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Abstract: We give new conditions for the study of existence of positive radial solutions for a system
involving the Hessian operator. The solutions to be obtained are given by successive-approximation.
Our interest is to improve the works that deal with such systems at the present and to give future
directions of research related to this work for researchers.
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1. Introduction

This paper is devoted to develop the mathematical theory for the study of existence of positive radial
solutions of a system of partial differential equations (PDE) of the form

{ Si, (1(D%)) - as4, (2

D)) = p(a) £ (), x € RN, (N 2 3),
St (1(D™)) -S4, (A

D)) =q(x) g (), x € RY, (N 2 3), (L.1)

where .8 € (0,0), ki, k. ks, ks € {1,2,..., N} with k; > ky and k3 > ks, Sy, (1(D? (0))) (i = 1,2,3,4)
stands for the k;-Hessian operator defined as the sum of all k; X k; principal minors of the Hessian matrix
D? (o) and the functions p, g, f and g satisfy some suitable conditions.

In the case @« = B = 0 and k; = k3 = 1, there are several works that deals with the existence of
radially symmetric solution for (1.1), in which situation the system become

{ Au=p(x)) f(v), x e RY, (N > 3), (1.2)

Av=gq(x])gw), xRN, (N > 3).

Some of these are analyzed in the following. For example, [5] considered the existence of entire large
solutions for the system (1.2) in the case f (v) = v* and g (1) = u” with 0 < ab < 1 and noticed that
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(1.2) has a positive entire large solution if and only if the nonnegative spherically symmetric continuous
functions p and g satisty

f ) (tz_N f g3 f e dz) dt , (1.3)
0 0 0
00 ! S b
f tq (1) (tz_N f sN3 f zp (2) dz) dt
0 0 0

Moreover, if a - b > 1 he showed that the system (1.2) has a positive entire large solution if the radial
functions p and ¢ satisfy one of the two inequalities

f Ootp(t)(tz_N f N f qu(z)dz) dt < o, (1.5)
0 0 0

00 ! S b
f tq(z)(ﬂ—N f sN3 f zp(z)dz) dt < oo. (1.6)
0 0 0

Recently, for the particular case @, € [0, ), k; = k3 = N and k, = k4 = 1, the authors [7] obtained
the existence of entire radial large solutions for the system (1.1) under hypotheses that p, g : [0, c0) —
[0, o) are spherically symmetric continuous functions and f, g : [0,00) — [0, c0) are continuous,
monotone non-decreasing nonlinearities such that

f(s)>0, g(t) >0forall s,t>0

I
8

0. (1.4)

and

. 1
= 00. 1.7
«f; L+ f@+go)'™ 4D

Here, the results of [5] are included for a,b € (0, 1], i.e. f and g are sublinear. Hence, it remains
unknown the case 0 < a - b < 1, i.e. if an analogous result obtained by [5] holds for the more general
system (1.1). In our paper, we give a new methodology for proving existence results under a class of
general nonlinearities considered in other frameworks (see e.g. Orlicz Spaces Theory) including such
the sublinear and superlinear class of functions discussed in [S]. This may be used in tackling other
related problems.

The reminder of this paper is organized as follows. Section 2 contains our main result and some
lemmas. In Section 3 we give the proof of our main result.

2. The main result and auxiliary lemmas

For the purpose of the paper, the following basic class of functions are considered
(P1) p,q:[0,00) — [0, c0) continuous functions;
(Cl) f,g:[0,00) = [0, 0) are continuous and monotone non-decreasing such that

f(s)>0, g() > Oforall 5,7 > 0,

and

f(t' ) f@-f(s)andg(t-s)<g(t) -g(s) forall s,t>0;
o0 dt _
€ (1+f((1+g(t))l/k3))l/k] J (1+g((+ R )T
Our main interest is to prove the following theorem.

= oo and
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Theorem 1. If p, g satisfy (P1) and f, g satisfy (Cl), (C2), then the system (1.1) has one positive
entire radial solution (u,v) € C? (RN ) x C? (RN ) such that

2 2
u(x)>c + aN;Iq,kz% and v (x) > ¢ + BN, iy | 2' , forall x € RY, (2.1
where
ale"Z 1\ 1/ (k1—=ko) IB ﬁk3C"“ 1\ 1/ (k3—ks) . (O )
av- = —A=L s BNk = and ¢y, ¢, € (0, 00).
Niki o kchvl_l Nk ka k4C1k\;_l 1,C2

Moreover, when p and g are non-decreasing, u and v are convex.

As we see from the paper of Zhang-Liu [7], our Theorem 1 represent a consistent generalization
from the mathematical point of view. This is due to the fact that we deal with more general
nonlinearities f and g that was considered by [7] and with a mixed nonlinear k;,—Hessian system of
equations.

Next, let us recall the radial form of the k-Hessian operator, see for example [6] and [3].

Lemma 1. Let k € {1,2,...,N}. Assume y € C*[0,R) is radially symmetric with y' (0) = 0. Then, the
function u defined by u(x) = y (r) where r = |x| < R is C? (Bg), and

/l(Dzu (I’)) (yN (1’),@,,_,, y’_ir)) forre (O,R),
0" (0),y”(0), ...,y (0)) forr =

o - | e e

where the prime denotes differentiation with respect to r.

Before to consider the proof of our main result, we give an useful lemma that can be easy proved as
in the papers of Zhang-Liu [7] and Kusano-Swanson [4].

Lemma 2. Serting
@i (1) = ki — fhin forteR i=1,3, tf) = (kl_+1/kl_)1/(k,-—ki+1)

the following hold:
ki1 /(ki—kiv1) .
L) = 7 (%) <0, ¢;(1) = 0 and ; () := lim,co s (1) =
2. ¢ [ ) [(,0 ( 0) , ) is strictly increasing for t > t’ and in fact has a unzquely defined
inverse function ¢; : [ t ) ) [ ) with ¢; (0) = 1;
3. ¢ : [gol (té)) , ) - [t’o, ) is analytic, strictly increasing for t > ; (tf)) and concave. In
particular, ¢; (t) > 1 for all t > 0, ¢; (00) := lim,_,, ¢; (t) = 0o and for t > ¢; (té) it hold
1 1
= k-1 oo > 0
(golf o ¢l~) (1) k(i ()" — ki1 (¢ ()™
ki (ki = 1) (¢ ()72 = kit (kipt — 1) (¢ ()72
ki—1 kin—173
[ (@i ()" = Kiw (95 (1))

4. ¢i(s&) < Vg (s) forall s > 0and & > 1.

¢; (1)

< 0;

o7 (1)
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3. The proof of Theorem 1

The main references for proving Theorem 1 are the works of [7] and [2]. In the next, r is referred
for the Euclidean norm

_ 2 2
x| = /x7 + ...+ xy

of a vector
N
x = (x1,...,xy) € R".

We are ready to prove the existence of a radial solution
w(r),v(r) € C*([0, %)) x C* ([0, «0)),

to the problem (1.1). For beginning, we observe that we can rewrite (1.1) as follows

CNo1 [r”k (u’(ﬂ)"‘]' - aCy| [”1 (u’(r>)"2]' =V p () f (),

- - / kY _ ey [ kT (3.1
|5 ()| - pei |5 (Y 0) | = M e g,
and that, the radial solution of (3.1) is a solution (u, v) of (3.1) with the initial conditions
@ (0),v(0) = (c1,¢2) and (' (0),v" (0)) = (0,0). (3.2)
Integrating from O to r > 0 in (3.1) we obtain
_1,N- ’ k 1 .N- , k: ’
O () =Gy 5 (W) = [ p (9 f (s ds,
_1,N- ’ k3 1 .N- , k r
ol 2 (V) =Bey 2 (V) = ) sV g () g u(s) ds,
or, equivalently
‘o | ‘o ) kN T N
(W) - (“N;kl’kzr) - cllal j(; STPE) f(9)ds,
o k3 ‘0 ka ' 7[;/1’2 - (33)
(ﬁl\:j;k:k;;r) - (ﬁl\ik;kﬂ’) = Ck}—f;lg j(; SN_lq (S) g (u (S)) dS.
N=1PNiks kg
Using, the definition of ¢; given in Lemma 2, we rewrite (3.3) in an equivalent form
W kr ™ (7 N-1
i =0 (mfo s p(S)f(V(S))dS), r>0,
v _ ksr N (7 N-1
B = 93 (mfo s q(s)g(u(s))ds), r>0,
which yields
U (r) = an, k1 ("— Jo % p(s) f (v (s) ds), r>0,
CN*I aN;kl,kz (3.4)

V,(}") = ﬁN;kS,k4r¢3 (% j(;r SN_lq (S)g (u(s)) dS) ,r>0.

CN1 Py iy
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Since
hm u(r) = l1m V(r)=0=u(0)=v(0),

r—0

via L’Hopital’s rule and (3.2), the equations in (3.4) can be extended by continuity at r = 0. Then,
the system (3.1) with the initial conditions (3.2) can be equivalently written as an integral system of
equations

u(r) = cy + ayy, szo th (Chk# ftsN‘lp(s)f(v(s))ds)dt, r>0,
N-1 UNik) dy

v(r) = +ﬁ1vk3k4f0 ¢3( kf’t fo N= 1q(s)g(u(s))ds)dt r>0.

Nk3 kg

Let us now construct a sequence

{(n (r), v (N} 00 [0, 00) X [0, 00),
in such a way

uo (r) = up (0) = ¢y, vo (r) = vy (0) = ¢,

0y (1) = €1 + Qg s [ 191 (C"— b S P ) f Gt () ds) dr, 3.5)

Vn () = 2 + Brvto i fy 103 (# I s%1q () g (et (5)) dS) dt.

N-1PNik3 kg

By construction, for all » > 0 and n € N we have
u,(r)=>cpand v, (r) = c,.
Moreover, proceeding by induction we conclude

{(un (r) > Vn (”))}nzo

is a non-decreasing sequence on
[0, 00) X [0, ).

We note that, for all » > 0 the sequence

{(un (r) »Vn (r))}nZO

satisfies

’ k -N T _
U, (1) = Anyg g FP1 (W Iy s" 7 p () f (et (9)) dS) > AN Jo s
N-1 UNeky ey

" 3.6)
V(1) = B TH3 (kgl—kg for sVl q (5) g (uny (5)) dS) > BNiks sy

Cn-1 BNias iy

Integrating (3.6) from O to r > 0 we get (3.5). We now briefly, (3.5) imply

kN

k11k1
CNl Nky,ky

u, (r) = ¢+ ay i f i1 ( f SN () f (Vaei () ds)dt
0 0
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r k t—N t
< Cl+af/v;k1,sz f¢1(kl11—klf sV p (s) f (v, (8)) ds)dt
0 Cyo1 Uy i YO
k™ !
< et angp [T+ F 0n (] f n/n(,qf—,q f "' p(s) ds)dt
Cyo1 @y i YO
_ 1k 1 kN " v
= [T+ /()] 1{[1+f(vn(r))]l/k] +0‘N;k|,sz0 f¢l(mf0 s""'p (s) ds)dr)
C1 " klt_N ! |
< [T+ fo, M) f————— + awu,. ft (—fsN
[+f | [1+ f(c)]"™ vk ¢ cy- ';}k & Jo
and
k3t_N ' N-1
va(r) = ¢ +,3Nk3k4f ¢3("3—f q (s) g (uy-1 () ds)dt
:31vk3k4
kst™N
< o +,3N;k1,k2ft¢3(,ﬂ3—fSN_IQ(S)g(Mn(S))dS)dl‘
0 Crn-1Bg gy V0
(653 k3t_N ! 1
< 1+ g ua ()] s f (o f SN p (s)ds)dt)
[1+g | [+ g o, (]7° + Bk k 1$3 g ey p
c kyt™
< [1+g(un(r))]l/k3{m +,8N;k3,k4ft¢3(ﬁf sV q (s) ds)dt}.
8¢ N 1P Niks kg
Setting
A
Ap () = prcm + anie Iy 101 (G— 15" p () ds)a,
+f(e2)] N—kl tNklkz vl
— €2 3 -
Mg (1) = fms + By fy 93— [ <" (5)dsydr.
we have

u, () < [1+ £, D] A, (1), 720,
Va (1) < [1+ g (up M) A, (r), r20.

3.7)

By the monotonicity of the sequence {(u,, v,)},so respectively of f and g, the inequalities in (3.7) and

with the use of Lemma 2 for

-N r
§=1+f([1+g(un(r))]”k3)ands=C,q]j;kl f S p () £ (Ag () ds
0

N-1UN:k &y
we have
’ k]l"_N " N—-1
u,(r) = OKN;kl,kzrfﬁl(Ckll—kl s p(8) f (Ve (9)) ds)
N-1¥Nsky k, VO
k™Y " Net
< aN;kl,kzwl(C,ql—,q sTp(8) f (v (s)) ds)
N-1¥Nky o, VO
kg™ "o
< aN;kl,kzrm(C,qi—,q f SN () £([1+ g Gun (D] Ay (9)) ds)

N-1¥N sy VYO
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kyr ™ "
< anaiardn(1+ £ ([1+ g Gty (D)) o f SN 7p () f (A (9)) ds)
Cyo1 g g, YO
klr
<

a’N;kl,kzr(l + f([l + g (u, (r))]l/kS))w1 (pl(c‘kll—kl f’ s (S)f(Aq (s)) ds),

N-1¥N sy ey 0

and, similarly

, kyr ™ "
V() = ﬁN;kg,mrrpg(C,ﬂL f V71 (5) g (1 (5)) ds)
lﬁNkz ky
< ﬂN;kg,m@(kkL f Vg (5) & (uy (5)) ds)
C ; lﬁng ky
kar ™V "
< ﬁN;ks,k4r¢3<(1+g([1+f<v,,<r>>]”"‘))cks_+k3 fo g () g (A (5)) ds)
N-1 N;k3,k4
kyr™N "
< Buaosr(1+g([1+ £ 0 02]")" P i — 3; f g (5) g (A, (5)) ds).
-1 Nkzkz;
Finally
£l ks \\ /K1 < Ay, k2r¢l(ckll—;ivf N lp(s)f( )dS)
(l+f([1+g(u,,,((r§)] )) N-1 ONky kg (3.8)
wt ky — 3,k4 kk+ S A ds).
et T < Briosrda(gim— | I s 1q(s)g(Ay (s))ds)

Integrating (3.8) from O to r > 0 we get
Hl,cl (un (}’)) < Ap,a (}’) and H2,62 (Vn (}")) < Aq,ﬁ (}’) )

where

dt
Hi. (s) = fcl (1+£(+g() i3 )) 1

Apa (1) = ang s, J 11 (CM’?’—,{I ftSN_lp(S)f(Aq(S))ds)dt

dt
Hye, ()= [ (1rg((Lfay 7)) 7

Nyp (1) = By b fo 1$3 ( N kf’ks f’ sV g (s) g (Aq (s)) ds) dt

1 By kg

Choose R > 0. We are now ready to show that

{Guy (r) , v (N)}nz0 and {(u;, (r) , vy, (N)}nz0, for r € [0, R],

both of which are non-negative, are bounded above independent of n. To solve this problem, we

observe that
Hi (u,(r) <A, 0(r) < Ao (R) forall r € [O,R],

Hy ., v, (r)) < Agp(r) < Ayp(R) forallr € [O,R].
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On the other hand, since
s> Hi.,(s),i=12

is a bijection map for all s > ¢; with the inverse denoted by H;Ji (s) on [0, c0) such that
Hl.fcl[_ (00) = o0 and Hifcl[ (s) is increasing on [c;, ©0),
we see that
t, (1) < Hy! (Apa (R)) forall 7 € [0,R],
va () < Hy! (Ags (R)) forall r € [0,R],

which proved that
{un (r), v (N0,

is an uniformly bounded independent of n sequence on

[0,R] x [0,R],
for arbitrary R > 0. On the other hand, using this result in (3.8) the same is true for

{(, (1), v;, (M)}z0-
We finished the proof that the sequences
{( (), vy (N)}z0 and {(u, (), vy, (N)}nz0,

are bounded above independent of n which coupled with the fact that

(U (r), v (1),
is non-decreasing on [0, o) X [0, co) we see that

{4 (r) , v (N0

itself converges to a function
(u(r),v(r)) asn — oo,

and the limit (u (r), v (r)) is a positive entire radial solution of equation (1.1). Clearly, the arguments in
Zhang and Liu [7] (see also [2]) guarantees that the solution

(u(x),v(x)) = (u(lx), v (|x])

is in the space
C?(RY) x C* (RY)

and moreover is convex for any x € RY. This is the end of the proof of the theorem.

4. Conclusions

We have obtained new conditions for the study of existence of positive radial solutions for a system
involving the Hessian operator.
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