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Abstract: In this paper, we will prove a sufficient condition for that there does not exist an open
immersion between two affine schemes of finite type over a field k with the same dimension. The
proof is based on the following fact: the complement of an open affine subset in a noetherian integral
separated scheme has pure codimension 1. We will first prove it when £ is a finite field, the key to the
proof of this part is Lang-Weil estimation. Then we’ll prove a general result over an arbitrary field by
reducing to the case when £ is finite. And the proof of the general result is much more complicated.
In order to use the result over a finite field, at some point we must produce a scheme that is defined
over F, and an open immersion, also defined over F,. One important lemma is that a morphism
f 1 Spec(B) — Spec(A) between two integral domains with the same quotient field K is an open
immersion if and only if B is a birational extension of A in K and B is flat over A. According to the

general result, the following open immersions do not exist: S L, < AZZ‘I,S DPujk = A,%”z*”,S Onj =
2

nc-n

A .PGL, — Azz‘l, where k is an arbitrary field.
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1. Introduction

The topology involved in this paper is the Zariski topology. The closed sets of affine space A} are
those of the form V(S) = {x € A} | f(x) = 0,Yf € S} where § is any set of polynomials in n variables
over k. A variety is an integral separated scheme of finite type over an algebraically closed field.

It is well-known that GL,,/x 1s an open subset of A", where k is a field. A natural question 1is
whether there exists an open immersion ¢ : S L, — Afz‘l. If k is algebraically closed, it is easy
to show that such an open immersion does not exist, by combining two classical results on algebraic
groups. Indeed, if such an immersion exists, then the complement of its image is the zero locus of some
polynomial function f. The restriction of this function to S L, is a regular invertible function on this
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connected algebraic group, and hence a scalar multiple of a character by a result of Rosenlicht(see
[8]). Since every character of S'L,, is trivial, f is constant, and hence S L, is an affine space. But this
contradicts the fact that every algebraic group with underlying variety an affine space is unipotent(see
[6]). In this paper we study the nonexistence of some open immersions between affine varieties over
a field k, and we will prove a theorem which can explain the nonexistence of ¢ in another way. In
addition, there is a result which is similar in spirit: any injective endomorphism of an affine variety is
also surjective(see [7]). The main theorem is Theorem 2.15.

Since an open subset of an irreducible affine scheme is dense, we can reduce to the case where the
open immersion ¢ : X < Y is dominant.We first prove the theorem when £ is a finite field and then we
prove a more general result by reducing to this case. As a simple application, we have the following

’12,’1
conclusions: open immersions S L, < A’,jz‘l,S Dnjk < A,f”z*",S Owk = A7 ,PGL,j — Azz‘l do
. . . 2 2
not exist, and open immersions S L, Xk Gax = A7 .S puk = S Oops1/i8 Pk = S Lyji Xk A} 1+l do
not exist either, where £ is an arbitrary field.

2. Results

2.1. Result over a finite field

To prove the main result of this subsection, we require the Lang-Weil estimate and some other
lemmas.

Let X be an irreducible scheme defined over a finite field F,. Assume that X is embedded into a
projective space of fixed dimension n, dim(X) = r, deg(X) = d, then we have universal estimates for
#X(F ), in terms of r, d, and ¢*. More precisely, we show the following:

Lemma 2.1 ([Lang-Weil]). Given nonnegative integers n, d and r, with d > 0, there is a positive
constant A(n,d, r), such that for every finite field k = ¥,, and every absolutely irreducible subscheme
X C P} of dimension r and degree d, we have

#X(F ) — 4| < (d - 1)(d - 2)¢"" 2 + A(n,d, Ng"" . 2.1)

Proof. See [11]. O

Lemma 2.2. Given n, d and r as in Lemma 2.1, there is a positive constant A,(n,d, r), such that for
every finite field k = ¥, and every subscheme X C P} of pure dimension r and degree < d, we have

#X(F,y) < Ai(n,d, r)q". (2.2)
Proof. See Lemma 1 in [11]. O

If X is allowed to have components of smaller dimension, we still have

CororLary 2.3. If X is an r-dimensional scheme over k = F,, then there is cx > 0 such that
#X(F,) < cxq® foreverye > 1.

Proof. The proof is omitted. O
CoroLLarY 2.4. If X is an r-dimensional absolutely irreducible scheme over ¥, then there is cx > 0

such that #X(F ) — ¢”'| < cxq*"™ for every e > 1.
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Proof. The proof is omitted. O

LemMmaA 2.5. Let A be an integrally closed noetherian domain. Then

A= ()4,

ht p=1
where the intersection is taken over all prime ideals of height 1.

Proof. See Theorem 38 in [1]. |

Lemma 2.6. For any noetherian, integral, normal affine scheme X=Spec A,and any nonempty closed
subscheme Z of X with codimension at least 2, X — Z is not an affine scheme.

Proof. If X — Z is affine, theni : X — Z — X is a morphism of affine schemes, hence i is totally
determined by i* : T(X,Ox) — I'(X — Z,0x_z) = I'(X — Z, Ox). Since X is integral, i" is injective.
Moreover, since Z does not contain any codimension 1 point of X, so for any f € ['(X — Z,Ox), f
is regular at all codimension 1 points.Hence by Lemma 2.5, f is regular on X bexause A is integrally
closed. As a result, i* is surjective.
In sum, i is both injective and surjective, so it is actualy an isomorphism. Therefore i is an
isomorphism, which means Z is empty and we get a contradiction. O

CoroLLARY 2.7. If X is a noetherian, integral, separated scheme X, U is an affine open subset, then
the complement of U has codimension 1 in X.

Proof. Replace X by its normalization, and U by its preimage inX. Then the codimension of the
complement of U doesn’t change, and so we reduce to the normal case. Intersecting U with the
members of an open affine cover of X, we reduce to the case when X is affine.(X is separated, so the
intersection of two open affines is open affine.)Then Lemma 2.6 applies. O

We can now prove the main result of this subsection.

Tueorem 2.8. Assume X and Y are affine n-dimensional schemes over ¥, #X(Fyn) # #Y(Fn), if

|#X(qu) - #Y(qu)| = o(g"™ V) (m — oo m € Z), then there does not exist an open immersion
X Y.

AU

o(g™"~V) represents a polynomial of g, denoted by £, such that lim e =

Proof. Suppose that there exists an open immersion X — Y. Let ¥ = SpecR, V = Y \ X which is
associated with an induced scheme structure R// that is reduced, I C R is the defining ideal of V.

We denote by VE the scheme V' Xspecr, SpecI*Tq.

Let X, X5, ..., X; be the irreducible components of VE of maximal dimension r, there is a finite

extention F, of F, such that for some closed subscheme V; of Vi, we have V; XSpecF e SpecF_q =X,
1 < i < [. This implies that each V; is absolutely irreducible. Note that the dimension of any other
irreducible component of VFq,_, is smaller than r, and dim(V; (" V;) < r when i # j.

Combining Corollary 2.3 with Corollary 2.4, we have

[#V(F ) = Ig™] < axg™ 2,
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That is
1g™ — axg™ ™Y < #V(F ) < g + axg ™y, (2:3)

Then we have
BV (F ) > lg™ — axqg™ 2, (2.4)

According to Corollary 2.7, r = n — 1, we obtain
HV(F ) 2 1g" % — ayg" D%, (2.5)
On the other hand,

[#V(F o) =o(g*" ) (k>0 keZ) (2.6)

= [#X(F o) — #Y(F o)

this implies

(n—1)ek (n-3)ek

<o), (k- keZ)

lg — axq

This contradiction shows that there does not exist an open immersion X < Y.

2.2. Result over an arbitrary field

We need the following four lemmas to prove the main theorem.

Lemma 2.9. Let A C B be two integral domains. If B is faithfullly flat over A and qf(A)=qf(B). Then
A =B

qf(A) means the quotient field of A, and qf(B) is similar.

Proof. Take x € B with x = b/a (a,b € A). B is faithfully flat over A, so it follows that b = ax €
aBNA =aA (cf[[1], (4.C)]). Hence x = b/a € A. Therefore A = B. O

Lemma 2.10. Let A be an integral domain with quotient field K and let B be an extension of A. B
is a finitely generated A-algebra. Then the canonical morphism f : Spec(B) — Spec(A) is an open
immersion < B is a birational extension of A in K and B is flat over A.

Proof. = B is flat over A if and only if Bp is flat over A, for every P € B (p = P N A). Since f is an
open immersion, it follows that Bp = A,, and Bp is flat A,. Furthermore f is birational, this implies
that qf(B) = K.

& Any flat morphism that is locally of finite type is open. Next we will show that this map is
injective. Let P, P’ € Spec(B) with PNA = P’'NA := p,then A, — Bpis flat. As a flat extension of rings
satisfies Going-Down Theorem(cf.[[1], (5.D)]), Spec(Bp) — Spec(A,) is surjective, it follows that Bp
is faithfully flat over Ap(cf.[[1], (4.D)]). Hence A, = Bp by Lemma 2.9. Similary, A, = Bp = Bp.
Hence P = P’. So Spec(B) is homeomorphic to an open subset U of Spec(A). Since open sets of the
form D(g) form a base for the topology of Spec(A), take B, C U, it is enough to prove A, = B,. We

have a surjective homomorphism B, ®4, B, 5 By, since By ®4, B, C B, ®4, K = K, ¢ is also injective,
namely ¢ is an isomorphism. As B, is faithfully flat over A,, we conclude that A, = B,. O
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Lemma 2.11. Let A € B C C be rings. Suppose that A is Noetherian, that C is finitely generated as
an A-algebra and that C is either (1) finitely generated as a B-module or (2) integral over B. Then B
is finitely generated as an A-algebra.

Proof. See Proposition 7.8 in [5]. O

Lemma 2.12. Let k be a finitely generated Z-algebra. If k is a field, then k is finite.

Proof. We have a homomorphism Z N k, if ker(f)= pZ(p is a prime), then k is a finitely generated
F,-algebra, so k is a finite algebraic extension of F,(cf.[[5], (7.9)]), and k is a finite field.

If ker(f)=(0), we have Z ¢ Q C k. Since k is a finitely generated Z-algebra, it is a finitely
generated Q-algebra, similarly, k is a finite algebraic extension of Q, hence k is a finitely generated
Q-module, by Lemma 2.11, Q is a finitely generated Z-algebra, a contradiction. Let
Q = Zlcy,...,cql, ¢ = %f’ a;i,b; € Z,1 < i < s, take p such that p and b; are coprime, then
11—7 ¢ Z|cy,...,csl, this contradiction shows that £ is a finite field. O

Suppose S is a scheme, and <7; are commutative quasi-coherent Os,-algebras, then ./ = lim &7, is

a quasi-coherent Oy, -algebra. Denote by S ,(resp.S) the spectrum of the Oy, -algebra o7)(resp.<7), and
let uy, : S, — Safor A < p)and u; : § — §, be respectively the S-morphisms corresponding to
homomorphisms ¢, : I'(So, @) = (S, %,) and @, : I'(S¢, &%) — I(So, &)it is clear that (S 4,u4,)
is a projective system in the category of S (-schemes.

Given two S ,-schemes X,,,Y,,, we define two projective systems of (X,,v4,) and (Y,,wy,) by setting
Xi=XoXs,S1.Ya =Yy Xs, S v = 1dy, Xuy,,wy, = idy, Xuy,(for @ < A < p), whose projective limits
are respectively X = X, Xg, §,Y =Y, Xs_ §, the canonical morphisms v; : X = X, andw, : ¥ —» Y
are respectively equal to idy, X u, and idy, X u;. We denote by f,; the morphism X, — Y,, and for
@ <A< p,wehave f, = fixXids, : Xa Xs, S, = YaX§,,f = fixids : X; Xs, § = YVaXs, S.

Lemma 2.13. Suppose S is quasi-compact, X, and Y, are of finite presentation over S ,, let f, :
Xy = Yy be an S, — morphism.Then f is an open immersion if and only if there exists A > « such that
fais an open immersion(in which case f, is also an open immersion for yt > A).

Proof. See Theorem 8.10.5 in [13]. O

Lemma 2.14. Let X and Y be affine n-dimensional integral schemes of finite type over a field k.
If we have an open immersion X < Y/k, then there exists a finitely generated Z-subalgebra R of k,

affine scheme Z',% of finite type over S = SpecR, and an open immersion 2 &, XIS, such that
2 Xg Speck = X, % Xg Speck = Y, and fs Xs id; = f.

Proof. In order to use Lemma 2.13, we should find a field k' ,two affine schemes X',Y" that are defined
over k',an open immersion f : X — Y also defined over k', such that k' is the quotient field of a
finitely generated Z-subalgebra R C k, and X = X' Xspeck’ SPECk,Y =Y ' Xspeck’ SPECk, [ = f x idspec :
X Xgpeer’ SPECk = Y Xgor Speck, because k' = lim R..
seR’ 50
Write [x] = [x,....,x], [yY] = [i,.--,ymls X = Speckl[x]/I, Y = Speckl[y]/J, where
I=(f,...,f)k[x] and J = (g, s g,)k[y] are respectively the defining ideals of X and Y.
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If we have an open immersion X i) Y/k, by Lemma 2.10, we have a flat and birational k-morphism
f*: k[y]/J — k[x]/I. So we have an isomorphism qf{k[x]/I} N qfiklyl/J}.

Let_go be the restriction to k[x]/1 of g. B

Setp = go om, w: k[y] » kl[x]/I.

We have a homomorphism

@ : k[x] — qf{k[y]/J}
X — 4 2.7
8i
figi € k[y1/J, fi» & have no non-unit common factor, 1 <i <.
Set Ry = {the subring of k generated by identity 1, all the coefficients of f;,..., £, g1,...,9/}.
Set R, = {the subring of k generated by S, all the coefficients of f;,g; and their inverses}.
It is noted that R, is a finitely generated Z-algebra.
Consider the restriction to R [x] of ¢

(flv ey f\)Rl[z]

A

0 —  keryg  —  Rilx] - gf{klyl/J}

[ A

0— (£1,..., £)k[x] — klx] — qfikly]/J)

R, [x] is noetherian, so kery; is finitely generated.
Let by, by, ..., b, be the generators of kery,

bl :P1]f1+"'+P1st,...,bg:P[]f]+"'+P[st (28)

Set R, = {the subring of k generated by R, all the coeflicients of P;; and their inverses. 1 <i < ¢,
1<j<s}

R; is still a finitely generated Z-algebra.

Consider the restriction to R,[x] of ¢

0—  (br.....boRi[x]  — Rilx] = qffklyl/J)}

A [

0 — ke, —  Rox] - gflkiyl/J)

A o

0—  (f....£)k[x]  — klx] 5 qfklyl/J)
Clearly we have kerg, D (fy, ..., £)R[x].

We denote by IM(¢;) the image of ¢ in qf{k[X] /J}, it is a subring of qf{k[X] /J} generated by R; and
¢1(x;), so we have an exact sequence
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0— (b1,....b)R[x] — Ri[x] — IM(¢y) — 0
(b1,.... bR [x] ®r, Ry — Ri[x] ®g, Ry — IM(¢)) ®, R, — 0

IM(¢;) ®g, R, is the subring of qf{k[y]/J} generated by R, and ¢;(x;), so kery, is the image of
(b1,...,b)R [x] ®&, Ry in R [x] ®, R, = R,y[x], namely (b, ..., bo)R:[x].

By (2.8) we have

(f1,..., £)R:[x] D (b1, ..., bo)Ry[x] = kerep,.

Hence kery, = (fy, ..., £f)R[x].

On the other hand, we have a homomorphism of rings:

f*oklyl/J - klx1/1

Sety = f*op, p: klyl » klyl/J.
We have a homomorphism

Y kly] — qftk[x]/1}

Yir— fT’ (2.9)
8i
fl é;, € k[x]/I, fi', g_l have no non-unit common factor, 1 < i < m. o
Set R; = {the subring of k generated by R, and all the coefficients of f;,g; and their inverses}.
Consider the restriction to R; [X] of Y
(917 ) gt)R3[_)_;]
0 —  kewy  — Ryl -5 qftklxl/D)
v
0—  (Gn....g0klyl  — kly] > qfiklxl/1)
Let ¢y, ¢y, ..., cp be the generators of kery,
c=0ng1+--+0u8n....c¢ = Qp 191 +---+ 0,0 (2.10)

Qicklyl,l<i<f1<j<t

Set R4 = {the subring of k generated by Rz and all the coefficients of Q;; and their inverses. 1 <i < ,
1<j<t)

Let ¢, be the restriction to R4[y] of . Similarly, R, is a finitely generated Z-algebra and kery, =
(91,5 90Ralyl.

The restriction to Ry[y]/J of f*

fh 2 Ralyl/J — Rulx)/1.
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is birational according to the construction of R;.
Write k4 = gf(R,). Obviously k4 C k, the restriction to k4[y]/J of f*

f s kaly) /] — kal2)/1.

is still birational.
We have a commutative diagram

Sy
Kely) /I — ka1

IS

k11 —L— ka1

iy is flat and f* is flat, so foi; =i, 0 f,fi is flat. As i, is faithfully flat, f,i is flat.
According Lemma 2.10, f;, is an open immersion.
Letk = k4 R = Ry, X = SpecR'[x]/1,Y = SpecR’[X]/J, f = fi.then Lemma 2.13 applies. O

THEOREM 2.15. Assume R is an integral domain which is a finitely generated Z-algebra, S = SpecR,
& €8 is the generic point. X and Y are affine integral S -schemes of finite type, such that X and Y are
n-dimensional affine schemes. If for a sufficiently general closed point t € S, #X,(k(t)™) # #Y,(k(t)™),
and #X,(k()™) — #Y,(k(O™)] = o(k@®)|"" V) (m — oo m € Z), then there does not exist an open
immersion Xg — Y¢(”sufficiently general” is made precise in the proof).

Proof. k(1)) is the residue field of the point ¢, because ¢ is a closed point of S, x(¢)) is a finitely generated
Z-algebra. According to Lemma 2.12, «(¢)) is a finite field. Set k(¢) = F,, k(t)" = Fyn. So #X,(k(1)") =
#(X xg k(1)) makes sense, so does #Y,(k()™).

Write [x] = [x1,....x], Y] = [i,---5yml, X = SpecR[x]/I, Y = SpecR[y]/J, where
I=(f,...,f)R[x] and J = (gl,_.. ., 9:)R[y] are respectively the defining ideals of X and Y.

fe
Suppose there is an open immersion X, <y, «/k(&), by Lemma 2.14, there exists a finitely generated

Z-subalgebra R of (£), an open immersion

’ fR’ ’
SpecR [x]/I — SpecR [)_)]/ J,
such that SpecR’ [x]/1Xspecr SpeCK(§) = X, SpecR’ [X] /I Xspecr SPECK(E) = Yg, and [y Xgpecr 1due) = fe-
Set R" = {the subring of (&) generated by R and R'}, then SpecR"[x]/I Xgpecr SPeck(é) = X,

’r 4 f ! /
SpecR [y1/J Xgpecr’ SPeck(§) = Y, SpecR [x]/1 <5 SpecR [y]/J is an open immersion, and fg" Xgpecr”
idae) = fe.
SpecR C SpecR is a dense open subset, for a sufficiently general closed point # € SpecR, we have
t € SpecR’”.
Let P ¢ R” be the maximal ideal corresponding to ¢ € S , we have

fi R /P&y R'[yl/] — R’ /P&y R'[x]/1.
The property of being an open immersion is stable under base change, so f~ is an open immersion.
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R"/P is a finitely generated Z-algebra which is a field, according to 2.12, it is a finite field, set
R'/P=F,.

Namely there exists an open immersion X;/«(t) < Y;/«(t).

X k(D)) = #Y i (k(2)")] = o(k("™" D) (m — o0 m € Z) implies

X, /k(t)(F ) — #Y,/k()(E )| = 0(g"" V)m — o0 m € Z),

by Theorem 2.8, this can not happen. This contradiction shows that there does not exist an open
immersion X; < Y. |

ReMark 2.16. If it happens that #X,/«k(t) > #Y,/«(t), there does not exist an open immersion X <— Y.

ReMARK 2.17. Denote [#X,(«(t)™) — #Y,(k(t)™)| by f, if degf,, # m(dimX — 1)(VYm € Z) , there does
not exist an open immersion X < Y.

ReMARrk 2.18. Given X and Y as in Theorem 2.15, if Y is quasi-projective, there does not exist an
open immersion X < Y. Regard X as an affine open subscheme of Y, for any affine open subscheme
U cY, U n X is still affine because Y is separated over S. Then we come to the conclusion.

CoroLLARY 2.19. Let X and Y be affine n-dimensional integral schemes of finite type over a field
k. If there exists a finitely generated Z-subalgebra R of k and affine schemes X" ,% of finite type over
S = SpecR, such that Z Xs Speck = X,% Xg Speck = Y,and for a sufficiently general closed point
te S, #2Z,k@®™) # #2(k()™) and [#Z,(k@)") — #Z(k(O)™)| = o(k(@®)|™ D) (m — 00 m € Z), then

. . . f
there does not exist an open immersion X — Y/k.

Proof. Write [x] = [x1,...,x], [X] = [yi,.-.,ym)s X = Speck[x]/I, Y = Speck[X]/J, where [ =
(f1,...,f)k[x] and J = (gy,..., g,)k[X] are respectively the defining ideals of X and Y.

. . . f . .
Assume there is an open immersion X — Y/k, by Lemma 2.14, there exists a finitely generated

Z-subalgebra R of k, an open immersion

’ f’ ’
SpecR [x]/1 < SpecR [X]/ J,

such that SpecR'[x]/] Xspecr’ SPeCk = X, SpecR’ [Y1/J Xspeer Speck = Y, and fr Xgpeer 1dx = f.
Set R” = {the subring of k generated by R and R'}, we have SpecR’[x]/] Xspeck’ SPeCk = X,

/7 ” f 1 ,
SpecR [yl/J Xspeer Speck = Y, SpecR [x]/1 < SpecR [y]/J 1s an open immersion, and
fR" XSpecR“ idk(f) = ff .
It is noted that SpecR  C SpecR, then we come to the conclusion according to Theorem 2.15. O

3. Examples

ExampLE 3.1. Since

#S Ln/Fq (qu) (qmn _ 1)(qmn _ qI’I’I) . (qmn _ qmn—Zm)qmn—m
#Ap () = "
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#S Ll’l/Fq (qu) - #A;zq_l (qu)

mnz—m mn mn mn—.m mn—m
=q —(@" = 1) (g™ = q" g

2_
= ¢"" ¥ 4 lower-degree terms + . ..

We have dimS L, r, = dimA%z;‘1 = n®> — 1, so for an arbitrary field k, there does not exist an open

. ) 2
immersion S L, < A} .

ExampLE 3.2. Since

#S pn/Fq (qu)
= 4q

—-q

nz n mnz mn
#AR "(Fp) = M

#S pupe, (Fgn) — #AZ" " (F )

24—
= g™ 2 4 Jower-degree terms + . . .

2mn?+mn—2m

(qun _ 1)(q2mn—2m _ 1) L. (qu _ 1)qmn2

2mn®+mn

+ lower-degree terms + . ..

We have dim$ P/, = A%Z”" = 2n? + n, so for an arbitrary field k, there does not exist an open

. . 2
immersion S p,x < A"

ExampLE 3.3. Since

#S Oa1/7,(Fgn)
#S OZI/Fq (qu)
#S Oa1 /7, (Fgn)

#S 02[/[«“1 (qu )

#S OZt/Fq (qu)

~
|
—_

|

— qml (qut _ qui) p=2 (3.1
i=0
-1
— qmt (qut _ quL) p=2 (3.2)
i=1
-1
_ omt | |/, 2mt 2mi
_— G - p>2 (3.3)
i=0
-1
= @" - [@" - @4
i=1
(p > 2and-11is asquarein F,)
-1
— (qmt + (_1)l+1) l_[(qZVm _ qui) (35)
i=1

(p > 2 and -1 is a nonsquare in F,)

We have dimS O, = ”ZT‘”, for n > 2, so for an arbitrary field &, there does not exist an open

112 —n

immersion SO,y — A, * .

ExampLE 3.4. Since

#PGL,/x,(Fyn)

AIMS Mathematics

(qmn _ 1)(qmn _ qm) . (qmn _ qmn—Zm)qmn—m

q

mn?-1) _

2_
g"" 3 + lower-degree terms + ...
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We have dimPGL,r, = n* — 1, so there does not exist an open immersion PGL, — A’,f*1 for an
arbitrary field k.

ExampLE 3.5. Since

#S Lur, X Gar,(Fyn) @" = D@ =q")--(q" = """
#Ap Fp) = "

#S Luw, X Gayr,(Fn) — #A5 ' (Fyn)

_ (qmn _ 1) . (qmn _ qmn—Zm)qmn

2
= ¢""? + lower-degree terms + . . .

2
_ mn —m
=q

We have dimS L, r, X Gy/¥, = dimAg = n?, so for an arbitrary field k, there does not exist an open
immersion S L,k Xx Ggjx = A"z, and Example 1 is a corollary of this.

ExampLE 3.6. We have dlmSpn/Fq = dimS$ 02n+1/Fq =2n’ + n, #S 02n+1/Fq > #Spn/Fq forn > 2, so
when n > 2, there does not exist an open immersion S p,x < S Oa,+1/« for an arbitrary field k.

ExampLE 3.7. There does not exist an open immersion S p,;x < S L,k Xy Af*”” for any field k.
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