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1. Introduction

As usual, let D be the unit disk in the complex plane C, D be the boundary of D, H(D) be the class
of functions analytic in D and H* be the set of bounded analytic functions in D. Let 0 < p < co. The
Hardy space H” (see [5]) is the sets of f € H(DD) with

27

1 .
I, = Osup1 > |f(re®)|Pdo < oo.
<r< 0

Suppose that K : [0, c0) — [0, o0) is a right-continuous and nondecreasing function with K(0) = 0.
The Dirichlet Type spaces Dk, consists of those functions f € H(D), such that

115, = IF O + fD If"@PK(1 = [z)dA(z) < co.

The space Dy has been extensively studied. Note that K(f) = ¢, it is Hardy spaces H>. When K(f) = 2,

0 < a < 1, it give the classical weighted Dirichlet spaces 9,. For more information on Dy, we refer
to [3,7-10, 14-16, 19,23].
Let ¢ be a holomorphic self-map of D. The composition operator C, on H(D) is defined by

Co(f)=fo¢, feHD).
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It is an interesting problem to studying the properties related to composition operator acting on
analytic function spaces. For example: Shapiro [17] introduced Nevanlinna counting functions
studied the compactness of composition operator acting on Hardy spaces. Zorboska [23] studied the
boundedness and compactness of composition operator on weighted Dirichlet spaces O,. El-Fallah,
Kellay, Shabankhah and Youssfi [7] studied composition operator acting on Dirichlet type spaces D,
by level set and capacity. For general weighted function w, Kellay and Lefevre [9] using Nevanlinna
type counting functions studied the boundedness and compactness of composition spaces on weighted
Hilbert spaces H,,. After Kellay and Lefevre’s work, Pau and Pérez investigate more properties of
composition operators on weighted Dirichlet spaces O, in [14]. For more information on composition
operator, we refer to [4, 18].

We assume that H is a separable Hilbert space of analytic functions in the unit disc. Composition
operator C, is called power bounded on H if Cy is bounded on H for all n € N.

Since power bounded composition operators is closely related to mean ergodic and some special
properties (such as: stable orbits) of ¢, it has attracted the attention of many scholars. Wolf [20, 21]
studied power bounded composition operators acting on weighted type spaces H,’. Bonet and
Domanski [1,2] proved that Cy4 is power bounded if and only if Cy is (uniformly) mean ergodic in real
analytic manifold (or a connected domain of holomorphy in C¢). Keshavarzi and Khani-Robati [11]
studied power bounded of composition operator acting on weighted Dirichlet spaces 9D,.
Keshavarzi [12] investigated the power bounded below of composition operator acting on weighted
Dirichlet spaces D, later. For more results related to power bounded composition operators acting on
other function spaces, we refer to the paper cited and referin [1,2,11,12,20,21].

We always assume that K(0) = 0, otherwise, Dy is the Dirichlet space 9. The following conditions
play a crucial role in the study of weighted function K during the last few years (see [22]):

1
f k) 16 < oo (1.1)
0 S
and .
f ) g5 < oo, (1.2)
1 S
where

wk(s) = sup K(st)/K(t), 0<s < 0.
0<t<1
Note that the weighted function K satisfies (1.1) and (1.2), it included many special case, such as
K@) =1,0 < p <1, K(t) = log* and so on. Some special skills are needed in dealing with certain
problems. Motivated by [11,12], using several estimates on the weight function K, we studying power
bounded composition operators acting on Dg. In this paper, the symbol a ~ b means thata < b < a.
We say that a < b if there exists a constant C such that a < Cbh, where a, b > 0.

2. Power bounded of C,

We assume that H is a separable Hilbert space of analytic functions in the unit disc. Let R € H(D)
and {R; : { € D} be an independent collection of reproducing kernels for H. Here R/(z) = R({z). The
reproducing kernels mean that f({) = (f,R;) for any f € H. Let Rg . be the reproducing kernels for
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Dg. By [3], we see that if K satisfy (1.1) and (1.2), we have ||[Rg_|lp, = \/ﬁ Before we go into
—I<

further, we need the following lemma.
Lemma 1. Let K satisfies (1.1) and (1.2). Then

> 1
1+§:K Y -nK1 -1

n=1 n+1
forall0 <t <1.

Proof. Without loss of generality, we can assume 4/5 < ¢t < 1. Since K is nondecreasing, we have

N o ye‘“’K(ln%)
21 ¥ ! 1\[ — T
n= Kn+l (In H)K(In ) J-mn: K(;ln;)
0o — 1
S 1 ye7K(In ;)
T (=DK1 =0 Jwz K(In7)
1 00
—_— evd
A-K(d -0 J., ¢ ¢
N 1
AT Y )

Conversely, make change of variables y = i an easy computation gives

K_~Zﬁxmm

n=1 n+1
pc~ [y
Nﬁxwm Nl‘may

Lety = ——. We can deduce that

- 1 © ye™
Z ~ 1 Ay
= KG (In3) Joms K In %)
f"" ve VK(In %)
DK D Jow KD 7

2

TR L, 7

By [6], under conditions (1.1) and (1.2), there exists an enough small ¢ > 0 only depending on K such
that
pr(s) < s, 0<s<1
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and
Px(s) S s s> 1.

Therefore,

M 1 v
ZK(— S 0-pK(d -1 Lmye ey

1 foo —-y.,2—cC ~ —ya,l+c
— e 7)/ Cd’y+f e y’y ‘dy
(l—t)K(l—t)( 0 0

TG-o)+I'C+0)),

i

N

&

(1-HK(l -1

where I'(.) is the Gamma function. It follows that

o1 1
1+ZK(L : (1-nK(1 -1

n=1 n+l
The proof is completed. O

Theorem 1. Let K satisfy (1.1) and (1.2). Suppose that ¢ is an analytic selt-map of unit disk which is
not the identity or an elliptic automorphism. Then C, is power bounded on Dy if and only if ¢ has its
Denjoy-Wolff point in D and for every 0 < r < 1, we have

ﬁ)(a,r) N(bn,K(Z)dA(Z)

su < 00, (A)
wriaes (1 — [aPPK(T - [aP)
where
D(a,r):{z: — <r},0<r<1
1-az
and

Nox@= ). K(1=lz;m)P).
Pn(zj)=w

Proof. Suppose that w € D is the Denjoy-Wolff point of ¢ and (A) holds. Then lim, .« ¢,(0) = w.
Hence, there is some 0 < r < 1 such that {¢,(0)},ey C rD. Thus,

[f(@nODF < IRk 6,05 < IRk A, f € D

From [24], we see that
l—lal~1-|zl |1 —azl, z€ D(a,r). (B)

Let {a;} be a r-lattice. By sub-mean properties of |f’|, combine with (B), we deduce
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flf’(Z)|2N¢n,KdA(Z) < Z f |f,(z)|2N¢,,,K(Z)dA(Z)
i i=1 v Dai.r)

~ = |a? "(W)PdAW)N, k(2)dA

: ; *f[;(ai,r) (1- |ai|)2 D(a;,l) |f W)l (W) ¢”’K(Z) (2)

8

N

N2 Ny, k(2)dA(2) ) ,
K - dA
fD(W) ol (fz)(ai,m (1 = lai)*K(1 = |a;?) (1= wh)dA(w)

f I WPK(L = [wl*)dA(w) < co.
D(a)

i=1

NgE

<

1

Thus,
1f o 6l = IF@uO)F + f /(P Ny, xdA) < .
D

On the other hand. Suppose that Cy is power bounded on Dg. Hence, for any f € Dk and any
n € N, we have |f(¢,(0))| < 1. Hence, by [3], it is easily to see that |[Rg g, o)lln, = L

————— %
VEK(I=16,(0)%)

Note that

. ) 1
lim Rk |lp, ~ li
lzl—1

Ho VR( 2D

Therefore, we deduce that ¢,(0) € rD, where 0 < r < 1 and n € N. Also note that if w € D is the
Denjoy-Wolff point of ¢, we have lim,,_,, $,(0) = w. Thus, w € D. Let

= 00,

1 - af?
aJK( —jaP)(1 —az)

1-Jaf?

VEK(I-laP)(1-az)

Joa Noux(@4A@ f (0 = Py
(1 =la»?K( - |al®) ~ pEr) K(1 = |aP)|1 - azl*
(1 —lal)?
- fD K1 —Japl Gt DA

2
Slifa © dullp, < 0.

fa(Z) =

It is easily to verify that f, € Dk and f/(z) = . Thus, combine with (B), we have

N, ¢,1,K(Z)dA(Z)

Thus, (A) hold. The proof is completed. O

Theorem 2. Let K satisfy (1.1) and (1.2). Suppose that ¢ is an analytic selt-map of unit disk which
is not the identity or an elliptic automorphism with w as its Denjoy-wolff point. Then C, is power
bounded on Dy if and only if

(1). weD.

(2). {¢,} is a bounded sequence in Dy.

1+, (0] Non k(@)
(3). Ifn € Nand |a| > =52, then g4 < 1.
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Proof. Suppose that C, is power bounded on Dk. By Theorem 1, we see that w € D. Note that
z € Dk and ¢, = Cy,z, we have (2) hold. Now, we are going to show (3) hold. Let |a| > _1+|¢31(0)| and
A(a) = {z: |z — al < 3(1 —|al)}. Thus,

9.(0) < lzl, z € Ala).
If K satisfy (1.1) and (1.2). By [9], Ny, x has sub-mean properties. Thus,
Vot Mo
K1 —la?) = (1= la?)?K(1 - |al*)

(1 - laP)?
< — Ny, k(2)dA(2)
fA@ K(1 —laP)|1 —azl* "

(1 —|a*)?
Sﬁ@ K —la®)|1 - 5Z|4N¢n,K(Z)dA(Z)

2
Sllf o dullp, < 0.

Conversely. Suppose that (1)—(3) holds. Let f € Dg. Note that z € D, 77 = 1 and m < 1. By
Lemma 1, we see that

1
IR, iyl <.
K,w Dk (1- 1+|‘21(0)|)K(1 _ 1+|¢2n(0)|)
Thus,
f | @) Ny, (2)dA(2)
D
= f 1 ' @ Ny, x(2)dA(2) + f ' @) Ny, k(2)dA(2)
|Z|Z +‘¢2ﬂ(0)| ‘Z|< + Zn(o)‘
< r o2 LR , 2
S Lz”"’z"(o)' |f (Z)l K(1 |z] )dA(Z) + ||RK,1+|¢2,,(0)|||1)K ‘£|<1+|¢;(0) N¢nsK(Z)dA(Z)
<IfllG, + ||R;(’1+\¢2n<o>\ 1, /16allp, < 0.
The proof is completed. O

Theorem 3. Let K satisfy (1.1) and (1.2). Suppose that ¢ is an analytic selt-map of D with Denjoy-Wolff
point w and Cy is power bounded on Dg. Then f € I'. x(¢) if and only if for any € > 0,

. Ny, x(2)dA(2)
lim 55 -~ =0,
=% Ja.(f) (I = z[*)* K1 = |z|*)

where T x(¢) = {f € Dx : Cy,f is convergent} and Q.(f) = {z: (1 — 2K = |z @) > €}

(€)

Proof. Let f € Dg and (C) hold. For any 6 > 0, we choose 0 < € < ¢ and € is small enough such that

f If' @K (1 = |z1))dA(z) < 6.
Q)
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By our assumption, we also know that for this €, there is some N € N such that for each n > N, we

have N, <(2)
on.K\Z
dA 0.
Lmﬂﬂ%%wmm (@ <
Since 1Al
1f @l s L :
(1 —z2») VK1 = 1z?)
We obtain
f |f/(2)*Ny, x(2)dA(z)
Qf)
2 Ny, k(2) 2
QWQLMG—WMm—wﬁmkﬂWM
and
f | (@) Ny, k(2)dA(z)
Q(fr
= f |f' (2P Ny, x(2)dA(z) + f | (@)* Ny, k(2)dA(z)
QD Q) \rD
Ny, k(2) f 2 2
< dA K(1 - dA
~€ Le(f)“r\r]]) (1 =1z?)?K(1 =1z @+ QU \rD FOFK = ldA@
Ny, k(2) f P >
< dA K(1 - dA
S€ «fg;f(f)fﬁrD (1 - r2)2K(1 — r2) (2) + . lf" @I K(1 - [zI)dA(z)
IalE,.
ARk =) T
Thus,

fD | @ Ny, k(2)dA(z)

= fg , | ()P Ny, x(2)dA(2) + f | @ Ny, x(2)dA(z)
)

Qc(f)

S|, + 0o 45
UV P (- 2)2K(1 - 1) '

Conversely. Suppose that f € Dk and w is the Denjoy-Wolff point of ¢. Thus, f o ¢, — f(w)
uniform convergent and f € I', x(¢) if and only if

hmfwmwmmwwza
n—oo Jp

Suppose there exist € > 0 such that (C) dose not hold. There is a sequence {n;} € N and some > 0
such that for any k € N, we have

f Ny, k(2)dA(z) o
Qc(f) (1 = zZ»)*K(1 - |z»)
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Hence,
f | @F Ny, k(2)dA(z)
D
> f | (@ Ny, x(2)dA(z)
Qe(f)
N¢ x(2)
>€ - dA(z) > ne.
fm (1= YK (T = ) !
That is a contradiction. The proof is completed. O

3. Power bounded below of C,

The composition operator C, is called power bounded below if there exists some C > 0 such that
ICy, fll# = Cllflla, for all f € H and n € N.

In this section, we are going to show the equivalent characterizations of composition operator C,
power bounded below on Dg. Before we get into prove, let us recall some notions.

(1) We say that {G,,}, a sequence of Borel subsets of D satisfies the reverse Carleson condition on
Dy if there exists some positive constant ¢ such that for each f € Dy,

5f If'(Z)IZK(l—IZIZ)dA(Z)Zflf'(z)lzK(l—lzlz)dA(z)-
G, D

(2) We say that {u,}, a sequence of Carleson measure on D satisfies the reverse Carleson condition,
if there exists some positive constant 6 and 0 < r < 1 such that

Ma(D(a, 1)) > 6|1D(a, r)|

foreacha € D and n € N.

Theorem 4. Let K satisfy (1.1) and (1.2). Suppose that ¢ is an analytic selt-map of D and Cy is power
bounded on Dy. Then the following are equivalent.

(1). C4 is power bounded below.

(2). There exists some 6 > 0 such that ||Cy, fall = 6 for all a € D and n € N.

(3). There exists some 6 > 0 and € > 0 such that for alla € D and n € N,

f 1P K = 12)dA(z) > 6,
Ge(n)

where G.(n) = {z€D: 11:(¢1";'(|;|Z2)) > €.

(4). There is some € > 0 such that the sequence of measures {x¢.mdA} satisfies the reverse Carleson
condition.

(5). The sequence of measures {11¥(¢1}1;ﬁz(|?) dA} satisfies the reverse Carleson condition.

(6). There is some € > 0 such that the sequence of Borel sets {G.(n)} satisfies the reverse Carleson

condition.
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Proof. Suppose that w is the Denjoy-Wolff point of ¢. By Theorem 2, w € D. Without loss of
generality, we use ¢,, o ¢ o ,, instead of ¢.

(1) = (2). It is obvious.

(3) = (4). By [6], there exist a small ¢ > 0 such that Kt(f) is nondecreasing (0 < ¢ < 1). Thus, the
proof is similar to [18, page 5]. Let 0 < r < 1 and C > 0O such that

K(1=7r?) Cs
K(1 —|z*)dA _————1f 1 —|zP)dA 1-=.
fD - (1 - 2")dA(z) > 1= ID)\r]D( |zI")*dA(z) > >

a-z
1-az’

Making change of variable z = ¢,(w) = we obtain

€, f K(1 = |2P)dAR))
2 rD

1 _ 2N\2
_ f U= lal)” 1~ gumP)dAOw)
D

(a,r) |1 - a"V|4
(1 = lal*)? )
>C —K(1 — |w|")dA(w)
pary KL =l —awl*

_c f £ OEK(L = w)dAGw).
D(a,r)
Thus,
f £ OPK( - ZDdAR)
D(a,r)NG¢(n)

_ f £ @PK( — ZP)dAG) - f £ DPK( = 12P)dAQ)
Ge(n)

D(a,r)
o 0
>6——=~.
- 2 2

(2) = (3). Let r = sup, oy w. We claim that: there exists some € > 0 and some ¢ > O such that
forallae Dandn € N,

f 22PNy, k(2)dA(2) > &
rD

or

f I£2 @K = |z1*)dA(z) > 6.
Ge(n)

Suppose that there are no €,0 > 0 such that the above inequalities hold. Thus, there exists sequences
{a,} € D and {n;} € N such that

1
f |f;k(Z)|2N¢nk,K(z)dA(z) < p
rD

or

1
f /2, QP K = [21*)dA(z) < =
Geln)
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Hence,
Llfg/(Z)Pthnk,K(Z)dA(Z) = fD |f;(Z)|2N¢nk,K(Z)dA(Z)

+ f 12PNy, k(2)dA() + f 122Ny, k(2)dA()
G% (ng)\rD D\(G% (nk)\r]D)

+—-—-0

b

=~

<1+
Tk

>3

as k — oo. Where

N, ,,,K(Cl)
4 n=supllfill3, -

L= B
oty K(1—|aP) o

|a|2 1+‘¢2rl(0)| neN

This contradict (2), so our claim hold. Let €,6 > 0 be as in above. Since f, — 0, uniformly on the
compact subsets of D, as |a| — 1, there exists some 0 < s < 1 such that for all |a| > s, we have

f 2@ Ny, k(AR < Ifilollielgally, < 6.
rD

That is, for |a| > s, we deduce that

f I/ @)K (1 = |z)dA(z) > 6.
Ge(n)

Similar to the proof of (3) = (4), there must be @, 8 > 0 such that
|G(n) N D(a,a)| > BID(a, @)|, Y|a| > s, YneN.

Therefore,
f K1 = |z7)dA®R) = ﬁf K(1 = z2)dA(z), Yla| > s, ¥n e N.
Ge(mND(a,x) D(a,a)

Now if {a;} is a a-lattice for D, we have

(o)

Zf K(1 - 1z)dA(2) ZﬁZf K(1 - |z)dA(z), Vlal > s, Vn € N.
G(m)ND(ay,@) k=1 v D(ar.@)

k=1

Therefore,
f K( -17)dA() = 1 ¥YneN.
Ge(n)

For any |a| < s, we obtain [f/(z)| 2 (1 — s*)*K*(1 — 5%). Hence,

f @K = 121)dAz) 2 (1 - s*)°K*(1 - sz)f K(1 - |z)dA(z) 2 1.
Geln)

Ge(n)

Therefore, (3) hold.
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(5 = (2). Leta € D. Then

fD |f7(@F Ny, k(2)dA(z)

zf 1PNy, k(DAR)
D(a,r)

o f Ny, k() JAD > 1
e Er——— 7)< 1.
D(a,r) K(l - |Z|2)

(4) = (6). Note that Luecking using a long proof to show that G satisfies the reverse Carleson
condition if and only if the measure ydA(z) s a reverse Carleson measure. Simlar to the proof of [13],
we omited here.

(6) = (1). Let f € Dg. Then

ICo 1By, = £ + fD | @F Ny, k(AG)

> yoF+ [ RN AA

> O +e [ PR - A

> OF + 5 [ 1£@PK = A 2 116,

Thus, it is easily to get our result. The proof is completed.

4. Conclusions

In this paper, we give some equivalent characterizations of power bounded and power bounded
below composition operator C,4 on Dirichlet Type spaces, which generalize the main results in [11,12].
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