AIMS Mathematics, 6(3): 2315-2329.
ATIMS Mathematics DOL 10.3934/math.2021140
g , Received: 11 November 2020
o Accepted: 11 December 2020
http://www.aimspress.com/journal/Math Published: 16 December 2020

Research article

Existence result for a Kirchhoff elliptic system involving p-Laplacian
operator with variable parameters and additive right hand side via sub and
super solution methods

Salah Boulaaras'?, Rafik Guefaifia’, Bahri Cherif' *and Taha Radwan'*

! Department of Mathematics, College of Sciences and Arts, ArRass, Qassim University, Kingdom of

Saudi Arabia

2 Laboratory of Fundamental and Applied Mathematics of Oran (LMFAO), University of Oran 1,
Ahmed Benbella, Oran, Algeria

Department of Mathematics and Computer Science, Larbi Tebessi University, Tebessa, Algeria

Department of Mathematics and Statistics, Faculty of Management Technology and Information
Systems, Port Said University, Port Said, Egypt

* Correspondence: Email: shriefa@qu.edu.sa; Tel: +966556811930.

Abstract: The paper deals with the study of the existence result for a Kirchhoff elliptic system with
additive right hand side and variable parameters involving p—Laplacian operator by using the sub-super
solutions method. Our study is an natural extension result of our previous once in (Math. Methods
Appl. Sci. 41 (2018), 5203-5210), where in the latter we discussed only the simple case when the
parameters are constant.

Keywords: Kirchhoff elliptic systems; existence; positive solutions; sub-supersolution; multiple
parameters
Mathematics Subject Classification: 35J60, 35B30, 35B40



http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2021140

2316

1. Introduction

Consider the following system

-M, L{qulp dx) Apu=a(x) f(v)+B(x)g(u) in Q,

_MZ(_QfNle a’x] Ay =y (X)h(u)+n(x)(v) inQ, ad.h

u=v=0o0ndQ,

where Az :div(|Vz|"’_2 Vz) , 1 < p < N, the p-Laplacian operator, Q ¢ RY (N > 3) is a bounded
smooth domain with C? boundary 0Q, and M; : LR* — R*,i = 1,2, are continuous functions with
further conditions to be given later, @, 3,y,n € C (Q)

This nonlocal problem originates from the stationary version of Kirchhoft’s work [15] in 1883.
L
Fu | Py L E f
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0

where Kirchhoff extended the classical d’Alembert’s wave equation by considering the effect of
the changes in the length of the string during vibrations. The parameters in (1.2) have the following
meanings: L is the length of the string, 4 is the area of the cross-section, E is the Young modulus of
the material, p is the mass density, and Py is the initial tension.
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Recently, Kirchhoff elliptic equations have been heavily studied, we refer to [1-21,23,24].

In [1], Alves and Correa proved the validity of Sub-super solutions method for problems of
Kirchhoff class involving a single equation and a boundary condition

~M (lul?) Au = £ (x,u) in Q,

u =0 on 0Q,

with f € C(QxR).
By using a comparison principle that requires M to be non-negative and non-increasing in [0, +0), with
H(@t) =M (t2) t increasing and H (R) = R, they managed to prove the existence of positive solutions
assuming f increasing in the variable u for each x € Q fixed.

For systems involving similar class of equations, this result can not be used directly, i.e. the
existence of a subsolution and a supersolution does not guarantee the existence of the solution.

AIMS Mathematics Volume 6, Issue 3, 2315-2329.



2317

Therefore, a further construction is needed. As in [22], where we studied the system
—A [ﬂf |Vul* dx) Au=Af W)+ g W) in Q,

-B L{ |Vv|2 dx) AV = A h(u) + pp (x)[(v) in Q, (1.3)

u=v=0onoQ.

Using a weak positive supersolution as first term of a constructed iterative sequence (u,,v,) in
WS”’ (Q) x Wé”’ (Q), and a comparison principle introduced in [1], the authors established the
convergence of this sequence to a positive weak solution of the considered problem.

To complement our above works in [22], where we discussed only the simple case when the
parameters are constant, we are working in this paper for proving the existence result for
problem (1.1) by considering the complicated case when the parameters «, 5,y and 7 in the right hand
side are variable. We also give a better subsolution providing easier computations compared with the
last work in [22].

2. Existence result

Definition 1. (u,v) € (Wé’p (Q) x WS”’ (Q)) , is called a weak solution of (1.1) if it satisfies
M, wamp dx) [1IVulP? VuVedx = [a(x) f () ¢dx+ [B(x)g(u) ¢ dxin Q,
Q Q Q

M, Lﬁf IVl dx) LIV VoVydx = [y () h(wydx + [n(x) () dxin Q
Q Q Q

for all (¢, y) € (W, (Q) x W, ().
Definition 2. Let (g, y) ,(u,v) be a pair of nonnegative functions in (Wé’p (Q) x Wé’p (Q)), they are

called positive weak subsolution and positive weak supersolution (respectively) of (1.1) if they satisfy
the following

M, (S{|Vg|p dx) [1vu"” VuVedx < [a @) f(v) ¢ dx+ [B(x)g(u) ¢ dx.
Q Q Q

Mz(ﬂﬂVﬂz dx)f|V1_z|p_2 VyVirdx < fy(x)h(g)wdx+ fn(x)l(y)tﬂdx
o o

Q

and
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M, L[WW dx) [IVal" Vavedx > [a(x) f (W) ¢ dx+ [B(x) g @) ¢ dx,
Q Q Q

Mzt{lw_zl” dx) [IVVP? VoVydx > [y () h @y dx + [n(x) @) ¢ dx
Q Q Q

for all (¢, 1) € (W, (Q) x Wy (Q)), with ¢ > 0 and y > 0, and (u, V), (i, 7) = (0,0) on 6Q.

Lemma 1. (Comparison principle [24]) Let M : R* — R* be a continuous increasing function such

that
M (s) > my >0, forall s € R, 2.1)

If u,v are two non-negative functions verifying

—MQqulp dx) Aplt > —Muwvlp dx) Apvin Q,

(2.2)
u=v=0onodQ,

thenu > v a.e. in Q.
Proof. Thanks to [24]. Define the functional J : Wé’p (Q) — R by the formula

1 ~
J(u) = —M[fqulpdx ,ue Wi (Q),
p
Q

where

Mm:fM@%
0

It is obvious that the functional J is a continuously Gateaux differentiable whose Gateaux derivative
at the point u € WS”’ (Q) is the functional J' € W, P (Q), given by

J (u) (p) = M[fVu” dx]fqu”2 VuVedx, ¢ € Wé’p Q).
Q Q

It is obvious that J’ is continuous and bounded since the function M is continuous.
We will show that J’ is strictly monotone in Wé’p Q).
Indeed, for any u,v € Wé’p (Q), u # v, without loss of generality, we may assume that

fqulp dx > fIVvlp dx.
Q Q
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Otherwise, changing the role of # and v in the following proof.

Therefore, we have
M[fquIp a’x] > M(flel” dx]. (2.3)

Q Q

Since M (s) is a monotone function.
Using Cauchy’s inequality, we have

1
Vi Iv < [Vul [V < 5 (|Vu|2 + |Vv|2). (2.4)
Using (2.4) we get
1
f \Vul” dx — f IVul? 2 Vu.Vvdx > 5 f e (|vu|2 - |Vv|2)dx, (2.5)
Q Q Q
and .
f IVl dx — f IVv[P~% V. Vudx > 3 f |Vy|P2 (|Vv|2 - |Vu|2) dx. (2.6)
Q Q Q

If |[Vu (x)| > |Vv (x)| for all x € Q, using (2.3)—(2.6) we have

L @ =T - @ -J 0 w+J ) 2.7

M[fqulp dx] [fqulp dx — f‘qulp_2 Vu.Vvdx]
Q Q Q
-M flel”dx [‘val"’2 Vv.Vudx—flelpdx]

Q Q

Q

1

M f \Vul” dx f |vu|1’—2(|vu|2—|Vv|2)dx
Q Q

1
—EM( f |Vv|de) f |VulP~? (|Vu|2—|vv|2)dx

Q Q

- %M[ f |Vv|”dx] f (|Vu|p_2—|Vv|p_2)(|Vu|2—|Vv|2)dx
Q

Q

\%

> ? IVl = 19v172) (IVa? = [99?) .
Q

If Vv (x)| > |[Vu (x)| for all x € Q, changing the role of # and v in (2.3)—(2.7), we have
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L =700 =T 0)@-J @) +J )@ (2.8)

M[flep dx] [valp dx - f‘lV\/I”_2 Vv.Vudx]

Q Q Q

-M f |Vul? dx [ f IVulP~2 Vu.Vvdx — f |Vu|de]
Q Q Q

1
oM f IVl dx f |Vv|P—2(|Vv|2—|Vu|2)dx
Q

Q

1
—EM{ f |Vu|”dx] f |VulP? (|Vv|2—|vu|2)dx
Q Q
3 1 ) ) 2 2
_ EM[ f |Vv|de] f (|Vv|P — |Vul? )(IVVI — |Vl )dx
Q

Q

\%

? (199772 = 1Vu”?) (199 = Vul?) dx.
Q

From (2.6) and (2.7) we have

\%

J @ -T M) w=-v)=1 =L >0, Yu,veW,” Q). (2.9)

Moreover, if u # vand (J' (u) — J' (v)) (u — v) = 0, then we have

f (|Vu|1’-2 - |Vv|f’—2) (|Vu|2 - |Vv|2)dx =0,

Q
so |Vu| = |Vv| in Q. Thus, we deduce that
W= Mwu-v) = JWwWu-v)=J v)(u-v) (2.10)

= M[ f |Vu|1’dx] f IVulP~2 |Vu — Vv|* dx
Q Q
=0

b

1.e., u — v 1s a constant.

In view of u = v = 0 on 0Q we have u = v which is contrary with u # v.

Therefore (J' (1) —J' (v)) (u —v) > 0 and J is strictly monotone in W(;’p Q).

Let u, v be two functions such that (2.2) is verified. Taking ¢ = (u — v)", the positive part of u — v as
a test function of (2.2), we have

Jw)y=J W)(p) = M(fqulp a’x]\[qul"’2 Vu.Vedx (2.11)
Q Q
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—M[ f |vv|de] f IVv[P~2 Vv.Vdx
Q Q
< 0.

Relations (2.10) and (2.11) mean that u < v. O

Before stating and proving our main result, here are the conditions we need.

(H1) M; : R* — R* i = 1,2, are two continuous and increasing functions that satisfy the
monotonicity conditions of lemma 2.2 so that we can use the Comparison principle, and assume
further that there exists m;, m, > 0 such that

M, (s) > m;, M, (s) >m,, forall s e R".
(H2) a.B.y.n € C(Q) and
a(x)>2ap>0,B(x)=2B>0,vyx)=2y >0, n(x)=n>0
for all x € Q.
(H3) f, g, h, and [ are continuous on [0, +oo[ , C "on (0, +0), and increasing functions such that
lim f(¢) = 400, lim [(¢) = +o0, lim g (f) = 400, lim h(f) = +oo.
t—+00 t—+0o0 t—+0o0 t—+00

(H4) Forall K >0
(K ((h@)7))

lim =
t—+00 -1

(H5)
tim 80 = jim [0 _ g
t—+o0 tP~1 t—+oo tP—1

Theorem 1. For large values of ay + By and vy + 1o, system (1.1) admits a large positive weak solution
if conditions (H1) — (HS) are satisfied.

Proof of Theorem 1. Consider o, the first eigenvalue of —A, with Dirichlet boundary conditions and
¢, the corresponding positive eigenfunction with ||¢;|| = 1 and ¢; € C* (Q) (see [10]).

LetS = sup{crquf — |V@4|P}, then from growth conditions (H3)
xeQ)

f@=8,g@®=S, h(®) =S, [(t) >SS, for t large enough.

For each a + By and y, + 1o large, let us define

(0/0 ‘F,Bo)”ll p—1 &
M:

] b
m P
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and

1
b= (Yot rtp-1 gk
=z my p 1 >

where m;, m, are given by condition (H1). Let us show that (g, Z) is a subsolution of problem (1.1)
for @y + By and 7y, + 179 large enough. Indeed, let ¢ € Wé’p (Q) with¢ > 0in Q. By (H1) — (H3), we get

" [f M'pdx}f Fuf " vuveds = U |Vz|p"xJ 2B [ 011901 Vorvodx
Q Q Q 1 2
= (o7 +ﬁOM1 (f|Vg|pdx)x
m
Q
{IVW"Z Ve, [V (¢1¢)—¢V¢1]dx}
Q
= Q +ﬁ0M1 (flVylpdx]x
n
{f V1172 Vo,V (¢1¢>dx}
“°+ﬁ°M1 [f|Vu|pdx] {fw(p]p ¢dx}
Q
- aon—:ﬁOMl (f|Vu| dx]{fa 11772 1. (¢1¢>)dx}
Q
“°+ﬁ°M1 [ f |Vu|pdx] { f IV, |? ¢dx}
Q

- by, ( | |V2|de} [ (et - 1woir) gax
nmy
Q

Q

IA

(a0 + Bo) f S¢dx
Q

IA

fa(x)f(g)¢dx+fﬁ(x)g(g)gbdx
Q

Q

for ay + By > 0 large enough, and all ¢ € Wé’p (Q) with ¢ > 0in Q.
Similarly,
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M, [ f |Vy|2dx] f V"™ Yy Vydx < f y ) k() ydx + f 7 (0)H(v) ydx in ©
Q Q

Q Q

for yp + 170 > 0 large enough and all ¢ € Wé’p (@) withy > 01in Q.

Also notice thaty > 0 and v > 0 in Q,
U — +ooand v — +ooas @y + Ly — +ooand yy + 19 — +00.

For the supersolution part, consider e, the solution of the following problem

—Ape, = 11in Q,
(2.12)
e, = 0 on 0Q.

We give the supersolution of problem (2.12) by

1

O e B

ny

where C > 0 is a large positive real number to be given later.
Indeed, for all ¢ € Wé’p (Q) with ¢ > 0 in €, we get from (2.12) and the condition (H1)

M, [ f |Vﬁ|"dx] f \Val” VuNgdx = M, [ f |Vﬁ|de] f Ve, | Ve, .Vodx
Q Q

Q

Q
Ccr'Mm, [ f |Val” dx] f ddx
Q Q
mlcp_lfqbdx.
Q

By (H4) and (HS5), we can choose C large enough so that

%

1
—1

[

-1
mCP™ > |lalle f

+ 1Bl g (C Jles]l..) -

Therefore,

AIMS Mathematics Volume 6, Issue 3, 2315-2329.
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M, L{'Wlp dx) [V’ Vi.Vedx
Q

> {||a||mf[(%)"ll (n (C”e,,”oo))"%] e,,] + |L8||wg(c||ep||m)}g{¢dx

(2.13)
>l [ £[(252)7 ((C )™ | s+ 1. [ (Cles]..) et
Q Q
> [a(x) f@)pdx+ [B(x)g @) ¢dx.
Q Q
Also
M, (waw’ dx) SV Vo.Vydx = (Il + Imlle) [ 7(C [les||..) wax
? . (2.14)
> [y@h@ydx+ [n)h(C|le,|.,)wdx.
Q Q
Using (H4) and (H5) again for C large enough we get
p(elledl) 2 (P ) . 2 10 219

Combining (2.13) and (2.14), we obtain

M, {f [Vv|? dx] f IVV[P2 Vv.Vypdx > fy (x) h (w) Ydx + fn (x) [ (V) Ydx. (2.16)
Q Q

Q Q

By (2.12) and (2.15), we conclude that (u, V) is a supersolution of problem (1.1).
Furthermore, u < u and v < v for C chosen large enough.

Now, we use a similar argument to [22] in order to obtain a weak solution of our problem. Consider
the following sequence
(v} € (Wy? (Q) x Wy (),

where: uy := u,vo = v and (u,, v,) is the unique solution of the system

_Ml ulvunlp dx) Apun = a/(x)f(vn—l) +,3(X)g (un—l) in Q,

—M, u Vv, | dx) Apvn =y ) h () + () L (v, y) in Q, (2.17)

u=v=0onoQ.

AIMS Mathematics Volume 6, Issue 3, 2315-2329.
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Since M; and M, satisfy (H1) and a (x) f (v,—1), B(x) g (Up-1), v (x) h (u,—1), and n(x) [ (v,—1) €
L? (Q) (in x),

we deduce from a result in [1] that system (2.16) has a unique solution
(s vi) € (Wy? (Q) x W, (Q).

Using (2.16) and the fact that (1, v¢) is a supersolution of (1.1), we get

-M, (Qfquol” dXJ Apg > a (x) f (vo) + B(x) g (up) = —M,; (Qfqull" dX] Aplty,

—Mzuww dx) Apvo =y () h (o) +1(x) L () = -M2Q|vv1|p dx] A1,

Then by Lemma 1, uy > u; and vy > v;. Also, since uy > u, vo > v and the monotonicity of f, g, A,
and [/ one has

-M, [fqullpdx] Aply

Q

a (x) f (vo) + B(x) g (up)

> a@ f(y)+ Bg(u)>-M, [ f |w|”dx] Byt
Q
—M, [flell” dX} Apvr = Y () h(uo) +n(x) [(vo)
Q
> y((x)h (g) + n(x)l(y) >-M, [f |Vg|p dx] Apy.
Q

According to Lemma 1 again, we obtain u; > u, v; > v.

Repeating the same argument for u,, v,, observe that

-M, [fqullp dx] Ayl
Q

a(x) f (vo) + B (x) g (uo)

\%

a(x) f(v)+B(x) g W) =-M, [fIVuzI” dX] AplUa,

Q

¥ (X) h(uo) + 17 (x) L (vo)

-M, (flellp dX] ApVy
Q

W%

Yy hu)+nx)1(v) =-M, [IIVVzI” dx} ApVa,
Q
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then u; > u,, vi > v,.
Similarly, we get u, > u and v, > v from

-M, [fquﬂp dx] Aply
Q

a(x) f(v) +B(x) g u)

\%

() f(v) +B(x) g(u) 2 —M, [ f |Vul|’ dX] Apit,

Q

—M; [fIVVzI”dXJAPVz = Y@ h)+nx)1(v)
Q

\%

v(x)h (g) + n(x)l(y) >-M, (f |Vy|p dx] Apy.
Q

By repeating these implementations we construct a bounded decreasing sequence
(G va)} € (W, (Q) X Wy () verifying

U=Uy>U 2 Uy > .. 2 U, > .. 2Uu> 0, (2.18)

V=2V 2V 2.2y, > .. 2v>0. (2.19)

By continuity of functions f, g, 4, and [ and the definition of the sequences (u,) and (v,), there exist
positive constants C; > 0, i = 1, ..., 4 such that

If VDI £ Cr, g (i)l < Co, |h ()| £ Cs, (2.20)

and
|l (u,—)| < C, for all n.

From (2.19), multiplying the first equation of (2.16) by u,, integrating, using Holder inequality and
Sobolev embedding we check that

m1f|Vun|pdx
Q

IA

M, [fqunlp dx]fqu,,l” dx (2.21)
Q Q

fa(X)f(Vn-l)undX+fﬁ(X)g(un-1)undx
Q

Q

IA

||a||oof|f(vn-1)| IunldX+llﬂllwf|g(un-1)l |un| dx

Q Q
le Iunldx+C2f|un|dx
Q Q

AIMS Mathematics Volume 6, Issue 3, 2315-2329.
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< CS ”unllwévl’(g) s

or
||un”Wg’P(Q) < CS’ vn, (222)

where Cs > 0 is a constant independent of 7.
Similarly, there exist C¢ > 0 independent of » such that

”vnllw(;vl’(g) < Cg, Yn. (223)

From (2.20) and (2.21), we deduce that {(u,,v,)} admits a weakly converging subsequence in
w," (Q, RZ) x W, (Q, RZ) to a limit (u, v) satisfying u > u > 0 and v > v > 0. Being monotone and
also using a standard regularity argument, {(u,, v,)} converges itself to (u, v) . Now, letting n — +o0 in
(2.16), we conclude that (u, v) is a positive weak solution of system (1.1). O

3. Conclusions

In [22], we discussed only the simple case when the parameters are constant, in this current work,
we have proved the existence result for problem (1.1) by considering the complicated case when the
parameters «, 3,y and 7 in the right hand side are variable. We also give a better subsolution providing
easier computations compared with the last work in [22]. In the next work, we will try to apply the
same techniques in the Hall-MHD equations which is nonlinear partial differential equation that arises
in hydrodynamics and some physical applications. It was subsequently applied to problems in the
percolation of water in porous subsurface strata (see for example [2, 8, 9]).
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