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1. Introduction and position of problem

In the present paper, a nonlinear Bresse-Timoshenko system with thermodiffusion effects is
considered. The beam is modeled by the following system

P104p — k0 (O + ) + 010, = 0

—P20upx — DY x + k(px + ) — ¥0x — BC + 02G(0)) = 0
p38t9 + @0,C — kO, — 7611/’); =0

8,C — h(Br, +pC — @6),, = 0,

(1.1)

where
(x,1) € (0, L) x (0, 00),

here L is the distance between the ends of the center line of the beam. The function C denotes the
concentration of diffusive material in the elastic body. The constant 2 > 0 is the diffusion coefficient,
@ is a measure of the thermo-diffusion effect. To simplify the system, we use the next relation between
chemical potential P and the concentration of the diffusion material C

c:éw—&m+ww

Here o is a measure of the diffusive effect, we put

2
a:b—'[i, §1:y+ﬁ—w, 2='§,c:p3+g,r:—.
e % % % %

Substitute in (1.1), the problem becomes

P10up — k(@ + ) + 010, = 0

—Pzan% - a'l/’xx + K((px + l//) - é:lgx - §2Px + Ulg(atl//) =0
0,0 + do,P — k0, — &0, =0

d3,0 + rd,P — hP,, — &0, = 0.

(1.2)

The aim of this paper is to study the system (1.2) with following initial data

@ (x,0) = o (x), 0,0 (x,0) = @1 (x), 0 (x,0) = @2 (x)
U (x,0) = o (x), 0 (x,0) = ¥ (x) (1.3)
0(x,0) = 0y(x), P(x,0) = Py (x),x€ (0,L),

where @, @1, Yo, Y1, 8y, Py are given functions, and the Dirichlet boundary conditions
e, ) =¢xt)=60(x,1)=Px,t)=0, x=0,L,t>0. (1.4)

In engineering practice, when solving problems of the dynamics of composite mechanical structures,
which are various kinds of connections, questions arise on determining the characteristics of natural
vibrations of such coupled systems. Note that problems related to the category of non-classical
problems of mathematical physics, when we talk about the combination of elements, the behavior of
which is described by equations of different type. This causes certain difficulties in solving them,

AIMS Mathematics Volume 6, Issue 3, 2704-2721.



2706

therefore, in practice, models of real structures are used, simplified by introducing additional
hypotheses and assumptions into consideration. We mention som references dealing with dynamics of
engineering structures and non-classical problems of mathematical physics [7,8,16,17].

This new kind of problem is due to a mixture of Timoshenko system [20] and Bresse system or the
curved beam [9]. The coupled system from where one gets the Bresse-Timoshenko comes from
Elishakoff [11] by combining d’Alembert’s principle for dynamic equilibrium from Timoshenko
hypothesis, resulting the coupled system

{ P10up — k(@ + ) =0 (1.5)
_pZatt‘Px - wax + K(Qox + lﬁ) =0. .
One most famous thermoelasticity is the Cattaneo’s law, which is unable to account for some physical
properties and it cannot answer all questions, its uses are limited, this let us think to couple the fields
of strain, temperature, and mass diffusion according to the Gurtin-Pinkin model. The stabilization of
the Bresse-Timoshenko model is studied only by few authors.

When G = 0, the problem (1.2) has been studied in [5], where a new Timoshenko system with
thermal and mass diffusion effects according to the Gurtin-Pinkin model is proposed. The authors
proved global well-posedness of system by using the semigroup theory and also the quasistability.
Despite the fact that a sufficient number of works have been devoted to the study of natural vibrations
of a Breese-Timoshenko beam, the problem of determining qualitative properties with thermal, mass
diffusion and theormoelastic effects remains unsolved. [2, 3,10, 13, 19].

In [6], the authors studied stability of thermoviscoelastic Bresse beam system. The exponential
decay of energy is proved and implicit Euler type scheme based on finite differences in time and
finite elements in spaces is introduced to show that the discrete energy decreases in time and an error
estimates are obtained.

Without thermodiffusion effects, in [13], Feng and al., considered a Bresse-Timoshenko type system
with time-dependent delay terms

{ P10ny = k(x + ) =0 (1.6)
_pZattyx - bl//xx + K(yx + l//) + ,ulatw + #25tlﬂ(l‘ - T(t)) = O’ ’

and

{ P10y = K(x + ) + 10,y + pu20,y(t = (1) = 0 (07
_pZattyx - b'vl’xx + K(yx + '7[’) = 0. ’
In both systems (1.6) and (1.7), the authors used an appropriate Lyapunov functional to prove
an exponential decay results. (See [1-3, 19]). The present article is a logical continuation
of works [5, 10, 13] for nonlinear case with thermal, mass diffusion and thermoelastic effects.

The rest of work is organized as follows: In section 2, we recall some preliminaries and assumptions.
In section 3, we state and prove the well-posedness of solution. In section 4, we prove the main stability

result in both cases where H is linear and nonlinear.
2. Preliminary

We assume that the symmetric matrix

A:(dr), @.1)
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is positive definite, and thus for all 8, P
rP* + c6* + 2dP6 > 0. (2.2)

In recent years, there has been an increase in interest in the use of nonlinear properties. The value of
the nonlinearity is influenced by nonlinear damping. It is associated with the development of a wave
process of diffusion of the fundamental wave by waves that are far from it in frequency. To date, such
nonlinear processes have not been studied fairly well in thermodiffusion effects.

The function G € C!(R,R) is assumed to be a non-decreasing function (can be taken as G(y) =
ly|"~2y,m > 2) such that there exist &,¢;,c, > 0 and a convex increasing function H € C*(R*,R")
satisfying

1)H(0) = 0 and H is linear on [0, £] or
2)0,9H(0) = 0 and d,H > 0 on [0, £] such that

Gl <alsl ifls| > & (2.3)
S+ G () <H(sG(s)  iflsl<e
10,G(s)| < 7.

The energy of solution is defined as

L
260 = [ [pidig’ +at?+ ko4 07 + P220,67 4 pr0 2
0

L
+ f |70t” + rP* + 2d6P | dx. (2.4)
0
Lemma 2.1. The functional (2.4) satisfies

L L L
—5f 6%dx — hf Pldx - oy f 0, dx
0 0 0

L L
e f Budx — o f OGO
0 0

& @)

K

< 0 (2.5)

Proof. Multiplying the equations of (1.2) by d,p, 04,60, P respectively, using integration by parts,
and (1.4), we get

L L L
&8,f (9tg02dx+/<f (gox+¢)8,goxdx+0'1f (9tg02dx:0
)
+sz 00 dx + atf wde+Kf (px +¥)Opdx
L
- f 6.00dx - &, f P.dapdx + s f WG @)dx =0 2.6)

%a, f 0*dx + d f 0,POdx + 6 f 02dx — &, f O dx =0

r (}, OL 0L 0L

za, f Pldx+d f 0,0Pdx + h f Pldx - & f O Pdx = 0.
0 0 0 0
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Then, taking the derivative (1.2);, we get

0, (0np)
K

g
O, = p —am%%+~faw. 2.7)

Now substituting (2.7) in (1.2), using integration by parts and summing, then by using (2.3), we
obtain & is decreasing. O

We introduce the following Hilbert spaces
H = H}(0,L) x L*(0, L) x L*(0, L) x L*(0, L) X Hy(0, L). (2.8)
3. Well-posedness of problem

In this section, we prove the existence and the uniqueness of global solution for system (1.2)—(1.4)
by using the Faedo-Galerkin method.

Theorem 3.1. Assume the assumption (2.1), (2.2) hold. If the initial data
(0> @1, @2, 03, W) € H, 8y, Py € L0, L), then problem (1.2)—(1.4) has a weak solution such that

‘70, l// € C(R+, Hé (09 L)) m Cl(R+’ L2(0’ L))’
8,0, 04,0, P € C(R,, L*(0, L)).

In addition, the solution (p,0,p,0,0,¥,0,P) depends continuously on the initial data in
H x L*(0, L) x L*(0, L). In particular, problem (1.2)—(1.4) has a unique weak solution.

Proof. By Using Faedo-Galerkin approximations, we prove the existence of unique global solution of
(1.2)—(1.4). For more detail, we refer the reader to see [4,12, 14].

3.1. Approximate problem
Let {u;},{v;}, {6;}, {P;} be the Galerkin basis, For n > 1, let

W, = span{u,, us, ...., u,}
K, = span{vi,v,, ....,v,}
®, = span{b,,6,, ....,0,}
I, = span{Py, P,, ...., P,}.

Given initial data (¢o, ¥0) € Hy(0, L) X H)(0, L), ¢1,¢2, 3 € L*(0, L), and 6y, Py € L*(0, L), we define
the approximations
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o = Y gu(Ouyx)
j=1

Un = D Gn0vi)
j=1

O = D 0,00
j=1

Py = > ku(dPi(x), (3.1)

=1

which satisfy the following approximate problem

pl(attgona uj) + K((()an + wn)a ujx) - Ul(at(pn’ uj) =0
a(l//nx’ ij) + pl(att‘pn’ ij) + K((‘pnx + wn)’ Vj)
+E1(On, Vi) + E(Pp,vjx) + 02(G(OW,), v;) = 0 (3.2)
TO(atena 9/) + d(atpna 9}) + (O gjx) + é:l(atwna ij) =0
d(atem P]) + r(atPn’ Pj) + h(Py, ij) + gZ(atwm ij) =0,

with initial conditions

@n(0) = ¢, 0:0a(0) = ¢, 0110 (0) = ¢y
O (0) = 902’, U,(0) = lﬁg» 0, (0) = l/’r]l,
6,(0) = 98, P,(0) = Pg’ 3.3)

which satisfies

@y — o, Sstrongly in Hé(O, L)

@] = @1, strongly in L*0, L)

@, = @2, Strongly in L*(0, L)

@5 — @3, Strongly in L*(0,L)

o — Yo, strongly in Hé((), L)

W — Y, strongly in L*(0,L)

0y, — 6y, strongly in L*(0,L)

P} — Py, strongly in L*(0,L). (3.4)

By using the Caratheodory Theorem for standard ordinary differential equations theory, the problem
(3.2) and (3.3) has a solutions (gju, {ins finskjn)j=1n € (H’[0,T])* and by using the embedding
H™[0,T] — C™[0,T], we deduce that the solution (gu, {jn, finskjn)j=1n € (C?[0,T]*. In turn, this
gives a unique (¢, ¥,, 6,, P,)) defined by (3.1) and satisfying (3.2).
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3.2. The first a priori estimate

Multiplying equations of (3.2) by 0,8 n, 0:h,, 0,f;, and 9;k, respectively and using

L L L L
Kf aﬂ(patlpxdx = pl f 0m(p(9,,<pdx - Kf 6,(,0xxaﬂ(pdx + O-] f an‘pzdx,
0 0 0 0

we get

1 L L L L
Ht—[pl f H,QOde 4 PP f Bngoﬁdx + 02 f (9t<,05xdx + Kf (Qnx + W) dx
2 0 kK Jo 0 0

L L L L
+a/f t//ixdx + 79 f Ozdx + rf Pidx + 2df HnPndx]
0 0 0 0

L L L L
+6 f 62 dx + h f P2 dx + oy f dupldx + T2 f Dupndx
0 0 0 K 0

L
oy f DGO = 0. 3.5)
0

Now integrating (3.5) and by using (2.3);, we have

t L t L
E(t) + 6 f f 6> (s)dxds + h f f P2 (s)dxds
0 Jo 0 Jo
r L r L
+0'1ff 8,goﬁ(s)dxds+0-1p2ff atgoi(s)dxds
0 Jo kK Jo Jo

t L
o f f OnG @) ()dxds = E0), (3.6)
0 0
with
1 L L L
E() = —[pl f 0,g0idx+m f 8,<pidx+ 02 f atgoixdx
2 0 K 0 0
L L
+K f (Pux + Un) dx + f vn,dx
0 0
L L L
+T f 0dx +r f Pldx +2d f QnPndx]. (3.7)
0 0 0
Then
E.(1) < E,(0). (3.8)

Thus, there exists a positive constant C independent on 7 such that
E<C, t=0. (3.9)
By (2.1) and (3.9), we have

L L L L
f Oprdx + f Ouprdx + ps f dprdx + f (Pux + ) dx
0 0 0 0

L L L L
+ f W2 dx + 7 f Pdx + r f P2dx +2d f 6,Pdx < C. (3.10)
0 0 0 0

Thent, =T, forall T > 0.
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3.3. The second a priori estimate

Differentiating (3.2); and multiplying by d,,¢,, integrating the result over (0, L), we get

L L L
%& f 6,,<pﬁdx + K f 0/( @y + )0y pnrdx + oy f ancpﬁdx =0.
0 0 0

(3.11)
Differentiating (3.2),, and multiplying by 9,4, using the fact that

1
Oy = P (010410 — KOu@nxx + T10mPn) ,
then integrating the result over (0, L), using (2.3),, we get

P1P2

L L L
_atf atn(pﬁdx + &at f 6,;90ixdx + Kf (at(pnx + 8[[//n)anwnd.x
2k 0 2 0 0

L L L
+%(9[ f 3191/,%)50«')5 + §1 f atgnattwnxd-x + 'fZ f atPnaltwnxdx
0 0 0

g102
K

L L
f Onprdx + 0 f 8,G(0,)0,>dx = 0. (3.12)
0 0

Differentiating the equations of (3.2), multiplying by 9,6,,0,P,, and then integrating the result
over (0, L), we get

L L L
204, f 0,62dx + =, f 8,P2dx + dd, f 8,6,0, Pudx
2 0 2 0 0

L L
+§1 f atenxatlwndx + 62 f 6tpnxatt'vbndx
0 0

L L
+6 f 0,0 dx + h f 0,P2 dx = 0. (3.13)
0 0

Combining (3.11) and (3.12), we get

t L t L t L
R.() + & f f 0,07 .dxds + h f f 0,P2 dxds + o f f Owpidxds
0 Jo 0 Jo 0 Jo
o102 t AL , ¢ AL
+ f f Oup,dxds + o f f GO0 dxds
K 0o Jo 0o Jo

= Rn(o)’
where
1 L L L
R = 5o f dugidx + 222 (" dugidr + po f D dx
0 K 0 0
L L
+K f (01pnx + 8,¢n)2dx +a f Btwﬁxdx
0 0
L L L
70 f 8,6%dx + r f 8,P2dx + 2d f O,Qna,Pndx]. (3.14)
0 0 0
As in the fist a priori estimate, there exists C > 0 independent on n such that
R, <C, t=>0. (3.15)
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Passage to limit

From (3.10) and (3.14), we conclude that for any n € N,

Pn
01pn
Oun
Yn
Oy
On
0,6,
P,
0P,

Thus we get

@n
O1pn
Ouupn
Yn
O
O,
0,6,
P,
0,P,

is bounded in
is bounded in
is bounded in
is bounded in
is bounded in
is bounded in
is bounded in
is bounded in

is bounded in

weakly star in
weakly star in
weakly star in
weakly star in
weakly star in
weakly star in
weakly star in
weakly star in

weakly star in

L™(R., Hy(0, L))
LR, L*(0,L))
L¥(R,, L*(0, L))
L*(R,, Hy(0, L))
L*R.,L*(0, L))
L>R,, L*(0,L))
L (R, L*(0, L))
LY., L*(0,L))
L¥R,,L*(0,L)).

L*(R,, Hy(0, L))
L*(R,, L*(0,L))
L*(R,,L*(0,L))
L* (R, Hy(0, L))
L*(R,,L*(0,L))
L*(R,, L*(0, L))
L*(R.,L*(0, L))
L*(R,,L*(0,L))
L*(R,, L*(0, L)).

(3.16)

(3.17)

By (3.17), we deduce that ¢,, ¢, is bounded in L*(R., H}(0,L)) and ,p,, du¢p, are bounded in
L*(R,, L*(0, L)), and 0,6, 0,P, are bounded in L*(R,, L*(0, L)). Then from Aubin-Lions theorem [18],

we infer that for and, 7 > 0,

strongly in L(0, T, H}(0, L))

strongly in L™
strongly in L™

(0, T, Hy(0, L))
(0,T,L*0, L))

strongly in L*(0, T, L*(0, L)).

We also obtain by Lemma 1.4 in Kim [15] that

AIMS Mathematics
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©n strongly in C(0, T, H(l)(O, L))
W,  stronglyin C(0,T,H,(0, L))
0, strongly in C(0,T, L*(0,L))
P, strongly in C(0, T, L*(0, L)). (3.19)

Then we can pass to limit the approximate problem (3.2) and (3.3) in order to get a weak solution of
problem (1.2)—(1.4).

3.4. Continuous dependence and uniqueness
We prove the continuous dependence of unique solution of (1.2)—(1.4).
Let (¢, 0,0, 0y, ¥, Y, V), and (I', 0,1, 0,1, Z,I1, Q) be two global solutions of (1.2)—(1.4) with respect
to lnltlal data (()005 D1, P2, w()’ ®03 \P0)9 and (FO’ Fl’ r29 E()a q)09 QO)
Let

At)y=¢—-T
XN =y -2
x)=I-o
M) =¥ -Q. (3.20)

Then (A, Z, x, M) verifies (1.2)—(1.4), and we have

P10 —k(Ay +2), +010,A=0

—P26zzAx - a/zxx + K(Ax + Z) - fl/\/x - §2Mx + O-ZQ(aZZ) =0
Toat)( + da,M - 6XXX - é‘latzx = O

dat)( + I’@,M - hMX)C - fzatzx = O

(3.21)

Multiplying (3.21), by 9;A, (3.21), by 9,Z, integrating over (0, L), and since
L L L
Kf attAatzxdx = pl f am/\anl\dx - Kf (9,;/\”6”1\611)6
0 0 0

L
+ o f 9, AN%dx, (3.22)
0

we get

1 g P1P2 L L L
Bti[pl f o,M2dx + 222 [ 5, A2dx + py f 8,A2dx + Kk f (A, +Z)dx
0 K 0 0 0

L L L L
+a/f X2dx + 1 f Yodx + rf M?dx + 2df )(de]
0 0 0 0

L L L L
+(5f )(idx + hf Midx + 0 f O, ANdx + J102 f 0, AN*dx
0 0 0 K 0

L
+0'2f 0,2G(0,X)dx = 0. (3.23)
0
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Then

IA

0,8(1)

IA

0
L L L L L

o f 9,N2dx + f 0y N2dx + f 9, N2dx + f S2dx + f (A, + 2)’dx
0 0 0 0 0

L L
+f dex+f Mzdx),
0 0

1 L P10 L L L
&) = E[pl f 0,A2dx+% 8,N2dx + ps f 8,N2dx + B f (A, + 2)dx
0 0 0 0

L L L L
+af ¥dx + 1 f Ydx + rf M?dx + 2df )(de].
0 0 0 0

By integrating (3.23), we get

where

!
& < &80)+C f (II(%AII2 + 104 AP + 10AM + IZ17 + I(A + DI
0
+ll? + 1M1P)ds.
On the other hand, we have

&) 2 colllBAIP + 1A + 10 AP + IZP + (A, + DI
Il + 1M1P).

Owing to Gronwall’s inequality to (3.27), we have

0NN + 1104 AlP + 110AF + 1217 + (A, + D)
+I® + [IM]I*) < e“'E(0),

which implies that solution of (1.2)—(1.4) depends continuously on the initial data.
4. Asymptotic behavior

Using the multiplied techniques, we prove the stability result.

Theorem 4.1.

(3.24)

(3.25)

(3.26)

(3.27)

o Assume that (2.1), (2.2) and (2.3), hold. Then, there exist positive constants Ay and A, such that

(2.4) satisfies
&(1) < e V1 > 0.

(4.1)

o Assume that (2.1), (2.2) and (2.3), hold. Then, there exist positive constants 3 and y such that

(2.4) satisfies
&) < ,87{0‘1(%/).

where Hy(t) = t0,H (got), Y&y > 0.

(4.2)
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First, we need to introduce an auxiliary Lemmas.

Let
L L
Fi(ty = _2 6,g02dx—/<f 0, dx,
2 Jo 0
L o
F@) = Plf wﬁzsodX+7
0

L L
+ D f digtdx + p f Orpxprdx.
2K 0 0

Lemma 4.2. The functional F(t) satisfies

Fi (1) < —Kf 8t¢xdx+81f $2dx+c(l+—)f (9”()0

Proof. Direct computation using integration by parts, we get

Fi () = plf Oy dx—Kf ‘ﬁxazt‘de_Kf at‘apzdx

Owing to Young and Poincare’s inequalities, we obtain (4.5).

Lemma 4.3. The functional F, (t) satisfies,

L L L
Fr(r) < -z f (pr + W) dx — 2 f Yidx + cf Oy dx
2 Jo 2 Jy 0

L L L
+0, f dprdx + p f Oup*dx + cf 62dx
0 0 0
L L L
+c f Pidx +c f Pidx +c f Qz(ﬁ,w)dx.
0 0 0

Proof. Differentiating F,, by (1.4) and integration by parts, we have

Fy( = plfafsodx Kf«pxw)dx af Vdx

P1P2 t t
-—— 6,,(,02dx + & f Odx — p, f Oupifrdx
K Jo 0 0

L L L
2 f dupidx + & f P.ydx + o f VGO)dx.
0 0 0

Owing to Young and Poincaré’s inequalities, we get (4.6).

Proof. (Of Theorem 4.1). We define an appropriate Lyapunov functional as
L(1) = NE(1) + N1 F, (1) + F>(D),

where N, N; > 0. By differentiating (4.9) and using (2.5), (4.5) and (4.6) we have

4.3)

4.4)

(4.5)

(4.6)

4.7)

(4.8)

4.9)
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L N .
L@ < ~[Now-p] f Oiptdx — [5 - 81N1] f Yldx
0 0

B [0'1,02 pip2 205 fLa S
1t
0

1
N+2P2 0 N1+ —)
a &1
L L L
—Kf (x + ¥)2dx — [kNy —pz]f 0tg0§dx + cf G*(OW)dx
0 0 0

K K

L L L
—[Nh -] f P2dx - [N6 - c] f 62dx — No, f WG (O)dx.
0 0 0

By setting &, = and we choose N, large enough so that

a
aNy°
a; = kNy —py >0,

thus, we arrive at

L 0102 -
L'(t) < —[Noi-pi] f dp’dx — [TN +a; — c]f dup*dx
0 0

L L L
o, f Vx - a f (r + w)dx - f 82
0 0 0

L L
—[Nh - c] f P2dx - [N6 - c] f 6%dx
L ’ L ’
~No f OWG(O)dx + ¢ f G (Oup)dx,
0 0

202
=2 az =% a4 =«

where @, = #£2 — = g,

On the other hand, if we let

K (t) = N\ Fi(t) + Fa(2),

then
ol L L L
K (1) < =M f d,p°dx + kN, f 0,00 ldx + py f lpd,pldx
0 0 0
L L L
+ﬂ gozdx+ O'1p2f 0,902dx+p2f 10,0, |dx.
2 0 2K 0 0

By using Young, Poincaré’s inequalities, and the fact that

L L L
f ©’dx < 2Cf (@x + ) 2dx + ZCf Yldx,
0 0 0

we get

(4.10)
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K (0

IA

L
¢ f (0 + 0% + 2 + 0u” + (9 + YY) dx
0
cE(t).

IA

Consequently,
|H )| =1L#) - NE@)| < cE),

which yield
(N=0)E@) < L@ <(N+c)&@).
By choosing N large enough such that

g102
K

N+ay—c>0,Noy—p; >0,N—c>0,No6—c>0,Nh—c >0,

we obtain
c16(t) < L (1) < cE(1), ¥t > 0.

Using (2.5), estimates (4.10), (4.11), respectively, we get

L
L0 <-kED+ [ G0z
0

for some k;, ky, ¢, ¢ > 0.
At this point, we distinguish two cases:

e If H is linear on [0, £], In this case, using the assumption (2.3);, we can write

L L
b f GoOwdx < k f O + G2 Ow))dx
0 0

IA

L
ks f DG @)dx < —lsdiED),
0

where k3 = (’;—22
Inserting (4.14) in (4.13). Then, we have

L)< -ki&E®,

and
m&E(1) < Ly (1) < my&(e),
with
my =ci, mp=c;+ k&),
where

Lit) = L)+ k&) ~ E@).
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A combination (4.15) with (4.17), gives

L)< -LL (1), (4.18)

where 1| = ’1:7‘2

A simple integration of (4.18), we obtain (4.1).
e If H is nonlinear on [0, ], we choose 0 < &, < £ and let us consider

Li()={x€(0,L), 6yl <&}, L={xe(0,L), |0y|> &1},

we define

I-= f OGO

I

Using Jensen’s inequality and the assumption (2.3),, we have

ks f L(é‘ztlfz +GW))dx < ky f ' oG (0))dx
0 < kﬂ-(o‘l(l(t)) - ks0,E(1). (4.19)
Inserting (4.19) in (4.13), 8,8(1) < 0, we obtain
L, (1) < ki E@) + kyH ' 1(1)), (4.20)
and
m3E(t) < Lo (1) < ma&(2), (4.21)
with
ms=ci, my=c,+k&E0),
where

L) = L) + k(1) ~ E@). (4.22)

Now, for &y < &; and by using 9,6(¢) < 0,9,H > 0 and 9, > 0 on (0, €], we define the functional
L5(7) by

L) = 0H(eeE1)Lr(1) ~ E1),
satisfies

9, L3(1) 9, E(1)(£00,H (0E(1)) Lao(1)) + 0, L(1)0,H (£0E(1))

~k E(D)O,H (£0E(D)) + ka0 H (e0ED)YH ' (1(2)). (4.23)

IA

To estimate the last term of (4.20), using the general Young’s inequality

AB < H'A)+H(B), if A€ (0,0,H(e)), Be(0,¢),
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where
H(A) = s@H) () = H(OH)'(5)), if s€(0,0H()),
satisfies

ks H(goEOYHT' (1) < kigoHo(E()) = kad E(). (4.24)

k
Inserting (4.24) in (4.20) and letting &y = j, we get
4

0. L5(t) + ks0,E8(t) < —kyHy(E®)). (4.25)
Then
0. Ls(t) < —kiHy(E®)), (4.26)
where
Li(t) = Li(t) + ksE@1) ~ E@).

Since Hy(E(1)), 0;H(eoE(t)) are non-increasing functions. Then, by integrating (4.26) for any
T >0, we get

kyHo(ET)) < L4(0),

which gives (4.2). The proof is completed.

5. Conclusions

Our research falls within the scope of the modern interests, it is considered among the issues that
have wide applications in modern science and engineering related to the energy systems. The
importance of this research, although it is theoretical, lies in the following:

1. There are several generalizations and contributions that are very important in terms of the system
itself. We proposed a system related to a large number of Bresse-Timoshenko type with the
presence of three different types of damping, each one has functionality and physical properties,
and we look at the overlapping of these three terms.

2. The great importance lies in the presence of a non-linear sources, which makes the problem have
a very wide applications and importan in terms of applications in modern science.

3. Qualitatively, we proposed a new tools to study the asymptotic behavior of solutions
commensurate with the existence of nonlinear term after proving the existence of the solution
using a usual method. We found a new decay rate of system’s energ, although the system’s
energy decreased according to a very general rate that includes all previous results and more than
that, so, to our knowledge, there is no generalization more than this.
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