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1. Introduction and preliminaries

The study of metric fixed point theory is playing an important role in linear and nonlinear analysis.
In 1922, Stephen Banach [1] laid the foundation of metric fixed point theory and gave a very fruitful
concept of contraction mapping. Since then, many researchers studied that field in many directions. It
was indeed a turning point in fixed point theory when Sessa [2] introduced the notion of weak
commutativity. Later, this concept was executed by several researchers in considerable amounts.
Further, the generalization of weak commutativity came to exist in 1986 when Jungck [3] firstly
introduced compatible mappings. Definitely, this research had opened some new directions in fixed
point theory for many researchers. Later, in 1996 Jungck generalized his own concept by new class of
compatible mappings, named weak compatible mappings [4], and through various examples he had
shown that each of these generalizations of commutativity are proper extensions of previous
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definitions. Abbas eal. [5] pointed out that weakly compatible maps remains a minimal commutativity
condition for the existence of unique common fixed of contractive type maps. In the last few decades
many generalizations came to exist like compatible mapping of type (A) [6], compatible mapping of
type (B) [7], compatible mapping of type (C) [8], compatible mapping of type (P) [9],
semi-compatible mappings [10], weak semi-compatible mappings [11], conditional semi-compatible
mappings [12], faintly compatible mappings [13], occasionally weakly compatible mappings [14—16]
and other types of mappings [17, 18]. In 2011, Singh et al. [19] gave brief discussion of various types
of mappings as compatible mappings of type (A), type (B), type (C) and type (P) and compared these
mappings with compatible mappings of type (E). He introduced new concepts of S—compatible
mappings of type (E) and S —reciprocal continuous mappings by splitting the concepts of compatible
mappings of type (E) and reciprocal continuous mappings [20], and moreover, obtained some
common fixed point theorems for non-continuous self-mappings on metric spaces. Recently, Ansari et
al. [21] used the concept of compatibility of type (E) and reciprocal continuity and obtained some
fixed point results by using an implicit relation via C—class functions.

In this paper, we introduce a new concept of semi-compatible mappings and establish some common
fixed point results by using an implicit relation introduced by Djoudi [22, 23] via inverse C—class
functions on metric spaces.

Throughout the paper, we will denote by N, R, R* and N, the set of natural numbers (positive
integers), real numbers, positive real numbers and N U {0}, respectively.

Definition 1.1. [24] A pair of self-mappings (f, g) on a metric space (X, d) is said to be compatible
of type (E), if

lim ffx, = lim fgx, =gt and lim ggx, = lim gfx, = ft,
n—+oo n—+oo n—-+oo n—+oo

whenever {x,} is a sequence in X such that lim fx, = lim gx, = ¢, for some t € X.

n—+oo n—+oo

Definition 1.2. [19] A pair of self-mappings (f,g) on a metric space (X,d) is said to be
f—compatible of type (E), if

lim ffx, = lim fgx, = gt,
n—+oo n—+oo

whenever {x,} is a sequence in X such that lim fx, = lim gx, = ¢, for some 7 € X.
n—+o0o

n—+00

Definition 1.3. [19] A pair of self-mappings (f,g) on a metric space (X,d) is said to be
g—compatible of type (E), if

lim ggx, = lim gfx, = ft,
n—+oo n—+oo

whenever {x,} is a sequence in X such that lim fx, = lim gx, = ¢, for some 7 € X.

It is easy to see that the compatibility ?)f J{ype (E) nin;plies both f— and g— compatibility of type
(E), however the f— or g—compatibility of type (E) do not imply the compatibility of type (E) (See
Example 2.10 [19]).

Definition 1.4. [10] A pair of self-mappings (f, g) on a metric space (X, d) is said to be semi-
compatible, if nl_i)rgloo fgx, = gt, whenever {x,} is a sequence in X such that lim fx, = lim gx, = ¢, for

n—-+oo n—+oo

some t € X.
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A simple but genuine question rises: “Does semi-compatibility of (f,g) imply the
semi-compatibility of (g, f)?” That is lim gfx, = ft, whenever {x,} is a sequence in X such that
n—+co

lim fx, = lim gx, = ¢, for some t € X. Actually they are two different notions. We give the

n—-+oo n—+oo

following example to verify it.
Example 1.1. Let X = [0, +o0) endowed with usual metric d. Define a self-mappings f, g on X as

follows:
x, xelo,1
fx= 0.2
I, xel[3,+c0)
and g = Ix (the identity mapping). If we consider the sequence x, = % — &y, Where g, > 0, &, = 0 as
n — +oo, then lim fx, = lim gx, = % * f(%). So (g, f) 1s not semi-compatible. Also, for a sequence
n—+oo n—+oo

{x,} such that x, — x¢ and fx, — xy, we have
lim fgx, = lim fx, = xo = g(xo).
n—+oo n—+oo

Then (f, g) is semi-compatible.

In the following we do a modification of the definition of semi-compatibility.

Definition 1.5. A pair (f, g) of self-mappings on a metric space (X, d) is said to be semi-compatible
of type (A), if nl_l)rPoo fgx, = gtand nl_i)rlloog fx, = ft, whenever {x,} is a sequence in X such that lim fx, =

n—+oo

lim gx, = t, for some t € X.

n—+oo

We give an example to demonstrate it as follows.
Example 1.2. Let X = [1,+0c0) endowed with the usual metric d and f,g : X — X be the self-
mappings defined by

2x+1, x€[1,3) 2+ x, x€e[l,3)
fx= , gx = .
X, x € [3,+00) 3, x € [3,+00)
If we consider the sequence x, = 1 + g,, where g, > 0, &, — 0asn — +oo, then lim fx, =
n—-+oo
lim gx, = 3. Also lim fgx, = 3 = g(3) and lim gfx, = 3 = f(3). Moreover, if x, = 3 + &,,
n—+o0o n—+o0o n—+oo

where ¢, > 0, &, —» 0asn — +oo, then lim fx, = lim gx, = 3. Also lim fgx, = 3 = g(3) and
n—+oo n—-+oo

lim ¢fx, =3 = f(3). o
! Before proving our main results we introduce some definitions by splitting the concept of semi-
compatibility of type (A).

Definition 1.6. A pair (f,g) of self-mappings on a metric space (X,d) is said to be

f—semi-compatible, if lim fgx, = gf, whenever {x,} is a sequence in X such that
lim fx, = lim gx, = £, for some 7 € X.

n_>+6eﬁniti(l)11_1)+oi.7. A pair (f,g) of self-mappings on a metric space (X,d) is said to be
g—semi-compatible, if nl_i)rg()g fx, = ft, whenever {x,} is a sequence in X such that

lim fx, = lim gx, = t, for some t € X.

n_>+Io§ is o’l;/);(‘;ous from the above definitions that semi-compatibility of type (A) implies
f—semi-compatibility and g—semi-compatibility of a pair (f, g), however the converse is not true.
Moreover, f—semi-compatibility and g—semi-compatibility coincide with the semi-compatibility of
the pair (f, g) and semi-compatibility of the pair (g, f) introduced by Singh et al. [10], respectively.
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Definition 1.8. [20] A pair (f, g) of self-mappings on a metric space (X, d) is said to be reciprocal
continuous, if lim fgx, = frand lim gfx, = gt, whenever {x,} is a sequence in X such that lim fx, =
n—+oo n—+oo n—+oo

lim gx, = t, for some t € X.

n—+oo

We introduce some definitions by splitting the concept of reciprocal continuity of a pair (f, g) of
self-mappings as follows.

Definition 1.9. A pair (f, g) of self-mappings on a metric space (X, d) is said to be f—reciprocal
continuous, if lim fgx, = ft, whenever {x,} is a sequence in X such that lim fx, = lim gx, = t, for
some f € X. e e e

Definition 1.10. A pair (f, g) of self-mappings on a metric space (X, d) is said to be g—reciprocal
continuous, if lim gfx, = gf, whenever {x,} is a sequence in X such that lim fx, = lim gx, =1, for
some f € X. e e e

The notion of f—reciprocal continuity or g—reciprocal continuity coincides with the concept of
weak reciprocal continuity introduced by Pant et al. [25].

It is obvious that f—semi-compatibility and g—semi-compatibility are independent notions with
respect to f—reciprocal continuity and g-reciprocal continuity, respectively. It is noticed that
compatibility of type (E) implies semi-compatibility of type (A) but implication is not reversible.

We now provide two examples to verify above discussion and also show the comparison between
semi-compatible mappings of type (A) and reciprocal continuous mappings (compatible mappings of
type (E)).

Example 1.3. Let us consider X = [0, +c0) endowed with the usual metric. Define f,g : X — X by

1, xe[0,1] { 2, x€l0,1)
fx= , gx = .
x, x€(1,+00) i x € [1, 400)

Then the pair of mappings (f, g) is semi-compatible of type (A) and reciprocal continuous. However,
the pair (f, g) is not compatible mapping of type (E).

It is easy to see that x, = 1 + g,, where g, > 0, &, — 0 as n — +oo, is the only sequences which
satisfy the conditions

lim fx, = lim gx, = 1.
n—+oo

n—+oo

One has
lim fgx, =1 = g(1),
n—+oo
lim gfx, =1=f(1).
n—+o0o0

Hence (f, g) is semi-compatible of type (A).
The other sentences follow from the following relations

lim fgx, = lim f( )=1=f(),
n—s+00 no+eo” 1 + g,
lim gfx, = lim g(1+¢,) =1=g(1),
n—+oo n—+oo

lim ffx, = lim f(1 +&,)=1= lim fgx, = g(1),
n—+oo n—+oo n—+oo

lim ggx, = lim g(
n—+oo

n—+0oo

)=2%* lim gfx, = f(1).
1+ &y n—+oo
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Example 1.4. Let X = [0, 1] with usual metric. Define f,g : X — X by

1
fx:{l, xe[0,1) gx:{

1
%7 XG[O,E)
l-x, xel[i1] x

, xe[i 1

We consider the sequence x, = % +g,, where g, > 0, &, > 0asn — +oco. Then

lim fx, = lim gx, = 3

n—+oo n—+oo
Also, we have
1

1 1 .
3 f(i) = g(i) # nl_l)rglwffxn =1.

1
lim fgx, = lim f(< +¢,) =
n—+0o n—+o0” 2

and 1 1 1 1
nglzlmgfxn = nl_l)ffloog(i —&) = 5= f(i) = 8(5) = nl_l)r:lwggxn.
Therefore the pair of mappings (f, g) is not only semi-compatible of type (A), but it is also reciprocal
continuous, even g—compatible of type (E). However, it is not compatible of type (E).
According to the previous examples and Singh [19], we have the following proposition.

Proposition 1.1. Let f and g be self-mappings on a metric space (X,d). Suppose that {x,} is a
sequence in X such that lim fx, = lim gx, = ¢, for some ¢ € X. If one of the following conditions is

n—+oo n—+oo
satisfied:

(i) (f,g) is f—semi-compatible and f—reciprocal continuous,
(i1) (f, g) is g—semi-compatible and g—reciprocal continuous,

Then

(a) ft = gt and

(D) if there exists u € X such that fu = gu = ¢, then fgu = gfu.

Proof. Follows immediately.

Remark 1.1. By the above, it follows that each of condition of Proposition 1.1 implies the weak
compatibility of pair (f, g), introduced by Jungck in [4], however, the inverse is not applicable.

Definition 1.11. [26] A continuous function F : [0, +0) X [0, +00) +— R is called an inverse C—class
function, if for every s, t € [0, +00), the following conditions hold:

(1) F(s,0) = s,
(i1) F(s,t) = s implies that either s = O or t = 0.

We will denote by Cj,, the class of all inverse C—class functions. In the following we will provide
some examples (for further details, one should refer [26]).

Example 1.5. The following functions F : [0, +00) X [0, +c0) — R belong to Cj,y, for all 5,7 €
[0, +00):

1. F(s,t) = s+t F(s,t) = s implies t = 0.
2. F(s,t) = ms, for some m € (1, + + 00), F(s,t) = s implies s = 0.
3. F(s,t) = s(1 + 1), for some r € (0, +0), F(s,t) = simplies s = 0or ¢t = 0.
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4. F(s,t) =log,[(t + a’)(1 + 1)], for some a > 1, F(s,t) = s implies t = 0.
5. F(s,t) = 9(s), ? : (0,+00) X (0,+00) — R is a generalized Mizoguchi-Takahashi type function,
F(s,t) = s implies s = 0.

Definition 1.12. [27] A function ¢ : [0, +c0) — [0, +00) is called an ultra-altering distance if ¢
is continuous, and ¢(0) = 0, ¢(f) > 0,t > 0. We denote by @, the set of all ultra-altering distance
functions.

An implicit relation, introduced by Djoudi [22,23], is stated as follows.

Let G be the set of all continuous functions G(ti,...,%) : R" X R* x --- X R* + R satisfying the

6

following conditions:

(G1) : G is non-decreasing in variables s and #.

(G») : there exists h € (1, +00) such that, for every u,v > 0 with
G,:Gu,v,u,v,u+v,0)>0,or
Gy, :Gu,v,v,u,0,u+v) >0,
we have u > hv.

(G3) : G(u,u,0,0,u,u) <0, for all u > 0.

We now provide some examples of G € G (for more details, one can refer Djoudi [22,23]).
Example 1.6. Let G(71,...,%) : R" XR" X --- X R" > R be defined by
6

a b
Gl 0o) = E B max{t,, t3, t4, t5 + 1‘6}’
where a, b > 0 with b > 2a.
(Gy): It is clear.
(G,): Let u,v € R*. Suppose that G(u,v,u,v,u + v,0) = 4 - m > 0. Then u > (%)v = hv,
where h = 24 € (1, +o0).
(Gp) : Let u,v € R*. Suppose that G(u, v, v,u,0,u +v) = ¢ — m > 0. Then u > (}%)v = hv,

where h = % € (1, +00). Thus, (G,) is satisfied when / = l%.
(G3): G(u,u,0,0,u,u) = % - 2—bu = % <0, forall u > 0.
Example 1.7. Let G(71, ..., ) : R" XR" X --- X R” - R be defined by
6

Ctstg

Gy, ... te) = at> —bts + ——————,
P AR el + 1

where c,d,e > 0,a>0and b > a + c.

(Gy) : Itis clear.

(G,) : Letu,v € R* and suppose that G(u, v, u, v, u+v,0) = au®* — bv* > 0. Then u > (g)%v = hv, where
h= ().

(Gp) : Let u,v € R* and suppose that G(u, v, v, u, 0, u+v) = au®* —bv* > 0. Then u > (Z)%v = hv, where
h= (g)%. Thus (G,) is satisfied when 4 = (g)%.

(G3) : G(u,u,0,0,u,u) = au®> —bu?> + cu’> = u*(a—b+c) <0, forall u > 0.

AIMS Mathematics Volume 6, Issue 3, 2636-2652.



2642

We generalize the implicit relation of Djoudi [22,23] by using the inverse C—class functions. Let G
be the set of all continuous functions G(t1,...,%) : R* X R* x --- x R* R satisfying the following
6

conditions:

(G}) : G is non decreasing in variables 75 and 7.
(G)) : there exists h € (1, +00) such that for every u,v > 0 with
Gy: Gu,v,u,v,u+v,0) >0, or
Gy: Gu,v,v,u,0,u+v) >0,
we have u > hF (v, ¢(v)), where F € Cj,y and ¢ € ®,,.
(G}) : G(u,u,0,0,u,u) <0, for all u > 0.

It is easy to obtain that G C G..
In the following we provide some examples of functions G € G..
Example 1.8. Let G(71,...,%) : R" XR" X --- x R" > R be given by
6

bt; + cty

G(ty,...,te) =t —mlat, + y
( ©) tste + 1

wherea > 1,0<b<mb<1,0<c<mc<]1.
Define F € Cy,, by F(s,t) = ms,m > 1 and ¢ € @, as ¢(r) = 2t, for all 1 > 0.
(G)): Itis clear.
(Gy): Letu,v € R*. Suppose that G(u, v,u,v,u + v,0) = u — mlav + bu + c¢v] > 0. Then u > hymv =
I F(v, p(v)), where h; = {25 € (1, +00).
(Gy) : Let u,v € R*. Suppose that G(u, v, v,u,0,u +v) = u —m[av + bv + cu] > 0. Then u > hymv =
hyF(v, o(v)), where hy = 1"_:i’c € (1, +00). So (G)) is satisfied.
(G%): G(u,u,0,0,u,u) = u—mau = (1 —ma)u <0, for all u > 0.
Example 1.9. Let G(71, ..., %) : R" XR" X --- X R" > R be given by

6

G(ty,...,te) =ty — [ath + bt + ct?1"7 + d \ists,

where a > (1 +d)”,d > 0 (in particulara > 27 ifd =1),0<c¢, b< 1, pe N.

Define F € Cy,y, as F(s,t) = ars with a > (1 +d)?,d = 0 (in particular a > 27 if d = 1) and ¢ € @, as
() =t forallt > 0.

(G)) : Itis clear.

(Gy) : Letu,v € R*. Suppose that G(u, v, u,v,u+v,0) = u— [avp+bup+cv”]% >0, thenu > (ﬁ)%v =

61 F (v, o(v)) = 6;av, where 6, = (a(“lt'z))ﬁ > 1.

(Gy) : Letu,v € R*. Suppose that G(u, v, v,u,0,u+v) = u— [av”+bv”+cu1’]i > 0; then u > (%)iv =
0, F (v, o(v)) = 6av, where 6, = (aff_”c))ll' > 1. Hence (G)) hold for & = min{6,,6,}. Thus, (G)) is
satisfied. 1 1
(G%) : G(u,u,0,0,u,u) = u— (au’)r + du = (1 - (a)» + d)u <0, for all u > 0.
Example 1.10. Let G(z4,...,%) : R" X R" x --- X R" > R be given by
6

G(ty,...,t¢) = aty — btr + c(t3 + t4) — d min{t3, 1st¢},
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where \/% > 1 suchthat0 < c < 1%" and a,d > 0.
Define F € Cy,, by F(s,t) = hs with h € (1, +o0) and ¢ € @, by ¢(¢) = ¢, for all t > 0.
(G)) : Itis clear.
(Gy) : Letu,v € R*. Suppose that G(u, v, u,v,u +v,0) = au — bv + c(u + v) — d min{u, 0} = au — bv +
ciu+cv > 0. Then u > F(v, o(v)) = h2v, where h = E > 1.
(Gy) : Let u,v € R*. Suppose that G(u,v,v,u,0,u +v) = au — bv + c¢(v + u) — dmin{v, 0} = au — bv +
cu+cv>0. Thenu > F(v,o(v)) = h*v, where h = \/% > 1. Thus (G)) is satisfied.
(G}) : G(u,u,0,0,u,u) = au — bu <0, for all u > 0.

Example 1.11. Let G(z4,...,%) : R" X R" x --- X R* > R be given by

6

t(h* +1)

G(t,...,.te) =1— s
( ) max{t, t, 13, 14, s + 16}

where h € (1, +00).

Define F € Cy,, by F(s,t) = hs and ¢ € ®, by ¢(t) = t, for all t > 0.

(G)) : Itis clear.

(Gy) : Letu,v € R*. Suppose that G(u, v, u,v,u +v,0) =1 — % >0, thatis 1 — % > 0.
Then, we have

u—hv>0,

which implies u > hF (v, o(v)) = h?v.

(Gy) : Letu,v € R*. Suppose that G(u, v, v, u,0,u+v) =1 —
Then, we have

v(h2+ 1)
max{u,v,v,u,u+v

> 0, that is 1 — 22D 5 .
} u+v

M_hzvz()’

which implies u > hF (v, ¢(v)) = h*v. Thus (G)) 1s satisfied.
(G3) : Gt 1, 0,0, u,u) = 1 — —+D__ — 1 _ 4l 0 forall u > 0.

max{u,u,0,0,2u} 2

2. Main results

In this section we prove some common fixed point theorems of a kind of implicit relation via inverse
C—class functions.

Theorem 2.1. Let G € G. and let A, B, S and T be four self-mappings on a complete metric space
(X, d) satisfying the following conditions:

(i) S and T are surjective,
(ii) for every x,y € X,

G(d(Sx,Ty),d(Ax, By), d(Ax, S x),d(By, Ty),d(By, S x),d(Ax, Ty)) = 0,

(iii) the pair (A, S) is A-semi-compatible and A-reciprocal continuous and the pair (B, T) is B-semi-
compatible and B-reciprocal continuous.
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Then A, B, S and T have a unique common fixed point.

Proof. Let any x, € X. Condition (i) assures that one can construct the sequences {x,} and {y,} in
X such that y,, = Axy, = Txpu115 Yone1 = BXope1 = S Xou2, Where n € Ny. Using condition (ii) with
X = Xpn, Y = Xou41, WE Obtain

G(d(S x2n, T x2p41), d(Axpy, BXop11), d(Axp,, S X2,),
d(Bxops1, Txop41), d(Bxopi1, S X2), d(Axp, T X2p41))

= G(dYan-1,Y21) AY2ns Yon+1)s V205 You-1)> AYVo2ns1, Y21)s AYV2ns15 Y2n-1)> Y205 Y2u))

= G(d(y2n-1,Y21), AY2n, Yon+1)> AYVans Yan-1) Y215 Y2n)s dY2n+1> Yan-1), 0)
> 0.

By (G)), we have
G(d(yZn—l ) y2n)’ d()’zn, y2n+l)’ d(yZn, y2n—l)a d(y2n+l ’ y2n)’ d(y2n—l ’ yZn) + d()’zn, y2n+l)’ 0) = 0.

From (G)), we deduce

d(Yon-1,Y2m) = hF(d(Yan, Yan+1))s ((d(Y2ns Yan+1)))
> hd()’zn, y2n+1)9

that is

1
d(y2n’ y2n+l) < Ed(y2n—la y2n)-

Repeating the previous argument and using (i) and (G)) leads to

1
d(Yan-1,Ym) < Zd(yZn—Z’ybl—l)-

Consequently, we have

1 1
d(Yons yone1) < ﬁd()’o,)ﬂ) and  d(yz-1,y2) < Wd()’O,yl)a

where h € (1, +00). Hence lim d(y,, y,:1) = 0.
n—+0o
We will now show that {y,} is a Cauchy sequence. For any integer p > 0, we get

d(yna yn+p) < d())m yn+1) + d(yn+l’yn+2) t+ee T+ d(,Yn+p—l,yn+p)

1 1 1
< 7d0o.y0) + o dGo.y) + -+ mmd (Yo, yi)
1 1 1 1
=—[1+—-+—=+---——1d(yo,
il Tt 1] Vo, y1)
1
< K'——d(yo, Y1),
T 74000
where k = % € (0,1). Letting n,p — +oo, we obtain d(y,,y.+p) — 0. Therefore {y,} is a Cauchy
sequence. Using the completeness of X one can find ¢t € X such that lim y, = z. Consequently all

n—+o0o

subsequences {Axy,}, {Bx2u+1}, {S X2} and {T'x,,41} converge to ¢, i.e.,

lim Ax,, =t, lim Bxy,.; =¢t, lim Sx,, = ¢, lim Tx,,; = t.

n—+oo n—+oo n—+oo n—+oo
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Condition (i) implies that t = Su = T'v for some u,v € X.
We now prove that Au = ¢. From (ii), we have

G(d(Su, T x2441), d(Au, Bxops1), d(Au, Su), d(Bxopi1, T Xops1),
d(Bxyus1,Su), d(Au, T xp,41)) 2 0.

Taking limit in the above inequality as n — +oo0, one obtains
G(0,d(Au,t),d(Au,1),0,0,d(Au,t)) > 0.

Using (G ), we get Au = tand Su = Au = t.
Next, we also claim that Bv = ¢. To see this, note that by condition (i7) with x = x,,,y = v, we have

G(d(S X2n, TV)’ d(AXZI’H BV), d(AXZn, S -x2n)> d(BV, TV), d(BV, S .in), d(AXZn’ TV))
= G(0,d(t, Bv),0,d(Bv,t),d(Bv,1),0)
> 0.

From (G, ), we deduce Bv = t, thatis Bv =Tv =t. Hence Au =Su=Bv=Tv =1.
From (iii), A—semi-compatibility of the pair (A4,S) yields lim ASx,, = St and A—reciprocally
n—+oo
continuity of the pair (4, 5) yields lim AS x,, = At. These both yield Ar = S't.

n—+oo

Again, B—semi-compatibility of and B—reciprocal continuity pair (B, T) yield BTv = TBv or Bt = Tt.
In the following, we prove Bt = At.
From (ii), we have

Gd(St,Tt),d(At, Bt),d(At,St),d(Bt, Tt),d(Bt,St),d(At, Tt))
= G(d(At, Bt),d(At, Bt), 0,0, d(At, Bt), d(At, Bt))
>0,

which is a contradiction to (GY), so Bt = At. Therefore At = Br = St =Tt.

Finally, we show that ¢ is a fixed point of A. Indeed, on the contrary, condition (i7) implies

Gd(St,Tv),d(At, Bv),d(At,St),d(Bv,Tv),d(Bv,St),d(At, Tv))
= G(d(At,1),d(At,1),0,0,d(At, 1), d(At, 1))
>0,

which contradicts (G%). Hence At = 1. Accordingly At = Bt = St =Tt = t, that is 7 is a common fixed
pointof A, B, S and T.

To prove uniqueness, we suppose that ¢ is another common fixed point of A, B,S and T. Then
At = Bt' =St =Tt =t'. Now, from condition (ii) with x = ¢, y = ¢/, we have

G(d(St, Tt),d(At,Bt),d(At,St),d(Bt’,Tt),d(Bt',St),d(At, Tt"))
= G(d(t,1),d(1,1),0,0,d(t,t),d(t,1))
>0,
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which contradicts (G%). Consequently 7 = ¢'.
Remark 2.1. Theorem 2.1 holds true if we suppose that the pair (A, S) is § —semi-compatible and
S —reciprocal continuous and the pair (B, T') is T—semi-compatible and 7T —reciprocal continuous.
Corollary 2.1. Let G € G. and let A, B, S and T be four self-mappings on a complete metric space
(X, d) satisfying the following conditions:

(i) S and T are surjective,
(ii) for every x,y € X,

G(d(S x,Ty),d(Ax, By),d(Ax, S x),d(By, Ty),d(By, S x),d(Ax,Ty)) = 0,

(iii) the pairs (A,S) and (B,T) are semi-compatible of type (A)(or compatible of type (E)) and
reciprocal continuous.

Then A, B, S and T have a unique common fixed point.

Proof. Since the semi-compatibility of type (A) (or compatibility of type (E)) and the reciprocally
continuity of the pairs (A,S) and (B,T) imply the A—(B—) semi-compatibility and the A—(B-)
reciprocally continuity of the pairs (A, S) and (B, T), respectively, then the conclusion follows from
the proof of Theorem 2.1.

We now present some examples which verify the validity of Theorem 2.1.

Example 2.1. Let X = [1,+00) and x,y € X(y > x) with usual metric d. We define the maps
A,B,S, T : X = X by,

Ax)=B(x)=1, Vxe[l,+o0).

Sx)=T(x)=x, VYxe[l,+o0).

It is obvious that §, T are surjective. Taking the sequence x, = {1 + g,}, where ¢, > 0, &, — 0 as
n — 400, one can verify that the pair (A, §') is A—semi-compatible and A—reciprocal continuous. Also
(B, T) is B—semi-compatible and B—reciprocal continuous. Define now an implicit function G € G,
G(t,..., 1) : R*® > Rasin Example 1.10:

G(ty,...,tg) = aty — bty + c(t3 + t4) — d min{t3, tst¢},

where /2=¢ > 1 such that 0 < ¢ < &% and a,d > 0.
Define F € Cy,y as F(s,t) = hs with h € (1,+00) and ¢ € D,,.
For all x,y € [1, +00), we have

alx=y|=b-0+c(1 = x[+[1 —y|) = dminf|]1 — x|, |1 —y| X |1 — x|}
=aly—-xl+cx+y-2)—-dx-1).
Choosinga =1,b=4,c=1andd =2,onehas 0 < ¢ < %and

2(y — x) if x<y

ay—-xl+cx+y-2)-dx-1) = ) .
0 if x>y
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Therefore all the conditions in Theorem 2.1 are satisfied and 1 is the common fixed point of A, B, S
and T.
Example 2.2. Let X = [1, +00) and x, y € X with usual metric d. We define maps A, B,S, T : X —» X
such that,
Sx=x, x€[l,+00),

Tx=x" x€][l,+00),

1 1,2
o x€[l1,2) ,
Bl x€[2,+m)

1, €[l1,2
Bx = > xell.2) .
=, X € [2,+00)

It is obvious from the example that mappings S and 7 are surjective. On taking sequence {x,} =
1 +&,, where g, — 0 as n — +oo, then it is easy to show that pair (4, S) is A—Semi compatible and
A—reciprocal continuous. Also pair (B, T) is B—semi compatible and B—reciprocal continuous.
Now we define G(t,...,%) : R" X R" X --- X R" - R as in Example 1.11:

6

tz(]’lz +1)

G(t],...,tﬁ)zl_ s
maxit, t, 13, 4, t5 + te}

where h € (1, +00).
Define F € Cj,, and F(s,t) = hs forall h € (1, +00) and ¢ € ©,.
Now for all x,y € [1,2), we have

(h* + 1)d(Ax, By)
= (h* + 1)|Ax — By|
<d(Sx,Ty),

which shows that
(h2 + 1)d(Ax, By) < max{d(S x, Ty),d(Ax, By),d(Ax, S x),d(By, Ty),d(By, S x) + d(Ax, Ty)}.

Thus,
(h* + 1)d(Ax, By)

1 -
max{d(S x,Ty),d(Ax, By),d(Ax, S x),d(By, Ty),d(By, S x) + d(Ax, Ty)}
Now for all x,y € [2, +00), we have

>0

(h* + 1)d(Ax, By)
= (W* + 1)|Ax — By|
x—-1 y -1

=W +1
(+)|3 3

Taking i = V2, we get

(h* + 1)d(Ax, By)
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= x -y’
=dSx,Ty)
< max{d(S x, Ty),d(Ax, By),d(Ax, S x),d(By, Ty),d(By, S x) + d(Ax, Ty)},

which implies that

| - (h? + 1)d(Ax, By)
max{d(S x, Ty),d(Ax, By),d(Ax, S x),d(By, Ty),d(By, S x) + d(Ax, Ty)

> 0.
}>

Therefore all the conditions of Theorem 2.1 hold and 1 is the unique common fixed point of A, B, S
and T.

Setting A = Ay, B = A1, S = By, and T = By,,q, for n € Ny, in Theorem 2.1, we obtain the
following result for two infinite families of self-mappings.

Theorem 2.2. Let G € G. and let {A;};e, and {B;};ai, be two sequences of self-mappings on a
complete metric space (X, d) satisfying condition (ii) of Theorem 2.1. Assume that, for every n € Ny,
the following properties are satisfied:

(1) A2n(X) € Bppy1(X) and Ay,y1(X) C Boy(X),
(ii) (Aan, Bay) 1s Ap,—semi-compatible and A,,—reciprocal continuous,
(iii) (Azn+1,> Bons1) 18 Agye1 —semi-compatible and A, —reciprocal continuous.

Then {A;}ian, and {B;};en, have a unique common fixed point.
Proof. Fix k € Ny. From hypothesis, we deduce that Ay, Axir1, Box and By, satisfy the inequality

G(d(BoX, Bos1y), d(Asi X, Agir1y), d(BorX, Agix), d(Bois1y, Aoks1),
d(Bak+1y, Agix), d(Bagx, Agis1y)) = 0.

for all x,y € X, where G € G.. Therefore all the conditions of Theorem 2.1 are satisfied. So
Aoy, Aoy, Boy and By, have a common fixed point in X.

For the uniqueness, suppose that, for some ¢, € X, t # ¢’, one has Ayt = By,t = Ayt = Boyyit =t
and Ay, t" = Byt = Ao’ = Boyit’ = t', for all n,m € Ny. Using condition (i) of Theorem 2, we
obtain

G(d(Bot, Bayi1t'), d(Agut, Agpiit), d(Bant, Agut), d(Bayirt', Agmart),
d(Boyst', Aout), d(Bont, Aoy t’)) = 0,

that is
G(d(t,1),d(t,1),0,0,d(t,1),d(t, 1)) > 0.

which contradicts (G%). Therefore 1 = ¢’ and so the sequences of maps {A;}icn, and {B;}icn, have a
unique fixed point.
Remark 2.2. According to [19, Remark 3.9], one can verify the followings:

(i) Theorems 2.1 improves Theorems 3.7, 3.8 in [19] by exploring new kind of semi-compatibility
in lieu of responding compatibility of type (E).

AIMS Mathematics Volume 6, Issue 3, 2636-2652.



2649

(i) Under the assumptions of Theorems 2.1, the main results of Theorems 3.1, 3.2 in [21] are still
validate, respectively.

Theorem 2.3. Let G € G. and let A, B and S be three self-mappings on a complete metric space
(X, d) satistying the following conditions:

(i) S is surjective,
(ii) forall x,y € X,

G(d(Sx,Sy),d(Ax, By),d(Ax, S x),d(By,Sy),d(By,S x),d(Ax, S y)) 2 0,

(iii) the pair (A, §) is A—semi-compatible and A—reciprocal continuous and the pair (B, §) is B—semi-
compatible and B—reciprocal continuous.

Then A, B and S have a unique common fixed point.

Proof. Follows immediately in a similar way to that in the proof of Theorem 2.1.

Theorem 2.4. Let G € G. and let A, B and {g;};cny be self-mappings on a complete metric space
(X, d) satisfying the following conditions:

(i) {gi}ian are surjective,
(@) forall x,y € Xandi €N,

G(d(gl-x’ gi+1)’), d(Ax7 By)a d(Axa gi+1x)’ d(By’ giy)’ d(By’ gix)9 d(Ax7 gly)) Z 0’

(iii) the pair (A, g;) is A—semi-compatible and A-reciprocal continuous and the pair (B, g;41) is
B—semi-compatible and B—reciprocal continuous, for all i € N.

Then A, B and {g;};cxy have a unique common fixed point.

Proof. Letting i = 1 in the inequality of condition (ii), we get exactly the hypothesis of Theorem
2.1 for the mappings A, B, g, and g, and so they have a unique common fixed point . Indeed, if ¢ is
another fixed point for A, B, g1, g, with ¢’ # ¢, then using (ii) for i = 1, we have

G(d(git', g2t), d(AY', Bt), d(At', g2t'), d(Bt, g1t), d(Bt, g1t'), d(At', g1t1))
=G, 1),d,1),0,0,d(t,1),d(t, 1)) >0,

which contradicts (G}), hence 1" = 1.

By letting now i = 2, we get the hypothesis of Theorem 2.1 for the mappings A, B, g, and g3, and
consequently they have a unique common fixed point . Thus ¢ = ¢’. In this way, we clearly see that ¢
is the required point.

Remark 2.3. Theorem 2.4 generalizes Theorem 4.3 in [23] by reducing weak compatibility to
certain semi-compatibility and reciprocal continuity.

Corollary 2.2. Let A, B, S and T be four self-mappings on a complete metric space (X, d) satisfying
conditions (@), (iii) of Theorem 2.1. Suppose that, for all x,y € X, we have the following inequality:

dP(Sx,Ty) > ad’(Ax, By) + bd”(Ax, S x) + cd’(By, Ty),
wherea > 1,0<c¢,b <1, pe N. Then A, B, S and T have a unique common fixed point.
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Proof. Take a function G € G, as in Example 1.9 with d = 0. We have

G(d(S x,Ty),d(Ax, By),d(Ax, S x),d(By, Ty), d(By, S x),d(Ax, Ty))
=d(Sx,Ty) — [ad’(Ax, By) + bd?(Ax, S x) + cd”(By, Ty)]% > 0.

The conclusion follows from Theorem 2.1.
Remark 2.4. Corollary 2.2 is an improved result of Corollary 1 in [22] and Corollary 4.1 in [23] in
the following aspects:

(i) compatibility of type (B) in [22] and weak compatibility in [23] are replaced by
semi-compatibility and reciprocal continuity,
(if) the requirement of continuity of mappings in [22] are relaxed.

Theorem 2.5. Let G € G. and let A and S be two self-mappings on a complete metric space (X, d)
satisfying the following conditions:

(i) A(X) CS(X)or AandS are surjective,
(ii) for every x,y € X,

G(d(Sx,Sy),d(Ax, Ay),d(Ax,S x),d(Ay,Sy),d(Ax,Sy),d(Ay, S x)) > 0,

(iii) the pair (A, S) is A-semi-compatible and A-reciprocal continuous or the pair (A, S) is S-semi-
compatible and S -reciprocal continuous.

Then A and T have unique common fixed point.
Proof. Follows immediately using similar arguments as in the proof of Theorem 2.1.

3. Conclusion

Based on the notions of semi-compatibility and reciprocal continuity of a pair of self-mappings
(f, g), we introduce some new types of a pair of self-mappings (f, g), called semi-compatibility of type
(A), f—semi-compatibility of type (A), g—semi-compatibility of type (A), f—reciprocal continuity and
g—reciprocal continuity, which are extensions of the corresponding notions. Some valid examples are
set up to demonstrate the comparisons between these conceptions. Moreover, by using the inverse
C—class functions, we provide a new kind of implicit relations G. which is a generalization of the
implicit relations G introduced by Djoudi. The achievement of this paper is to extend and improve
the results of [19,21-23] by using general implicit relations, weakening compatibility and dropping
continuity.
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