t})) + up — a,h(0) + a,h(t;) + b, fz h(s)ds
0

—ah(ty) +ah() + b, f h(s)ds

5]

= Ly(u(t;)) + Li(u(t})) + up — a,h(0) + a,h(t) + b,f h(s)ds.
0

(3.2)
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If t € I, then again from Lemma 3.3 we get (3.1).

Conversely, suppose that u satisfies (3.1). If ¢ € [, then
t
u(t) = up — a,h(0) + a.h(r) + b, f h(s)ds.
0

Thus, u(0) = uy and using the fact that ““ D} is the left inverse of (“*Ij we get (“" D{u)(1) = h(?).
Now, ift € I; k=1,...,m, we get (°F Dy u)(t) = h(¢). Also, we can easﬂy show that

u(ty) = u(ry) + Li(u(t;y)).
Hence, if u satisfies (3.1) then we get (3.2).

As in the prove of the above Lemma, we can show the following one:

Lemma 3.3. A function u € PC is a solution of problem (1.1), if and only if u satisfies the following
integral equation

ut) = c+a, f(t w(®) + b, [ f(s.u(s)ds; if t € I,
u(t) = c + Z Liu(t)) + a,f(t, u()) (3.3)
+b, fof(s u(s)ds; iftel, k=1,...,m,

where ¢ = ug — a, f(0, uy).

3.1. Existence results in the scalar case

The following hypotheses will be used in the sequel.

(H;) There exists a positive continuous function p € C(I); k =0, ..., m, such that
lf(t,w)| < p(t)(1 + |u]); t€l, uek.

(H;) There exists ¢* > 0 such that
ILe(w)] < ¢"(1 + |ul); ueR.

(H3) For each bounded set B C PC, the set {t — f(t,u(t)) : u € B, t € I;; k = 0,...,m} is
equicontinuous.

Set
p" = sup p(@).
tel
Theorem 3.4. Assume that the hypotheses (H,) — (H3) hold. If
mq* + p“(a,+Th,) < 1, (3.4)

then the problem (1.1) has at least one solution defined on 1.

AIMS Mathematics Volume 6, Issue 3, 2932-2946.



2938

Proof. Consider the operator N : PC — PC defined by:
(Nu)(t) = ¢ + af(t,u(®) + by [ f(s,u(s))ds; if t € I,

k
(Nu)(t) = ¢+ ) Liu(t;)) + a,f (6, u(t)) (3.5)
i=1
+b, [ f(s,u(s)ds; if t€ L, k=1,...,m.

Clearly, the fixed points of the operator N are solutions of the problem (1.1).

Let R > 0, such that
S lcl + mg™ + p*(a, + Th,)

1 —mq" — p*Ga, + Th,)’
and consider the ball Bg := B(0,R) = {w € ||w||pc < R}.
For each r € Iy, and u € PC, we have

R

[(Nu)(®)|

c+a.f(t,u(t)) + b, f f(s,u(s))ds
0

< el + alf@t u®)l + b, fo |f (s, u(s))lds
< Jel+ p*(a, + Th,)(1 +R)
< R.

On the other hand, foreachte€ I, : k=1,...,m, and u € PC, we have

k ¢
(N < > IL@E)) + el + a | (6, u@)] + b, f (s, u(s))lds
i=1 0

mq* (1 +R) +|c|+ p*(a, + Th,)(1 + R)
R.

IA

IA

Hence, fort € I, and u € PC, we get
INWIlpc < mg”™ + |c| + p*(a- + Th,) := R.
This proves that N(Bg) C Bg. We shall show that the operator N : Br — By satisfies all the

assumptions of Theorem 2.6. The proof will be given in two steps.

Step 1. N : By — By is continuous.
Let {u,},en be a sequence such that u, — u in Bg. Then, for each ¢ € I, we have

f
|(Nup)(®) = (Nu)(D)| < a,|f (2, un(1)) = f(2, u(®)] + brf Lf (s, un(8)) = f(s, u(s))ldss. (3.6)
0
Since u, — uasn — oo and f is continuous, then by using the Lebesgue dominated convergence
theorem, (3.6) implies

IN(u,) = Nwllpe = 0 asn — oco.
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Also, foreachre I;; k=1,...,m, we have

k
N~ VO < L) = Licutt) )
=1
b alfu®) - £t u®))
‘b, fo (5, () — £ s, u(s))lds.

Again, we get the continuity of our operator N.

Step 2. N(Bg) is bounded and equicontinuous.
Since N(Bg) C By and By is bounded, then N(By) is bounded.

Next, let 7,7 € I;; k=0,...,m;suchthatf, < 7 <t <1 < ;41 and let u € Bg. Then, from the
continuity of f, and (H3), we get

|(Nu)(72) = (Nu)(T)| < a,|f (72, u(72)) = f(71, ()| + brf |f (s, u(s)lds

< alf(r2, u(r2)) = f(T1,u(@ ) + (1 + R)p"by (12 — 71)

— 0ast — 1.

Hence, N(Bg) is bounded and equicontinuous.

As a consequence of the above two steps, together with the Ascoli-Arzeld theorem, we can conclude
that N : Bg — By is continuous and compact. From an application of Theorem 2.6, we deduce that N
has a fixed point # which is a solution of problem (1.1).

3.2. Existence results in Banach spaces

The following hypotheses will be used in the sequel.

(H4) The function ¢ — f(t,u) is measurable on I;; k = O,...,m, for each u € E, and the function
u +— f(t,u)is continuous on E foreachr e I; k=0,...,m,
(Hs) There exists a positive continuous function p € C(I); k= 0,...,m, such that

I wll < pOL + lull); 1€, uek,
(Hg) For each bounded set B C E and foreacht € I;; k=0,...,m, we have
u(f(t,B)) < p(Ou(B); t € I, k=0,...,m,
(H7) There exists ¢° > 0, such that
ILc@ll < g (1 + [lull); u € E,
and, for each bounded set BC E; k=0,...,m, we have
H(Li(B)) <G u(B),
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(Hg) For each bounded set By C PC, the set {t — f(t,u(t)) : u € By, t € It; k = 0,...,m} is
equicontinuous.

Set
P = sup ().

tel

Theorem 3.5. Assume that the hypotheses (Hy) — (Hg) hold. If
p:=mqg +ap +Thp <1, (3.7)

then the problem (1.1) has at least one solution defined on I.

Proof. Consider the operator N : PC — PC defined in (3.5), and let B C PC be the ball centered
at the origin with radius R > %. For each t € Iy, and u € PC, we have

I((NwO|

c+a,f(tu(t)+b, f f(s,u(s))ds
0

< llell + allf e, u@)ll + b, f 1£Cs, uCs)lids
0

< el + P (a, + Thy)(1 + R)

< llell+mg" (1 + R) + p"(a, + Th)(1 + R)

< R

Next, foreachte [, : k=1,...,m,and u € PC, we get

I(NwO|

IA

k !
Z ILiCu(@I + llell + allf (2, u@)l +brv[(; I1f (s, u(s))llds
i=1

llcll + mg (1 + R) + p"(a, + Th,)(1 + R)
< R

IA

Hence, forr € I, and u € PC, we get
IN(Wllpc < R.

This proves that N transforms the ball By into itself.
We prove in three steps that N : B — By satisfies all the assumptions of Theorem 2.7.

Step 1. N : By — By is continuous.
Let {u,},en be a sequence such that u, — u in Bg. Then, for each ¢ € I, we have

I(Nup)(@) = (NIl < a,|lf (2, un () = f(&, u)| + brfo (s, un(s)) = f(s, u(s))llds.

Since u,, — u as n — oo and f is continuous, then (3.6) implies

IN(u,) = Nllpc = 0 asn — oo,
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by the Lebesgue dominated convergence theorem.
Also, foreacht € Ii; k=1,...,m, we get

IA

k
I(Nup)(@) = (Nuw)O)| Z ILiCun(t;)) = L)
i=1
allf(t, un(1)) = f(&, u@®)||

brf 1 (s, un(s)) = f(s, u(s))llds.
0

+

+

Hence, we get the continuity of our operator N.

Step 2. N(Bg) is bounded and equicontinuous.
Since N(Bg) C By and By is bounded, then N(By) is bounded.

Next, let 7,7, € It; k=0,...,m;suchthats, <7, <t <71, <ty and let u € Bg. Then, we have

[(Nu)(t2) = (Nu)(T)l| < @l f (72, u(T2)) = f(T1, u(r))I] + brf 1/ (s, u(s)llds

71

< @l f(r2,u(r2)) = f(Ti,u@O)l + b,p" (1 + R)(72 — 7).

From the continuity of f, and (Hg) the right-hand side of the above inequality tends to zero as 7| — 1,
and such convergence is uniform in u € Bg. Hence, N(Bg) is bounded and equicontinuous.

Step 3. The implication (2.3) holds.
Now let V be a subset of Bg such that V C W U {0}, V is bounded and equicontinuous and therefore
the function t — v(¢) = u(V(¢)) is continuous on /. By (Hg) and the properties of the measure p, for
each t € I, we have

v(t)

IA

H(NV)(1) U{0})
H(NV)(@))

a,v(t) + b, f v(s)ds
0

IA

IA

IA

a V() + b, fo B((V(s))ds

IA

!
a5 (VD) + b, f u(V(s))ds
0
@, + Th)p IMlnc.

IA

Thus
IVllpe < plIvllpc.

Also, foreachte I;; k=1,...,m, we get
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v(t)

IA

H(NV)(1) U{0})
H(NV)(®))

IA

IA

k t
q ZM(V(S)) +a,p(Du(V (1) + b, fo P(HUV(s))ds
i=1

IA

k t
7Y u(V©O) +ap (Vo) + bp fo u(V(s)ds
i=1

IA

(mg" +a,p" + Tb,p")Vllpc.

Hence
IVllpe < plivllec.

From (3.7), we get ||[v|[pc = 0, that is v(f) = B(V(¢)) = 0, for each ¢t € I, and then V(¢) is relatively
compact in E. From the Ascoli-Arzela theorem, V is relatively compact in Bg. We conclude by
Theorem 2.7 that N has a fixed point which is a solution of (1.1).

4. Examples

Example 1. Consider the problem of impulsive Caputo-Fabrizio fractional differential equation

(“"Dru)t) = f(t,u(®); t €Ly, k=0,...,m,

uty) = u(t) + Li(u(t)); k=1,...,m, ;re(0,1), te0,1], 4.1)
u(0) =0,
where ) |
_ ! -7 .
f(t,u(®) = 1+ 20 1 )0+ ) (e + ez+5)(1 + u(1)); t €[0,1],
and

L+lut)l
3¢5(1 +2a, +2b,)" 7

Li(u(ry)) = . m.

Clearly, the function f is continuous.
For each t € [0, 1], we have

2

e uO) < =

(e—7 + %) (1 + (o).
e

and
e (1 + |ul)

L < .
Ll < 30 20, + 26y
Hence, the hypothesis (H;) is satisfied with

-5
. 2ce

P =124, +2b,
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and (H») is satisfied with
-5

. e
T =30 +2a,+2b)
We shall show that condition (3.4) holds with 7 = 1. Indeed; if we assume, for instance, that the

number of impulses m = 3, then we have

mq* + p*(a, + Th,) = e < 1.

Simple computations show that all conditions of Theorem 3.4 are satisfied. It follows that the
problem (4.1) has at least one solution on [0, 1].

Example 2. Let

E=1 :{u:(ul,uz,...,un,...),zmnl<00}
n=1

be the Banach space with the norm

[
e = > I
n=1

Consider the problem of Caputo-Fabrizio fractional impulsive differential equation

("D u)t) = f(t,u(®); t €Ly, k=0,...,m,

u(ty) = u(t) + Li(u(t)); k=1,...,m, ; re(0,1), tel0,1], 4.2)
u(0) =0,
where u = (ul,uz,...,un,...), f = (f],fz,...,fn,...),
CFkau = (CFkaul, L Dy, ...); k=0,...,m,
Fu®) = — (e + L)@+ ;1€ 10.1]
e IO ers I T
A1+ u(t;
Li(u(ty)) = m; k=1,...,m,

3et
_ 1
and ¢, = 1+a,+b, "

Foreachu € E and ¢ € [0, 1], we have

1
If & u®lle < ¢ (6_7 + e,j) (1 + [lu@®llE),

and c
ILe (@ )IE < 3er4(1 + (I E).

Hence, the hypothesis (Hs) is satisfied with p* = 2¢,e™, and (Hy) is satisfied with ¢* = $e™*. We shall

show that condition (3.7) holds with T' = 1. Indeed; if we assume, for instance, that the number of

impulses m = 3, then we have

p=mq" +a,p +Thp =c(l +a,+b)e> =e¢> < 1.

Simple computations show that all conditions of Theorem 3.5 are satisfied. It follows that the
problem (4.2) has at least one solution on [0, 1].
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5. Conclusions

In this paper, we provided some sufficient conditions ensuring the existence of solutions for
functional fractional differential equations with instantaneous impulses; involving the
Caputo-Fabrizio fractional derivative. The techniqued used are the fixed point theory and the measure
of noncompactness.
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