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1. Introduction

In the past years, many generalizations of metric spaces were introduced and discussed. These
generalizations are embodies mainly in two directions: metric value-domains and metric axioms.

For metric value-domains, Du [13] generalized them from the set of all nonnegative real numbers
to cones of ordered topological vector spaces. The following two definitions give well-known cone
definition and partial orderings on cones respectively (for example, see [13]).

Definition 1.1. Let E be a topological vector space with its zero vector θ. A subset P of E is called a
tvs-cone in E if the following are satisfied.

(1) P is non-empty and closed in E.
(2) α, β ∈ P and a, b ∈ [0,+∞) imply aα + bβ ∈ P.
(3) α,−α ∈ P imply α = θ.

Definition 1.2. Let P be a tvs-cone in a topological vector space E and P◦ denote the interior of P in
E. Some partial orderings �, ≺ and� on E with respect to P are defined as follows, respectively. Let
α, β ∈ E.
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(1) α � β if β − α ∈ P.
(2) α ≺ β if α � β and α , β.
(3) α � β if β − α ∈ P◦.
Then the pair (E, P) is called an ordered topological vector space.

Definition 1.3 ( [13]). Let X be a non-empty set and (E, P) be an ordered topological vector space
with its zero vector θ. A mapping d : X × X −→ P is called a tvs-cone metric and (X, d) is called a
tvs-cone metric space if the following are satisfied for all x, y, z ∈ X.

(1) d(x, y) = θ if and only if x = y.
(2) d(x, y) = d(y, x).
(3) d(x, y) � d(x, z) + d(z, y).

Definition 1.4 ( [12]). Let X be a non-empty set. A mapping d : X×X −→ [0,+∞) is called a b-metric
with coefficient s ≥ 1 and (X, d) is called a b-metric space (with coefficient s ≥ 1) if the following are
satisfied for all x, y, z ∈ X.

(1) d(x, y) = 0 if and only if x = y.
(2) d(x, y) = d(y, x).
(3) d(x, y) � s(d(x, z) + d(z, y)).

Definition 1.5 ( [9]). Let X be a non-empty set. A mapping p : X × X −→ [0,+∞) is called a partial
metric and (X, d) is called a partial metric space if the following are satisfied for all x, y, z ∈ X.

(1) x = y if and only if d(x, x) = d(y, y) = d(x, y).
(2) d(x, y) = d(y, x).
(3) d(x, x) � d(x, y).
(4) d(x, z) � d(x, y) + d(y, z) − d(y, y).

Recently, these generalizations of metric spaces had aroused popular attentions and some
classical fixed point results, including Banach’s contraction principle and Kannan type fixed point
theorem, as well as the other types fixed point results (e.g. see [33]), had been generalized to
these spaces. In particular, many interesting results around (tvs-)cone metric spaces (for example,
see [1, 3–6, 13, 15, 20–25, 27, 31]), b-metric spaces (for example, see [8, 10–12, 14, 18, 35–37]) and
partial metric spaces (for example, see [2, 7, 9, 19, 28–30, 34, 36]) are obtained. Naturally, it is
interesting to propose a unified approach to these fixed point results. For this purpose, the following
generalized metric spaces are introduced as a common generalization of tvs-cone metric spaces,
b-metric spaces and partial metric spaces.

Definition 1.6. Let X be a non-empty set and (E, P) be an ordered topological vector space with its
zero vector θ. A mapping d : X × X −→ P is called a generalized metric with coefficient s ≥ 1 and
(X, d) is called a generalized metric space with coefficient s ≥ 1 if the following are satisfied for all
x, y, z ∈ X.

(1) x = y if and only if d(x, x) = d(y, y) = d(x, y).
(2) d(x, y) = d(y, x).
(3) d(x, x) � d(x, y).
(4) d(x, z) � s(d(x, y) + d(y, z)) − d(y, y).
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Remark 1.7. (1) Generalized metric spaces in this paper is a common generalization of tvs-cone
metric spaces, b-metric spaces and partial metric spaces, which are described as in Definition 1.6 and
different from generalized metric spaces in [17].

(2) Let (X, d) be a generalized metric space. If x, y ∈ X and d(x, y) = θ, then x = y. In fact,
d(x, x) � d(x, y) by Definition 1.6(3), so θ � d(x, x) � θ. It follows that d(x, x) = θ. Similarly,
d(y, y) = θ. Consequently, d(x, x) = d(y, y) = d(x, y). By Definition 1.6(1), x = y.

(3) For a generalized metric space (X, d), x = y ∈ X need not imply d(x, y) = θ. In fact, let (E, P) be
an ordered topological vector space and X = {1, 2}. Pick α ∈ P◦, then α , θ. Put d(1, 1) = d(1, 2) =

d(2, 1) = α and d(2, 2) = θ. Then (X, d) is a generalized metric space with coefficient s = 1 and
d(1, 1) , θ.

In this paper, we investigate generalized metric spaces and prove some fixed point theorems on
generalized metric spaces. These results give Banach’s contraction principle and Kannan type fixed
point theorem, as well as other types fixed point results on generalized metric spaces, respectively.

Throughout this paper, N, R, R+ and R∗ denote the set of all natural numbers, the set of all real
numbers, the set of all positive real numbers and the set of all nonnegative real numbers, respectively.

2. Ordered topological vector spaces

Remark 2.1 ( [27]). Let (E, P) be an ordered topological vector space.
(1) It is known that θ ∈ P − P◦, and we always suppose P◦ , ∅.
(2) For α, α1, α2, · · · , αn ∈ E, we use notation α � max{α1, α2, · · · , αn} to denote α � αi for some

i = 1, 2, · · · , n.
(3) For the sake of conveniences, we also use notations “�”, “�” and “�” in (E, P). The meanings

of these notations are clear and the following hold.
(a) α � β if and only if α − β � θ if and only if α − β ∈ P.
(b) α � β if and only if α − β � θ if and only if α − β ∈ P − {θ}.
(c) α � β if and only if α − β � θ if and only if α − β ∈ P◦.
(d) α � β implies α � β implies α � β.

Lemma 2.2 ( [27]). Let (E, P) be an ordered topological vector space. Then the following hold.
(1) If α � θ, then rα � θ for each r ∈ R+.

(2) If α � θ, then α �
1
2
α � · · · �

1
n
α � · · · � θ.

(3) If α1 � β1 and α2 � β2, then α1 + α2 � β1 + β2.
(4) If α � β � γ or α � β � γ, then α � γ.

(5) If α � θ and β ∈ E, then there is n ∈ N such that
1
n
β � α.

(6) If α � θ and β � θ, then there is γ � θ such that γ � α and γ � β.

In order to investigate the convergence for sequences in generalized metric spaces, we need to
introduce the convergence for sequences in ordered topological vector spaces, which is different from
the convergence for sequences in topological vector spaces.

Definition 2.3. Let (E, P) be an ordered topological vector space, {αn} be a sequence in E and α ∈ E.
{αn} is called to converges to α in (E, P) if for any ε � θ, there is n0 ∈ N such that α− ε � αn � α+ ε

for all n > n0. We denote this by l̂im
n→+∞

αn = α.
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Lemma 2.4. Let (E, P) be an ordered topological vector space, {αn} be a sequence in E and α ∈ E. If
lim

n→+∞
αn = α, then l̂im

n→+∞
αn = α.

Proof. Assume that lim
n→+∞

αn = α. Let ε � θ, i.e., ε ∈ P◦. Then there is a neighborhood U of ε in E
such that U ⊆ P◦. Put U1 = α + ε −U and U2 = U + α − ε, then U1 and U2 are neighborhoods of α in
E. Since {αn} converges to α, there is n0 ∈ N such that αn ∈ U1

⋂
U2 for all n > n0. Let n > n0.

(1) Since αn ∈ U1, αn = α + ε − βn for some βn ∈ U. It follows that α + ε − αn = βn ∈ U ⊆ P◦. So
α + ε − αn � θ, i.e., αn � α + ε.

(2) Since αn ∈ U2, αn = γn + α − ε for some γn ∈ U. It follows that αn − α + ε = γn ∈ U ⊆ P◦. So
αn − α + ε � θ, i.e., αn � α − ε.

By the above (1) and (2), α − ε � αn � α + ε for all n > n0. So l̂im
n→+∞

αn = α. �

Remark 2.5. In the proof of [20, Lemma 2.4], Z. Kadelburg, S. Radenovic and V. Rakocevic showed
that Lemma 2.4 can not be reverted even if (E, P) is an ordered Banach space.

Lemma 2.6. Let (E, P) be an ordered topological vector space, {αn} and {βn} be sequences in E,
l̂im

n→+∞
αn = α and l̂im

n→+∞
βn = β. Then l̂im

n→+∞
(αn ± βn) = α ± β.

Proof. Let ε � θ. Since l̂im
n→+∞

αn = α and l̂im
n→+∞

βn = β, there is n0 ∈ N such that α −
ε

2
� αn � α +

ε

2
and β −

ε

2
� βn � β +

ε

2
for all n > n0. It follows that α ± β − ε � αn ± βn � α ± β + ε for all n > n0.

So l̂im
n→+∞

(αn ± βn) = α ± β. �

Lemma 2.7. Let (E, P) be an ordered topological vector space, {αn} and {βn} be sequences in E. Then
the following hold.

(1) Let αn � βn for all n ∈ N. If l̂im
n→+∞

αn = α and l̂im
n→+∞

βn = β, then α � β.

(2) Let αn � βn � γn for all n ∈ N. If l̂im
n→+∞

αn = l̂im
n→+∞

γn = α, then l̂im
n→+∞

βn = α.

Proof. (1) For each n ∈ N, put γn = αn − βn, then γn � θ and l̂im
n→+∞

γn = α − β from Lemma 2.6. Put
γ = α − β. It suffices to prove that γ � θ. At first, we claim that if U is a neighborhood of θ, then there

is ε � θ such that ε ∈ U. In fact, pick δ � θ, then lim
n→+∞

δ

n
= θ. So there is n0 ∈ N such that

δ

n0
∈ U.

Put ε =
δ

n0
, then ε � θ and ε ∈ U. Now we prove that γ � θ. If not, then γ < P, hence there is a

neighborhood V of γ such that V
⋂

P = ∅ since P is closed. Note that l̂im
n→+∞

γn = γ and γn � θ for all
n ∈ N. For any ε � θ, γ + ε � γn � θ for some n ∈ N, hence γ + ε ∈ P. On the other hand, V − γ is a
neighborhood of θ. By the above claim, there is ε0 � θ such that ε0 ∈ V − γ. It follows that γ+ ε0 ∈ V ,
hence γ + ε0 < P. This contradicts that γ + ε ∈ P for any ε � θ.

(2) Let ε � θ. Since l̂im
n→+∞

αn = l̂im
n→+∞

γn = α, there is n0 ∈ N such that α − ε � αn � α + ε and

α−ε � γn � α+ε for all n > n0. It follows that α−ε � βn � α+ε for all n > n0. So l̂im
n→+∞

βn = α. �
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3. The main results

At first, we give a relation between the convergence for sequences in generalized metric spaces and
the convergence for sequences in ordered topological vector spaces.

Definition 3.1. Let (X, d) be a generalized metric space. A sequence {xn} in X is said to converge to
x in (X, d) if for any ε � θ, there is n0 ∈ N such that d(x, xn) � d(x, x) + ε for all n > n0, which is
denoted by lim

n→+∞
xn = x.

Proposition 3.2. Let (X, d) be a generalized metric space, {xn} be a sequence in X and x ∈ X. Then
the following are equivalent.

(1) lim
n→+∞

xn = x.

(2) l̂im
n→+∞

d(x, xn) = d(x, x).

Proof. (1) =⇒ (2): Assume that lim
n→+∞

xn = x. Let ε � θ. Then there is n0 ∈ N such that d(x, xn) �

d(x, x)+ε for all n > n0. It follows that d(x, x)−ε � d(x, x) � d(x, xn) � d(x, x)+ε. So l̂im
n→+∞

d(x, xn) =

d(x, x).
(2) =⇒ (1): Assume that l̂im

n→+∞
d(x, xn) = d(x, x). Let ε � θ. Then there is n0 ∈ N such that

d(x, x) − ε � d(x, xn) � d(x, x) + ε for all n > n0. So lim
n→+∞

xn = x. �

Definition 3.3 ( [36]). Let (X, d) be a generalized metric space and {xn} be a sequence in X.
(1) {xn} is called a Cauchy sequence in (X, d) if there is α ∈ E, such that l̂im

n,m→+∞
d(xn, xm) = α, i.e.,

for any ε � θ, there is n0 ∈ N such that α − ε � d(xn, xm) � α + ε for all n,m > n0.
(2) (X, d) is called to be complete if for each Cauchy sequence {xn}, there is x ∈ X such that

d(x, x) = l̂im
n→+∞

d(x, xn) = l̂im
n,m→+∞

d(xn, xm).

Definition 3.4. Let (X, d) be a generalized metric space with coefficient s ≥ 1 and T : X −→ X be a
mapping. x ∈ X is called a fixed point of T if T x = x. We denote the set of fixed points of T by Fix(T )
and cardinal of Fix(T ) by |Fix(T )|.

Now we give Banach’s contraction principleon generalized metric spaces.

Theorem 3.5. Let (X, d) be a complete generalized metric space with coefficient s ≥ 1 and let T :
X −→ X be a mapping such that d(T x,Ty) � λd(x, y) for all x, y ∈ X, where λ ∈ [0, 1). Then T has a
unique fixed point x ∈ X and d(x, x) = θ.

Proof. Pick n0 ∈ N such that λn0 ≤ λ/s < 1. Write k = λ/s and put F = T n0 . It is clear that
d(Fx, Fy) = d(T n0 x,T n0y) � λn0d(x, y) � kd(x, y) for all x, y ∈ X.

Claim 1: If Fix(F) , ∅, then |Fix(F)| = 1.
Let Fix(F) , ∅. If x, y ∈ Fix(F), i.e., x, y ∈ X, Fx = x and Fy = y, then d(x, y) = d(Fx, Fy) �

kd(x, y). If d(x, y) , θ, then d(x, y) � θ, hence d(x, y) � kd(x, y) ≺ d(x, y). This is a contradiction. So
d(x, y) = θ. It follows that x = y from Remark 1.7(2). This shows that |Fix(F)| = 1.

Claim 2: There is x ∈ Fix(F) such that d(x, x) = θ.
Pick x0 ∈ X and put xn = Fxn−1 for each n ∈ N. Without loss of generality, we assume that for

all i, j ∈ N and i , j, xi , x j, and so d(xi, x j) � θ. Note that d(x1, x2) = d(Fx0, Fx1) � kd(x0, x1)
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and d(x2, x3) = d(Fx1, Fx2) � kd(x1, x2) � k2d(x0, x1). By induction, d(xn, xn+1) � knd(x0, x1) for each
n ∈ N. Let m ∈ N, then

θ � d(xn, xn+m)

� s(d(xn, xn+1) + s2d(xn+1, xn+2) + · · · + sm−1d(xn+m−2, xn+m−1 + sm−1d(xn+m−1, xn+m)

� skn(d(x0, x1) + s2kn+1d(x0, x1) + · · · + sm−1kn+m−2d(x0, x1) + sm−1kn+m−1d(x0, x1)

�
λn

sn−1 d(x0, x1) +
λn+1

sn−1 d(x0, x1) + · · · +
λn+m−2

sn−1 d(x0, x1) +
λn+m−1

sn d(x0, x1)

� λnd(x0, x1) + λn+1d(x0, x1) + · · · + λn+m−1d(x0, x1)

= (λn + λn+1 + · · · + λn+m−1)d(x0, x1)

�
λn

1 − λ
d(x0, x1).

Since λ ∈ [0, 1), lim
n→+∞

λn

1 − λ
= 0, and hence lim

n→+∞

λn

1 − λ
d(x0, x1) = θ. By Lemma 2.4 and Lemma

2.7(2), l̂im
n,m→+∞

d(xn, xm) = θ. So {xn} is a Cauchy sequence in (X, d). It follows that there is x ∈ X

such that d(x, x) = l̂im
n→+∞

d(x, xn) = l̂im
n→+∞

d(xn, xn) = θ by the completeness of (X, d). Furthermore,

θ � d(xn, Fx) = d(Fxn−1, Fx) � kd(xn−1, x). By Lemma 2.7(2), l̂im
n→+∞

d(xn, Fx) = θ. It follows that
θ � d(x, Fx) � s(d(x, xn) + d(xn, Fx)) − d(xn, xn). By Lemma 2.6 and Lemma 2.7(2), d(x, Fx) = θ. By
Remark 1.7(2), x = Fx, i.e., x is a fixed point for F. This proves that x ∈ Fix(F) and d(x, x) = θ.

Claim 3: x ∈ Fix(T ) and |Fix(T )| = 1.
It is clear that F(T x) = T (Fx) = T x. So T x is also a fixed point of F, i.e., T x ∈ Fix(F). By

Claim 1 and Claim 2, T x = x. This proves that x is the fixed point of T , i.e., x ∈ Fix(T ). Note that
Fix(T ) ⊆ Fix(F). |Fix(T )| = 1 from Claim 1.

By Claim 2 and Claim 3, T has a unique fixed point x ∈ X and d(x, x) = θ. �

The following theorem gives a Kannan type [26] fixed point result on generalized metric spaces.

Theorem 3.6. Let (X, d) be a complete generalized metric space with coefficient s ≥ 1 and let T :

X −→ X be a mapping such that d(T x,Ty) � λ(d(x,T x) + d(y,Ty)) for all x, y ∈ X, where λ ∈ [0,
1
2

)
and λs < 1. Then T has a unique fixed point x ∈ X and d(x, x) = θ.

Proof. We complete the proof by the following three claims.
Claim 1: If x ∈ Fix(T ), then d(x, x) = θ.
Let x be a fixed point of T , i.e., x ∈ X and T x = x. If d(x, x) , θ, then d(x, x) � θ. Since

2λ < 1, d(x, x) = d(T x,T x) � λ(d(x,T x) + d(x,T x)) = 2λd(x,T x) = 2λd(x, x) ≺ d(x, x). This is a
contradiction. So d(x, x) = θ.

Claim 2: If Fix(T ) , ∅, then |Fix(T )| = 1.
Let Fix(T ) , ∅. If x, y ∈ Fix(T ), i.e., x, y ∈ X, T x = x and Ty = y. By Claim 1, d(x, x) = d(y, y) = θ.

It follows that d(x, y) = d(T x,Ty) � λ(d(x,T x) + d(y,Ty)) = λ(d(x, x) + d(y, y)) = θ. So x = y from
Remark 1.7(2). This shows that |Fix(T )| = 1.

Claim 3: There is x ∈ Fix(T ).
Pick x0 ∈ X and put xn = T xn−1 for each n ∈ N. Without loss of generality, we assume that for all

i, j ∈ N and i , j, xi , x j, and so d(xi, x j) � θ. For each n ∈ N,
d(xn, xn+1) = d(T xn−1,T xn) � λ(d(xn−1,T xn−1) + d(xn,T xn)) = λ(d(xn−1, xn) + d(xn, xn+1)), and hence
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d(xn, xn+1) � µd(xn−1, xn), where µ =
λ

1 − λ
< 1. It is easy to see that θ � d(xn, xn+1) � µnd(x0, x1) for

each n ∈ N. Since lim
n→+∞

µn = 0, lim
n→+∞

µnd(x0, x1) = θ. By Lemma 2.4 and Lemma 2.7(2),

l̂im
n→+∞

d(xn, xn+1) = θ. Let n,m ∈ N. Then
θ � d(xn, xm) = d(T xn−1,T xm−1) � λ(d(xn−1,T xn−1) + d(xm−1,T xm−1)) = λ(d(xn−1, xn) + d(xm−1, xm)).
Since l̂im

n,m→+∞
λ(d(xn−1, xn) + d(xm−1, xm)) = θ, l̂im

n,m→+∞
d(xn, xm) = θ from Lemma 2.7(2). So {xn} is a

Cauchy sequence in (X, d). It follows that there is x ∈ X such that
d(x, x) = l̂im

n→+∞
d(x, xn) = l̂im

n→+∞
d(xn, xn) = θ from the completeness of (X, d). By

d(x,T x) � sd(x, xn) + sd(xn,T x) and
θ � d(xn,T x) = d(T xn−1,T x) � λ(d(xn−1,T xn−1) + d(x,T x)) = λ(d(xn−1, xn) + d(x,T x)), we have
d(x,T x) � sd(x, xn) + sλ(d(xn−1, xn) + d(x,T x)). By Lemma 2.7(1),
l̂im

n→+∞
d(x,T x) � l̂im

n→+∞
(sd(x, xn) + sλ(d(xn−1, xn) + d(x,T x))), i.e., d(x,T x) � sλd(x,T x). If

d(x,T x) , θ, then d(x,T x) � θ. Note that sλ < 1. So d(x,T x) ≺ sλd(x,T x). This is a contradiction.
So d(x,T x) = θ. It follows that T x = x from Remark 1.7(2), i.e., x is the fixed point of T . �

The following theorem gives a fixed point result on generalized metric spaces, which
generalizes [36, Theorem 3] from partial b-metric spaces to generalized metric spaces.

Theorem 3.7. Let (X, d) be a complete generalized metric space with coefficient s ≥ 1 and let T :
X −→ X be a mapping such that d(T x,Ty) � λmax{d(x, y), d(x,T x), d(y,Ty)} for all x, y ∈ X, where

λ ∈ [0,
1
s

). Then T has a unique fixed point x ∈ X and d(x, x) = θ.

Proof. We complete the proof by the following two claims.
Claim 1: If Fix(T ) , ∅, then |Fix(T )| = 1.
Let Fix(T ) , ∅. If x, y ∈ Fix(T ), i.e., x, y ∈ X, T x = x and Ty = y, then d(x, y) = d(T x,Ty) �

λmax{d(x, y), d(x,T x), d(y,Ty)} = λmax{d(x, y), d(x, x), d(y, y)} = λd(x, y). It follows that d(x, y) = 0
since λ < 1. By Remark 1.7(2), x = y. So |Fix(T )| = 1.

Claim 2: There is x ∈ Fix(T ) such that d(x, x) = θ.
Pick x0 ∈ X and put xn = T xn−1 for each n ∈ N. Without loss of generality, we assume that for all

i, j ∈ N and i , j, xi , x j, and so d(xi, x j) � θ. For each n ∈ N,
d(xn, xn+1) = d(T xn−1,T xn) � λmax{d(xn−1, xn), d(xn−1,T xn−1), d(xn,T xn)} =

λmax{d(xn−1, xn), d(xn−1, xn), d(xn, xn+1)} = λmax{d(xn−1, xn), d(xn, xn+1)}. It follows that
d(xn, xn+1) � λd(xn, xn+1) or d(xn, xn+1) � λd(xn−1, xn). If d(xn, xn+1) � λd(xn, xn+1), then
d(xn, xn+1) ≺ d(xn, xn+1). This is a contradiction. So d(xn, xn+1) � λd(xn−1, xn) � λnd(x0, x1). Note that
0 � sλ < 1. Let n,m ∈ N, then

θ � d(xn, xn+m)

� sd(xn, xn+1) + s2d(xn+1, xn+2) + · · · + sm−1d(xn+m−2, xn+m−1) + sm−1d(xn+m−1, xn+m)

� sλn(d(x0, x1) + s2λn+1d(x0, x1) + · · · + sm−1λn+m−2d(x0, x1) + smλn+m−1d(x0, x1)

� (sλn + s2λn+1 + · · · + sm−1λn+m−2 + smλn+m−1)d(x0, x1).

�
sλn

1 − sλ
d(x0, x1).

Since 0 ≤ λ ≤ sλ < 1, lim
n→+∞

sλn

1 − sλ
= 0, and hence lim

n→+∞

sλn

1 − sλ
d(x0, x1) = θ. By Lemma 2.4 and
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Lemma 2.7(2), l̂im
n,m→+∞

d(xn, xm) = θ. So {xn} is a Cauchy sequence in (X, d). Since (X, d) is complete,

there is x ∈ X such that d(x, x) = l̂im
n→+∞

d(x, xn) = l̂im
n→+∞

d(xn, xn) = θ. It is clear that d(xn,T x) =

d(T xn−1,T x) � λmax{d(xn−1, x), d(xn−1,T xn−1), d(x,T x)} = λmax{d(xn−1, x), d(xn−1, xn), d(x,T x)}.
Therefore, d(x,T x) � s(d(x, xn) + d(xn,T x)) � s(d(x, xn) + λmax{d(xn−1, x), d(xn−1, xn), d(x,T x)}).
Thus, lim

n→+∞
d(x,T x) � lim

n→+∞
s(d(x, xn) + λmax{d(xn−1, x), d(xn−1, xn), d(x,T x)}) by Lemma 2.7(1), and

so d(x,T x) � sλd(x,T x). Since sλ < 1, d(x,T x) = θ. By Remark 1.7(2), x = T x. This proves that
x ∈ Fix(T ) and d(x, x) = θ. �

As an application of Theorem 3.7, the following corollary generalizes a fixed point result in [32]
from metric spaces to generalized metric spaces.

Corollary 3.8. Let (X, d) be a complete generalized metric space with coefficient s ≥ 1 and let T :
X −→ X be a mapping such that d(T x,Ty) � λ1d(x, y) + λ2d(x,T x) + λ3d(y,Ty) for all x, y ∈ X, where

λ1 + λ2 + λ3 ∈ [0,
1
s

). Then T has a unique fixed point x ∈ X and d(x, x) = θ.

Proof. Put λ = λ1 + λ2 + λ3, then λ ∈ [0,
1
s

). For all x, y ∈ X,
d(T x,Ty) � λ1d(x, y) + λ2d(x,T x) + λ3d(y,Ty) � λ1 max{d(x, y), d(x,T x), d(y,Ty)} +

λ2 max{d(x, y), d(x,T x), d(y,Ty)} + λ3 max{d(x, y), d(x,T x), d(y,Ty)} =

(λ1 + λ2 + λ3) max{d(x, y), d(x,T x), d(y,Ty)} = λmax{d(x, y), d(x,T x), d(y,Ty)}. By Theorem 3.7, T
has a unique fixed point x ∈ X and d(x, x) = θ. �

4. Some examples

In this section, we give some examples to verify our results. The following Lemma is similar
to [36, Example 1], we omit its proof.

Lemma 4.1. Let (E, P) be a ordered topological vector space and ε ∈ P◦. Put X = R∗, where
R∗ is the set of all nonnegative real numbers. For n ∈ N, define dn : X × X −→ P by dn(x, y) =

((max{x, y})n + |x − y|n)ε. Then (X, dn) is a generalized metric space with coefficient s = 2n−1.

The following example verifies Theorem 3.5.

Example 4.2. Let E = {(x, y) : x, y ∈ R} and P = {(x, y) : x, y ∈ R∗}. Then (E, P) is an ordered
topological vector space. Put X = {0, 1, 2}. Define d : X × X −→ P by d(x, y) = (max{x, y} + |x − y|)ε,
where ε = (1, 1) ∈ P◦. Then

d(0, 0) = θ, d(1, 1) = ε, d(2, 2) = 2ε,

d(0, 1) = 2ε, d(0, 2) = 4ε, d(1, 2) = 3ε.

Put a mapping T : X −→ X by T0 = T1 = 0 and T2 = 1. Then

d(T0,T0) = d(0, 0) = θ, d(T1,T1) = d(0, 0) = θ, d(T2,T2) = d(1, 1) = ε,

d(T0,T1) = d(0, 0) = θ, d(T0,T2) = d(0, 1) = 2ε, d(T1,T2) = d(0, 1) = 2ε.
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(1) By Lemma 4.1, (X, d) is a generalized metric space with coefficient s = 21−1 = 1, which is a
partial tvs-cone metric space in the sense of [16]. Obviously, (X, d) is complete.

(2) It is not difficult to check that d(T x,Ty) �
2
3

d(x, y) for all x, y ∈ X.
(3) By the above (1), (2) and Theorem 3.5, T has a unique fixed point x ∈ X with d(x, x) = θ. In

fact, T0 = 0 and d(0, 0) = θ. In addition, T1 , 1, T2 , 2.

However, the mapping T in Example 4.2 does not satisfy condition in Theorem 3.6. We give the
following example to verify Theorem 3.6.

Example 4.3. Let (E, P) be the ordered topological vector space described in Example 4.2. Put X =

{0, 1, 2}. Define d : X × X −→ P by d(x, y) = ((max{x, y})2 + |x − y|2)ε, where ε = (1, 1) ∈ P◦. Then

d(0, 0) = θ, d(1, 1) = ε, d(2, 2) = 4ε,

d(0, 1) = 2ε, d(0, 2) = 8ε, d(1, 2) = 5ε.

Put T : X −→ X is the mapping described in Example 4.2. Then

d(T0,T0) = d(0, 0) = θ, d(T1,T1) = d(0, 0) = θ, d(T2,T2) = d(1, 1) = ε,

d(T0,T1) = d(0, 0) = θ, d(T0,T2) = d(0, 1) = 2ε, d(T1,T2) = d(0, 1) = 2ε,

d(0,T0) = d(0, 0) = θ, d(1,T1) = d(1, 0) = 2ε, d(2,T2) = d(2, 1) = 5ε.

In addition, we have

d(0,T0) + d(0,T0) = θ, d(1,T1) + d(1,T1) = 4ε, d(2,T2) + d(2,T2) = 10ε,

d(0,T0) + d(1,T1) = 2ε, d(0,T0) + d(2,T2) = 5ε, d(1,T1) + d(2,T2) = 7ε,

(1) By Lemma 4.1, (X, d) is a generalized metric space with coefficient s = 22−1 = 2. Obviously,
(X, d) is complete.

(2) It is not difficult to check that d(T x,Ty) �
2
5

(d(x,T x) + d(y,Ty)) for all x, y ∈ X. In addition,
2
5
∈ [0,

1
2

) and
2
5

s < 1 since s = 2.
(3) By the above (1), (2) and Theorem 3.6, T has a unique fixed point x ∈ X with d(x, x) = θ. In

fact, T0 = 0 and d(0, 0) = θ. In addition, T1 , 1, T2 , 2.

Remark 4.4. In Example 4.3,

max{d(0, 0), d(0,T0), d(0,T0)} = θ, max{d(1, 1), d(1,T1), d(1,T1)} = 2ε,

max{d(2, 2), d(2,T2), d(2,T2)} = 5ε, max{d(0, 1), d(0,T0), d(1,T1)} = 2ε,

max{d(0, 2), d(0,T0), d(2,T2)} = 8ε, max{d(1, 2), d(1,T1), d(2,T2)} = 5ε.

It is not difficult to check that d(T x,Ty) �
2
5

max{d(x, y), d(x,T x), d(y,Ty)} for all x, y ∈ X. In addition,
2
5
∈ [0,

1
s

) since s = 2. So Example 4.3 also verifies Theorem 3.7.
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Remark 4.5. Theorems 3.5, 3.6 and 3.7 give some generalizations of Banachs contraction principle,
Kannan type fixed point theorem [26] and a fixed point result of Shukla [36] on generalized metric
spaces, respectively.

(1) In Example 4.2, the mapping T : X −→ X satisfies the condition of Theorems 3.5. By applying
Theorem 3.5, we can gets that T has a fixed point. However, T does not satisfy the condition of classical
Banachs contraction principle. So, in this case, Banachs contraction principle can not be applied in
Example 4.2 to get that T has a fixed point.

(2) In Example 4.3, the mapping T : X −→ X satisfies the condition of Theorems 3.6. By applying
Theorem 3.6, we can gets that T has a fixed point. However, T does not satisfy the condition of
important Kannan type fixed point theorem. So, in this case, Kannan type fixed point theorem can not
be applied in Example 4.3 to get that T has a fixed point.

(2) Remark 4.4 illustrates that the mapping T : X −→ X in Example 4.3 satisfies the condition
of Theorems 3.7. By applying Theorem 3.7, we can gets that T has a fixed point. However, T does
not satisfy the condition of [36, Theorem 3]. So, in this case, [36, Theorem 3] can not be applied in
Remark 4.4 to get that T has a fixed point.
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4. S. Aleksić, Z. Kadelburg, Z. D. Mitrović, S. Radenović, A new survey: Cone metric spaces, J. Int.
Math. Virtual Inst., 9 (2018), 1–27.
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