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1. Introduction and preliminaries

In order to generalize the celebrated Banach contraction principle, many authors obtained various
types of contraction inequalities. Fixed point results in such spaces have been established in a large
number of works. Some of these works are noted in [2,9,22,23,26,27,37].

In 1969, Meir and Keeler [25] obtained the following interesting fixed point theorem.
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Theorem 1.1. Let (X,d) be a complete metric space and T : X — X a mapping such that for each
€ > 0 there exists 6(e) > 0 such that

€ <d(x,y) < e+ 06(e) implies d(Tx,Ty) < €,

forall x,y € X. Then T has a unique fixed point.

Meir-Keeler’s fixed point theorem has been extended in many directions [6,20,23,32-34].

On the other hand, the concept of modular metric spaces were introduced in [7,8]. Here, we look at
modular metric space as the nonlinear version of the classical one introduced by Nakano [30] on vector
space and modular function space introduced by Musielak [29] and Orlicz [31]. For more details on
modular metric spaces, we recommend [3-5, 12, 13,28, 38].

Let X be a nonempty set and w : (0, +00) X X X X — [0, +o0] be a function, for simplicity, we will
write

w/l(x’y) = (,t)(/l, X»)’),
forall A > 0and x,y € X.

Definition 1.2. [7,8] A function w : (0, +00) X X X X — [0, +o0] is called a modular metric on X if
the following axioms hold:

(i) x = yifand only if w,(x,y) = 0 for all 2 > 0,
(1) wa(x,y) = w(y,x) forall A > 0and x,y € X,
(iil) wasu(x,y) < wi(x,2) + wyu(z,y) forall 4,4 > 0 and x,y,z € X.

A modular metric w on X is called regular if the following weaker version of (i) is satisfied
x =y ifandonly if w,(x,y) =0 for some A > 0.

Samet et al. [39] defined the notion of @-admissible mappings as follows:
Definition 1.3. [39] Let T be a self-mapping on X and @ : X X X — [0, +00) a function. We say that
T is an a-admissible mapping if

x,yeX, akx,y)=21 = aTx,Ty) > 1.

Finally, we recall that Karapinar et al. [23] introduced the notion of triangular a-admissible mapping
as follows.

Definition 1.4. [23] Let @ : X X X — [0, +o0) be a function. We say that a self-mapping 7" : X — X
is triangular a-admissible if

1) x,yeX, axy)=>21 = aTxTy) =1,

.. a(x,z) >1
(i) x,y,z € X, {QEZ y;>1 =  axy >1.

Lemma 1.5. [23] Let f be a triangular a-admissible mapping. Assume that there exists xy € X such
that a(xy, fxo) > 1. Define a sequence {x,} by x, = f"xo. Then

a(Xy,, x,) =1 forall m,neN with m < n.
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Now we deal with some notions required in b-metric, extended b-metric, modular b-metric and
extended modular b-metric spaces.

Recall that a b-metric d on a set X is a generalization of standard metric [10], where the triangular
inequality is replaced by

d(x,z) < s(d(x,y) +d(y, 2)),

for all x,y,z € X and for some fixed s > 1. Parvaneh and Ghoncheh [35] introduced the following
further generalization.

Definition 1.6. Let X be a nonempty set. A function d : X X X — R" is a p-metric if there exists a
strictly increasing continuous function Q : [0, co) — [0, co0) with t < Q(¢) for ¢ € [0, +00), such that for
all x, y, z € X, the following conditions hold:

(1) d(x,y) =0if and only if x =y,
(2) d(x,y) = d(y, x),
(3) d(x,2) < Qd(x,y) + d(y, 2)).

In this case, the pair (X, d) is called a p-metric space or an extended b-metric space.

It should be noted that the class of p-metric spaces is considerably larger than the class of b-metric
spaces since a b-metric is a p-metric with Q(¢) = st, while a metric is a p-metric with Q(¢) = ¢.

Definition 1.7. [7,8] A function w : (0, +o0) X X X X — [0, +o0] is called a modular metric on X if
the following axioms hold:

(i) x = yifand only if w,(x,y) = 0 for all 1 > 0,
(1) wa(x,y) = w(y,x) forall A > 0and x,y € X,
(iil) wasu(x,y) < wi(x,2) + wyu(z,y) forall 4,4 > 0 and x,y,z € X.

Ege and Alaca [14] introduced the notion of modular b-metric space.

Definition 1.8. [14] Let X be a non-empty set and s > 1 a real number. A map v : (0,00) X X X X —
[0, oo] is called a modular b-metric, if the following statements hold for all x,y, z € X,

(1) va(x,y) =0 forall A > 0 if and only if x =y,
(1) vi(x,y) = va(y, x) forall A > 0,
(ii1) Vau(x,y) < s[va(x, 2) + vu(z, )] for all 4, 4 > 0.

Then (X, v) is called a modular b-metric space.
The modular b-metric space could be seen as a generalization of the modular metric space.

Example 1.9. [14] Consider the space [, = {(x,) C R : 3", [x,/” < 00}, 0 < p < 1,4 € (0,00) and
valx,y) = @ such that

d(x,y) = () It =yal")7, where x=(x,), y = () € .
n=1

It could be easily seen that (X, v) is a modular b-metric space.
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Our aim in this study is to define a modular p-metric space. In the next section, we prove some fixed
point theorems on a-v-Meir-Keeler contractions in the new space. In Sections 3 and 4, new fixed point
results are obtained in extended modular metric spaces endowed with a graph and in partially ordered
extended modular metric spaces. The Section 5 includes a relation between fuzzy-Meir-Keeler and
extended fuzzy p-metric with modular p-metric and some fixed point theorems in triangular fuzzy p-
metric spaces. The paper ends with an application on the solution of Volterra-type integral equations.

2. Main results

In this section, we define the concept of a modular p-metric space (an extended modular H-metric
spaces shortly denoted by EMbM spaces) and present some fixed point results. Our results generalize
the results in [16] if we take Q(7) = ¢.

Definition 2.1. Let X be a nonempty set. A functionVv; : (0, 00) XX x X — [0, co] is a modular p-metric
(an extended modular h-metric) if there exists a strictly increasing continuous function Q : [0, c0) —
[0, 00) with Q71(¥) < t < Q(¢) for t € [0, +00), such that for all x,y,z € X, the following conditions
hold:

(i) vi(x,y) = 0if and only if x = y for all 2 > 0,
(i1) V(x,y) = va(y, x) for all 2 > 0,
(iil) Visu(x,y) < Qva(x,2) + (2, y)] for all A, u > 0.

Then we say that (X,V) is a modular p-metric space.

It should be noted that the class of modular p-metric spaces is considerably larger than the class
of modular b-metric spaces, since a modular b-metric is a modular p-metric with Q(¢) = st, while a
modular metric is a modular p-metric with Q(¢) = .

Example 2.2. Let (X, v,) be a modular b-metric space with coefficient s > 1 and

Va(x,y) = sinh(v(x, y)).

We show that v, is a modular p-metric with Q(f) = sinh(s?) for all £ > 0 (and Q"' (u) = % sinh™! u for
u>0).

Obviously, the conditions (i) and (ii) of Definition 2.1 are satisfied. For each x,y,z € X and A4, u > 0,
we have

sinh(vi,(x,))
sinh(sv,(x, 2) + sv,(z,y))

/v\/l+/t (-x’ )’)

IA

IA

sinh(s sinh(v,(x, z)) + s sinh(v,(z, y)))
Q(x,2) +Vu(z,¥)).

So, the condition (iii) of Definition 2.1 is also satisfied and v is a modular p-metric.

Proposition 2.3. Let (X, v,) be a modular b-metric space with coefficient s > 1 and

a(x,y) = & (va(x, )

where & : [0,00) — [0, 00) is a strictly increasing continuous function with t < &(t) for all t > 0 and
&(0) = 0. Then Vv, is a modular p-metric with Q(t) = &(st).
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Proof. For each x,y,z € X and A, u > 0, we have

'f(V/H,u(x’ y)

E(sva(x,2) + svu(z,y))
E(sEa(x,2)) + sEV(2, 1))
QO (x,2) +Vu(2, ).

/y\/l+/l (-x$ y)

IAN A

Example 2.4. If £(r) = ¢ — 1, we get Vy(x,y) = € — 1 and Q(f) = e* — 1. Note that
1
Q') = - In(1 + ).
s

Now, we present the definition of v-Cauchy and v-convergent sequences and v-complete spaces.

Definition 2.5. Let (X,V)) be a modular p-metric space. Then a sequence {x,} in X is called:

(a) v-Cauchy if and only if for all € > 0 there exists n(e) € N such that for each n,m > n(¢) and
A > 0 we have vy(x,, x,,) < €.

(b) v-convergent to x € X if v;(x,, x) = 0,as n — oo forall 1 > 0.

(¢) v-complete if each v-Cauchy sequence in X is v-convergent and its limit is in X.

Now, we define the notion of a-v-Meir-Keeler contractive mapping as follows:

Definition 2.6. Let X5 be a modular p-metric space and 7 a self-mapping on X5. Also suppose that
a : Xy X X5 — [0, +00). We say that T is a-v-Meir-Keeler contractive if for each € > 0 there exists
0(€) > 0 such that

€ < Q' u(x,y) < Q(€) + Qd(€)) implies a(x, y)Wi(Tx, Ty) < Q(e), 2.1
for any x,y € Xy and all 4 > 0.

Remark 2.7. Let X5 be a v-regular modular p-metric space and 7 an a-v-Meir-Keeler contractive
mapping. Then
/V\/I(Tx7 T)’) < ’V\/](X, )’),

for all x,y € X and 2 > 0 with x # y, a(x,y) > 1 and Q7'(Vy(x,y)) < oo. Also, if x = y, then
Q'V(Tx,Ty)) = 0. That is
ViTx,Ty) <vi(x,y),

for all x,y € X and 4 > 0 with a(x,y) > 1.

Since x # y by v-regularity we have, v;(x, y) > 0 for all 1 > 0. Assume, 6 > 0 and

Q(e) =valx, y).

Then
Q' Tu(x,y) < Q7 (x, ) + 6 < Q(e) + Q)

and so from (1) we have,

Va(Tx, Ty) < a(x, )va(Tx, Ty) < Q(e) =v,(x, ).

Now we are ready to prove our first theorem.
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Theorem 2.8. Let X5 be aVv regular v-complete modular p-metric space and T : X5 — X5 be a self-
mapping. Assume that there exists a function a : X5 X X5 — [0, +00) such that the following assertions
hold:

(i) T is a triangular a-admissible mapping,

(ii) T is a-v-Meir-Keeler mapping,
(iii) there exists xy € X+ such that a(xg, Txg) > 1,
(iv) T is v-continuous mapping.

Then T has a fixed point z € X. Further, if a(x,y) > 1 for all x,y € Fix(T), then T has a unique fixed
point.

Proof. Let xy € X5 be such that a(x, Txp) > 1. Let {x,} be a Picard sequence starting at x, that is,
X, = T"xy = Tx,_; for all n € N. Since T is a triangular a-admissible mapping, applying Lemma 1.5,

a(x,,x,) >1 forall m,n e N with m < n.

If x,, = x,,+1 for some ny € N U {0}, then evidently T has a fixed point. Hence, we suppose that
X, # Xnp1, for all n € N U {0}. So, by v—regularity we have,

Va(xn, Xp41) > 0, forall n € N U {0}.
Therefore, using Remark 2.7 and the condition (iii), we have
Va(Xn, Xpe1) < ValXn—1, %) < ... <Valxo, x1) < o0.

This implies that the sequence {c, := v (x,, X,+1)} is non-increasing and ¢, < oo for all n € N U {0}. So
the sequence {c,} is convergent to some ¢ € R,. We will show that ¢ = 0. Suppose, to the contrary,
implies that ¢ > 0. Hence, we have

0 < ¢ <Vi(x,, Xpe1), forall n € N U {0}. 2.2)

Let € = Q7 !(c) > 0. Then by hypothesis, there exists a §(¢) > 0 such that (1) holds. On the other hand,
by the definition of €, there exists ny € N such that

€=07(c) < Q7 (cuy) < Cny = Va(Xngs Xnps1) < Q(€) + Q71(S) < Qe) + 6.

Now by (1), we have
Cno+l = /V\/l(xno+l s xno+2)
< a(Xgs Xngr D VaXngs1> Xng42)]
= (X Xng D VAT Xg> T X1
< Q(e).

That is,
Cn()+1 < Q(e) = Ca

which is a contradiction. Hence, ¢ = 0. That is,

limvﬂ(xm xn+1) =0.
n—co
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For given € > 0, by the hypothesis, there exists 6 = d(e) > 0 such that (1) holds. Without loss of
generality, we assume ¢ < €. Since ¢ = 0 then there exists Ny € N such that

Cn = V(X Xpp1) < Q(6), forall n > Nj. (2.3)
We will prove that for any fixed k > N,
Q' V(x, xi0)) < €, forall 1€N, (2.4)

holds. Note that by (2.3), (2.4) holds for [ = 1. Suppose the condition (2.4) is satisfied for some m € N.
That is,
Q' (X, Xem)) < €, for some m € N, (2.5)

Forl=m+ 1, by (2.3) and (2.5), we get
Q' (Va(Xk=1 Xem)

< 0% (Xk=1, Xx) +7g (Xks Xiem)) (2.6)
< (Q(€) + (9)).

Now, if
Q' V(X1 Xism)) = €,

then by (1) and (2.6), we get

Va(Xees Xicrm+1)

< (X1, XemIVa(Xes Xicsme1)

= (X1, XeemWVa(T X1, T Xpem)
< Q(e),

and hence (2.4) holds.
If Q7 '(Vy(xx-1, Xkem)) < €, then applying Remark 2.7, we have

Vi Xirme1) = VAT X1, TXpem) < Va(Xao1, Xirm) < (€.
Consequently (2.4) holds for / = m + 1. Hence
/V\/l(xk, xk+1) < Q(E), forall [/ € N.

Thus we have proved that {x,} is av-Cauchy sequence. The hypothesis of v-completeness of X5 ensures
that there exists x* € X5 such that v;(x,, x*) — 0 as n — +o0. Now, since T is a v-continuous mapping,
Vi(xps1, Tx*) =vi(Tx,, Tx*) — 0 as n — +oo0. From

Vo(x", Tx™) < QA (X", Xy11) + Vi(Xpe1, TXY)),

taking limit as n — 400, we get v,(x*, Tx*) = 0 and hence x* = Tx*, because Vv is regular. Thus T has
a fixed point.
Let a(x,y) > 1 for x,y € Fix(T). Now if x # y, then from Remark 2.7, we have

Va(x,y) =V(Tx, Ty) <V(x,y)

which is a contradiction. So x = y. That is, 7 has a unique fixed point when a(x,y) > 1 for all
x,y € Fix(T). O
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The notion of @-,s-Meir-Keeler contractive is defined as follows:

Definition 2.9. Let X, be a modular b-metric space and 7 a self-mapping on X,:. Also, suppose that
a: X, X X,s — [0, +00). We say that T is a-,s-Meir-Keeler contractive if for each € > 0 there exists
0(€) > 0 such that

PRI s6(€) implies a(x, y)v* i(Tx, Ty) < s, 2.7
s

for any x,y € X5 and all 4 > 0.
Using the above definition, we state new fixed point theorems as follows:

Theorem 2.10. Let X,« be a v* regular v°-complete modular b-metric space and T : X, — X,s a
self-mapping. Assume that there exists a function a : X,s X X,s — [0, +00) such that the following
assertions hold:

(i) T is a triangular a-admissible mapping,

(ii) T is a-v*-Meir-Keeler mapping,
(iii) there exists xy € X,s such that a(xg, Txg) > 1,
(iv) T is v*-continuous mapping.

Then T has a fixed point 7 € X. Further, if a(x,y) > 1 for all x,y € Fix(T), T has a unique fixed point.
Proof. 1t is sufficient to take €(r) = st where s > 1 is a real number and ¢ > 0. O
For a self-mapping which is not v-continuous, we have the following result.

Theorem 2.11. Let X5 be a v regular v-complete modular p-metric space and T : X5 — Xy a self-
mapping. Assume that there exists a function « : X3 X X5 — [0, +00) such that the following assertions
hold:

(i) T is a triangular a-admissible mapping,
(ii) T is a-v-Meir-Keeler contractive,
(iii) there exists xy € Xy such that a(xy, Txg) > 1,
(iv) if {x,} be a sequence in X5 such that a(x,, x,+1) = 1 for all n € N U {0} with x, > x asn — +oo,
then a(x,, x) > 1.

Then T has a fixed point 7 € X.

Proof. As in the proof of Theorem 2.10, we deduce that there exists a Picard sequence {x,} starting at
Xo which is v—Cauchy and so v—converges to a point x* € X5.
By Remark 2.7, we have

VaXns1, TXY) = V(T X, TX") < V(2 X7),
for all n > 0. Then lim,,_, ;e [V3(Xns1, Tx*)] = 0, for all A > 0, and hence
V(X" Tx") < lim Qvi(x", Xy41) + Vi(Xi1, TX)] = 0.
n—+0o

Thus, we get x* = Tx*, since v is regular. m]
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We now give an example to support Theorem 2.11.

Example 2.12. Let X = R be endowed with the modular p-metric

sinh(Z2),if x # y,

/V\l(x’ )’) =
0, if x=y.

forall x,y € X. Define 7T : X - Xand @ : X X X — [0, +0) by

2x2 +1, if x € (—0,0)

%xz, if xe[0,1]
Tx =
3x—1, ifxe(l,2)
6x'0 if x € [2, +00),
1, if x,y€[0,1]
a(x,y) =

0, otherwise.

We know that Q(#) = sinh(¢). It is obvious that T is a triangular @-admissible mapping. If {x,} is a
sequence in X5 such that a(x,, x,.1) = 1 with x,, = x as n — +oo, then x, € [0, 1] for all n € N and so
x € [0, 1]. This ensures that a(x,, x) > 1 for all n € N. Clearly, a(0,T0) > 1.

Let a(x,y) > 1, € < Q7' (Vi(x,5)) < Q(€) + Q(6) where € > 0 is arbitrary and

6 < sinh™!(16€ — sinh(e)).
Then x,y € [0, 1]. Now let ®221 < O(e) + Q(8). Hence we have

Tx|+|T
Sinh(I xl;l yl)

1
= sinh(z(|Tx| +|Tyl))

va(Tx,Ty)

_ : 1 2 2
= sinh(7= (™ + b1)

IA

1
sinh(= (12 + [yD)

IA

1
sinh(1—6(Q(e) + Q(9))) < sinh(e).
Otherwise, a(x,y) = 0 and evidently
a(x, yA(Tx, Ty) < Q(e).

That is, T is an a-v-Meir-Keeler contractive mapping. Thus all the conditions of Theorem 2.11 hold
and T has a fixed point.
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If we take a(x,y) = 1 for all x,y € X in Theorem 2.11, then we have the following result.

Corollary 2.13. Let X5 be a v-complete modular p-metric space which is v regular and T : X5 — X5
a self-mapping. Assume that for each € > 0 there exists 6(€) > 0 such that

e < Q'W(x,y) < Q(e) + Q6(€)) implies V(T x, Ty) < Q(e),
forany x,y € Xy and all 1 > 0. Then T has a unique fixed point 7 € X.

According to Theorem 2.11, we have the following corollary.
Corollary 2.14. Let X5 be a v-complete modular p-metric space which is v regular where
Va(x,y) = va(x, y)e
and T : X5 — X5 a self-mapping. Assume that for each € > 0, there exists 6(€) > 0 such that

(€)

€ < Q' Wi(x,y)) < €€ + 8(€)e®® implies Vi(Tx, Ty) < eef,

forany x,y € Xy and all 1 > 0. Then T has a unique fixed point 7 € X.
Note that in Corollary 2.14, Q is the Lambert W-function [11].

3. Some Meir-Keeler type fixed point results in EMbM spaces endowed with a graph

As in [21], let (X5, V) be a modular metric space and A denotes the diagonal of the Cartesian product
of X X X. Consider a directed graph G such that the set V(G) of its vertices coincides with X, and the
set E(G) of its edges contains all loops, that is, E(G) 2 A. We assume that G has no parallel edges, so
we can identify G with the pair (V(G), E(G)).

Definition 3.1. [21] Let (X5, V) be a metric space endowed with a graph G. We say that a self-mapping
T : X — X is a Banach G-contraction or simply a G-contraction if T preserves the edges of G, that is,

forall x, ye X, (x,y)€ E(G)implies (Tx,Ty) € E(G)

and T decreases the weights of the edges of G in the following way:
There exists a € (0, 1) such that

for all x,y € X, (x,y) € E(G) implies d(Tx, Ty) < ad(x,y).
Definition 3.2. [21] A mapping T : X — X is called G-continuous if given x € X and sequence {x,}
X, = xasn — oo and (x,, x,1) € E(G) foralln € N imply Tx, — Tx.

In this section, we will show that many Meir-Keeler type fixed point results in modular metric
spaces endowed with a graph G can be deduced easily from our presented theorems.

Definition 3.3. Let X5 be a modular p-metric space endowed with a graph G and T a self-mapping on
X;. We say that T is an G-v-Meir-Keeler contractive if for each € > 0 there exists 6(e) > 0 such that

Q7 l'(e) <Vi(x,y) < Q7€) + Q' ((e)) and (x,y) € E(G)

imply V(T (x), T(y)) < Q7 '(e) for any x,y € X,, and all A > 0.
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Theorem 3.4. Let X5 be av-complete modular p-metric space endowed with a graph G withv regular
and T : X5 — X5 a self-mapping. Assume that the following assertions hold:

(i) there exists xo € X5 such that, (xy, Txy) € E(G),

(ii) T is G-continuous,

(iii) for all x,y € X5{(x,y) € E(G) = (T(x),T(y)) € E(G)],

(iv) forall x,y,z € X5{(x,y) € E(G) and (y,z) € E(G) = (x,7) € E(G)],
(v) T is G-v-Meir-Keeler contractive.

Then T has a fixed point 7 € X such that A(z) = 0. Further, if (x,y) € E(G) for all x,y € Fix(T), then T
has a unique fixed point.

Proof. Let
1, (x,y) € E(G),
alx,y) = :
0, otherwise.
If we apply Theorem 2.8, then we have the required result. O

Theorem 3.5. Let X5 be av-complete modular p-metric space endowed with a graph G withv regular
and T : X5 — X5 a self-mapping. Assume that the following assertions hold:

(i) there exists xo € X5 such that (xy, T xy) € E(G),
(ii) for all x,y € X5{(x,y) € E(G) = (T(x), T(y)) € E(G)],
(iii) for all x,y,z € X5[(x,y) € E(G)and (y,z) € E(G) = (x,2) € E(G)],
(iv) T is G-v-Meir-Keeler contractive mapping,
(v) if {x,} is a sequence in X5 such that, (x,, x,+1) € E(G) for alln € NU {0} and x,, - x asn — oo,
then we have (x,, x) € E(G) for all n € N U {0}.

Then T has a fixed point 7 € X. Further, if (x,y) € E(G) for all x,y € Fix(T), then T has a unique fixed
point.

Proof. Consider the following:

x.9) 1, (x,y) € E@G),
a(x,y) =
Y 0, otherwise.

If we apply Theorem 2.11, the proof is completed. O
4. Some Meir-Keeler type fixed point results in EMbM spaces endowed with a partial order

The existence of fixed points in partially ordered sets has been considered in [1]. Let X5 be a
nonempty set. If X5 be a modular p-metric space and (X3, <) be a partially ordered set, then X5 be
called a partially ordered modular p-metric space. Two elements x,y € X; are called comparable if
x <yory =< xholds. A mapping T : X; — X5 is said to be non-decreasing if x < y implies Tx < Ty
for all x,y € X5.

In this section, we will show that many Meir-Keeler type fixed point results in modular metric
spaces endowed with a partial order < can be deduced easily from our presented theorems.
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Definition 4.1. Let (X5, <) be a partially ordered modular p-metric space and T a self-mapping on X5.
We say that T is a v-Meir-Keeler contraction if for each € > 0 there exists §(€) > 0 such that

Ql'(e) <Vi(x,y) < QN e)+ Q') and x <y

imply V(T (x), T(y)) < Q7 '(¢) for any x,y € Xyand all 2 > 0. Then by Remark 2.7, if partially ordered
modular p-metric space is v-regular, we have vV (Fx, Fy) <v,(x,y).

Theorem 4.2. Let (X+, <) be av-complete partially ordered modular p-metric space which is v-regular
and T : X5 — X5 a self-mapping. Assume that the following assertions hold:

(i) there exists xo € X, such that xq < T x,
(ii) T is v-continuous,
(iii) T is an increasing mapping,
(iv) T is a partially v-Meir-Keeler contractive mapping.

Then T has a fixed point 7 € X. Moreover, if x <y for all x,y € Fix(T), then T has a unique fixed point.

Proof. Let
I, x=<y,

0, otherwise,

and apply Theorem 2.8. o

Theorem 4.3. Let (X5, <) be av-complete partially ordered modular p-metric space which is v-regular
and T : X5 — X5 a self-mapping. Assume that the following assertions hold:

(i) there exists xo € X5 such that xo < T x,
(ii) T is v-continuous,
(iii) T is an increasing mapping,
(iv) T is a partially v-Meir-Keeler contractive mapping.
(v) if {x,} be an increasing sequence in Xy with x, — x as n — oo, then we have x, < x for all
n e NU{0}

Then T has a fixed point z € X. Also, if x <y for all x,y € Fix(T), then T has a unique fixed point.

Proof. 1f we consider
I, x=<y,

a(x,y) = {

0, otherwise,
then the proof is completed by Theorem 2.11. O

5. Relation between extended modular h-metric spaces and extended fuzzy H>-metric spaces

Fuzzy metric space was introduced by Kramosil and Michalek [24]. Subsequently, George and
Veeramani gave a modified definition of fuzzy metric spaces [15].
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Definition 5.1. [15] A binary operation = : [0, 1] X [0, 1] — [0, 1] is a continuous t-norm if it satisfies
the following conditions:

(1) = 1is associative and commutative,

(2) = is continuous,

B3)ax1=aforallac€[0,1],

(4) axb <c+dwhenevera <cand b <d, foreacha,b,c,d € [0, 1].

Two typical examples of continuous t-norm are a * b = ab and a * b = min(a, b).

Definition 5.2. [15] A 3-tuple (X, M, ) is called a fuzzy metric space (in the sense of George and
Veeramani) if X is an arbitrary (non-empty) set, * is a continuous t-norm, and M is a fuzzy set on
X X X % (0, 00), satisfying the following conditions for each x,y,z € X and t, s > O:

(1) M(x,y, 1) >0,

(2) M(x,y,t) = 1ifand only if x = y,

(3) M(x,y, 1) = M(y, x,1),

4) M(x,y,t) =« M(y,z,5) < M(x,z,t + ),

(5) M(x,y,-) :(0,00) — [0, 1] is continuous.

In [19], Hussain and Salimi presented the relationship between modular metrics and fuzzy metrics
and deduced certain fixed point results in triangular partially ordered fuzzy metric spaces.

Definition 5.3. [18] A fuzzy b-metric space is an ordered triple (X, B, x) such that X is a nonempty
set, % is a continuous t-norm and B is a fuzzy set on X X X X (0, o) satisfying the following conditions,
for all x,y,z € X and forall ¢, s > O:

(F1) B(x,y,t) >0,

(F2) B(x,y,t) = 1ifand only if x =y,

(F3) B(x,y,1) = B(y, x,1),

(F4) B(x,y,t) * B(y,z,s) < B(x,z,b(t + s)) where b > 1,
(F5) B(x,y,") : (0,00) — (0, 1] is left-continuous.

Definition 5.4. [19] An extended fuzzy b-metric space is an ordered quadruple (X, B, x, Q) such that
X is a nonempty set, x is a continuous t-norm and B is a fuzzy set on X X X X (0, +00) satisfying the
following conditions, for all x,y,z € X and for all ¢, s > O:

(F1) B(x,y,t) >0,

(F2) B(x,y,t) = 1if and only if x =y,

(F3) B(x,y,1) = B(y, x,1),

(F4) B(x,y,t) *x B(y,z,s) < B(x,z, Q(t + 5)),

(F5) B(x,y,") : (0,+0c0) — (0, 1] is left continuous.

Definition 5.5. [19] The extended fuzzy b-metric space (X, B, %, Q) is called triangular whenever

1

——-1<Q
B(x,y,1) =9l

— 1
B(x,z,1) B(z,y,1) |

for all x,y,z € X and for all ¢ > 0.
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Definition 5.6. [36] Let X be a nonempty set and » > 1. A mapping v : (0,00) X X X X — [0, o) is
called a modular b-metric, if for all x,y,z € X and 4, u > 0, we have the following assertions:

(1) valxe, ) =0 iff x=y,

(2) va(x,y) = va(y, x),

(3) varu(x,y) < blua(x, 2) + vu(z, )]

Remark 5.77. [36] Let (X, B, %) be a triangular fuzzy b-metric space. Define v : X X X X (0, c0) — [0, 00)
by v(x,y,t) = b[3(+y,t) — 1]. Then v is a modular b-metric.

Remark 5.8. [17] Let (X, B, %, Q) be a triangular extended fuzzy b-metric space. Define the mapping

v: XXX X(0,00) > [0,00) by v(x,y,1) = Q[B( ! 5 1]. Then v is an extended modular b-metric.
'x’y’

Motivated by Remark 2 of [36], we present the following Lemma.

Lemma 5.9. Let X be a nonempty set and v : (0,00) X X X X — [0, 00) a modular b-metric for all
x,yeXandt>O0. Let axc = ac forall a,c € [0, 1] and B the fuzzy set on X X X X (0, +00) defined by

vr(x.y)

B(x,y,t) =exp ¢

where v is modular b-metric on set X. Then (X, B, %) is a fuzzy b-metric space.

Proof. 1t is clear from the definition that B(x, y, ¢) is well defined for each x,y € X and ¢ > 0.
(1) B(x,y,t) > 0 forall x,y € X and ¢ > 0 is trivial.
(1) B(x,y,t) =1 © v(x,y)=0forallt >0 o x =y.
(iii) B(x,y, 1) = exp~ """ = exp™ ™" = B(y, x, ).
(iv) Since the function 4 — v,(x, y) is nonincreasing on (0, c0), we have

_ Ub(t+s) (%)
B(x,y,b(t +5)) = exp 9
_ blup(x2)+vps(@))] _ Up () +up(zy)
2 exp b(t+s) = exp t+s
_ (02 +vs(z,y)
2 exp t+s

vr(x,2) _uszy)

exp_ +s _exp +s

vt (x.2) _us@y)

exp ' .exp ¢
B(x,z,1) * B(z,, 5)

W%

This proves that B is a fuzzy b-metric on X. O

Now we define the notion of a B-Meir-Keeler contractive mapping as follows.
Definition 5.10. Let (X3, B, *, Q) be a triangular extended fuzzy b-metric space and T a self-mapping

on Xz. We say that T is B-Meir-Keeler contractive if for each € > 0 there exists 6(e) > 0 such that

-1 < Q(e) + Q(6(e)) implies Il <e 5.1

e<—— —_—— -
B(x,y,1) B(Tx,Ty,t)
for any x,y € Xzand all # > 0.
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A fuzzy metric Bon X is called regular if
x=y ifandonlyif B(x,y,f)=1 forsome > 0.

Now it is easy to prove the following theorems for B-Meir-Keeler contractive.

Theorem 5.11. Let (X3, B, *, Q) be a E—regular E—complete fuzzy p-metric space and T : Xz — Xz a
self-mapping. Assume that the following assertions hold:

(i) Tisa B-Meir-Keeler contraction,
(ii) T is a B-continuous mapping.

Then T has a unique fixed point z € Xz.

Proof. We define v,(x,y) = Q[ for every x,y € Xz where ¢t > 0. Then by Remark 5.8, v is an

—1 —_—

B(x,y,t) 1]
extended modular b-metric and X5 is a v regular v-complete modular p-metric space. Hence all of the
conditions of Theorem 2.8 hold and T" has a unique fixed point z € X3. m|

In the next, we define the concept of B*-Meir-Keeler contractive map as follows:
Definition 5.12. Let Xz be a fuzzy b-metric space and T a self-mapping on Xz. We say that T is

B*-Meir-Keeler contractive if for each € > 0 there exists 6(e) > 0 such that

— 1 < se + 56(€) implies 1 <e, (5.2)

€< —— __
B(x,y,1) B(Tx,Ty,t)
forany x, y € Xzand all r > 0.
If we set Q(¢) = t in Theorem 5.11, we have the following Theorem.

Theorem 5.13. Let X3, be a Es—regular Es—complete fuzzy b-metric space and T : X3, — Xz, a self-
mapping. Assume that the following assertions hold:

(i) T is B*-Meir-Keeler contractive,
(iv) T is a B*-continuous mapping.

Then T has a unique fixed point z € Xz.
6. Existence theorem for solutions of Volterra-type integral equations

Consider the integral equation

b
x(1) = f f(t,r,x(r)dr, tel=]a,b], (6.1)

where f : I X I X R — R is a given function. The purpose of this section is to provide an existence
theorem for solutions of the Eq (6.1) that belongs to X = C(/,R) (the set of continuous real functions
defined on I), via the result obtained in Theorem 4.2. With this application, we develop a new and
effective approach instead of the classical fixed point viewpoint to the solution of Volterra equations.
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We endow X with the partial order < given by
x<y&c x(t) <y(t), foralltel.

For x € X define
[|x]|e = max |x(7)].
tel

Note that (X, || - ||) is @ Banach space. The modular metric induced by this norm is given by

llx = Ylleo |x(1) = y(@)
valx,y) = T = max ————,

for all x,y € X.
Define F : X — X by

b
F(x(t)) = f ft,r,x(r))dr, xeX, tel.
Clearly, a function u € X is a solution of (1.3) if and only if it is a fixed point of F.
We will consider the Eq (1.3) under the following assumptions:

(i) if x <y, then
f(t,r,x(r)) < f(t,r,y(r)), forall t,r € I.

(ii) For all x,y € X with x <y, and for all 7 € I,

r

(iti) There exists a continuous function x, : / — R such that

l1x = Ylleo
B

f@,r,x(r) = f(t,r,y(r)|dr) <

b
xo() < f ft,r,xo(r))dr, tel.

Theorem 6.1. Under assumptions (i)—(iii), the Eq (1.3) has a solution in X, where X = C(I,R).

Proof. 1t follows from (ii) that the mapping F is non-decreasing. Now, let € > 0 be arbitrary and
choose ¢ < £. In this case, if vy(x,y) < € + 6, then for all t € I,

|[Fx(t) — Fy()
A

x=lle _Valry) _
22 2

1 b
<3 f £t 7, x(r)) = ft, 7, y(r)| dr < |

Hence, we get that
Vi(Fx, Fy) <e.

Let x( be the function appearing in assumption (iii). Then we get xy < F(x(). Thus, all the assumptions
of Theorem 4.2 are fulfilled and we deduce the existence of u € X such that u = F(u). O
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7. Conclusions and future works

In this paper, we introduced the concept of extended modular b-metric spaces which induced the
notion of extended fuzzy b-metric space. The authors encourage the readers to work on cone versions
of these new structures. There are many contractive conditions which can be investigated in these new
spaces. The properties of the set Fix(7T") also can be considered.
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