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Abstract: The intended goal of this manuscript is to discuss the existence of the solution to the below
system of tripled-fractional differential equations (TFDE:s, for short):

O [k(@) = Aa, k(a))] = O (a, r(a), I'(r(@))) + O (&, (@), I'([(@))) ,

0" [l(@) - Aa, l(a)] = O (a, k(a), I"(k(@))) + O (@, r(@), I'(r(a))),

O [r(@) — A, r(@)] = O (a, (@), I'(@))) + O (@, k(), I" (k(@))),
k(0) =0, 1(0) =0, r(0) =0,

ae.aeQ, >0, ue(,1),

where O is RL-fractional derivative of order 7, Q = [0, A], A > 0,and ] : QXR — R, with 1J(0,0) = 0,
O : OXRXR — R are functions taken under appropriate hypotheses. The method of the proof depends
on a manner of a tripled fixed point (TFP), which generalize a fixed point theorem of Burton [1]. At
last, a non-trivial example to strong our results is illustrated.

Keywords: tripled fixed point theorem; RL-fractional derivative; system of tripled-fractional
differential equations; Banach space
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1. Nonlinear analysis and fractional differential equations

Fractional calculus has been given proper attention in the last few decades by researchers. This
subject gained new structures on an unlimited scale and are mainly applied in all branches of basic
sciences, especially engineering sciences.

Because of fractional differential equations (FDEs) frequent appearance, it was particularly
important, in many applications such as fluid mechanics, viscoelasticity, biology, physics and
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engineering. Recently, the related literature has been developed for application in FDEs in nonlinear
dynamics [2—6]. Another reason why these equations are widespread is most FDEs do not have exact
analytic solutions, approximation and numerical techniques. Consequently, it is used to give the
solution of fractional ordinary differential equations, integral equations and fractional partial
differential equations of physical interest.

There is no doubt that non-linear analysis, especially the fixed-point technique, contributes greatly
to find the existence of solutions of nonlinear initial-value problems of FDEs [7-15].

Fixed point theory (FPT) speaks about two variants of arguments, FPT on metric spaces and
topological problems under FPT. Topological problems under FPT is of particular interest to
topologists and theoretical computer scientists, while FPT on metric spaces is of great importance in
computing, computational biology, bio-informatics.  This is another reason why the strong
relationship between the FPT and the rest of the disciplines is very strong, Which leads to widespread.
The main advantage of using FDEs is related to the fact that we can describe the dynamics of complex
non-local systems with memory.

Another direction, nonlinear analysis used in the study of dynamical systems represented by
nonlinear differential and integral equations. Since some of these equations that represent a dynamical
system do not have an analytical solution, therefore studying the turmoil of these problems is very
beneficial. There are different types of turmoil differential equations and the important type here is
called a hybrid differential equation (HDE) [16]. From this moment, this branch has become very
important for many researchers see [17-19]. As well as, hybrid FPT can be used to improve the
existence theory for the hybrid equations.

The below first-order hybrid DE with linear turmoils of second type introduced by Dhage and
Jadhav [20]:

k(ag) = ko €R, (1.0

{ L k(@) - N, k(@)] = O (o, k(@), ae. a€c,
where Q € [, @y + p), p > 0, for some fixed ag,p € R, and J,© € C(Q X R, R). Via this notions they
discussed the existence of the minimal and maximal solution for it and obtained exciting results about
the strict and nonstrict differential inequalities. The problem (1.1) developed in a fractional version
under the title FHDE involving the Riemann-Liouville (RL) differential operators of order 0 < u < 1
by Lu et al. [21] as follows:

{ O [k(a) — Ao, k()] = O (a, (@), ae. ac€Q, (12)

k(a’o) = k() e R,

J,0 € C(Q x R,R). They showed the existence theorem for FHDEs by applying mixed Lipschitz and
Carathéodory conditions. From this standpoint, the concept has become widely used in the field of
fractional analysis and has become a huge turning point, see [22—-30]. The problem (1.2) generalized
to two-point boundary value problem, so-called a coupled system of FDEs and some massive results to
find a solutions of coupled nonlinear fractional reaction-diffusion equations are presented, see [31,32].

Based on the above work, our main goal in this manuscript is to find the existence solution to the
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system of TFDEs as the form:

O [k(@) = Aa, k(@))] = O (a, r(a), I'(r(@))) + O (o, (@), I"(((2))) ,

0" [l(@) — Aa, l(a))] = O (a, k(@), I"(k(@))) + O (a, r(@), I'(r(@))),

O [r(@) — Aa, r(@))] = O (a, (@), I'({@))) + O (@, k(a), I" (k(@))),
k(0) =0, 1(0) =0, r(0) =0,

ae.aeQ, >0, ue(,1),

(1.3)
Mechanism of proof depends mainly on the manner of TFP theorem, which is an extension of the
results Burton [1] in a Banach space.

2. Basic tools

We shall agree in this part on C(Q X R, R) refers to the class of continuous functions J : Q xR — R,
and C(Q2 X R X R, R) the class of functions O : Q X R X R — R such that, the mapping

01 a — O (a, k, 1) is measurable, for all k,/ € R,

Oy k = O (a, k, [) is continuous, for all k € R,

O3l — O (a, k, ) is continuous, for all / € R.

Hence, the class C(Q2 X R x R, R) is called Carathéodory class of functions on Q X R X R, and if it
bounded by a Lebesgue integrable function on €, then it called Lebesgue integrable.

Now we shall present some previous results that are used in the next section.

Definition 2.1. [33] The usual form of the RL-fractional integral operator of order 7 is
I'D(a) = ! j (@ — W) 'D(h)dh
“Tro ) ’
0

where 7 > 0, and the function © defined on L'(R").

Definition 2.2. [33] The usual form of the Caputo fractional derivative of the function O is

1

CO™O(k) =
&) IE-1)

f (@ — B 'OO(h)dh,
0

where T € R*(a positive real number) such that £ — 1 < 7 < &, ¢ € N and O (%) is exists, and function
of class C.

Definition 2.3. [33] Let © : (0,00) — R be a continuous function, the RL-fractional derivative of
order 7 is defined as

T _ 1 i " _ —7-1
D'O(a) = To—1) (doz) f(cx " O(h)dh,
0

where n = [1] + 1.

Lemma 2.4. [33,34] Fort € (0,1) and © € L'(0, 1), we have
(1) the equation I"'D"O(a) = O(a) is fulfilled,

(2) the equation I'D"O(a) = O(a) — %a"l is satisfied almost everywhere (a.e.) on Q.
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The below result will be generalized in this paper as previously presented by Burton [1].

Lemma 2.5. [1] Suppose that V is a Banach space, 9 + 0 is a closed convex bounded subset of it. Let
J: V> Vand R : 9 — V be two operators such that

(i) for all k,1 € V, £ < 1, we get | Tk - 31| < €Ik -1,

(i) the completely continuous property hold for the operators ‘R,

(iii) k = Ok + Rl implies k € ¢, for all | € p.

Then the the operator equation k = 3k + Rl has a solution in ¢.

In 2011, Coupled fixed point notion is generalized to TFP concept by Berinde and Borcut [35] in
the setting of partially ordered metric spaces. Via the mentioned spaces they presented pivotal results
about TFP theorems. For the authors contributions in this direction, see [36—42].

Definition 2.6. [35] It is said that a trio (k, [,r) € V* is a TFP of a self-mapping J : V* — V if
k=3(k,Lr), l=3(k1)and r = 3(r,1 k).

Definition 2.7. [36] A trio (k,l,r) € V* on a non-empty set V, is called a tripled coincidence point
of the two self-mappings 3 : V¥ —» Vand R : V —» Vif Rk = Ik, r), Rl = 3(,rk) and
Rr = 3(r,k,1).

Definition 2.8. [36] Assume that V # 0 is a set, a trio (k,1,r) € V* is called a tripled common fixed
pointof J : V¥ > VandR : V- V,ifk =Rk =3k, Lr),l =Rl=3( r,k)yand r = Rr = 3(r,k, ).

Here, consider W refers to the family of all functions ¢ : R — R* fulfilling ¥/(v) < v for v > 0 and
Y(0) = 0.

3. Main theorem

In the beginning of this part, we know that V = C(€,R) is a Banach space with respect to the
supremum norm and the pointwise operations, if it defined on the supremum norm.
The two operations defined here are scalar multiplication and a sum on V X V x V = V? as follows:

(ki, L) + (kay by 1) + (3, s, 1r3) = (ky + ko + k3, L + L + B3, r + 1+ 13),

and
w(k,l,r) = (wk,wl, @r),

forall k,l,r € V, @w € R. Then V? is a vector space.
The below Lemma are very important in the sequel and his proof is clear:

Lemma 3.1. Let V* = V3. Define
G, Z, I = 11k + 1121+ Il

Then with respect to this norm, V* is a Banach space.

Now our main theorem in this section is valid for viewing.
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Theorem 3.2. Assume that V is a Banach space, ¢ # 0 is a closed, convex, and bounded subset of it
and p* = 9> Let 3 : V — Vand R, Y : 9 — V be three operators such that
(F;) there is yg € ¥ such that for all k,l € V, and for some € > 0, we get

Ik — Il
||3k - Sl” < OYg (m) )

(Ti;) the completely continuous property hold for the oberators R and Y;

(i) k = 3k + Rl + Yrimpliesk € , forall L, r € .

Then there exists at least a tripled fixed point (tfp) of the operator Z(k,l,r) = 3k + Rl + Yr in p*,
whenever £ € (0,1).

Proof. Check that p* # 0 is a closed, convex, and bounded subset of a Banach space V* are easy.
Define 3* : V* — V* and R*,T* : p* —» V* by

I*(k,1,r) = (8k, 31, 3r), R*(k,1,r) = (RL, Rk, Rl) and T*(k, L, r) = (Yr, YL, Yk).
The proof follows if 3*(k, I, r) + 3*(k,L,r) + Y*(k,I,r) = (k, 1, r) has at least one solution. Because

2k, 1, 1), Z(L Kk, 1), Z(r, LK) = (Sk + R+ Yr, 31+ Rk + YL, Fr + 31 + Tk)
(Sk, 31, 5r) + (RL, Rk, RI) + (L7, YL, k)
= Ik, L)+ R*kLr) + Tk L r) = (k1 7).

this leads to the operator Z(k, [, r) has at least one TFP. Now we prove that the operators 3*, R* and
T* satisfy the conditions of Theorem 3.2 as follows:

e Prove that 3* is a contraction. Apply assumption (f;) for all k = (ky, ky, k3), [ = (I1.b, 3),r =
(r1, 1, r3) € *, one can werite

|9%k = 3*1|| = |(3ki, Fko, Bks) — (311, 31, 3L3))|
|(3ki - 311, Bk, — 3L, Tks — L)

||Sk1 - 3[1” + ||5k2 - Slz” + ||Skz - 313”

|m—hn) (Hb—MI) (H&—Mlﬂ
¢ — |+ g ————— |+ | ———
[wR(1+|m1—ln| Y\ T e =) T\ T = 0
V=0l bl H&—h”)
< + +
&Hm—m T+ ool " T+ lk=hl
< s = Bl + e = Bl + s — 1)
0 = o — Doy ks — ol
— -1,

IA

which leads to 3* is Lipschitzian, hence it is a contraction with a constant €.

e Show that R* and Y™* are compact and continuous operators on g*. Assume the sequence (k,) =
(kins kons k3,) € 9* converging to a point k = (ki, ky, k3) € p*, it follows by the continuity of ‘R and Y
that
lim R*k, = (lim Rk, lim Ry, lim mz") = (Rky, Rky, Rhs) = R*(ho, k1, ko) = RAE,

n—o0 n—o00
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lim T*k, = (lim Yks,, 1im Tk, lim ‘rkm) = (Tks, Tha, Thy) = T*(ks, ko ky) = T*k.

n—o0 n—oo

Hence, the operators R* and T are continuous. Also, we have

|R* (ki ko k)| = [|[(Rka, Ry, Rbo))
= (2[R + [[RA]
< 3.
similarly,
IT* ki ko k)| = 11CCks, Yha, Ykl
= (IChsll + IChall + 1k ll)
< 3rell.

orall k € p*, where |Rg|| = sup{||R«| : k € p} and [I'Tpll = sup{l|Ykll : k € p}. This shows that R*
and I'™* are uniformly bounded on p*.

Since R(p) and Y(p) are equi-continuous sets in V, then for every € > 0, there is 6 > 0 such
|%k(a'1) - ‘Rk(az)| <,

ITk(a;) — Th(ao)| < € for all k € . Thus for any

that for a,a; € Q, |a; — @z < 6 implies {
k = (ky,ky, k3) € p*, we can get

|R*k(@)) - R*k()| = |(Rkaer), Rki(e), Rka(a)) = (Rka(@2), Rki(@2), Rhka(a2))|
= |(Rka(a) - Rha(e), Rhki(1) = Rky(@2), Rho(ery) = Rbp(a)))

= \/2 (Rka(ar) — Rka(@2))” + (Rky(ay) — Ry (@)’
< V3e (3.1)
Again

|T* k() = T*k(@2)| = |(Chs(@r), Tha(ar), Thi(@r)) = (Ths(@a), Tha(ea), Thi(a))|
= |[(Tks(ar) = Thks(a2), Tha(ar) — Tha(@2), Thi(ar) — Tk (a2))l

= \/(Tka(a/l) - Tk3(a/2))2 + (Tha(ay) — Tkz(afz))2 + (Tki(ay) — Tk (0’2))2
< V3e (3.2)

It follows from (3.1) and (3.2) that R*(p*) and (*(p*) are equi-continuous sets in V*. Hence by the
Arzela-Ascoli theorem, R*(p*) and Y*(p*) are compact. This implies that R* and Y* continuous
and compact o on p*, i.e., R* and Y* is completely continuous on p*.

e Finally, we fulfill the assumption (;;) of Theorem 3.2. Suppose that k = (ki,k»,k3) € p*,
1= (1 h,55) € p*and r = (ry, 1y, r3) € p* such that k = 3*k + R*[ + T*r, then by hypothesis (f;;), we
can write

(ky, ko, k3) I*(ky, kay k3) + R*(11 L, I3) + C*(ry, 12, 13)

(Oky, Bky, Bk3) + (R, Rly, Rb) + (Tr3, Try, Try)
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= (Skl + %lz + TI’3, Skz + %ll + TI"Q, Sk:‘, + %lz + Tl"]),

which leads to k; = 3k; + R+ Yr3, ky = Jko + Rly +Yry and k3 = Tks + Rl + Yry. So, by hypothesis
(Tii1), we get ki, ko, k3 € ¢, thus k € p*. Therefore all hypotheses of Theorem 3.2 are fulfilled, hence
the equation k = 3*k + R*[ + T*r has at least one solution on p*. Thus the operator Z(k, [, r) has at
least one TFP and this ends the proof. O

4. Solve a system of tripled-fractional differential equations
In this section, we discuss the existence solution of the system (1.3) under the below hypotheses:

(t;) Forall @ € Q, k — k — O(e, k) is increasing function in R.
(t;) For all @ € Q, and k, [ € R, there is a constant @ > y > 0 such that

y k(@) — ()|
(e, k(@) = e el < == o

(tii) Set Up = max,eq |Aa, 0)] .
(¢;,) For a continuous function w € C(£2,R), we have

O (a, k(@), (@) < w(@), k,leR, a € Q.
The below lemma is very important in the existence results.
Lemma 4.1. [2]] Forl € C(Q,R), The following problem

O [k(a) — Xa, k(@)] = (o), aeQ,
k(0) =0,

has a unique solution as the form

I(7)
FW)O(a—hfw

k(@) = Na, k(a)) + dh, a € Q, ne(0,1),

provided that the hypothesis (t;) is fulfilled, where 1 € C(Q X R,R) with 1(0,0) = 0.
Now we are ready to present our basic theory for this part.
Theorem 4.2. Via assumptions (t;) — (t;,), a system of TFDEs (1.3) has a solution on €.

Proof. Put V = C(,R) and p C V defined by
P =1{keV |kl <d}

where 2 > y+ Uy + =225 ||wl|;: . It’s obvious that ¢ is a closed, convex, and bounded subset of Banach

T+
space V.
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Certainly the pair (k(@),l(@),r(a)) is a unique solution to TFDEs system (1.3) iff a trio
(k(@), l(@), r(a)) justify the below system of of integral equations:

[0 a
k() = Ao, k(@) + — [ 2BrOLCO) g 1 [ DO 1y

T o (@=n)'* TG o (a—m)"*
a @
— _1 [ 2(.k®).I" (k) _1 [ 2@rMm).I"(r(h)
l(a) - J(a’, l(a)) + r(.u) Of (af—h)lj‘ dh + 1"(#) 0 (a—h)lf'u dha (41)

(a=h)!+

(04 07
1 O, l(h),I"(I(h 1 O(f,k(h),I" (k(h
r(@) = X, r(@)) + g [ 2RBE dh + s [ 2B dn, o € Q.
0 0

Define three operators 3 : V— Vand R, Y : ¢ — V by

Jk(a) = Na, k(a)),
Ri(@) = g [ (@ =1y~ D (, I(h), I'(I(h))) dh,
0

Tr(a) = FL(u) fa(a/ — YD (B, r(h), IT(r(h))) dh, « € Q.
0

So, system (4.1) convert onto the following system of operator equations:

k(o) = Sk(a) + Rr(a) + YTi(a),
l(@) = Sl(a) + Rik(a) + Tr(a),
r(@) = Ir(a) + Ri(a) + Yk(a), acQ.

Now, we shall show that the operators J, R and T justify all hypotheses of Theorem 3.2.
By assumption (¢;), for k,/ € V, @ € Q, we have

|Sk(e) - Sl(a)| (@, k(@) - Xa, [(@))]
Y k(@) — K@)

4 (@ + k(@) — (a)l)
yllk =1

4 (@ + k= 1)

Passing the the supremum over «, one can write

Yk =1
|9k - 31| < T (4.2)

@ + Ik =1l

It follows from (4.2) that J is a nonlinear contraction on V with a control function }Lz//, where Y/(v) =

xr
w+r’
Next, we prove that R and I’ are compact and continuous on . Assume the sequence {k,} € ¢

converging to a point k € g, then for all @ € Q and by Lebesgue dominated convergence theorem, we
have

lim Rk, (@) = 1 lim [f (@ — W'D (, k,(h), I (k,(h))) dh
0
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= f (o = 1Y~ 1im D (1, (), I (ko))

— 1 T
- = f (@ - WY D (h, k(h), I (k(h))) dh = Rk(a).

Likewise, we can clarify that lim,,_,., Tk,(@) = Tk(a), for all @ € Q. Hence R and I are continuous.
Consider k € S, by hypothesis (z;;), we can get

|Rk(a)|

1 T
F(/J) f(a ny " O (h, k(h), I'(k(h))) dh

IA

1 T
) f (@ =Y [ (B, k(h), I (k(R))| dh

1 -1
F—(,u) Of (a — ) w(h)dh

IA

<

Passing the supremum over «, we get

llwllzr -

AH
Rk <
IRk < s
Similarly, we can get the same result of the operator v, i.e.,

u

Tk < ,
ITk()ll < T+ llwll s

for all @ € Q. This prove the uniformly boundedness of R and Y on g. Let a4, a; € Q, for any k € o,
we can write

|Rk(a1) — Rk(a)|

. . .
o J (= WY1 D (h, k(h), I (k(h))) d

@2

- f(az — hy ' O (h, k(h), I (k(h))) dhi

0

1 I -1 T
< F_(M) Of(al -y O (h,k(h), I"(k(h))) dh

- f(az — WD (B, k(h), I (k(1))) dh
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1
I‘(,u) f (a2 — B O (B, k(h), I (k(h))) dh

- f(az — WY O (h, k(h), I (k(R))) dh

< B [ [l =17t = @ =y +| [ (az—h)“ldh]
llwl|z
< T +L1) || = a4] + (la2 — )]

The uniformly continuous of o for u € (0, 1) on Q, implies that there is 6 > 0, for given € > 0 such
that if |a; — as| < 6, we get
I'(u + 1)
o —adh| <
| 1 2| 2 ” w” )

1

Setd = min{(gmll) e)“ ,0), if |a; — a»| < 6, we obtain that
L

lwlly T+ D) T+ 1)

Rk(a)) — Rk < -
[Rk@) ~ Re@)| < 7o | Z i € 2ol ©

By a similar way, one can deduce that |Tk(a;) — Yk(as)| < €. This show that R(p) and T(p) are
equi-continuous. Hence, R and Y are completely continuous on .

Finally, for proving the stipulation (7;;) of Theorem 3.2, assume that k € V and [, r € p such that
k = 3k + Rl + Tr, then by hypotheses (z;;) and (z;,), we get

k()|

IA

|Sk(e)| + |Rl(@)| + I Tr ()|
(1)@, k(@)) = e, 0)] + (e, O))

IA

1 _1 r
= f (a = By 1D (h, IG), I°(h))| dh

‘G f (@ = TP 1D (hy r), T ()| i

a

Uo+vy+ r_(y) (@ — W w(a)dh

IA

< Ty+y+ on ol
= 0Ty F(1+/J)wl‘].

Passing the supremum over @ on €, we conclude that

kIl <O ’ |
<Up+y+—— <3
lIkll < To +y T+ 1) lwllpr <
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It follows that k € . By the same manner we can get the same result if we choose l(a) = Jl(a) +
Rr(a) + Yl(a),l € Vand k,r € p or r(@) = Ir(a) + Rl(a) + Tk(a), r € V and Lk € p. Based on
what was discussed, we conclude that the hypothesis (;;) has been proven. Thus all requirements
hypotheses of Theorem 3.2 are fulfilled, so the operator Z(k, [, r) = 3k + Rl+ Tr has TFP on p* which
serves as a solution of to TFDEs system (1.3) on Q. O

The non-trivial below example support Theorem 4.2.

Example 4.3. Consider the below TFDEs system:

1 _ sin@lk@]] _ _alr(@)] o)
®41 k(@) 4(?+y‘<l((a))ll) - IIJ;J(r(()YI)l lrl(l((;l)l’
= sm(«a (04 — K\ a\r(a
07 |l(a) - 2@+ | = k@l T @) 4.3)
®% F(CY) _sin@|r(@)[] _ all(@)] alk(a)l

44+r@h ] T 1+l T k)]

k(0)=0, [(0)=0, r(0) =0, € Q =[0,n].

Clearly problem (4.3) is a special case of problem (1.3) if we set

_sin(@) k(o) _ k(@)
Na, k() = —4(4 T R@D and O (a, k(@), I"(k(@))) = T+ k@)’
for chosen k,[,r € V and a € Q, we can write
L |k(a) ()]

Bask@) = e kN < |3~ 71 ] l(a/)l)
< 1 k() = @) + ()] (3]
A \d+ k(@) - L)+ (@) 4+ |k(a) - ()] + [[(a)]
_ L k@ -l
T 4A\4 + k() - (o) + (@)
< lk(a) — (@)

44 + k() = Ka)))’

also, O (a, l(a), I"((@))) = fﬂﬁ(ﬂl < aand O (a, r(@), I"(r(@))) < a. From the above setting we Uy = 0,

y=1w=4,u=1 A=nr and w(e) = e In addition to, y + Uy + r(%) lwll = 1+ 2730(1.25) < 3.
Thus 3 > 3. Therefore the hypotheses (;) — (;,) of Theorem 4.2 are fulfilled, so there is a solution of

the system (4.3).

5. Conclusion

Undoubtedly, the theory of FDEs attracted many scientists and mathematicians to work on. The
results have been obtained by using FPTs. FP technique play an important role in solutions of nonlinear
initial-value problems of FDEs. From this point, in this manuscript, a tfp theorem and some lemmas
to discuss the theoretical results are obtained. Also as an application, system of TFDEs has been
created and a solution was obtained for it. Lastly, non-trivial example are presented here to support our
application.
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