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1. Introduction

Let Q := (0,1), T > 0O be a fixed final time and Q := Q x (0,7). In this paper, we consider the
following Kawahara equation [12, 15]

Ve + Yaxx T YVaxxxx T YYx + a(-x)y = 0, (X, t) € Qa

y(x,0) = yo(x), x€Q, 0
¥(0,0) = y(1,5) = y,(0,8) = y(1,0) =0, 1€ (0,T), '
Yer(1,0) = 0 t€(0,T),

where y < 0, yo is the initial data and a(x) is the damping coefficient. For simplicity we assume
v = —1. The Kawahara equation was first introduced by Kawahara [12] in 1972 to study the
propagation of small-amplitude long waves that occur in various applications like, fluid dynamics,
plasma physics, biology, and sociology. Further note that it is necessary to introduce the higher order
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effect of dispersion in order to balance the nonlinear effect when the coeflicient of the third-order
derivative in the KdV equation becomes zero or very small. The term y,,, + ¥Y.xxx 1S denoted as the
conservative dispersive effect. The term a(x)y plays a significant role in the designing of feedback
damping mechanism and proving the exponential energy decay of solutions. Further, when the
damping is localized, that is, it is effective only on a bounded subset of the given domain, the
stabilization of the problem is more interesting (see, [15]). Note that we have also omitted the drift
term u, in the model (1.1) since it doesn’t play any essential role in the study of Carleman estimate
and inverse problems of the given system. For more detailed applications of this model, one may refer
to[1,7, 15].

In this paper, we focus on the reconstruction of a space-dependent damping coeflicient of a zeroth
order term based on Carleman estimate for fifth-order PDEs. This estimate was introduced by
Carleman in 1939 for proofs of uniqueness results for ill-posed Cauchy problems. Carleman estimate
and its theory were first proposed in the study of inverse problems, by Bukhgeim and Klibanov [4, 5].
In recent years, due to applications, inverse problems for higher-order partial differential equations
have attained much more attention. In the literature, we could find numerous articles that deal with
the inverse problems/controllability results for higher-order PDEs. For example, Glass et al. [8]
established the local controllability to the trajectories of fifth-order Korteweg-de Vries equation
(KdV) using the boundary controls. Gao [10] established a global Carleman estimate for the
Kawahara equation by internal measurements and applied it to prove the unique continuation property
and exponential decay of solutions. Recently, Mo Chen [7] studied the controllability to the
trajectories for the Kawahara equation via Carleman estimate. Baudoin et al. [3] investigated the
nonlinear inverse problem of retrieving the anti-diffusion coefficient from Kuramoto-Sivashinsky
(K-S) equation. The same authors [2] established the inverse problem of reconstructing the principal
coefficient of generalized Korteweg de Vries (KdV) equation.  One may also look at [6] for the
Carleman inequality of the classical KdV equation which is applied to study the null controllability
problem. Gao [9] studied the inverse problem and the controllability to the trajectories for the K-S
equation using internal measurement. A recent paper by Meléndez [13] discussed the inverse problem
of retrieving the main coefficient in the K-S equation using the boundary measurement. For some of
the other related results and applications of Carleman estimate, one can also refer to [16].

Apart from some of the literature mentioned above for inverse problems and controllability of
higher-order systems, to the best of our knowledge, in the direction of inverse problems, there is no
article available in the literature for recovering the unknown coefficient or source in the Kawahara
equation. Thus we made an attempt to establish such a result in this paper.

Notations and Assumptions:

The following notations, function spaces and assumptions are often used throughout this article:

W2(Q) := {y € L(Q); Yr» Yaxs Vs Yorws Yarex € L7(Q))

W20, T; WH(Q)) = {, ¥, Yoo yu € L¥(0, T3 L¥(Q)))

and
RE = C([0, TT; HY(Q)) fork > 0

Por = RN L0, T; H(Q)),
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with norm
Iyllpor = ||y||730T + Wllz20,7;520)-

We also use function space H'(0, T; L*(Q)) := {y,y, € L*(0, T; L*(Q))}.

Assumption: 1.1.
(i) Let Ky be an M-bounded set in W>*(Q), which is defined by

Ky = {a(x) € W>(Q) : la(x)llyss@) < M), (1.2)

where M is any positive constant. '
(ii) The initial data y, satisfies the compatibility conditions y(()l)(x) =00ndQforalli=0,1,---,12,
o _ 4
O dxi’
The condition yg)(x) = 0 on 0Q fori = 0, 1,2 is sufficient for the compatibility of the boundary
conditions in (1.1) and the rest of the cases are needed only to prove the regularity of solutions given

by Theorem 3.2.

where y

2. Main results

The main part of our paper deals with the stability result for an inverse problem of the Kawahara
equation which is explained in the following manner. Let y(x, ) and y(x, ¢) be the solutions to Kawahara
equation (1.1) corresponding to the unknown coeflicients a(x) and a(x) respectively. Define u(x, ) :=
y(x,t) = ¥(x,t) and f(x) := a(x) — a(x) so that u solves the equation

Uy + Uxx = Upeeer + PO Dty + g(x, Du = g(x, 1), (x,0) € 0,
u(x,0) =0, x€(0,1), 2.1
w(0,1) = u(l,1) = u(0,1) = u(l,1) = uy(1,1) =0, 1€ (0,7),
where p(x, 1) := y(x, 1), g(x, 1) = (a(x) + §u(x, 1), r(x, 1) := =5(x, 1) and g(x, 1) = f(xX)r(x,1).
The inverse problem can be stated as follows: Is it possible to retrieve the damping coefficient a =
a(x) from the measurement of the solution u of Kawahara equation, namely certain spatial derivatives
of u at time 8 = T |2 and the solution u on the subdomain w C Q ?

The answer is the following main result concerning the stability estimate of the Kawahara equation
(1.1) in terms of internal measurements:

Theorem: 2.1. Let a € Ky, yo € H'(Q) and w C Q. Assume that in£ [¥(x,0)| = b > 0, for some fixed
XE
0 € (0,T). Then there exists a constant C > 0 depending on Q,w, T, M, b and y, such that

~112 ~112 ~ 2
”a - a||L2(Q) < C (”y - y”HI(O’T;LZ(w)) + “yxxxx - yxxxx”Hl(o’T;LZ(w))
- 2
HIYC, 0) = 5. Ol Zs0.) - (2.2)

Remark: 2.1. If we assume that y(x, 6) = ¥(x, ), for a.e. x € Q, the internal stability estimate becomes
~112 ~12 ~ 2
||a - a”LZ(Q) < C (”y - y”Hl(O’T;LZ(w)) + ”)’xxxx - yxxxx”Hl(O,T;LZ(w))) .

AIMS Mathematics Volume 5, Issue 5, 4529-4545.



4532

The regularity of solutions for the direct problem (1.1) which is proved in Section 5 and a Carleman
estimate stated in [10] (see, Theorem 1.1) play a vital role to prove Theorem 2.1. We will prove in
Section 3 that if the initial condition y, € H'%(Q), then the solution of the main equation (1.1), namely
y € C([0,T]; H(Q)) and y, € C([0, T]; H*(Q)) N L*(0, T; H>(Q)). This is mainly attained from the
appropriate regularity of solution for the Kawahara equation. Since the right-hand side of (2.2) can be
estimated as y € H'(0, T; H(Q)), we observe that the trajectories of solutions satisfying Theorem 2.1
is not an empty set.

The outline of the article is as follows: In Section 3, we establish the existence, uniqueness, and
regularity of solutions of the Kawahara equation. In Section 4, we state a global Carleman estimate with
internal observations for the fifth-order operator with Dirichlet-Neumann type boundary conditions. In
Section 5, we establish a stability result for the Kawahara equation.

3. Existence, uniqueness and regularity of solutions

In this section, we establish the existence and uniqueness of solution of the Kawahara equation. Let
F € L'(0,T; Hj(€)). Consider the auxiliary problem

Vi + YVixx = Yaxxxx = F(x’ t)’ (x’ t) € Q’
y(x’ 0) = y()(-x), X € (05 1)’ (31)
0,0 =y(1,1) = y.(0,0) =0, t€(0,7),
y(1,0) = yu(l,1) =0, 1€(0,7).

The existence and uniqueness of solution for the linear problem (3.1) can be obtained by using
semigroup theory (see, [10, 15]).

Proposition: 3.1. ([15], Lemma 2.1 ) Let yy € L*(Q) and F € L'(0,T; Hy(Q)). Then, the linearized
equation (3.1) has a unique generalized solution y € C([0, T]; L*(Q)) N L*(0, T; H*(Q)). Moreover, the
solution satisfies

tfer[lgl;?] lyOllz2 ) + IVll200,7:0200)) < C(||F||LI(O,T;H3(Q)) + ||y0||L2(Q))- (3.2)

The well-posedness of Eq (1.1) is obtained by using Proposition 3.1 and fixed point argument. The
energy estimate (3.2) related to upper bound of y, which is obtained in terms of F € L'(0, T; Hé(Q))
plays a major role.

Theorem: 3.1. Assume that a(x) € L°(Q) and let T > 0 be given. Then for any y, € L*(Q), there
exists a unique solution y € C([0, T1; L>(Q)) N L*(0, T; H*(Q)) of (1.1) satisfying

||y||C([O,T];LZ(Q))OLZ(O,T;HZ(Q)) <C(M, T)(l + ||)’0||%z(g))~ (3.3)

Proof. The existence and uniqueness is proved in Theorem 2.1, [15] (see also [10]). Now, we only
prove the global estimate (3.3).
Multiplying (1.1) by y, integrating over Q and using Gronwall’s inequality, we obtain

2 CMT 2
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Similarly, multiplying (1.1) by xy, integrating over Q, we get

||‘x1/2y(t)||L2(Q) + 3||yx(t)||L2(Q) + 5||)’xx(t)||L2(Q) ||)’(t)||Lz(Q) + 2M||y(t)||L2(Q) (35)

Using Agmon’s inequality and Poincaré’s inequality, we obtain

YOI < ION=@IyOIq) < 1@l VOl 5 VOl 20,
< ClyOliz@llyOlF g, < 3Ol2q, + CIYO - (3.6)

Replacing (3.6) in (3.5) and using (3.4), we have

—||x”2y<t>||Lz(Q) F YOI + SV lEagy < COLT) (10l g + IollEzg,) -
Integrating over (0, #) to obtain
2512 ) + Il Pag rsz + Sl iz < COLTY (Dol + olltag)) - B
Note that from (3.7) and Poincaré’s inequality, we also have
220720 S COLT) (1 + Ilyoll} ) - (3.8)
Adding (3.4), (3.7) and (3.8), one can complete the proof. O

To complete the main result of this paper, we prove the following regularity result.

Theorem: 3.2. Assume that a(x) € L*(Q) and let T > 0 be given. Further assume that Assumption
1.1-(ii) holds true. If yo € H'(Q), then the solution y € C([0,T]; H>(Q)), y. € C([0,T]; H}(Q)) N
L*(0, T; H>(Q)) and satisfies the following:

IVlleqo,r:ms@) < exp{exp {C(M T)(l + ||}’0||Hm(Q))}} (3.9
and

ylleqo,r:r2@p)niz0,m:H5@) < €Xp { exXp {C(M, T)(l + ||y0||12qlo(g))}}- (3.10)

Proof. From (1.1), we have

2
”yxxxxxHLZ(o T: LZ(Q)) (31 1)
2 2 2
< 4 (”)’z”Lz(O T: LZ(Q)) + ||yyx||L2(0’T;L2(Q)) + ||yxxx||L2(0’T;L2(Q)) + M ||)’||L2(0 T: LZ(Q))) .
Observe that by (3.11), we have
2
M0 75 < COD (3120 120 + D90 72600 + M2 07-m00c) - (3.12)
Using the continuous injection H!'(Q) — L*(Q), we get
2 2 2
||)’)’x||Lz(0,T;Lz(Q)) < C||y||C([0,T];L2(Q))”.)Z”LZ(O’T;HZ(Q))' (3 1 3)
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By Ehrling’s lemma (see Theorem 7.30, [14]) for any € > 0 and y € L*(0, T; H3(Q2)), we obtain
||)7||i2(0’T;H4(Q)) S 6”)’”%2(01;}15(9)) + C(€)||)7||i2(0’T;Lz(Q))- (3 14)

Substituting (3.13) and (3.14) in (3.12) and choosing € = 1/2C, we get

2 2 2 2 2
||)’||L2(0,T;H5(Q)) S C (”yt”LZ(O’T;LZ(Q)) + ||)’||C([0’T];Lz(g))||)’||Lz(0,T;Hz(Q)) + ||)7||Lz(0’T;L2(Q))) . (315)

Taking derivative of (1.1) with respect to time, we also have

2 2 2 2
||)’xxxxxz||L2(0’T;Lz(Q)) < 5 (||)’tt||Lz(0’T;Lz(Q)) + ||y}’xz||Lz(o,T;Lz(Q)) + ||Yth||L2(O,T;Lz(Q))

2 2 2
e O 7 |1 O (3.16)

Applying the continuous injection H'(Q) — L*(Q), we obtain

2 2 2
||Yth||Lz(O’T;Lz(Q)) S C||)’t||C([0’T];L2(Q))||)’||L2(0,T;Hz(g))’ (317)
and
2 2 2
”yyxt”LZ(O’T;LZ(Q)) < C||y||C([O’T];L2(Q))”yl”LZ(O,T;HZ(Q))' (318)
By Ehrling’s lemma, we get
2 2 2
||yl‘||L2(0’T;H4(Q)) S e”yl‘”LZ(O’T;HS(Q)) + C(E)”yl‘”LZ(O’T;LZ(Q))’ (319)

for any € > 0. Once again follow the same process as we did above and using (3.17), (3.18) and (3.19),
we obtain

2 2 2 2
”yt”LZ(O’T;HS(Q)) S C(M) (“yll‘”LZ(O’T;LZ(Q)) + ||}’t||c([O’T];Lz(Q))||)’||L2(0,T;Hz(g))

2 2 2
+||)’||C([O,T];L2(Q))||)’t||Lz(0’T;Hz(Q)) + ”yl”LZ(O’T;LZ(Q))) . (320)

To estimate the right side of the above two inequalites (3.15) and (3.20), we need to establish the
following auxiliary lemmas.

Lemma: 3.1. Assume that a(x) € L¥(Q) and let T > 0 be given. If yo € H>(Q), then the solution
vy € Por of (1.1) has time regularity such that y, € Py r and satisfies the following:

idlpy, < exp{CM, T)(1 + llyollsq )} (321)

Proof. Let us take a derivative of (1.1) with respect to time and set 7 := y,. Then 7 satisfies the equation

Mt + Nexx = Mxxax + Y + Y0 + a(x)n = 0, (x,1) € Q,
n(x, 0) = no(x), x € Q, (3.22)

1(0,7) = n(1, 1) = n(0,1) = (1, 1) = nxx(1,0) = 0, 1€ (0,7),
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where 179(x) := y,(x,0). Notice that from (1.1), we have y,(x,0) = —yg)(x) + yés) (x) = yo(0)yj(x) —

a(x)yo(x).
Multiplying (3.22) by n, integrating over Q and apply Cauchy’s inequality to obtain

d
TNy + 1(0.0) < COD(Iyillim@) + DI g (3.23)
Using Gronwall’s inequality, the continuous injection H'(Q) < L*(Q) and by Theorem 3.1, we attain

From the initial condition and the continuous injection H*(Q) — L™(Q), we get

IA

70l 220 C(M)(||yo||H3(Q) + yollas) + yollzz@llyoll g @) + ||y0||L2(Q))

CD(Iyollzs + Dolls ) < COMY exp {Ilyollis (3.25)

Replacing (3.25) in (3.24), we obtain

IA

1212 0,712 S EXP{CTH(1 + llyolZys g )}- (3.26)

Once again multiplying (3.22) by x7 and integrating over €2, we obtain

d
A (02 g, + 3Oz g + SOl g
< CD(I il + Il + 1)IMOIq. (327)

Integrating (3.27) over (0, ¢) and applying Theorem 3.1, (3.25) and (3.26), we get

20O 20y + 170 20,7120 + Waslao 72y < EXP{CTY(1 + llyolys g )}- (3.28)

Therefore, putting together (3.26) and (3.28), one can get (3.21).
Finally, we show that the solution 7 of (3.22) is equal to y,, where y is the solution of (1.1).
Let us define

y(x, t) = f n(x, T)dt + yo(x). (3.29)
0

It leads to the following:

VX, 1) + Yoorx (X, 1) = Yawn (X, 1) + Y(x, D)y, (X, 1) + a(x)y(x, 1)
= n(x, 0+ fo (nm(x, T) = Naxor (X, T) + (X, Dy(x, T) + y(x, TN, T) + a(0)n(x, T))dT
+ (3)
Yo

= n(x,1) - f (X, )T + 5§ (%) = ¥ (%) + yo 0y (x) + alx)yo(x)
0

(xX) = 32(x) + o0y (x) + a(x)yo(x)

= 7(x,0) + 35 (x) = y$ () + yo(0)y) () + alx)yo(x) = 0.
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Notice that when 7 solves the system (3.22), y solves (1.1). Moreover from (3.29), we get the initial
condition y(x, 0) = yo(x) and using the compatibility condition, we obtain

!
¥(0,7) = f n(0, 7)d7 + yo(0) = 0.
0
Similarly, one can get the remaining boundary conditions y(1,7) = 0, y,(0,¢) = 0, y,(1,7) = 0 and
vu(1, 1) = 0. This completes the proof. O
Lemma: 3.2. Assume that a(x) € L°(Q) and let T > 0 be given. If yo € H'*(Q), then the solution
vy € Por of (1.1) has time regularity such that y, € Py and satisfies the following:

alle,, < exp{exp{CM, T)(1 + llyollZ0q) )} (3.30)

Proof. Take a derivative of (3.22) with respect to time and let us set z := n,. Then, we have

2+ Zoxx — Zooxxxx T Yix + Y + a(x)z = _27777)(9 (X, t) € Q’
2(x, 0) = zo(x), x €Q, (3.31)
200,0) = z(1,1) = 2,(0,0) = z.(1, 1) = z(1,1) =0, 1€ (0,7),

where z9(x) := 7,(x,0). Observe that from (3.22), we have 1,(x,0) = =1 (x) + 75" (x) = 1o(x)yj(x) —

Yo(0)175(x) = a(x)mo(x).
Multiplying (3.31) by z, integrating over Q and applying Cauchy’s inequality, we obtain

d
TN g + 20,0 < COD(llim@ + il + DOy + 0O (332)

Using Gronwall’s inequality, the continuous injection H!(Q) < L*(Q), by Theorem 3.1 and
Lemma 3.1, we attain

max [0z, < exp{exp {CALTI(1 + o))} (333)
where we have used
llzoll2) < C(M)(||770||H5(Q) + |70l 2 lyoll r2) + ||770||H1(Q)||y0||H'(Q))
< CM)(Imollzsay + 025,y + 0l (3.34)
and
ollizscy < COD(Iyollzroy + oll3og,) < COM) exp {Ilyolli - (3.35)

Multiplying (3.31) by xz, integrating over Q and using Cauchy’s inequality to get

d 1/2 2 2 2
Ellx / Z(t)”LZ(Q) + 3||Zx(t)||L2(Q) + SHZxx(t)”LZ(Q)

< CO([Inl By + il + llz=@) + 1@z g + O -
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Integrating over (0, ) to obtain

1/2 2 2 2
”X / Z(t)”LZ(Q) + ”ZXHLZ(O’T;LZ(Q)) + ”ZXXHLZ(O,T;LZ(Q))

2 2 2 2
< COD(IMa0 72y + VTIMIz0r22000 + Tl 026 + M0 72 * 120l

Using Theorem 3.1, Lemma 3.1, (3.33), (3.34) and x < ¢* for all x € R, we get

”-xl/zz(t)llig(g) + ”Z"CHiZ(O,T;LZ(Q)) + ”Zxx”iz(o’T;LZ(Q))
< exp{exp{COM, TY(1 + 1Yol 00} (3.36)

Similar to Lemma 3.1, we can show the equality of solutions z and y,,. The proof is thus completed. O

Use Theorem 3.1 and Lemma 3.1 in (3.15) to obtain
V120 721500 < €XP{COM, TH(1+ [1yolls gy ))- (3.37)
Similarly, applying Theorem 3.1, Lemma 3.1 and Lemma 3.2 in (3.20), we get
1132 0 75y < €%P { @xp {COM, T)(1 + [1yolly 00 )} - (3.38)
Now, adding (3.37) and (3.38) to get
IV 07150y < €xP{ exp{COML TH(1 + llyoll30qy )} - (3.39)

Using (3.39) and the continuous injection H'(0, T; H>(Q)) — C([0, T]; H>()), one can obtain (3.9).
Multiplying (3.22) by —n,, and integrating over (2, we get

d
Ol < COD (IOl + IOz, + YOIz 0Ol
IOl 20y + MOl 2 )-

Using the continuous embedding H!(Q) — L*(Q), integrating over (0, f), applying Theorem 3.1,
Lemma 3.1, Lemma 3.2 and (3.38), we obtain

1712y < exp{ exp {COLTI(1 + ol )}

By the help of Poincaré’s inequality, we also estimate ||17x(t)||i2 @ and again by Lemma 3.1 together
with (3.38), we get (3.10). This completes the proof of Theorem 3.2. O

4. Carleman estimate
In this section, we state an internal type Carleman estimate for the linearized Kawahara equation.
We need to introduce suitable weight functions which will be useful for obtaining the Carleman

estimates.
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4.1. Internal Carleman estimate

Let w C Q be an arbitrary open subset. Let us assume ¢ = y(x) € C*(Q) be the function that
satisfies

4.1)

Y(x)>0 VxeQ, y(x) =0 Yx€dQ, Wlca =1
W (x)] >0 YxeQ\wand iy, (0)>0,y,(1)<O0.

For the existence of such a function ¢ one can refer to [10]. Let A be a sufficiently large positive
constant. We define ¢ and @ forany A > 1 and ¢t € (0, T):

o(x. 1) = VO B, a(x,1) = (U — ) /5(1), 4.2)

where B(f) = #(T — t). Furthermore, in order to prove the main results, we may need the following
estimates for the functions ¢ and « :

¢l < CT¢*, |yl < CT¢” and || < CT?¢’. (4.3)
Further note that
$x = Ays, @y =gy, and ¢~' < (T/2)". (4.4)
Now let us state an interior Carleman estimate for the linear operator Ly := y; — y,.xx- Here, we set
J:={y € L0, T; H(Q)) | (0, 1) = y(1, 1) = y(0,1) = y.(1,0) = yuul(1,0) = 0,
Ly € L0, T; L(Q)}.

Proposition: 4.1. ([10], Theorem 1.1) Let \, ¢ and « be defined as in (4.1)-(4.2). Then there exist
four constants sy > 0, 1y > 1, Co > 0 and C, > 0, such that for A = Ay and for all s > sy := Co(T +T?),
the following inequality holds for all y € J:

50 ff ¢962m|y|2dxdt + 5 ff ¢762m|yx|2dxdt+ $ ff ¢Sez“’|yxx|2dxdt
0 0 o
+5° ff ¢3ezs"|yxxx|2dxdt+ sff ¢e2“’|yxxxx|2dxdt
o o

< (ff >\ LyPdxdt + sgf ¢’ e**yPdxdt + sf ¢e2m|yxxxx|2dxdt), 4.5)
o (o Ow

where Q,, := w X (0, T).

Now we apply the above Carleman estimate to get the similar estimate for the linearized equation
(2.1) by using same weight functions as defined in (4.1)-(4.2).

Theorem: 4.1. Let y, ¢ and a be defined as in (4.1)-(4.2). Then there exist constants s;, > 0, 49 > 1,
and C > 0, such that for 1 > Ay and for all s > s;, the following inequality holds for all u € J:

M(u)SC( f f ¥ glPdxdt + s° f ¢’ e*|ul*dxdt + s f ¢ezmluxxxx|2dxdt), (4.6)
0 Qu (o
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where u is the solution of the system (2.1) and

Mu) = s f f ¢~ e* Y Liuldxdt + s° f f ¢’ > |ulPdxdt + s’ f f @' > |u,|>dxdt
0 0 o
+5 ff P> |u P dxdt + s° ff ¢3ez“’|uxxx|2dxdt+sff B> Uy xr|*dxdt.
Qo 0 Q0

Proof. Let us define the unknown function u(x,t) = e **w(x, t) for the operator Lu = u; — Uyyiyy tO
write the following resulting equation

Liw+ Low+ Lyw = e’ L(e**w) 4.7
where
LW = W, — Wieer — lOszaiwxxx — 3052 Q@ Wi — 5s4aiwx - 6s4aia/xxw
Low = ssoziw + 10s3a/)3€wxx + 55O W pxx
Lyw = saw-—10s° oziaxxxw - 15s3axa§xw — 105%Q @p W — 587 X g W

4 2 2 2 2
—SU W — 45 aiozxxw - 3053axa/xxwx = 208 @ @y Wy — 1557, Wy

=55 Wy — 108U Wiy — 105Q Wiy

The relation (4.7) will play a major role to get the following Carleman estimate for the operator £
defined above. By Proposition 4.1 and the operator Lu = u; — Uyyyxx = & — Urnx — PUx — qu from (2.1),
we get

s f f ¢ > ul*dxdt + s f f ¢’ > |uPdxdt + f f > |u P dxdt (4.8)
0 0 0
+s° ff ¢362s“|uxxx|2dxdt+sff Gt xrn|*d xdt
(@) 0

< C (ff ezmlg — Upyy — PUy — qulzdxdt + s9f ¢’ e**|ul*dxdt + sf ¢ezs"|u”m|2dxdt).
0 Ow Ouw

Now, we find the bound for the first term of the right side of (4.8): Use Theorem 3.2 and the
Sobolev embedding L*(0,T; H*(Q)) < L*(0,T;W"°(Q)) to get the regularity results that
y € L¥(0,T; Wh>(Q)) and § € L*(0, T; W'(Q)). It shows that ||pl|z=.7:r@) and llgllz=o,r:=@) are
bounded by constants depending on Q, T, M and y,. It leads to the estimate

ff ez“"lg — Uyry — PUy — quldedt 4.9
0

@ 0

Substitute (4.9) in (4.8), we have

s ff ¢ e*\uldxdt + s’ ff ¢ e*u, P dxdt + s ff > u [ dxdt
0 ) 0
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+5° ff ¢3ezmluxxx|2dxdt+sff B> Uy xr|*d xdt
0 o

< C(ff ezstllglzdxdt-i— ng ¢962S(l|u|2dxdt+ Sf ¢623a|uxxxx|2dxdt)’ (410)
0 Qu 0,

for any s > s, := max{so, CT?}.
Using (4.7) along with the estimates on weight functions (4.3) and (4.4), we have

57! f f ¢ | LiwPdxdr < Cs™! f f ¢ (e Lul + | Lowl + | Lsw]) dxdt, 4.11)
o o

57! f f ¢ | Lowldxdt < C(s9 f f ¢’ Iwlrdxdt + s° f f > |w > dxdt
) 0 0
+s f f ¢|wxxxx|2dxdt),
0]

s f f ¢~ | Lywldxdt < §° f f ¢’ wlPdxdt + s’ f f ¢ \wyl*dxdt
+S5 ff qﬁsl"‘}xxldedl""S3 ff ¢3|Wxxx|2dxdt,
0 0

for any s > s, = CT(T + T**). Now, we go back to the original variable using the transformation
w(x, 1) = e**u(x, t) as follows:

57! f f ¢~ e* | Liul*dxdt
0
< c(s-‘ f f ¢~ e® | Lul*dxdt + s f f > \ul*dxdt + s f f ¢ e*|u,*dxdt
o Q0 0
+s° f f ¢ > u [dxdt + §° f f O e*u . Pdxdt + s f f ¢e2m|umx|2dxdz), (4.12)
0 0 )

for any s > s,. Using (4.9) and putting together (4.10) and (4.12), we obtain

where

and

Mu) < C ( f f e*glPdxdt + s° f ¢’ > ulPdxdt + s f ¢62m|uxxxx|2dxdt), (4.13)
o Qv (o
for any s > s := max{sy, 52, C T?}. This concludes the proof. O
5. Stability results

In this section, we establish a stability result for the Kawahara equation (1.1) which will be proved
using the ideas of [4, 11]. To prove the stability result of this paper, we need to deduce a Carleman
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estimate for the variant of the operator £ in Proposition 4.1. Here we use the data at some time 8 = 7'/2.
Moreover, we write for simplicity, p(x, 8) := p(0), g(x, 0) := q(0), r(x,0) := r(0) and u(x, 6) := u(0) .

Proof of Theorem 2.1: First we take a differentiation of the Eq (2.1) with respect to time. The function,
v(x, 1) := u,(x, t) satisfies the following equation

Vi + Vixx = Vixxxx T PVx + qv = G()C, t)a ()C, t) € Qa
v(x,0) = f(x)r(x,0), x €9, (5.1)
0,0 =v(1,0) = vi(0,0) = vi(1,0) = viue(1,0) =0, 1€(0,7),

where G(x,t) = fr,— p,u,—q,u. Then we apply the Carleman estimate derived in Theorem 4.1 for (5.1)
to obtain

M(®)

< C(ff €2SU|G(X, t)lded[ + ng ¢962sa/|v|2dxdt + Sf ¢€2mlvxxxx|2dxc{t), (52)
¢ Qu Qu

for all v € J and for any s > 57, where M(-) is defined in (4.6).

To estimate the first term on the right side of (5.2), note that by Theorem 3.2,
Y. 9, v, ¥ € L¥(0,T; H*(Q)) and the Sobolev embedding L*(0, T; H*(Q)) — L*(0,T; W' (Q)) we
obtain the regularity results that y € WH*(0, T; W'°(Q)) and § € W'(0, T; W'*(Q)). It shows that
17|l 0.7:25@)s IPelleo. 7000 and [|gl=.r:.~)) are bounded by constants depending on Q, 7', M
and y,, which lead to G € L*(0, T, L*>(2)). Thus we have

f f e*?|G(x, 1)[*dxdt (5.3)
o
< 3(||r,||im(g) f f e\ fPdxdt + ||g|7 o) f f e |uldxdt + |plljg) f f ez“’luxlzdxdt).
0 0 o
We substitute (5.3) in (5.2) to obtain
M@y) < c( f f > fPdxdt + §° f f ¢’ > |ul*dxdt + s f f ¢’ > |u,|*dxdt
(9] o (¢
+s° f ¢9ezmlv|2dxdt+s f ¢62m|vxxxx|2dxdt), 5.4
Ow Ow

for any sufficiently large s > 5, = max{CT?, s} }.
Here, we use Theorem 4.1 for the terms s° f f ¢’e > ul*dxdt and s f f ¢ e > |u, > dxdt which
0 0
occur on the right side of (5.4) to get

M@y) < c( f f > fPdxdt + s° f f ¢’ > |ulPdxdt + s f P> Uy x| *dxdt
0 Ouw Ow

+s9f > v dxdt + sf ¢e2m|vxxxx|2dxdt), (5.5)
Qv (o9
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where we have used ||7]|~.7:.~@)) < C and for any s > §.
Next we acquire an estimate for the solution v of the transformed equation (5.1) at ¢+ = 6 by
introducing an integral with 6 and the operator £;w as follows:

I = ff(l:lw)wdxdt
0 Jo

= f (Wi — W — 10s2afiwxxx - 30s%@, @ Wy, — Ssta? Wy — 6s4cxia/xxw)wdxdt
)
1
S f w(x,0)dx + N, (5.6)
2 Ja

where Qy := Q X (0, 60). Here £,w is the operator that would arise if we derive Carleman estimate for
LV =V, — Vi @8 We have computed in (4.7) and

N = f f —WW ooy — 105202 WWxx — 3052, ww,, — 5stat TWW, — 6s4a/iozxxw2) dxdt
Qo

= f f WoWedxdt — 10s? f f @ WW o dxdt — 10s° f f @, w2 dxdt
Oy
+4s* f f @ wltdxdt. (5.7)
Oy

Using (4.3) and (4.4), we obtain

N < C(s4 f f o wlPdxdt + s> f f P*lw[*dxdt + s* f f O\ P dxdt
Op Op O

+ f waxxlzdxdt), (5.8)
0o

for any s > CT?.
Next, taking Liyw = L(e**v) = e**L;v into account, we apply Holder’s inequality followed by
Cauchy-Schwarz inequality to yield the following

‘fL ezm(flv)vdxdt‘
0

C(Q)T°s -3[ f f @732 LvPdxdt + §° f ¢9e2m|v|2dxdt] (5.9)

|1

IA

where a simple computation yields

Zlv = Liv+ (sa, - 16s5 —70s*3 Ty — 20s°a? Qxx — 4553axa2

—105%@ @y — 5s2cyxaxxxx - sa/xxxxx) V- (35s + 12052 Uy
+205% @, @y + 15s2a2 + 5saxxxx) Ve — (20s3a/)3€ + 3057, @y

+105@,,) Vi — 10 (s a/ + sa/xx) Virx — I8V prx-
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We also have

573 ff ¢_3ezmlzlv|2dxdt
0
< c(s—3T4 f f ¢ e* | LivPdxdt + 50 f f ¢ > P dxdt + s f f ¢ e* v [P dxdt
0 0 0
+SS ff ¢562S(l|vxx|2dxdl_+ S3 ff ¢362S(l|vxxx|2 + Sff ¢els(1|vxxxx|2dxdl_)’
0 0 0

forany s > § = CT(T + T3%).
Now we are ready to obtain the stability estimate for the unknown coefficient a(x) using the relation
w(x, 1) = e**v(x, 1), (5.6), (5.8) and (5.9) as follows

f v(x, O)Pe*Odx = 2 — 2N
Q

< C(QTs73 [ﬁT‘* f f ¢~ ¥ LivIPdxdt + 5 f f ¢’ e* v dxdt + s’ f f ¢’ > [Pdxdt
) 0 )
+5° ff (;Ssezm|\/M|2dxa’t+s3 ff ¢3ezm|v”x|2dxdt+sff ¢>ezs"|vxxxx|2dxdt],
(¢ (9] 0

for any s > CT?. From (5.5), we have
f v(x, )]2e** 0 dx
Q
< C(QTSs73 ( f f >\ flPdxdt + s° f ¢’ ™ \ul*dxdt + s f ™ Uy r|*d xdt
0 Qu Ou
+s f ¢’ e* P dxdt + s f ¢ezs“|vxxxx|2dxdt), (5.10)
Qv Qu

for any s > CT?. From (2.1), we get that

Jr(O) = v(0) + t::(0) — rrrex(6) + p(O)ux(0) + q(O)u(6),

and from (5.10), we have
f @) Pdx (5.11)
Q
< C(Q,y)Tls™ ( f f >\ fldxdt + s° f ¢’ e*|ul*dxdt + s f P> |t x| dxdt
(0] Ou Ou

+s° f ®e* P dxdt + s f ¢e2m|vxxxx|2dxdt)
Ow Ow

+C ( f O (U rrxx (O + 15x (O + lu(O)F + Iu(G)Iz)dx),
Q
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where we have used ||p|l;~07:2@) < C and ||gllz~@.7:1~@) < C. By assumption, in£ r(x,8) > b >0
XE€E|

and Carleman weight function satisfies the inequality > < ¢2**® for all (x, f) € Q, we obtain

CcT’
f |f(x)|2 (bZ _ _3) o2520) gy
Q s

< C (s9 f ¢’ > |ul*dxdt + sf B> Uy oir|*dxdt + §° f ¢’ > v dxdt

+s f PV el dxdt + f > (|um(9>|2+|uxxx<e>|2+|ux<e>|2+|u(e)|2)dx),
Qo Q

7
for any s > §, = max{3y, §;}. For the choice of s large enough such that s > §3 = max {52, Cb%} and
3
using the fact that in£ e?5%0 > by > 0, Yx € Q and e*%¢* < C < oo, for any k € R, we have
XE

2 2 2 2
||f||L2(Q) S C (”u”Hl(O,T;LZ(w)) + ||uxxxx”Hl(0,T;L2(w)) + ||u(9)||HS(Q)) ’ (512)

where C is depending on Q,7T,M,b,by and yy. This completes the proof of the stability result.
O
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