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1. Introduction

Throughout this article, let a and b be relatively prime integers and let (U,,),so and (V,,),>o be the
Lucas sequences of the first and second kinds which are defined by the recurrence relations

Uy = 0,U =1,U,=aU,_1 +bU,_, forn > 2,

Vo = 2,Vi=a,and V, = aV,_1 + bV,_, forn > 2.

To avoid triviality, we also assume that » # 0 and «/f is not a root of unity where @ and S are the
roots of the characteristic polynomial x> — ax — b. In particular, this implies that a # 8, a # —8, the
discriminant D = a> +4b # 0, U, # 0,and V,, # O foralln > 1. If a = b = 1, then (U,),»o reduces
to the sequence of Fibonacci numbers F,; if a = 6 and b = —1, then (U,),>o becomes the sequence of
balancing numbers; if a = 2 and b = 1, then (U,),»¢ is the sequence of Pell numbers; and many other
famous integer sequences are just special cases of the Lucas sequences of the first and second kinds.
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The divisibility by powers of the Fibonacci numbers has attracted some attentions because it is used
in Matijasevich’s solution to Hilbert’s 10th problem [5—7]. More precisely, Matijasevich show that

F?|F,, ifandonlyif F,|m. (1.1)

From that point, Hoggatt and Bicknell-Johnson [4], Benjamin and Rouse [1], Seibert and Trojovsky
[19], Pongsriiam [15], Onphaeng and Pongsriiam [9, 10], Panraksa and Tangboonduangjit [11], and
Patra, Panda, and Khemaratchatakumthorn [12] have made some contributions on the extensions of
(1.1). For more details about the timeline and the development of this problem, we refer the reader
to the introduction of our previous article [8]. In fact, the most general results in this direction has
recently been given by us [8] as follows.

Theorem 1. [8, Theorem 10] Let k,m,n € N, a,b € Z, (a,b) =1, n > 2, and U,’i || m. Then

(1) ifa is odd and b is even, then Uﬁ“ | Unps
(1) if a is even and b is odd, then U’,j“ | Upps
(iii) if a and b are odd and n # 3 (mod 6), then UX*' || U,,,,;

(iv) if a and b are odd, n = 3 (mod 6), and U'];l { m, then U || U,y
(v) ifaand b are odd, n = 3 (mod 6), @ | m, and 2 || a* + 3b, then Uﬁ“ | Upns

(vi) ifa and b are odd, n =3 (mod 6), U'?l | m, and 4 | a* + 3b, then U1 || U,,,,,, where

t = min({v,(Us) — 2} U{y, — k | p is an odd prime factor of U,}) and
) = { vy(m)
" vp(Uy)

| for each odd prime p dividing U,,.

Theorem 2. [8, Theorem 12] Let k,m,n € N, a,b € Z, (a,b) =1, n > 2, and U’,;” || U Then

(i) if a is odd and b is even, then U* || m;
(11) if a is even and b is odd, then Uﬁ || m;
(ii1) if a and b are odd and n # 3 (mod 6), then U,’; || m;
(iv) ifa and b are odd, n = 3 (mod 6), and 2 || a* + 3b, then UX || m;
(v) ifa and b are odd, n =3 (mod 6), 4 | a* + 3b, and v,(m) > k, then U* || m;
(vi) ifa and b are odd, n =3 (mod 6), 4 | a> + 3b, and v,(m) < k, then

m is even, vo(m) = k + 1 — vy(a® + 3b), and sz(’") || m.

For other related and recent results on Fibonacci, Lucas, balancing, and Lucas-balancing numbers,
see for example in [3, 13, 14,16, 17,20] and references there in.

In this article, we extend Theorems 1 and 2 to the case of V, and the mix of U, and V,. For
example, we obtain in Theorem 18 that if @ and m are even, b is odd, and Vr’f“ || Upm, then 2 | n implies

yminnaem) -y while 2 4 n implies V¥ | m and the exponent k can be replaced by k + 1 if and only if
Vk+2
5 |

2 nm+

2. Preliminaries and lemmas

In this section, we recall some definition and well known results, and give some useful lemmas
for the reader’s convenience. The order (or the rank) of appearance of n € N in the Lucas sequence
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(Up)nso 1s defined as the smallest positive integer m such that n | U, and is denoted by 7(n). The exact
divisibility m* || n means that m* | n and m**! { n. The letter p is always a prime. For n € N, the p-adic
valuation of n, denoted by v,(n) is the power of p in the prime factorization of n. We sometimes write
the expression such asa | b | ¢ = d to mean thata | b, b | ¢, and ¢ = d. For each x € R, we write | x|
to denote the largest integer less than or equal to x. So | x| < x < |x] + 1. We let D = a® + 4b be the
discriminant and let @ and 3 be the roots of the characteristic polynomial x*> — ax — b. Then it is well
known that if D # 0, then the Binet formula
a" _ﬁn
U, = oy and V, = " + " holds for all n > 0.

Next, we recall Sanna’s result [18] on the p-adic valuation of the Lucas sequence of the first kind.

Lemma 3. [18, Theorem 1.5] Let p be a prime number such that p 1 b. Then, for each positive integer

n,
vp(n) +v,(U,) — 1 ifpl| Dandp|n,
0 ifplDandp1n,
vp(Up) = qv,(n) +v,(Upry) =1 if pt D, 7(p) | n, and p | n,
Vp(Ur(p) if pt D, t(p) I n andp 1 n,
0 if p1 D andt(p) 1 n.

In particular, if p is an odd prime such that p { b, then, for each positive integer n,

vp(n) +v,(U,) =1 ifp|Dandp|n,
ifp|Dandp1n,

vp(n) +vp(Ury)  if pt Dand1(p)|n,

0 if pt Dand t(p) 1 n.

From Lemma 3, and the fact that V,, = U,,/U,,, we easily obtain the following result.

Vp(Un) =

Lemma 4. If p is an odd prime and p 1 b. Then, for each positive integer n,

b vy = 4P FpUs) i p A D x(p) f mand 7(p) | 2n,
PR 0 otherwise.

Proof. This follows from the application of Lemma 3, a straightforward calculation, and the fact that
Vp(Vn) =V (lljjz:) = Vp(UZn) - Vp(Un)~ |

Next, we give some old and new lemmas that are needed in the proof of main theorems.

Lemmas. Letn > 1and(a,b)=1. If p| U, or p|V,, then p 1 b. Consequently, (U,,b) = (V,,b) =1
foralln > 1.

Proof. The case for U, is already given in [8, Lemma 7]. So suppose by way of contradiction that
plV,and p|b. Since V, = aV,_; + bV,_, and (a,b) = 1, we obtain p | V,_;. Repeating this argument,
we see that p | V,, for | < m < n. In particular, p | V| = a contradicting (a,b) = 1. Soif p | V,, then
p 1 b, and the proof is complete. O
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Lemma 6. [8, Lemma 8] Let a and b be odd, (a,b) = 1, and vo(Ug) = vo(Uz) + 2. Then v,(Usz) = 1.
For convenience, we also calculate the 2-adic valuation of U, and V,, as follows.
Lemma 7. Assume that a is odd, b is even, and n > 1. Then v,(U,) = vo(V,) = 0.

Proof. Since U; = 1 and U, = aare odd, and U, = aU,_1 +bU,_, = U,_; (mod 2) for r > 3, it follows
by induction that U, is odd. Since V, = % V. 1s also odd. This proves this lemma. O

Lemma 8. Assume that a is even, b is odd, and n > 1. Then

va(n) + va(a) =1 if2|n,
0 if24n,

(V) = 1 if2|n,
2 @ if2 1,

w(U,) = {

Proof. Since 2 | D, we obtain by Lemma 3 that for each n € N, v,(U,)) = vo(n) + vo(U,) — 1 1f 2 | n and
v(U,) = 0if 2 { n. Since U, = a, the formula for v,(U,,) is verified. Then v,(V,,) can be obtained from
a straightforward calculation and the fact that V,, = % This completes the proof. O

Lemma 9. Assume that a and b are odd, and n > 1. Then

va(n)+v(Ug)—1 ifn=0 (mod 6),
v (U,) = {v2(U3) ifn=3 (mod 6),

0 ifn0 (mod 3),

1 ifn=0 (mod 6),
v2(Vi) = 4va(Us) = v2(U3)  ifn=3 (mod 6),

0 ifn#0 (mod 3),

Proof. Since U, and U, are odd, and U;s = a* + b is even, we have 7(2) = 3. In addition, 2 { D.

Furthermore, 3 | nand 2 | nif and only if n = 0 (mod 6); 3 | nand 2 { n if and only if » = 3 (mod 6).

Then applying Lemma 3 and the fact that V,, = %, we obtain the desired result. O

3. Main results

We begin with the simplest theorem of this paper.
Theorem 10. Assume thatk,m,n € N, a,b € Z, (a,b) = 1, and m is odd. Then

() if VE | m, then VU | V.,
(i1) lfV,ic || m, then V,’f“ | Vims
@iii) if VX | Vi, then V1 | my
Gv) if VE || Vi, then V1 || m.
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Proof. We use Lemma 5 without reference. For (i), assume that V,’j | m. Since m is odd, V/, is also odd,
and so vz(V,’;”) =0.If p>2and p|V,, then p { b and we obtain by Lemma 4 that

Vp(Vnm) = Vp(mn) + Vp(U‘r(p))
=v,(m) +v,(n) + v,(Uyp))
> v,(VE) +v,(V,) = v, (V.

Therefore v,(Vym) = v,(VE*) for all primes p dividing V,. This implies VA | V.

For (ii), assume that V¥ || m. By (i), it is enough to show that V¥*? t V,,.. Since V¥*! t m, there
exists a prime p dividing V,, such that vp(V,’j“) > v,(m). Here we remark that the letter p in the proof
of (i) and in the proof of (ii) may be different or may be the same. We believe that there is no ambiguity
since (i) is already done. Now since V¥ | m and m is odd, V, is also odd, and so vy(V¥*1) = v,(m) = 0.
Therefore p is odd. By Lemma 4, we obtain

Vo(Vim) = vp(nm) + v,(Urpy) = vp(m) +v,(n) + v,(Uy))
=v,(m) +v,(V,) < v,(VE) +v,(V,) = v,(VE2).
This shows that V¥*2 { V,,.. as required.
For (iii), assume that V¥ | V,,,. We show that v,(VA™") < v,(m) for all primes p dividing V,. If p is
odd and p | V,,, then we apply Lemma 4 to obtain that
Vo(Vi) + v, (VED) = v (VR < v, (Vi) = vy (nm) +v,(Ux ()

=v,(m) +v,(n) +v,(Uyp))
vp(m) + v, (Vy),

and so v,,(V,’f‘l) < v,(m). It remains to show that vz(V,’f_l) < v(m). If a is odd and b is even, then it
follows from Lemma 7 that vz(Vf;‘l) = 0 < v,(m). Recall that (a,b) = 1, so a and b cannot be both
even. So we have the following two remaining cases: (a is even and b is odd) or (a and b are odd).

Case 1 a is even and b is odd. We will show that k must be 1, and so0 v,(V¥™1) = 0 < vo(m). If 2 | n,
then we apply Lemma 8 and the assumption that V¥ | V,,, to obtain

1 <k=wV <V, =1
Similarly, if 2 ¢ n, then 2 f nm and we can use Lemma 8 again to obtain
kva(@) = va(Viy) < v2(Viw) = va().

In any case, k = 1, as asserted.

Case 2 a and b are odd. We use Lemma 9 in this case. If n # 0 (mod 3), then v,(V¥"1) = 0 < vy(m).
If n =0 (mod 6), then nm = 0 (mod 6), and so0 k = vo(V¥) < vy(V,) = 1; thus vy(VE) = 0 < va(m).
We now suppose n = 3 (mod 6). Since m is odd, nm = 3 (mod 6). Therefore

k(v2(Us) = vo(Us)) = va(VE) < va(Viw) = va(Us) — v2(Us3).

So k = 1 and thus v,(V¥) = 0 < vy(m). Hence v,(VE™") < v,(m) for all primes p dividing V,,, as
desired. This proves (iii).

For (iv), assume that V¥ || V,,,. By (iii), we have V¥! | m. If V¥ | m, then we obtain by (i) that
V1| v, which contradicts V¥ || V,,,. Therefore VA1 || m. This completes the proof. o
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Remark 11. Let k,m,n € N, a,b € Z, (a,b) = 1, and m is even. Let p be an odd prime dividing V,. By
Lemma 4, we have p 1 D, 7(p) 1 n and 7(p) | 2n. Since m is even and 7(p) | 2n, we obtain 7(p) | mn.
By Lemma 4, we have p {1 V,,, and so V,, { V,,,. This shows that m in Theorem 10 cannot be even
unless V,, = 27 for some r € N.

Remark 12. The argument in Remark 11 works provided that there exists an odd prime p dividing V,,.
The case V,, = 2* for some k € N U {0} may occur but it is very rare. For example, whena = b = 1, we
know from the result of Bugeaud, Mignotte, and Siksek [2] that V), is 1 or is a power of 2 if and only if
n = 0,1, 3. Therefore we do not consider this rare case in our theorems.

Lemma 13. Let k,m,n € N, a,b € Z, and (a,b) = 1. Suppose m is odd and there exists an odd prime
p dividing V,,.. Then v,(U,,) = 0and V,, t U,

Proof. By Lemma 4, we have p 1 D, 7(p) ¥ n and 7(p) | 2n. Therefore 7(p) is even and v,(7(p)) =
v2(n) + 1. So 7(p) ¥ nm. By Lemma 3, v,(U,,) = 0. Therefore V,, 1 U,,,. O

Lemma 14. Let k,m,n € N, a,b € Z, and (a,b) = 1. Suppose there exists an odd prime p | U,. Then
Vp(Vim) = 0 and U, £ V.

Proof. By Lemma 3, we have (1) v,(U,) = v,(n) +v,(U,) =1 if p | D and p | n, and (i1) v,(U,) =
vp(n) +v,(Urp) if p £ D and 7(p) | n. For (i), we have v,(U,) > 0 and p | D, and therefore v,(V,,,) = 0
and U, { V,,,,. For (i1), we have 7(p) | nm and so v,(V,,,) = 0and U,, 1 V.. O

Remark 15. By Lemma 13 and a reason similar to that in Remark 12, we do not consider the case
where m is odd in Theorems 16 to 20. In addition, by Lemma 14, we do not study the divisibility
relation such as U* | V,,,,.

We now have the exact divisibility results for U, and V, separately. In the next theorem, we consider
them together. In other words, we investigate the relations of the type V¢ | m implies V¢ | U,,; and
Vel Uy implies V,‘f || m. We divide the results into 5 theorems according to the parities of a and b.
From this point on, we apply Lemma 5 without reference.

Theorem 16. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a is odd, b is even, and m is even. Then
(i) i VA | m, then VE*1 | Uy

(i) if VE || m, then VE*U | Uy

(iii) if VF | U, then VE | m;

Gv) if VU U,y then VE || m.

Proof. For (i), assume that V¥ | m. We show that v,(V&*!) < v,(U,,,) for all primes p dividing V,. By

Lemma 7, we have v,(V,)) = 0. So let p be an odd prime dividing V,. By Lemma 4, p ¥ D, 7(p) 1 n,
and 7(p) | 2n. Then 7(p) | nm. By Lemmas 3 and 4, we obtain

Vp(Upm) = vp(nm) +v,(Uypy) = vp(m) +v,(n) + vp(Urpy) 2 v,,(V,’j) +vp(n) + v, (Uyp)
= vp(V,’f) +v,(V,) = vp(V,'f“), as required.

For (ii), assume that V¥ || m. By (i), it is enough to show that V¥*? ¥ U,,,. Since V¥*! t m, there
exists a prime p such that v,(V&*') > v,(m). By Lemma 7, v,(V¥*!) = 0, and so p # 2. Since p | V,,
we know that p ¥ D and 7(p) | nm. Therefore we obtain by Lemmas 3 and 4 that

Vp(Unm) = vp(nm) + vp(UT(p)) = vp(m) + Vp(n) + Vp(U‘r(p)) = Vp(m) + vp(vn)
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<v,(V'Dy +v,(V,) = v,(VE*?), as desired.

For (iii), assume that V¥*! | U,,,. By Lemma 7, vo(m) > 0 = vo(V¥). If p is odd and p | V,, then we
apply Lemmas 3 and 4 again to obtain

Vvp(Va) + v, (V) = v, (VA < v, (Up) = vy (nm) + v, (Ux()

=v,(m) +v,(n) + v,(Uyp))
=v,(m) +v,(V,).

This shows that vp(V,'f) < v,(m) for every prime p dividing V,. So VE | m.
For (iv), suppose V¥*! || U,,.. By (iii), it is enough to show that V¥*! { m. If V¥*! | m, we apply (i)
to obtain V**? | U, contradicting V¥*! || U,,,. Therefore the proof is complete. o

Theorem 17. Assume thatk,m,n € N, a,b € Z, (a,b) = 1, a is even, b is odd and m is even. Let

t = min({v,(n) + vo(a) — 2} U{y, — k | p is an odd prime factor of V,,}) and
[ vplm)
S EXA

| for each odd prime p dividing V,.

Then

() if V¥ | mand 2 | n, then V¥ | U,,,,;

if V€| mand 2 t n, then g | Upns

if VE | m, 2 4 n, and vo(m) > vy(V¥) + 1, then V<1 | U,y

ifVEIm, 2| n, and %= | m, then t > 0, vy(m) > k, and V*"*1 | U,,;
Gi) if VE | m, 2| nand 2= § m, then V' || Uy

(i) if V¥l m, 2 | nand 2= | m, then V&1 || U,
(V) if Vy Il m, 2 4 nand va(m) = va(V,), then Vy || Upms

(V) if VE I m, 2 & nand vy(m) = vy(VF) + 1, then V<1 || U,y

Proof. For (i), assume that V¥ | m. If p is an odd prime and p | V,, then p { D, (p) | nm, and we can
apply Lemmas 3 and 4, to obtain

vp(Unm) = Vp(nm) + Vp(U‘r(p))
=v,(m) +v,(n) +v,(Uyp))
> 1,(VE) +v,(V,) = v,(VEH.

From this point on, we sometimes use Lemmas 3 and 4 without reference. Next, we consider vo(V**!)
and v,(U,,,). If 2 | n, then we apply Lemma 8 to obtain

Vo(Upm) = va(nm) + vo(a) — 1 = va(m) + va(n) + va(a) — 1
> v(VE) +vy(n) + va(a) - 1
> (VY + 1 = 0a(VE) +15(V,) = va(VE,
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This implies the first part of (i). Since m is even, 2 | nm. So if 2 1 n, then we can still apply Lemma 8
to obtain

V2(Upm) = va(nm) + vy(a) — 1
= v(m) + vy(a) — 1 (3.1

k+1
> (VS +ma) = 1=V +n(V,) - 1= vz( 2 )
This implies the second part of (i). For the third part of (i), we assume that 2 { n and v,(m) >
v2(V¥) + 1, and then we repeat the argument used in the second part to obtain

Vo(Upm) = va(m) + va(a) — 1 2 vy(VE) + va(a) = va(VEH).

Therefore v,(U,,) = v,(VE*) for all primes p, which implies the desired result. Next, we prove the

last part of (i). Assume that V,’l‘ | m,2 | n, and V’l:; | m. Since a and n are even, v,(n) + vo(a) —2 > 0. In

addition, v,(m) > vp(V,’f) = kv,(V,), and so y, > k. Therefore t > O and t + 1 < v2(n) + vo(a) — 1. By
Lemma 8, we have v,(V,) = 1, and therefore v,(m) > k and

Vo(Upp) = va(nm) + va(a) — 1 = vo(m) + vo(n) + va(a) = 1 > k+t+ 1 = vz(V,'f”“).
If p is an odd prime and p | V,, then

Vp(Unm) = Vp(m) + Vp(n) + VP(UT(p)) = vp(m) + Vp(Vn) 2 ypr(Vn) + vp(Vn)
= (yp + 1)Vp(Vn) > (k + 1+ 1)vp(Vn) — vp(v,/]f+t+l).
Hence v,(U,,) > v,(V¥*1) for all primes p dividing V,,. Thus V¥**! | U,,.. as desired.
P p n p p g k
V’11c+1

2
k+1 k+1
n V

V&2 ¥ U,,.. By Lemma 8, we know that v»(V,) = 1. Then vy(m) > vo(V¥) = v, (VT) Since -2~ { m,

Next, we prove (ii). Assume that V,’l‘ || m, 2 | n and

¥ m. By (i), it is enough to show that

2
there exists an odd prime p dividing V,, such that v,(V¥*) > v (m). Then p 1 D, 7(p) | nm, and
Vo (Vi) = vy (Vi) +v,(V) > v,y (m) + v, (V)
=v,(m) +v,(n) + v,(Uqp))
= Vp(Unm)-

This implies V2 { U,,,.
For (iii), assume that V* || m, 2 | n, and

Vr/\;-l | m. By (i), we obtain 7 > 0, v2(m) > k, and V¥**! | U,

k+1
So it remains to show that V,’f*’*z t U,,,. We first observe that since V"Z | m, we obtain vp(V,’f”) < v,(m)

for every odd prime p. If vo(m) > k + 1, then v,(m) > vo(V¥*!) which implies V¥*! | m contradicting
the assumption V¥ || m. Therefore v,(m) = k. Next, we show that VA2 t U,,,. If t = y, — k for some
odd prime p dividing V,,, then we apply Lemmas 3 and 4 to obtain

Vp(Unm) = vp(nm) + Vp(U‘r(p))

= vy (m) + (V) = (M

v, (Vo) + 1)vp(Vn)
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<y +2v,(V,) = (k+ 1+ 2)v,(V,) = v,(VEF+2),
and so VA2 ¥ U, If t = vy(n) + va(a) — 2, then we obtain by Lemma 8 that
Vo(Upm) = va(nm) + va(a) — 1 = va(m) + va(n) + va(a) — 1 = k+ £+ 1 < »p(VE+2),

and so V¥**2 ¥ U,,,.. This proves (iii).

Next, we prove (iv). Assume that V¥ || m, 2 1 n and v,(m) = v,(V¥). By (i), we have @ | U
To show that V,’j | Uy, it suffices to prove that vo(VX) < v5(U,,,,). Recall from (3.1) in the proof of the
second part of (i) that

Va(Upm) = va(m) + va(a) = 1 = va(VE) + va(@) — 1 = vy (V5),

and
Va(Upm) = va(m) + va(a) = 1 = va(VE) + va(V,) = 1 < va(VE).

So V¥ U,, and V¥*! ¥ U,,.. Thus V¥ || U,,,.

For (v), assume that V¥ || m, 2 { n, and vo(m) > v»(V¥)+1. By (i), it suffices to show that V¥*2 § U,,,.
Since VA*! t m, there exists a prime p dividing V,, such that v,(V¥*!) > v,(m). If p = 2, then we obtain
by Lemma 8 that

Vo(Upm) = va(m) + va(@) = 1 < va(Vy™) + ma(Vy) = 1 < vV,
and so V¥*2 ¥ U,,,,.. If p > 2, then we obtain
Vp(Unm) = vp(nm) + vy (Uspy) = vp(m) + v, (V) < vp(Vit) + v, (V) = v, (ViH),
which implies V¥*2 f U,,,.. This completes the proof. |
From this point on, we apply Lemmas 3, 4, 5, and 8 without reference.

Theorem 18. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a is even, b is odd, and m is even. Then

(i) for all odd primes p, ifvp(V,’f”) <V,(Uum), then v,,(V,’j) < v,(m);
(i) if V' | Uy and 2 | n, then V™20 |
if VU || Uy and 2 | m, then V" ©720 ||
(iii) if VM | U,,, and 2 | n, then V¥ | m;

V) if VN Uy 2+ nand 2=t U, then VE || m;

V) if VI U, 24 1, and 22~ | U, then VI || m.

Proof. For (i), assume that p is an odd prime and v,(VA*') < v, (U,,). If p | V,, then

vp(V) + VP(VVIZC) = Vp(V:];H) < Vp(Unm) = vp(nm) + vp(Ur(p)

= vp(m) + vp(n) + Vp(UT(P))
= vp(m) + Vp(Vn)»

which implies (i). By (i), we only need to consider the 2-adic valuation in the proofs of (ii), (iii), (iv),
and (v).
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For (ii), assume that V¥*! | U,,, and 2 | n. For convenience, let ¢ = min(k, v,(m)). If v,(m) > k, then
va(VE) = k < vy(m), and so VX | m. If vo(m) < k, then vo(V;2") = vy(m) and v,(V;>") < v,(V¥) <
v,(m) for all odd primes p, and therefore V;Z(’”) | m. In any case, we obtain V; | m. This proves the first
part of (ii). Suppose further that V**! || U,,, but V¢*! | m. Then

va(m) > vy(VEH) = min(k, vo(m)) + 1,

which implies ¢ = k. Then V¥*! = V¢*! | . By (i) of Theorem 17, we obtain V¥*? | U, contradicting
V&L U,,,. This completes the proof of (ii).
For (iii), assume that V**! | U,,, and 2 t n. Then

va(@) + v2(VE) = v(VE) <0a(Up) = va(nm) + va(@) = 1 = va(m) + va(a) — 1.

Therefore vo(V¥) < v,(m), and so V¥ | m.

For (1V) assume that V**+! || Unm, 2 fn,and 22t U, By (iii), V¥ | m. If V¥*! | m, then we obtain
s & contradlctlon So VK| m.
For (v), assume that V**! || U, 2 1 1, and v | U,.. Then

(VY + (@) = 1 = v(VE?) = 1 <vy(Uy) = va(am) +va(@) = 1 = vy(m) +va(a) - 1,

and so vo(V¥*!) < vy(m). Therefore VA | m. If V¥*2 | m, we obtain from (i) of Theorem 17 that

Vk | U,m» which implies V¥*? | U,,, contradicting V**! || U,,,. Therefore V¥*! || m and the proof is

complete O

Theorem 19. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a and b are odd, and m is even. Let
c=w(Us) -1,

t =min({v2(n) +c - 1} U {y, — k| pis an odd prime factor of V,}),
s =min({c — 1} U {y, — k| p is an odd prime factor of V,}}), and

Yp = o) for each odd prime p dividing V,,.
vp(Va)

Then
() if VE | m, then V' | U,,,;
(i) if V¥ || mandn £ 0 (mod 3), then VU Uy
(ii1) lka || m, n =0 (mod 6) and i {m then V"Jrl || Upms
(iv) if V¥ | m,n =0 (mod 6), and ” | m, thent > 0 and V"' | U,,,,;
if VK|l m,n =0 (mod 6) and i | m, then V"“Jrl | Upns
(v) lka || m, n=3 (mod 6), 2 || a’> + 3b and ” {m then V"Jrl | Unins
(vi) if V¥ | m, n =3 (mod 6), 2 || a* + 3b, and Ve Im then s > 0 and V¥**' | U,,.;
if VE|lm, n=3 (mod 6), 2 || a* + 3b and ” | m, then V¥t || U,,,.;
(vii) if V¥ |l m, n =3 (mod 6), 4 | a* + 3b and ”C t m, then V'V || U,y
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(vii)) if V¥ [m, n =3 (mod 6), 4 | a® + 3b and Y2 | m, then V2 | 20U s

if VEllm, n=3 (mod 6), 4| a®+3b and Y | m, then V<2 || 2°U,.

Proof. As usual, to prove that V¢ | U,,,, we show that v,(V¢) < v,(U,,) for all primes p dividing V,,.
Similarly, if we would like to prove that V¢ { U,,,,, then we show that vp(V,f) > v,(U,y,) for some prime
p. If p is odd, then we apply Lemmas 3 and 4; if p = 2, then we use Lemma 9; and we will do this
without further reference. For (i), assume that V,’l‘ | m. If pisoddand p | V,, then

Vp(Unm) = vp(nm) +v,(Urpy) = vp(m) + v, (1) + v,(Usp) = v (VE) +,(V,) = v,(VEH).

So it remains to show that vy(U,,) = v2(V¥!). If n £ 0 (mod 3), then vo(V¥*!) = 0 < vy(U,). So
suppose that n = 0 (mod 3). Then nm = 0 (mod 6) and so

Va(Upm) = va(nm) +v2(Ug) — 1 2 va(VE) + va(n) + va(Us) — 1. (3.2)

Since Us = a* + b is even and Ug = a(a® + 3b)U;, we know that v,(Uz) > 1 and vo(Ug) > 1. Soif n =0
(mod 6), then v,(n) > 1 and (3.2) implies that

V2(Un) = vo(VE) + vy (Ug) = vo(VE) + vy(V,,) = vp(VED,
If n =3 (mod 6), then (3.2) implies
Va(Upm) = va(VE) + vy (Ug) = 1 2 vy(VE) + vy (Ug) — vo(U3) = wy(VEH.

In any case, vy(U,,) = v2(V¥*1). This proves (i).

For (ii), assume that V¥ || m and n # 0 (mod 3). By (i), it is enough to show that V**? t U,,,. Since
VE*1 § m, there exists a prime p dividing V,, such that v,(VA*') > v,(m). Since vo(VE*") = 0, we see
that p # 2. Then

Vp(Unm) = Vp(nm) + v,(Urp) = vp(m) +v,(1n) + v, (Us(py) < vp(VED) +v,(V,) = v,(VE?), as desired.

For (iii), assume that V,’f || m, n = 0 (mod 6), and @ 1 m. By (i), it is enough to show that

k+1 k+1
V2 ¥ U,,. Since V"2 t m and vz(V"T) = v(V¥) < vy(m), we see that there exists an odd prime p

dividing V, such that v,(V&*') > v ,(m). Then

Vp(Upm) = vp(nm) +v,(Ury) = v,p(m) + v, (V,)) < v, (VI 4 v,(V,) = v, (V).

Therefore V¥*2 t U,,,,, as required.
For (iv), we first assume that V,’; | m,n =0 (mod 6), and g | m. Since v,(n) > 1 and v,(Ug) >
v2(U3) > 1, it is not difficult to see that ¢ > 0. If p is an odd prime dividing V,,, then

vp(Unm) = Vp(nm) + Vp(UT(p)) = Vp(m) + Vp(vn)
2 VpVp(Va) +vp(Vi) = (yp + Dvp(Vy)
> (k+1t+ D, (V,) = v, (Vi)

In addition,

Vo(Unm) = va(nm) + vo(Us) — 1 = vo(m) + vao(n) + vo(Us) — 1
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> VQ(V:) +t+1=k+1t+1= VZ(V,I;HH).

Therefore V5! | U,,,. This proves the first part of (iv). Next, assume further that V¥ || m. It is enough

to show that V&**2 4 U,,,. Recall that y, = [%J 0 v,(m) < (y, + v,(V,). Soif £ = y, — k for some
pWVn

odd prime p dividing V,,, then

Vp(Unm) = vp(nm) + Vp(U‘r(p)) = Vp(m) + Vp(Vn) < (yp + 2)Vp(Vn) =(k+r+ z)vp(vn) = Vp(v,lfﬁz)’

which implies V¥**2 t U,,.. So suppose t = v,(n) + v»(Ug) — 2. Since V’I;l | m, we see that v,(m) >
v,(VE!) for all odd primes p. If vo(m) > k + 1, then vo(m) > vo(VE1),which implies V¥ | m

contradicting the assumption V;; || m. Therefore v,(m) < k. Then

V2(Unm) = va(nm) + vy(Ug) — 1 = vo(m) + vy(n) + va(Ug) = 1 Sk + 1+ 1 < vp(VEHH2),

Therefore, V¥'*2 t U, as required.
For (v), assume that V¥ || m, n = 3 (mod 6), 2 || @* + 3b, and { m. By (i), it suffies to show
that V&2 t U,,,.. Since Us = a(a® + 3b)U; and 2 || a* + 3b, we obtain vy(V,)) = v2(Us) — vo(Us) = 1.

Since %" { m and v, (@) = v,(V¥) < v,y(m), there exists an odd prime p dividing V,, such that

V’1;+l

2
v,(VE ) > v (m). Therefore

Vp(Unm) = vp(nm) + v, (Uripy) = vp(m) + v, (V) < v (VEY) +1,(V,) = v,(VE*), as desired.

For (vi), assume that V¥ | m, n = 3 (mod 6), 2 || a* + 3b, and V’I;H | m. Since a®> + 3b and U; are

even, and Uy = a(a® + 3b)U3, we have v,(Us) — 2 > 0. Since V¥ | m, we have yp 2 k for all odd primes
p dividing V,,. Therefore s > 0. By the same argument as in the proof of (v), we obtain v,(V,) = 1. In
addition, v,(m) > v,(V¥) = k and v,(V*!) = vp(v’];l) < v,(m) for every odd prime p. If V¥ || m and
va(m) > k + 1 = vy(V¥1), then VX! | m which is a contradiction. Therefore,

if V¥ || m, then v,(m) = k. (3.3)
We will apply (3.3) later. For now, we only need to apply v,(m) > k. We obtain
Vo(Upm) = va(nm) + vo(Ug) = 1 = va(m) + vo(Ug) = 1 2 k+vy(Ug) — 1 2 k + 5+ 1 = vp(VEFH),
If p>2andp|V,, then
Vo(Upm) = vp(nm) +v,(Us) = vp(m) +v,(V,) = (v, + D, (V,) = (k+ s+ 1), (V,) = v, (VEHH),

This implies V¥**! | U,,. Next, assume further that V¥ || m. It remains to show that V¥*5*2 t U,,,.
By the definition of y,, we know that (y, + 1)v,(V,) > v,(m). So if s = y, — k for some odd prime p
dividing V,,, then

Vp(Unm) = Vp(nm) + Vp(U‘r(p)) = Vp(m) + Vp(Vn) < (yp + 2)Vp(Vn) =(k+s+ 2)Vp(vn) = Vp(vy]:+s+2)’
which implies V¥**2 t U,,.. By (3.3), we know that v,(m) = k. So if s = v,(Us) — 2, then

Vo(Upm) = va(nm) + vo(Ug) = 1 = va(m) + va(Ug) = 1 =k + s+ 1 < vz(V,]fJ"”z).
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So in any case, V¥*$*2 ¥ U, as required.
V£+]

For (vii), we let ¢ = v»(Us) — 1 and assume that V¥ || m, n = 3 (mod 6), 4 | a* +3b, and -~ { m. By
(i), it is enough to show that V¥*2 ¥ U,,,.. Since 4 | a* + 3b and Us = a(a* + 3b)Us, we have v,(Us) >

v2(U3z) + 2. By Lemma 6, we obtain v,(Usz) = 1, and so v,(V,,) = v,(Us) — v2(U3z) = vo(Ug) — 1 = c.
Vrl:+l
21.‘

Since {1 m and

k+1

Vz( ;c ) = (k+ 1va(V,) = va(V,) = va(VE) < va(m),

there exists an odd prime p dividing V,, such that v,(V¥*!) > v, (m). Then
Vp(Unm) = vp(nm) +v,(Uripy) = vp(m) + v, (V) < v, (VI +1,(V,) = V,(VE2),

Therefore V2 t U,,,,.
For (viii), assume that V¥ | m, n = 3 (mod 6), 4 | a* + 3b, and
dividing V,,, we have

yk+l
n
20¢

| m. Then for each odd prime p

k+1

v, (Vi) = vp( 50 ) < v, (m). (3.4)

Since 4 | a® +3b and Uy = a(a® +3b)Us, we obtain v,(Us) > v,(U3)+2. By the same argument as in the
proof of (vii), we obtain v,(V,) = v,(Us) — 1 = ¢. Since V,’; | m, we see that v,(m) > vz(V,’;) = kv (V).
If VE |l m and vao(m) > (k + 1)va(V,), then v,(m) > v,(VE!) for all primes p, and so V&' | m, a
contradiction. Therefore

va(m) = kva(V,), (3.5

and
if V,’j || m, then kv,(V,) < vo(m) < (k + Dvo (V). (3.6)

We will apply (3.6) later. For now (3.5) is good enough. We obtain

Q2°Upm) = va(Us) = 1+ vo(Upm) = v2(Us) — 1 + va(nm) + v5(Us) — 1
=212 (Us) — 1) + va(m)
> 2(12(Us) = 1) + kva(Vy)
=2(n(Us) — 1) + k(v2(Us) — 1)
= (k +2)(v2(Ug) — 1) = va(Vi*).

If p>2andp|V,, then
vp(chnm) = Vp(Unm) = Vp(l’lm) + VP(UT(P)) = Vp(m) + VP(V”) 2 VP(thz{H) + vP(V") = VP(VV]:+2)’

where the last inequality is obtained from (3.4). This implies that V,’l‘+2 | 2°U,;. So the first part of
(viii) is proved. Next, assume further that V¥ || m. To prove the second part, it now suffices to show
that V**3 t 2¢U,,,. We have

VZ(ZCUnm) = VZ(U6) -1+ v2(Unm)
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=vy(Us) — 1 + va(nm) + vo(Ug) — 1
= 2(v2(Ug) — 1) + va(m)

<2((Ug) — 1) + (k + D)(v2(Ug) — 1)
= (k + 3)(12(Ug) — 1) = 1y (VA

where the inequality is obtained form (3.6) and the fact that v,(V,)) = v,(Us) — 1. This completes the
proof. O

Theorem 20. Suppose that k,m,n € N, a,b € Z, (a,b) = 1, a and b are odd and m is even. Then

(i) for every odd prime p dividing V,,, if v,(VE*") < v,(Upnn), then v,(VE) < v,(m) ;
(i) if VA*' | Uy and n £ 0 (mod 3), then V* | m;
if VI || Uy and n 2 0 (mod 3), then VY || m;
(iii) if V5+1 | Uy, n =0 (mod 6), and vo(m) > k, then Vr’: | m;
if VU || U,y n = 0 (mod 6), and vy(m) > k, then VE || m;
if VKU | Uy, n = 0 (mod 6), and vo(m) < k, then V,>™ || m;
(iv) if V&' | Uy, n =3 (mod 6), 2 || a® + 3b, and vy(m) > k, then V¥ | m;
if VE'U | Uy n = 3 (mod 6), 2 || a* + 3b, and v (m) > k, then VY || m;
if Vi*' | Uy, n =3 (mod 6), 2 || @® + 3b, and vy(m) <k, then V;*™ || m;
) if VK| Uy, n =3 (mod 6), and 4 | @* + 3b, then V¥ | m;
if ViU | Upm, n = 3 (mod 6), and 4 | a® + 3b, then VY || m.

Proof. We apply Lemmas 3, 4, and 9 throughout the proof without reference. For (i), assume that p is
an odd prime dividing V,, and vp(V,’f“) < v,(Uun). Then

Vp(Vn) + Vp(vy]:) = Vp(V,]iH) < Vp(Unm) < Vp(nm) + Vp(UT(p)) = Vp(m) + Vp(Vn),

which implies (i). Therefore we only need to consider the 2-adic valuation in the proof of (ii) to (v).

For (ii), assume that V¥*! | U,,, and n # 0 (mod 3). Since v,(V¥) = 0 < v,(m), we obtain by (i) that
V¥ | m. Suppose futher that V¥*! || U,,,,. If VA1 | m, then (i) of Theorem 19 implies V¥** | U,,,, which
contradicts V¥*! || U,,,,, and so V¥ || m.

For (iii), assume that V¥*! | U,,, and n = 0 (mod 6).

Case 1 v,(m) > k. Then v,(V¥) = k < v,(m). So we obtain by (i) that V¥ | m. If V¥*! || U,,,,, then we
obtain by (i) of Theorem 19 that V¥*! t m, and so V¥ || m. This proves (iii) in the case v,(m) > k.

Case 2 v,(m) < k. For convenience, let d = vy(m). Since vo(V?) = d = vy(m) and v,(V?) < v, (V¥) <
v,(m) for every odd prime p dividing V,,, we obtain V¢ | m. If V¢! | m, then d+1 = vo(VI™1) < va(m) =
d, a contradiction. So V¢ || m.

For (iv), assume that V¥ | U,,,, n = 3 (mod 6), and 2 || a* + 3b. Since Us = a(a* + 3b)Us and
2 || a’ + 3b, we obtain VQ(V,,) = Vz(U6) - V2(U3) =1.

Case 1 v,(m) > k. Then vo(V¥) = k < v,(m), and so we obtain by (i) that V¥ | m. If V¥*! || U,,,,, then
we obtain by (i) of Theorem 19 that V,’f || m. This proves (iv) in the case v,(m) > k.

Case 2 v,(m) < k. For convenience, let d = vy(m). Then vo(VY) = d = vy(m) and v,(V?) < v,(V¥) <
v,(m). Therefore V¢ | m. If V& | m, then d + 1 = vo(V¢*!) < vo(m) = d, a contradiction. Therefore
Ve m.
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For (v), assume that V¥*!' | U,,,, n = 3 (mod 6), and 4 | a*> + 3b. Since Us = a(a® + 3b)Us and
4 | a* + 3b, we obtain v,(Ug) > v,(Us) + 2. By Lemma 6, we have v,(Us) = 1. Then v,(V,) =
v (Us) — v2(U3) = v2(Us) — 1 and

Va(V) +v2(Va) = va(Vith) < vp(Upm) = va(nm) +vo(U) = 1 = va(m) +vo(V,y).

So v,(V¥) < vy(m). By (i), we obtain V¥ | m. If V¥*! || U,,,, then we obtain by (i) of Theorem 19 that
VK1t m, and so V¥ || m. This completes the proof. o

4. Conclusions

We obtain exact divisibility theorems for the Lucas sequences of the first and second kinds, which
complete a long investigation on this problem from 1970 to 2021.
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