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Abstract: In the last few decennium, the acquaintance between algebraic hyperstructures and
fuzzy sets have been considered for its theoretical as well as applications in various fields. Fuzzy
hyperstructures are fascinating research topic and substantial amount of researches have been
undergoing as of now. As a consequence, fuzzy hyperlattice was introduced by Pengfei He,
Xiaolong Xin. But the applications on fuzzy hyperlattice are not defined so far. By scrutinizing the
fuzzy hyperlattice, our objective is to present some applications of fuzzy hyperlattice in Biological
and Physical Sciences. We find the first and second applications in dihybrid cross of Drosophila
melanogaster (housefly) and Pisum sativum (Peas), respectively. Third application is in particle Physics
(Elementary particles interaction).
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1. Introduction

Algebraic structures play an outstanding role in mathematical science with vast ranging
applications in various disciplines such as control engineering, theoretical physics, information
sciences, computer sciences, coding theory, etc. This gives plenteous encouragement for researchers
to develop numerous concepts and results from abstract algebra .
The composition of two elements forms an element in classical algebraic hyperstructure, but the
composition of two elements forms a set in algebraic hyperstructure hence algebraic hyperstructures
are the generalizations of classical algebraic structures. Comparison of multiple domains are possible
through hyperstructure theory, it leads to the development of many applications. Many research works
exist on the applications of hyperstructure theory [21, 22]. Moreover, the notion of hyperlattice was
introduced by Konstantinidou and Mittas in [8]. Rasouli and Davvaz developed the theory of
hyperlattices and proposed various interesting results [17, 18], which enhanced the hyperlattice
theory.
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Some new interesting topics developed from the combination of fuzzy set theory and hyperalgebraic
systems which have drawn attention of many computer scientists and mathematicians. Many papers
have been developed as a recent work on fuzzy hyperstructures (see [19, 28]). Fuzzy hyperlattice was
introduced by Pengfei He, Xiaolong Xin [13] and they studied some connections between
hyperlattices and fuzzy hyperlattices.
Every fields of science attempt to and desire to make use of mathematical models in the process of
predicting, whenever and wherever possible and also describing the numerous phenomena under
subject. In this article, we define some real life models of fuzzy hyperlattice. For that we took some
data from Biology and Physics.
The paper is arranged in the following manner. In Section 2, we recall some basic notions. Section 3
deals with three applications of fuzzy hyperlattice. Section 4 ends with a conclusion.

2. Preliminaries

The generalizations of classical algebraic structures are the algebraic hyperstructures[13, 12, 2].
In algebraic hyperstructure, the composition of two elements is a set. If H be a nonempty set, P∗(H)
be the set of all nonempty subsets of H, then consider a map
fi : H × H −→ P∗(H)
where i ∈ {1, 2, ..., h} and h is a positive integer. The maps fi are called hyperoperations. An algebraic
system (H, f1, .., fh) is called a hyperstructure. Usually a hyperstructure involves two hyperoperations.
Let L be a nonempty set and P∗(L) be the set of all nonempty subsets of L. A hyperoperation on L is a
map ⊕ : L × L −→ P∗(L), which associates a nonempty subset u ⊕ v with any pair (u,v) of elements of
L × L.

If A and B are nonempty subsets of L, for u, v, x ∈ L, then we denote
(1) x ⊕ A = {x} ⊕ A =

⋃
u∈A(x ⊕ u), A ⊕ x = A ⊕ {x} =

⋃
u∈A(u ⊕ x);

(2) A ⊕ B =
⋃

u∈A,v∈B(u ⊕ v).

Definition 2.1. [13, 6] Consider a nonempty set L with two hyperoperations ”⊗” and ”⊕”. The triple
(L,⊗,⊕) is called a hyperlattice if it satisfies the following conditions, ∀ u, v,w ∈ L,
(1) (Idempotent laws) u ∈ u ⊗ u, u ∈ u ⊕ u ;
(2) (Commutative laws) u ⊗ v = v ⊗ u, u ⊕ v = v ⊕ u;
(3) (Associative laws) (u ⊗ v) ⊗ w = u ⊗ (v ⊗ w), (u ⊕ v) ⊕ w = u ⊕ (v ⊕ w);
(4) (Absorption laws) u ∈ u ⊗ (u ⊕ v), u ∈ u ⊕ (u ⊗ v).

Definition 2.2. [29] Let X be a set. A function A : X −→ [0, 1] is known as a fuzzy relation on X.

Definition 2.3. [29] A fuzzy relation A is a fuzzy partial order relation if A is reflexive, antisymmetric
and transitive.

Definition 2.4. [29] Let (X,A) be a fuzzy poset. (X,A) is a fuzzy lattice if and only if x ∨ y and x ∧ y
exist ∀ x, y ∈ X.

Definition 2.5. If A is a nonempty subset of L, then the characteristic function of A is χA, where ∀,
x ∈ L,

χA(x) =

1, x ∈ A

0, x < A

AIMS Mathematics Volume 6, Issue 2, 1695–1705.



1697

Definition 2.6. [13] Consider a nonempty set L with two fuzzy hyperoperations ⊗ and ⊕ ( F∗(L) be
the set of all non zero fuzzy subsets of L. The mapping of a fuzzy hyperoperation is of the form
◦ : L × L −→ F∗(L) ). The triple (L,⊗,⊕) is called a fuzzy hyperlattice if it satisfies the following
conditions , ∀ u, v,w ∈ L,
(i) (Fuzzy idempotent laws) (u ⊗ u)(u) > 0, (u ⊕ u)(u) > 0;
(ii) (Fuzzy commutative laws) u ⊗ v = v ⊗ u, u ⊕ v = v ⊕ u;
(iii) (Fuzzy associative laws) (u ⊗ v) ⊗ w = u ⊗ (v ⊗ w), (u ⊕ v) ⊕ w = u ⊕ (v ⊕ w);
(iv) (Fuzzy absorption laws) (u ⊗ (u ⊕ v))(u) > 0, (u ⊕ (u ⊗ v))(u) > 0.
Note: [13] If U and V are two non zero fuzzy subsets, ∀u, x ∈ L then ,
(i) (u ◦ U)(x) = supt∈L{(u ◦ t)(x) ∧ U(t)}.
(U ◦ u)(x) = supt∈L{U(t) ∧ (t ◦ u)(x)}.
(ii) (U ◦ V)(x) = supp∈L,q∈L{U(p) ∧ (p ◦ q)(x) ∧ V(q)}.

Example 2.7. [13] Consider a lattice (L,∧,∨). If the fuzzy hyperoperations on L defined by : ∀
u, v ∈ L, u × v = χ{u,v} and u + v = χu∧v, then (L,×,+) is a fuzzy hyperlattice.

Example 2.8. [13] Consider a lattice (L,∧,∨). If the fuzzy hyperoperations on L defined by : ∀
u, v ∈ L, u × v = χ{u,v} and ∀ x ∈ L,

(u + v)(x) =

1/2, x = u ∧ v

0, otherwise

Then (L,×,+) is a fuzzy hyperlattice.

Example 2.9. [13] Consider a lattice (L,∧,∨). If the fuzzy hyperoperations on L defined by: ∀
u, v ∈ L, u × v = χu∨v and ∀ x ∈ L,

(u + v)(x) =

1/2, x = u ∧ v

0, otherwise

Then (L,×,+) is a fuzzy hyperlattice.

3. Applications of fuzzy hyperlattice

This section consists of three subsections. The subsections deal with three applications of fuzzy
hyperlattice.

3.1. Application 1: The dihybrid cross in Drosophila melanogaster

Mendel crossed some varieties of Drosophila melanogaster that differed in two characteristics such
as colour of bodies and length of wings[3].
For example:
P Generation: Grey bodies; Long wings (GGLL genotype) ⊗ Black bodies; Short wings (ggll

genotype)
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↓

F1 : Grey bodies; Long wings (GgLl genotype) and
F1 × F1 : Grey bodies; Long wings (GgLl genotype) ⊗ Grey bodies; Long wings(GgLl genotype)
↓

F2 : Grey bodies; Long wings (GGLL, GgLl, GgLL and GGLl genotypes) Grey bodies; Short
wings (GGll and Ggll genotypes) Black bodies; Long wings (ggLL and ggLl genotypes) Black
bodies; Short wings (ggll genotype) Figure 1, refers the possible outcomes of F2 generations.

Now, let us consider the Long wings and Grey bodies by A, Long wings and Black bodies by B,
Short wings and Grey bodies by C, Short wings and Black bodies byD. Hence we have Table 1,

Figure 1. Possible outcomes of F2 generations.

Table 1. A diagrammatic explanations of the dihybrid cross in the Drosophila melanogaster.
× A B C D

A A,B,C,D A,B,C,D A,B,C,D A,B,C,D
B A,B,C,D B,D A,B,C,D B,D
C A,B,C,D A,B,C,D C,D C,D
D A,B,C,D B,D C,D D

Let L = {A,B,C,D}. Here for allM,S ∈ L, we define the fuzzy hyperoperations ’⊕’ and ’⊗’ by,
M⊕S = χ{M,S} and
M⊗S = χL
Now let us check whether the above defined fuzzy hyperoperations satisfies the conditions of fuzzy
hyperlattice.
Condition 1: Fuzzy idempotent laws of fuzzy hyperlattice:

(A⊕A)(A) = χ{A,A}(A) = 1 > 0
(B ⊕ B)(B) = χ{B,B}(B) = 1 > 0
(C ⊕ C)(C) = χ{C,C}(C) = 1 > 0
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(D⊕D)(D) = χ{D,D}(D) = 1 > 0

(A⊗A)(A) = χ{L}(A) = 1 > 0
(B ⊗ B)(B) = χ{L}(B) = 1 > 0
(C ⊗ C)(C) = χ{L}(C) = 1 > 0

(D⊗D)(D) = χ{L}(D) = 1 > 0

Condition 2: Fuzzy commutative laws of fuzzy hyperlattice:
(i) (A⊕ B) = χ{A,B} = χ{B,A} = (B ⊕A)
(A⊕ C) = χ{A,C} = χ{C,A} = (C ⊕A)
Similarly, (A⊕D) = (D⊕A), (B ⊕ C) = (C ⊕ B), (B ⊕D) = (D⊕ B), (C ⊕D) = (D⊕ C).
(ii) (A⊗ B) = χ{L} = (B ⊗A)
(A⊗ C) = χ{L} = (C ⊗A)
Similarly, (A⊗D) = (D⊗A), (B ⊗ C) = (C ⊗ B), (B ⊗D) = (D⊗ B), (C ⊗D) = (D⊗ C).
Condition 3: Fuzzy associative laws of fuzzy hyperlattice:

(A⊕ B) ⊕A = χ{A,B} ⊕A = χ{A,B}; A⊕ (B ⊕A) = χ{A,B}

(A⊕ C) ⊕A = χ{A,C} ⊕A = χ{A,C}; A⊕ (C ⊕A) = χ{A,C}

(A⊕D) ⊕A = χ{A,D} ⊕A = χ{A,D}; A⊕ (D⊕A) = χ{A,D}

(B ⊕A) ⊕A = χ{B,A} ⊕A = χ{A,B}; B ⊕ (A⊕A) = χ{A,B}

(B ⊕ C) ⊕A = χ{B,C} ⊕A = χ{A,B,C}; B ⊕ (C ⊕A) = χ{A,B,C}

(B ⊕D) ⊕A = χ{B,D} ⊕A = χ{A,B,D}; B ⊕ (D⊕A) = χ{A,B,D}

(C ⊕A) ⊕A = χ{C,A} ⊕A = χ{A,C}; C ⊕ (A⊕A) = χ{A,C}

(C ⊕ B) ⊕A = χ{C,B} ⊕A = χ{A,B,C}; C ⊕ (B ⊕A) = χ{A,B,C}

(C ⊕D) ⊕A = χ{C,D} ⊕A = χ{A,C,D}; C ⊕ (D⊕A) = χ{A,C,D}

(D⊕A) ⊕A = χ{D,A} ⊕A = χ{A,D}; D⊕ (A⊕A) = χ{A,D}

(D⊕ B) ⊕A = χ{D,B} ⊕A = χ{A,B,D}; D⊕ (B ⊕A) = χ{A,B,D}

(D⊕ C) ⊕A = χ{D,C} ⊕A = χ{A,C,D}; D⊕ (C ⊕A) = χ{A,C,D}

(A⊕ B) ⊕ B = χ{A,B}; A⊕ (B ⊕ B) = χ{A,B}

(A⊕ C) ⊕ B = χ{A,B,C}; A⊕ (C ⊕ B) = χ{A,B,C}

(A⊕D) ⊕ B = χ{A,B,D}; A⊕ (D⊕ B) = χ{A,B,D}

(B ⊕A) ⊕ B = χ{A,B}; B ⊕ (A⊕ B) = χ{A,B}

(B ⊕ C) ⊕ B = χ{B,C}; B ⊕ (C ⊕ B) = χ{B,C}

B ⊕D) ⊕ B = χ{B,D}; B ⊕ (D⊕ B) = χ{B,D}

(C ⊕A) ⊕ B = χ{A,B,C}; C ⊕ (A⊕ B) = χ{A,B,C}

(C ⊕ B) ⊕ B = χ{B,C}; C ⊕ (B ⊕ B) = χ{B,C}

(C ⊕D) ⊕ B = χ{B,C,D}; C ⊕ (D⊕ B) = χ{B,C,D}

(D⊕A) ⊕ B = χ{A,B,D}; D⊕ (A⊕ B) = χ{A,B,D}
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(D⊕ B) ⊕ B = χ{B,D}; D⊕ (B ⊕ B) = χ{B,D}

(D⊕ C) ⊕ B = χ{B,C,D}; D⊕ (C ⊕ B) = χ{B,C,D}

(A⊕ B) ⊕ C = χ{A,B,C}; A⊕ (B ⊕ C) = χ{A,B,C}

(A⊕ C) ⊕ C = χ{A,C}; A⊕ (C ⊕ C) = χ{A,C}

(A⊕D) ⊕ C = χ{A,C,D}; A⊕ (D⊕ C) = χ{A,C,D}

(B ⊕A) ⊕ C = χ{A,B,C}; B ⊕ (A⊕ C) = χ{A,B,C}

(B ⊕ C) ⊕ C = χ{B,C}; B ⊕ (C ⊕ C) = χ{B,C}

(B ⊕D) ⊕ C = χ{B,C,D}; B ⊕ (D⊕ C) = χ{B,C,D}

(C ⊕A) ⊕ C = χ{A,C}; C ⊕ (A⊕ C) = χ{A,C}

(C ⊕ B) ⊕ C = χ{B,C}; C ⊕ (B ⊕ C) = χ{B,C}

(C ⊕D) ⊕ C = χ{C,D}; C ⊕ (D⊕ C) = χ{C,D}

(D⊕A) ⊕ C = χ{A,C,D}; D⊕ (A⊕ C) = χ{A,C,D}

(D⊕ B) ⊕ C = χ{B,C,D}; D⊕ (B ⊕ C) = χ{B,C,D}

(D⊕ C) ⊕ C = χ{C,D}; D⊕ (C ⊕ C) = χ{C,D}

(A⊕ B) ⊕D = χ{A,B,D}; A⊕ (B ⊕D) = χ{A,B,D}

(A⊕ C) ⊕D = χ{A,C,D}; A⊕ (C ⊕D) = χ{A,C,D}

(A⊕D) ⊕D = χ{A,D}; A⊕ (D⊕D) = χ{A,D}

(B ⊕A) ⊕D = χ{A,B,D}; B ⊕ (A⊕D) = χ{A,B,D}

(B ⊕ C) ⊕D = χ{B,C,D}; B ⊕ (C ⊕D) = χ{B,C,D}

(B ⊕D) ⊕D = χ{B,D}; B ⊕ (D⊕D) = χ{B,D}

(C ⊕A) ⊕D = χ{A,C,D}; C ⊕ (A⊕D) = χ{A,C,D}

(C ⊕ B) ⊕D = χ{B,C,D}; C ⊕ (B ⊕D) = χ{B,C,D}

(C ⊕D) ⊕D = χ{C,D}; C ⊕ (D⊕D) = χ{C,D}

(D⊕A) ⊕D = χ{A,D}; D⊕ (A⊕D) = χ{A,D}

(D⊕ B) ⊕D = χ{B,D}; D⊕ (B ⊕D) = χ{B,D}

(D⊕ C) ⊕D = χ{C,D}; D⊕ (C ⊕D) = χ{C,D}

Similarly, the fuzzy associative law satisfies for the fuzzy hyperoperation ⊗.
Condition 4: Fuzzy absorption laws of fuzzy hyperlattice:

(A⊕ (A⊗ B))(A) = (A⊕ χ{L})(A) = χ{L}(A) = 1 > 0
(A⊕ (A⊗ C))(A) = (A⊕ χ{L})(A) = χ{L}(A) = 1 > 0
(A⊕ (A⊗D))(A) = (A⊕ χ{L})(A) = χ{L}(A) = 1 > 0
(B ⊕ (B ⊗A))(B) = (B ⊕ χ{L})(B) = χ{L}(B) = 1 > 0
(B ⊕ (B ⊗ C))(B) = (B ⊕ χ{L})(B) = χ{L}(B) = 1 > 0
(B ⊕ (B ⊗D))(B) = (B ⊕ χ{L})(B) = χ{L}(B) = 1 > 0
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(C ⊕ (C ⊗A))(C) = (C ⊕ χ{L})(C) = χ{L}(C) = 1 > 0
(C ⊕ (C ⊗ B))(C) = (C ⊕ χ{L})(C) = χ{L}(C) = 1 > 0
(C ⊕ (C ⊗D))(C) = (C ⊕ χ{L})(C) = χ{L}(C) = 1 > 0

(D⊕ (D⊗A))(D) = (D⊕ χ{L})(D) = χ{L}(D) = 1 > 0
(D⊕ (D⊗ B))(D) = (D⊕ χ{L})(D) = χ{L}(D) = 1 > 0
(D⊕ (D⊗ C))(D) = (D⊕ χ{L})(D) = χ{L}(D) = 1 > 0

(A⊗ (A⊕ B))(A) = (A⊗ χ{A,B})(A) = χ{L}(A) = 1 > 0
(A⊗ (A⊕ C))(A) = (A⊗ χ{A,C})(A) = χ{L}(A) = 1 > 0
(A⊗ (A⊕D))(A) = (A⊗ χ{A,D})(A) = χ{L}(A) = 1 > 0
(B ⊗ (B ⊕A))(B) = (B ⊗ χ{B,A})(B) = χ{L}(B) = 1 > 0
(B ⊗ (B ⊕ C))(B) = (B ⊗ χ{B,C})(B) = χ{L}(B) = 1 > 0
(B ⊗ (B ⊕D))(B) = (B ⊗ χ{B,D})(B) = χ{L}(B) = 1 > 0
(C ⊗ (C ⊕A))(C) = (C ⊗ χ{C,A})(C) = χ{L}(C) = 1 > 0
(C ⊗ (C ⊕ B))(C) = (C ⊗ χ{C,B})(C) = χ{L}(C) = 1 > 0
(C ⊗ (C ⊕D))(C) = (C ⊗ χ{C,D})(C) = χ{L}(C) = 1 > 0

(D⊗ (D⊕A))(D) = (D⊗ χ{D,A})(D) = χ{L}(D) = 1 > 0
(D⊗ (D⊕ B))(D) = (D⊗ χ{D,B})(D) = χ{L}(D) = 1 > 0
(D⊗ (D⊕ C))(D) = (D⊗ χ{D,C})(D) = χ{L}(D) = 1 > 0

Here the fuzzy hyperoperations satisfies the fuzzy idempotent, fuzzy commutative, fuzzy associative
and fuzzy absorption laws of Fuzzy Hyperlattice.
Hence the dihybrid cross in Drosophila melanogaster is an application of Fuzzy Hyperlattice.

3.2. Application 2: The dihybrid cross in Pisum sativum

[3, 25, 7] As an extension to the work on monohybrid crosses Mendel crossed two different
characteristics peas [7, 25]. For example:
P : Tall; Round (TTRR genotype) ⊗ Short; Wrinkled(ttrr genotype)
↓

F1 : All Tall; Round (TtRr genotype) and
F1 × F1 : Tall; Round (TtRr genotype) ⊗ Tall; Round (TtRr genotype)
↓

F2 : Tall; Round (TTRR, TtRr, TtRR, TTRr genotypes) Short; Round (ttRR and ttRr genotypes)
Tall; Wrinkled(TTrr and Ttrr genotypes) Short; Wrinkled (ttrr genotype)
Now, let us consider the Round and Tall by P, Wrinkled and Tall by Q, Round and Dwarf by R,
Wrinkled and Dwarf by S. We have Table 2,
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Table 2. A diagrammatic explanations of the dihybrid cross in Pisum sativum.
× P Q R S

P P,Q,R,S P,Q,R,S P,Q,R,S P,Q,R,S
Q P,Q,R,S Q,S P,Q,R,S Q,S
R P,Q,R,S P,Q,R,S R,S R,S
S P,Q,R,S Q,S R,S S

Let L = {P,Q,R,S}. Here for allM,S ∈ L, we define the fuzzy hyperoperations ’⊕’ and ’⊗’ by,
M⊕S = χ{M,S} and
M⊗S = χL
Here the fuzzy hyperoperations satisfies the fuzzy idempotent , fuzzy commutative , fuzzy associative
and fuzzy absorption laws of fuzzy hyperlattice.
The dihybrid cross in Pisum sativum is an application of fuzzy hyperlattice.

3.3. Application 3: Particle physics

[4] In particle physics, a particle with no substructure are called as a fundamental particle or
elementary particle, i.e. it is not made up of tiny particles and it is the building bricks of the universe
(i.e.,) all the particles of the universe are made up of elementary particles. Some theories had been
developed to explain the elementary particles and the interacting forces amidst them. Among which,
the significant one is the Standard Model (SM) [11]. The Quarks, Leptons and Gauge bosons are the
elementary particles in the SM.

Leptons: The significant part of the SM is leptons, particularly the electrons are the main
components of atoms. Leptons are one of the major elementary particles because it can be found
anywhere in the universe freely. In this paper we considered this particles only. The six types of
leptons are as follows, the electron (e), electron neutrino (νe), muon (µ), muon neutrino (νµ), tau (τ)
and tau neutrino (ντ). The corresponding antiparticle of each leptons are called as antileptons. The
electronic leptons, the muonic leptons and the tauonic leptons are the first generation, second
generation, third generation respectively.
Electronic Leptons: The electron (e), electron neutrino (νe) and their antiparticles, positron (e+) and
electron antineutrino ν̄e respectively.
Muonic Leptons: Muon (µ), muon neutrino (νµ) and their antiparticles, antimuon (µ+) and muon
antineutrino ν̄µ.
Tauonic Leptons: Tau (τ), tau neutrino (ντ) and their antiparticles, antitau (τ+) and tau antineutrino
ν̄τ.
Totally, the lepton group consists of 12 particles { e, νe, µ, νµ, τ, ντ , e+, ν̄e, µ+, ν̄µ, τ+, ν̄τ } . In the
leptons group, the electric charge Q of the electron, muon and tau is -1 and the neutrinos are neutral.
By the definition of antiparticle, the electric charge Q of positron, antimuon and antitau is -1 but the
antineutrinos are neutral . The interactions between the leptons are shown in the Figure 2.
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Figure 2. Diagrammatic representation of interactions between leptons.
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Let L= { e, νe, µ, νµ, τ, ντ , e+, ν̄e, µ+, ν̄µ, τ+, ν̄τ }. Here for all M,S ∈ L, we define the fuzzy
hyperoperations ’⊕’ and ’⊗’ by,
M⊕S = χ{M,S} and
M⊗S = χL

Here the fuzzy hyperoperations satisfies the fuzzy idempotent, fuzzy commutative, fuzzy
associative and fuzzy absorption laws of Fuzzy Hyperlattice.
Hence the interaction between leptons is an application of fuzzy hyperlattice.

4. Conclusions

In this manuscript we developed some real life applications of fuzzy hyperlattice. Several
representations of fuzzy hyperlattice are proffered from different areas such as Biology and Physics
(i.e) it is presented that the definition of fuzzy hyperlattice is exactly apt for the outcomes of dihybrid
cross in Biology and the interactions between the leptons in Physics. In future, we will extend the
theory of fuzzy hyperlattice in order to develop varieties of applications in various fields of Science.
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