AIMS Mathematics, 5(5): 4168-4196.
AIMS Mathematics DOI: 10.3934/math.2020267
% , Received: 25 December 2019
o Accepted: 16 April 2020
http://www.aimspress.com/journal/Math Published: 30 April 2020

Research article

Some results on p-adic valuations of Stirling numbers of the second kind

Yulu Feng' and Min Qiu**

! Mathematical College, Sichuan University, Chengdu 610064, PR. China
2 School of Science, Xihua University, Chengdu 610039, P.R. China

* Correspondence: Email: qiumin126@ 126.com; Tel: +862887729704; Fax: +862887723006.

Abstract: Let n and k be nonnegative integers. The Stirling number of the second kind, denoted
by S (n, k), is defined as the number of ways to partition a set of n elements into exactly k nonempty

subsets and we have .
1 s
- -1 i o n.
S(n, k) X ;:0( )(i)(k i)

Let p be a prime and v,(n) stand for the p-adic valuation of n, i.e., v,(n) is the biggest nonnegative
integer r with p” dividing n. Divisibility properties of Stirling numbers of the second kind have been
studied from a number of different perspectives. In this paper, we present a formula to calculate the
exact value of p-adic valuation of S (n,n — k), where n > k+ 1 and 1 < k < 7. From this, for any odd
prime p, we prove that v,((n — k)!S(n,n —k)) <nifn > k+1and 0 < k < 7. It confirms partially
Clarke’s conjecture proposed in 1995. We also give some results on v, (S (ap”, ap" — k)), where a and
n are positive integers with (a,p) = land 1 <k < 7.

Keywords: Stirling number of the second kind; p-adic valuation; Stirling-like numbers; r-associated
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1. Introduction

Let n and k be nonnegative integers. Let (x); and (x); stand for the falling factorial and the rising
factorial, which are defined by (x); = x(x — D)(x —2)...(x —k+ 1)if k > 1 and (x)g := 1, and
X =x(x+1)...(x+k—-1)if k > 1 and (x), := 1, respectively. The Stirling number of the first kind,
denoted by s(n, k), counts the number of permutations of n elements with k disjoint cycles. One can
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also characterize s(n, k) by

(x), = Z(—l)”_ks(n,k)xk.
k=0

The Stirling number of the second kind S (n, k) is defined as the number of ways to partition a set of n
elements into exactly k nonempty subsets, and we have

1 < k
—_ _1\k—i 71
S(n, k) = 7 ;:]( 9] (i)l , (L.1)
where (’l‘) represents the binomial coefficient, which is defined by

(i)_ it k=) (k = 0).

One can also characterize the Stirling number of the second kind by
¥ = S k)
k=0

Given a prime p and a nonzero integer m, there exist unique integers a and r, with p f a and r > 0,
such that m = ap”. The number r is called the p-adic valuation of m, denoted by r = v,(m). If
X = Z—;, where m; and m, are integers and m, # 0, then we define v,(x) := v,(m;) — v,(m,). Let d,(m)
denote the base p digital sum of m. Many authors studied the divisibility properties of Stirling numbers
of the second kind. For each given k, the sequence {S (n,k),n > k} is known to be periodic modulo
prime powers. Carlitz [1] and Kwong [2] have studied the length of this period. Chan and Manna [3]
characterized S (n, k) modulo prime powers in terms of binomial coefficients when k is a multiple of
prime powers. Let p be a prime. For any positive integer n and k, define

k m
T,(n,k) := Z(—l)""(i)i”.

pti

By formula (1.1) we can see that k!S (n, k) — T,(n, k) is divisible at least by p”. In this sense, T, (n, k) is
also known as Stirling-like numbers [4]. In 1990, Davis [5] gave a method for calculating v,(T»(n, 5))
and v,(T»(n, 6)). Then Clarke [4] generalized this result by applying Hensel’s Lemma on the p-adic
integers. He also conjectured that v,(k!S (n,k)) = v,(T,(n,k)) if n > k. We note that Hong, Zhao and
Zhao [6-8] have presented some important results on the divisibility properties of Stirling numbers
of the second kind. In fact, they proved several conjectures proposed by Amdeberhan, Manna and
Moll [9] and by Lengyel [10]. We refer the readers to [11-16] for other results on the divisibility
properties of Stirling numbers of the both kinds.

Let n and k be positive integers. For any positive integer r, let S,(n, k) denote the r-associated
Stirling number of the second kind, which is defined as the number of ways to partition a set of n
elements into k nonempty subsets such that each of the k subsets has at least r elements (see, for
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example, [17]). Define §,(0,0) = 1,5,(n,0) = §,(0,k) = 0 and S,(n,k) = 0if n < rk. Then
Si(n, k) =S(n,k)and for r > 2 and n > rk one has

S.(n+1,k) = kS .(n, k) +( " 1)5,(;1 —r+Lk—1).
.

Note that
So(n+1,k) =kS,(n, k) +nS,(n—1,k—1),

and the first values of S,(#n, k) can be listed as follows (see [17]):

kkn|{2 3 4 5 6 7 8 9 10 11 12 13 14
1|1 1 1 1 1 1 1 1 1 1 1 1 1
2 (0 0 3 10 25 56 119 246 501 1012 2035 4082 8177
30 0 0 O 15 105 490 1918 6825 22935 74316 235092 731731
4 10 00 0 O 0 105 1260 9450 56980 302995 1487200 6914908
510 00 O O 0 0 0 945 17325 190575 1636635 12122110
6 (0O OO 0 O 0 0 0 0 0 10395 270270 4099095
710 0 0 0 O 0 0 0 0 0 0 0 135135

We can now state the first main result of this paper as follows.

Theorem 1.1. Let p be a prime number. For any positive integers n and k with n > k + 1, we have

V(S (nn — K)) = v,,(( . 1)) + 1,(n, k)
k

= Y vyl =) = vp(k + DY) + 1,(n, k),

i=0

where t,(n, k) :== 0ifk = 1 and t,(n, k) := v,(fi(n)) — v,k + 2)—1) if k > 2 with

2k
Fuln) 1= Qe+ 2y + D G Doy (0= ke = Dig 18201 = ),

i=k+2

In particular, we have

v,(3n—=5) = v,(4), if k=2,

vp(n2 = 5n+6)—v,(2), if k=23,

t,(n, k) = v,,(ISn3 — 150n% + 4851 — 502) — v,(48), if k=4,
v,(3n* = 50 + 3051 — 802n + 760) — v,(16), if k=35,

v,(63n° — 1575n* + 154351 — 73801n* + 171150n — 152696) — v,(576), if k =6

and
t,(n,7) = v,(9n° — 3151° + 4515n" — 338171 + 139020n> — 295748n + 252336) — v,(144).

From Theorem 1.1, we can deduce the following result.
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Theorem 1.2. Let p be a prime and n be a positive integer.
(i). If n > 2, then
vp(S(n,n—=1)) =v,(n) +v,(n—1) =v,(2).
(ii). If n > 3, then
vp(S(n,n—=2)) =v,(n)+v,(n—1)+v,(n—2) +v,3n—=5) —v,(4) —v,(3}).
(iii). If n > 4, then
vp(S(m,n—=3)) =v,(n) +v,(n—1)+2v,(n - 2) +2v,(n —3) —v,(2) — v,(4!]).
(iv). If n > 5, then
4
V(S (n,n—4) = Z v,(n =) +v,(150° — 1500 + 485n — 502) — v,(48) — v, (5!).
i=0
(v). If n > 6, then
5
vp(S(n,n—73)) = Z vo(n—=i)+v,(n—4)+v,(n—-35)+ vp(?)n2 —23n+38) —v,(16) —v,(6!).
i=0
(vi). If n > 7, then

vp(S(n,n —6))

6
= Z v,(n— i) +v,(63n° — 1575n" + 154351 — 73801n* + 171150n — 152696)
i=0
—v,(576) — v, (71).
(vii). If n > 8, then
7

V(S n=7)= > vyn=i)+v,(n—6)+v,(n-7)

i=0
+v,(9n* — 198n” + 1563n* — 5182n + 6008) — v,(144) — v,(8!).
In 1995, Clarke proposed the following conjecture:
Conjecture 1.3. [4] Let n and k be nonnegative integers. If n > k + 1 and p is an odd prime, then
vp((n=Kk)!S(n,n - k)) <n.

Evidently, Conjecture 1.3 implies that v,((n — k)!S(n,n — k)) = v,(T(n,n — k)) holds if n > k + 1
and p is an odd prime. For the cases that 1 < k < 4, Clarke [4] checked the truth of above conjecture
numerically. By using Theorem 1.2, we can derive the following result which proves Conjecture 1.3
for the cases 0 < k < 7 and is the third main result of this paper.

Theorem 1.4. Let p be an odd prime. Let k be an integer such that 0 < k < 7. For any positive integer
nwithn > k+ 1, one has

vp((n=Kk)!S(n,n - k)) <n. (1.2)

This paper is organized as follows. First of all, in the next section, we reveal some preliminaries.
Subsequently, we prove Theorems 1.1 and 1.2 in Section 3. In Section 4, we give the proof of Theorem
1.4. Finally, we present some interesting consequences of Theorem 1.2 in Section 5.
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2. Some preliminaries

In this section, we present several auxiliary lemmas that are needed.
As introduced before, S, (n, k) represents the 2-associated Stirling number of the second kind. The
exact values of Stirling number of the second kind can be computed by the following result.

Lemma 2.1. [17] For any positive integers n and k with n > k, we have

2k

Stn-k= > ('l,l)sz(i, i— k).

i=k+1

Lemma 2.2. Let p be an odd prime and m be a positive integer. For positive real number x, we define
the function G, , as follows:

X
Gm’p(X) = W

Then G, is strictly monotonic decreasing on the interval [2m,+o0) if p = 3, and on the interval
[m, +o0) if p > 5.

Proof. Since p > 3 and

d m(p—1)—1
ZxGm,p(x) = W(m(l? - =x(p-2)Inp),
one gets that %Gm,p(x) <0ifm < 3 withp =3 orm< xwithp >5. O

For any given real number y, let |y| stand for the largest integer no more than y. We have the
following result.

Lemma 2.3. Let p be an odd prime. Let n and k be positive integers such that k < min{n, 7}. We have

k

Z vp(n—i) < min{l, Lg“ + max {1, [gJ}logP n.

i=0
Proof. If Zﬁ-{:o vp(n —i) = 0, then Lemma 2.3 clearly holds. In the following we let

k
Z vp(n—1i)>1.
i=0
Then at least one element in the set {v,(n), ..., v,(n — k)} is nonzero. We now divide rest of the proof
into the following cases.
Case 1. k € {1,2}. In this case, one can easily see that only one of {v,(n), ..., v,(n — k)} is nonzero.

This infers that ’

Z vp(n — i) = max{v,(n), ..., v,(n — k)} <log,n.
i=0
Case 2. k € {3,4,5}. We need to show that

k
D v(n—i)<1+log,n. 2.1)

i=0
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Since 3 < k < 5, one gets that no more than two terms of {v,(n), ...,v,(n — k)} can be nonzero. If
there is only one term being nonzero, then we must have

k
Z vp(n — i) = max{v,(n), ..., v,(n — k)} <log,n.
i=0

So (2.1) holds. Otherwise, we can assume that v,(n —i) > 1 and v,(n — j) > 1 with0 < i < j < k.
Then one can deduce that v,(j —i) > 1 and so p € {3,5}. But 1 < j—i < k < 5. Hence we must have

vp(j — 1) = 1. By using the isosceles triangle principle (see, for example, [18]), we derive that one of
{vp(n—1i),v,(n — j)} must be 1. Therefore

k

D vpln=i) = 1+ max{vy(n), .. vy(n = k) < 1+ log, n.
i=0

Thus (2.1) is proved.
Caske 3. k € {6,7}. We need to show that

k
D vpn—i) < 1+2log,n. (2.2)

i=0
Since k = 6 or k = 7, one gets that no more than three terms of {v,(n), ..., v,(n — k)} can be nonzero.

If there are at most two terms being nonzero, then

k

Z vp(n—i) <2log, n.

i=0

So (2.2) holds.
If three terms of {v,(n), ..., v,(n—k)} are nonzero, then we must have p = 3. Suppose that v3(n—i;) >
1, vi(n—i) > 1land vs(n —i3) > 1 with O < i; < i, < i3 < k < 7. Then one can derive that
v3(i3 — i) = v3(i; — i;) = 1. From this, we can obtain that one of {v3(n — i), v3(n — i), v3(n — i3)} must
be 1. Hence one arrives at )
va(n -H)<1+ 210gpn
i=0
as (2.2) desired.
This completes the proof of Lemma 2.3. O

3. Proofs of Theorems 1.1 and 1.2

This section is dedicated to the proofs of Theorems 1.1 and 1.2. We begin with the proof of
Theorem 1.1.

Proof of Theorem 1.1. First of all, Theorem 1.1 is clearly true when k = 1, since

Stn—1)= (Z)
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So in what follows, we let n > k + 1 > 3. From Lemma 2.1, one knows that

2k
S(nn—k) = (kz l)52(1<+ LD+ Yy (’:)Sz(i,i— k)

i=k+2
n % N
- (k+ 1)+i;2(l_)S2(l,l—k). (3.1)

Let i be a positive integer with k + 2 <7 < 2k. Itis easy to see that

n\_ i _ M- (—k=Digr _ [ n 0=k =Dy
i) k+ Dk + 2 \k+ 1) k+ 2

Together with (3.1) give us that

vp(S (n,n — k))

:V”(k:ll +Z() 20 = k)

i=k+2

_ n (n—k— Dizk-1 ..

= v, el (1 + 2 D Sa(i,i—k)))

_ n (n—k—1)i_ ..

= v, . )+ v, 1+;‘z <k+2>l S k). 3.2)

Note that S,(i, i — k) is an integer. Let

2k
fuln) = e+ 29y + D G+ Doy (1 =k = D1 Salisi = )

i=k+2

and
tp(n, k) = vy(fi(n)) = vp((k + 2)-1).
Then fi(n) is a polynomial with integer coefficients and deg f; = k — 1, and by (3.2) one derives that

V(S (nn — k) = vp(( ) Z 1)) T 1,(n, ).

In the following, we deal with #,(n, k) for 2 < k < 7. We divide this into six cases.
Cask 1. k = 2. Since S,(4,2) = 3, by the definition of f,(n) we get that

fHm)=4+3n-3)=3n-35,

and so
1p(n,2) = v,(a(n)) = vp(4) = v,(3n = 5) — vp(4).
Case 2. k = 3. From §,(5,2) = 10 and S,(6, 3) = 15 one deduces that

f(n)=5-6+6-10(n—4) + 1501 — 4)(n — 5) = 15(n* - 5n + 6)

AIMS Mathematics Volume 5, Issue 5, 4168—4196.



4175

and
t,(n,3) = v,(f3(n)) —v,(5-6) = vp(n2 —5n+6)—v,(2).
Case 3. k=4. By §,(6,2) = 25,5,(7,3) = 105 and §,(8,4) = 105, we derive that

fin)=6-7-8+7-8-25(n—"5)+8-105(n—5)(n—6) + 105(n — 5)(n — 6)(n — 7)
=7(151° = 150n° + 4851 — 502)

and

1p(n,4) = vy(fa(n)) = vyp(6-7 - 8)
=v,(7) +v,(15n° = 1500 + 485n — 502) — v,(6 - 7 - 8)
=v,(15n° = 150n* + 485n — 502) — v,(48).

Cast 4. k = 5. Tt follows from S,(7,2) = 56, S,(8,3) = 490, S,(9,4) = 1260 and S,(10,5) = 945
that
fs(n)=7-8-9-10+8-9-10-56(n—6)+9-10-490(n — 6)(n — 7)
+10-1260(n — 6)(n —T)(n — 8) + 945(n — 6)(n — 7)(n — 8)(n — 9)
= 315(3n* — 50n° + 305n> — 802n + 760)

and

t,(n,5) = v,(fs(n)) —v,(7-8-9-10)
=v,(315) + v,(3n* — 501> + 305n* — 802n + 760) — v,(7 - 8 -9 - 10)
=v,(3n* = 50n° + 305n* — 802n + 760) — v,(16).

Case 5. k = 6. Since §,(8,2) = 119, §,(9,3) = 1918, §,(10,4) = 9450, S,(11,5) = 17325 and
S§,(12,6) = 10395, one deduces that

fo(n) = (8)s + (94 - 119(n — 7) + (10)5 - 1918(n — 7)(n — 8)
+(11), - 9450(n — T)(n — 8)(n — 9) + 12 - 17325(n — 7)(n — 8)(n — 9)(n — 10)
+10395(n — 7)(n — 8)(n — 9)(n — 10)(n — 11)

= 165(63n° — 1575n* + 15435n° — 73801n° + 1711501 — 152696)

and

1p(n,6) = vy(fo(n) — v, ((8)s)
=v,(63n° — 1575n" + 15435n° — 73801n° + 171150n — 152696) — v,(576).

Case 6. k = 7. By 52(9,2) = 246, $,(10,3) = 6825, S,(11,4) = 56980, S,(12,5) = 190575,
S$,(13,6) = 270270 and S,(14,7) = 135135, we obtain that

fr(n) = (96 + (10)s - 246(n — 8) + (11)4 - 6825(n — 8)(n — 9)
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+ (12)3 - 56980(n — 8)(n — 9)(n — 10)
+(13), - 190575(n — 8)(n — 9)(n — 10)(n — 11)
+14-270270(n — 8)(n — 9)(n — 10)(n — 11)(n — 12)
+135135(n - 8)(n — 9)(n — 10)(n — 11)(n — 12)(n — 13)
= 15015(9n°® — 315n° + 4515n* — 338171 + 139020n> — 295748n + 252336)

and

1p(n, ) = vp(f1(m) = vp((9s)
=v,(9n° = 3151° + 4515n" — 338171 + 139020n> — 295748n + 252336) — v,(144).

This concludes the proof of Theorem 1.1. O

From the proof of Theorem 1.1, one may see that for any positive integers n and k withn > k + 1,
fi(n) 1s a polynomial with integer coefficients and deg f; = kK — 1. We also note that the expression of
fi(n) depends on the values of the 2-associated Stirling number of the second kind S ,(n, k). However,
the computation of the exact value of S,(n, k) becomes complicated when k > 8. Therefore we only
present the formulas for fi(n) and ¢,(n, k) for the case 1 < k < 7.

Subsequently, we give the proof of Theorem 1.2.

Proof of Theorem 1.2. (i). Since n > 2, from Theorem 1.1 one knows that
vp(S(n,n—=1)) =v,(n) +v,(n—1) = v,(2).

So part (i) of Theorem 1.2 is proved.
(i1). Let n > 3. By Theorem 1.1 we derive that

vp(S(n,n—=2)) =v,(n)+v,(n—1)+v,(n—2)+1,(n,2) —v,(3!)
=v,(n)+v,(n—1)+v,(n—-2)+v,3n-5) —v,(4) —v,(3)

as (i1) desired. Hence part (ii) of Theorem 1.2 is proved.
(iii). Since n > 4 and n> — 5n + 6 = (n — 2)(n — 3), it follows from Theorem 1.1 that

vp(S(n,n—3)) = vp(n —1) —v,(4!) + t,(n,3)

3
i=0
3

= Z vp(n—i)—vy(4!) + vl,,(n2 -5n+6)-v,(2)
i=0
=v,(n) +v,(n—1)+2v,(n =2) + 2v,(n — 3) = v,(2) — v,(4!).
This completes the proof of part (iii).
(iv). Let n > 5. By Theorem 1.1 one obtains that

4

vp(S(n,n—4)) = Z vp(n—1) —v,(5!) + t,(n,4)

i=0
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4
= Z v,(n — i) +v,(150° = 150n* + 485n — 502) — v,(48) — v,(5!)
i=0

as part (iv) asserted.
(v). Since n > 6 and 3n* — 501 + 3051 — 802n + 760 = (n — 4)(n — 5)(3n> — 23n + 38), it follows
from Theorem 1.1 that

5
vp(S(mn=5) = > vp(n—i) = v,(61) + 1,(n, 5) (3.3)

i=0
and

t,(n,5) = v,(3n* = 50n° + 3050 — 8021 + 760) — v,(16)
=v,(3n* = 23n + 38) + v,(n — 4) + v,(n — 5) — v,(16). (3.4)

Then by using (3.3) and (3.4), we deduce that

vp(S(n,n—73)) = vy(n—=i)+v,(n—4)+v,(n—-15)+ vp(3>n2 —23n+38) —v,(16) —v,(6!).

5
i=0

So part (v) is proved.
(vi). Letn > 7. By Theorem 1.1 we deduce that

v,(S(n,n - 6))
6
- Z vp(n — i) = v, (7!) + t,(n, 6)
i=0
6

= Z vp(n = i) +v,(63n° — 1575n* + 154350 — 73801n* + 1711501 — 152696) — v,(576) — v,(7!).

i=0

Hence the proof of part (vi) is finished.
(vii). Since n > 8 and

9n® — 3151 + 4515n* — 338171 + 1390201 — 2957481 + 252336
=(n-6)(n—"7)9n* — 198n> + 15631 — 5182n + 6008), (3.5)

it follows from Theorem 1.1 and (3.5) that

vp(S(n,n—17))

7

= Y vpn =) = v,(8) +1,(n,7)
l=70

= Z vp(n—i) —v,(8!) —v,(144)
i=0
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+v,(9n° — 315n° + 4515n" — 338170 + 139020n* — 295748n + 252336)

7
= va(n— D)+ v,(n—06)+v,(n—-17)

i=0
+v,(9n* — 198n° + 1563n* — 51821 + 6008) — v, (144) — v,(8!).

Therefore part (vii) is proved. This completes the proof of Theorem 1.2.

4. Proof of Theorem 1.4
In this section, we present the proof of Theorem 1.4.

Proof of Theorem 1.4. Let p be an odd prime. First, since S (n,n) = 1 and

n—d,(n) -

1) =
vy(n!) PR

n,

(1.2) is clearly true when £ = 0. Now let 1 < k < 7. Consider the following cases.
Cask 1. k = 1. Since p > 3, from Theorem 1.2 one knows that

vp(S(n,n—1)) =v,(n) +v,(n—1).
It then follows from Lemma 2.3 that

vp((n=D!S(n,n-1))—n

_n—l—dp(n—l) 1

= P +v,(m)+v,(n—1)—n
1

(n=2+(p-D(log,n-n)

IA

1

S

1
-1
1

= o —(log, 5 -2)

(n2-p)+(p-Dlog,n-2)

S

nP1

Note that n > 2. Hence we derive from Lemma 2.2 that

p-1
log, pir-2 2 =log, Gy ,(n) -2

< logp Gip(2)-2
2r-1
= logp —pZ(p—Z) -2

2
=(p—- l)logpl? < 0.

By (4.1) and (4.2), one then obtains that v,((n — 1)!S (n,n — 1)) < n as desired.

4.1)

4.2)
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Case 2. k = 2. Note that n > 3 and p > 3. It follows from Theorem 1.2 that

2

vp(S(n,n—2)) = Z vp(n—1i)+v,(3n—-15) —v,(3!).

i=0

Thus one deduces that

vp((n=2)!IS(n,n-2))—n

2
= n—Z;c_l,,in—Z) +;vp(n—i)+vp(3n—5)—vp(3!)—n
2
< 1 1(n ~34(p- 1)(; vp(n = i) +v,(3n = 5) = v,(3) - n)) 1= 122’%('11) (4.3)
with
2
Dap(m) = (p=1)( D vp(n—i) +v,(3n=5) = v,(3)) = n(p - 2) - 3. (4.4)
i=0
If v,(3n — 5) = 0, then by Lemma 2.3 we obtain that
2
D vpln =) +v,(3n = 5) = v,(3) < log, n. (4.5)

i=0

If v,(3n —5) > 1, then we must have p > 5and v,(n — 1) = v,(n — 2) = 0. Also note that v,(n) =

vp(3n) = v,(3n—5+5) and v,(3n - 5) = v,(¥2) < log, n. This implies that min{v,(n), v,(3n—5)} < 1,
and so

2

D vpn = i)+ v,(3n=5) = v,3)

i=0
=v,(n) +v,(3n-135)
<1+ max{v,(n),v,(3n - 5)}

<1+ logp n. 4.6)

Since p > 3, we derive from Lemma 2.2 together with (4.4) to (4.6) that

Dy ,(n) < (p— D1 +log,n) —n(p—-2) -3
nP!
= logp —pn(p—z) +p-—4
=log,Gp(n)+p—4

< logp G ,3)+p-4

3
=(p—-1Dlog, l? <0. 4.7)
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So (4.3) and (4.7) imply that v,((n — 2)!S (n,n - 2)) < n.
Cask 3. k = 3. Since p > 3, by Theorem 1.2, we get that

vp(S(n,n—=3)) =v,(n)+v,(n—1)+2v,(n—2) +2v,(n - 3) —v,(2) —v,(4!)

3
= > vpn =) +vy(n = 2) +v,(n = 3) = v, (3).

i=0

It follows that

vp((n=3)!IS(n,n-3))—n

n-3-d,(n-3)
= +v,(S(n,n-=3))—n
p—1
1 D
< (n -4+ (p-Dy(S(n,n-3)) - n)) = L(n) (4.8)
p—1 p—1
with
D;,(n) =n—4+(p - DS (n,n-3)—n)
3
= (p=D( D vpn = i) +vy(n =2) + vy(n = 3) = v,(3)) = n(p - 2) - 4 (4.9)
i=0
Note that v,(n — 2) + v,(n — 3) < log, n. Hence, by Lemma 2.3 one deduces that
3
vpy(n =10 +v,(n=2)+v,(n—3)-v,3) < 1 +2log,n.
i=0
It then follows from (4.9) that
D3 p(n) < (p—1)(1 +2log,n)—n(p-2)-4
n2-b
= Ing W +p- 5
=log, Gy ,(n) + p—35
< log[7 G, ,4)+p-5
42
=(p-1Dlog,—= <0 (4.10)
p

since p > 3 and n > 4. So (4.8) and (4.10) give us that v,((n — 3)!S(n,n - 3)) < n.
Case 4. k = 4. Note that n > 5 and p > 3. From Theorem 1.2, we derive that

4
Vp(S(nn—4) = > vp(n—i) + v,(150° = 150n” + 485n — 502) = v,,(48) — v,(5!)

i=0

4
= 3 Vo= i) + v, (150 = 1508 + 4850 — 502) ~ 2v,(3) ~ ,(5)

i=0
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and
vp((n=d!S(n,n—-4))—n
n—4-d,(n-4)
= +v,(S(n,n—4))—n
p—1
Sp_1(n—5+(p—1)(vp(S(n,n—4))—n)) ::Dp4+(’11) “4.11)
with

Dyp(n) = (p=Dvp(S(,n—=4) —n(p-2) -5
4
= (p = 1)( D vp(n—i) + v,(15n* = 150n” + 4851 — 502) = 20,(3) = v,(5)) = n(p = 2) = 5.
i=0
First of all, it is easy to check that Dy ,(n) < 0 for 5 < n < 9. In what follows, let n > 10.
If v,(15n° — 150n* + 485n — 502) = 0, then by Lemma 2.3 we obtain that
4
Z vp(n —i) +v,(15n° — 150n" + 485n — 502) — 2v,(3) = v,(5) < 1 + log,, n. (4.12)

i=0
Now let v,(15n° — 150n* + 485n — 502) > 1. Note that

151 — 150n” + 4851 — 502 = 15(n — 1)* — 105(n — 1)* + 230(n — 1) — 152
=15(n—-2)* —60(n —2)* + 65(n —2) — 12
=15(n-3)° - 15(n-3)*-10(n —3) + 8
=15(n—4)° +30(n -4 +5(mn—4) -2

and 502 = 2-251, 152 = 2°-19, 12 = 22 - 3. Then we deduce that p # 5, v,(n —3) = v,(n—4) = 0 and

3 : —
vy (150 = 1507 + 4850 — 502) < { |} T10gym 1T =3,
log, n”, itp>7

since v,(15n° — 1501 + 485n — 502) = v, (=100 481=502) 1y, (15) < log, n® +v,(15). If p = 3, then

one gets that v3(n) = v3(n — 1) = 0 and v3(n — 2) > 1. Also note that min{vs3(n — 2), v3(151°> — 1501 +
485n — 502)} < 1. It follows that

4
vi(n = i) + v3(151° = 1501 + 4851 — 502) — 2v53(3) — v3(5)
i=0

= v3(n — 2) + v3(151° — 150n* + 485n — 502) — 2
<logyn’. (4.13)

If p > 7, then one has v,(n — 2) = 0 and only one of {v,(n),v,(n — 1)} can be nonzero. Without loss
of generality, assume that v,(n) = 0 and v,(n — 1) > 1. Then it follows that min{v,(n — 1), \/,,(15113 -
150n* + 485n — 502)} < 1. This gives us that
4
D vp(n— i) +v,(150° = 150n” + 485n — 502) = 20,(3) = v,,(5)

i=0
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v(n) +vy(n — 1) +v,(151° — 150n* + 485n — 502)
<1+log,n’. (4.14)

Since p > 3 and n > 10, by (4.12) to (4.14) together with Lemma 2.2 one derives that

Dyp(m) < (p = D1 +log, n*) = n(p —2) = 5
n3P-b
= Ing lm +p- 6

=log,G;,(n) +p—6
<log,G;,(10)+p—-6

103(-D

= Ing W < 0. (415)

Thus (4.11) and (4.15) tell us that v,((n — 4)!S(n,n — 4)) < n.
Case 5. k = 5. Since p > 3, from Theorem 1.2, we obtain that

5
vp(S(n,n—3)) = vp(n—i)+v,(n—4)+v,(n—-35)+ vp(?an2 —23n+38) —v,(16) —v,(6!)
i=0

5
= Z vo(n—i)+v,(n—4)+v,(n-35) + vp(3n2 —23n+38) = 2v,(3) — v,(5)

i=0

and
vp((n=5)!S(n,n-5))—n
n-5-dyn->5)
= +v,(S(n,n—=35))—n
p—1
1 D
< P 1(n—6+(p— 1)(vp(S(n,n—5))—n)) = ;%(rll) (4.16)
with
Dsp(n) = (p— Dv,(S(n,n=35)) —n(p-2) -6
5
=(p=1( D vp(n—i)+vy(n=4) +vy(n-5)
i=0
+v,(3n” = 230+ 38) = 2v,(3) = v,(5)) - n(p — 2) - 6. (4.17)

In what follows, we show that Ds ,(n) < 0. If vp(Sn2 — 23n + 38) = 0, then by Lemma 2.3 and
vp(n—4)+v,(n—-35) < logp n we deduce that

5
vp(n— i) +vp(n—4) +v,(n—5) +v,(3n° = 23n + 38) — 2v,(3) = v,(5) < 1 +2log,, n.
i=0

(4.18)
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Now let vp(3n2 —23n+38)>1.Since 38 =2-19, 18 =2 - 3% and

3n* — 23n + 38
=3n-1*-17n-1)+18=3n-2>-11(n-2)+ 4
=3n-37-5n-3)-4=3n-4>+m-4)-6=3-5>+7n-5) -2,

one gets that v,(n —2) = v,(n — 3) = v,(n — 5) = 0 and one of v,(n) and v,(n — 1) must be zero. If
p = 3, then we have v3(n) = 0 and

v3(n — 1) <logynand v3(3n® — 23n + 38) < 1 + logy n?, if vs(n—4) =1,
vi(n—1)=v;(3n*> —=23n+38) =1, if vi(n—4) = 2.

Hence one deduces that

5
Z vi(m — i)+ vi(n —4) + vi(n = 5) + v3(3n® — 23n + 38) — 2v3(3) — v3(5)
i=0
=vi(n—1)+2v3(n —4) + v3(3n* = 23n+38) =2 < 1 + log, n’. (4.19)

If p > 5, then one derives that v,(n — 1) = v,(n — 4) = 0. Thus

5
Z vo(n—=i)+v,(n—4)+v,(n-35)+ v,,(3n2 —23n+38) = 2v,(3) —v,(5)
i=0
= vp(n) +v,(3n” = 23n + 38) — v,,(5) < log, n’. (4.20)

Hence (4.17) to (4.20) imply that

Ds () < (p = 1)(1 +log, n’) = n(p —2) - 6
23D
= logp W +p- 7
=log,G;,(n)+p -7

<log,G;,(6)+p—-7
63

=(p-Dlog,— <0. (4.21)
p

Thus (4.16) and (4.21) give us that v,((n — 5)!S(n,n - 5)) < n.
Cask 6. k = 6. Note that n > 7 and p > 3. By Theorem 1.2, we deduce that

6
vp(S(n,n—6)) = Z vp(n — i) = vp(576) — v, (7))
i=0

+v,(63n° — 15750 + 15435n° — 73801n* + 1711501 — 152696)

6
- Z vy(n—1) = 4v,(3) = v,(5) = v,(7)
i=0
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+v,(63n° — 15750 + 15435n° — 73801n* + 1711501 — 152696)

and
Vp((n—6)!S(n,n—-6))—n
3 n—6-d,n-06)

p—1
D
(n=7+ @ = DS (,n=6) = n)) = ,f%(’f)

+v,(S(n,n—-6))—n

1
p—1

<

(4.22)
with

Dep(n) = (p = Dvp(S(n,n = 6)) —n(p =2) =7
6

= (p= 1) D vpn = i) + vy(Esn) = 4v,(3) = v(5) = v,(D) = n(p = 2) = 7 (4.23)

i=0
and
Es, := 63n° — 1575n" + 154351 — 73801n* + 1711501 — 152696.

If v,(E¢,) = 0, then by Lemma 2.3 we derive that

6
D vpln = i) = 4v,(3) = v(5) = vp(7) + vp(Es,) < 1+ 2log, n. (4.24)
i=0

From (4.23) and (4.24) one obtains that

Dgp(n) < (p— (1 +2log,n) —n(p—2) =7
n2-b
= log, —pn(p_2) +p-8
=log, Gy p(n) + p—8

<log,Gy,(T)+p—8
72

=(p-Dlog, — <0. (4.25)
4

In what follows, we let v,(E¢,) > 1. Since

Eg, = 63n° — 1575n* + 15435n° — 73801n* + 1711501 — 152696
=63(n—1)° = 1260(n — 1)* + 9765(n — 1)> — 36316(n — 1)* + 63868(n — 1) — 41424
=63(n—2)° — 945(n — 2)* + 5355(n — 2)* — 13951(n — 2)* + 15806(n — 2) — 5304
= 63(n —3)° — 630(n — 3)* + 2205(n — 3)* — 2926(n — 3)* + 504(n — 3) + 1024
=63(n—4)° —315(n —4)* + 315(n — 4)* + 539(n — 4)*> — 938(n — 4) + 240
=63(n—5)° —315(n - 5)* + 224(n — 5)* + 140(n — 5) — 96
=63(n—6)° +315(n - 6)* + 315(n — 6)> =91 (n — 6)* —42(n — 6) + 16
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and 152696 = 2° - 19087, 41424 = 2*.3-863, 5304 = 2°-3-13-17, 1024 = 2'°,240 = 2*.3 .5,
96 = 2° -3 and 16 = 2%, one can deduce that v,(n — 3) = v,(n — 6) = 0. If p = 3, then only two of
{v3(n), v3(n—1),v3(n—2),v3(n—4),v3(n—5)} can be nonzero. Suppose that v3(n—i) > 1 and v3(n—j) > 1
for 0 < i < j < 6. Then either 1 < v3(Eg,) < log;(n — 5)3 + v3(63) with v3(n — i) = v3(n — j) = 1 or
v3(Ee,) = 1 with max{vs(n — i), vs(n — j)} > 2, this implies that

6
D valn— i) + va(E) = 4v3(3) = v3(5) = v3(7)
i=0
=wv(n—1i)+vs(n—j)+vi(Espy) — 4
<2 +logy(n—5) +v3(63) — 4
< log;(n — 5)°.

It is easy to check that Dg3(n) < 0O when 7 < n < 14. If n > 15, then by (4.23) one gets that

Dg3(n) < 2logy(n—5)° —n—-17

(n—5"0°
= 10g3 T

=log; Gs3(n—5) — 12
< 10g3 G5 3(10) —-12

1010
= log; 57 <0. (4.26)

- 12

If p > 5, we can obtain that v,(n — 5) = 0 and only one of {v,(n),v,(n — 1),v,(n — 2),v,(n —4)} can be
nonzero. Without loss of generality, assume that v,(n) > 1 andv,(n - 1) =v,(n -2) =v,(n -4) =0
It follows that min{v,(n),v,(Es,} < 1. Hence

6
Z vp(n—=1i) +v,(Egpn) —4vp(3) —vp(5) —vp(7) < 1 + log, n. 4.27)
i=0
Obviously, one has D¢ ,(n) < 0if n = 7. Now let n > 8. Then by Lemma 2.2 together with (4.23) and
(4.27), we arrive at

Dep(n) < (p = D(1 +log,n’) = n(p = 2) =7
25D

=log, —— D +p-38
= logp GS,P(”) + 2 8

< logp Gs,(8)+p—38
85(p D

=log, — = <0 (4.28)

as desired. Thus (4.22), (4.25), (4.26) and (4.28) tell us that v,((n — 6)!S (n,n — 6)) < n.
Case 7. k = 7. From Theorem 1.2, we obtain that

vp(S(n,n—17))
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5
= Z vp(n—1)+2v,(n—6) +2v,(n—17)
i=0
+v,9n* = 198n + 1563n* — 51821 + 6008) — v,(144) — v,(8!)
7
= Z vpy(n—1i)+v,(n—6)+v,(n—"17)
i=0

+v,9n* = 198n° + 1563n* — 51821 + 6008) — 4v,(3) = v,(5) = v,(7)

and
vp((n=1NIS(n,n-T))—n
-7-d,(n—-17
_ p( )+vp(S(n,n—7))—n
p—1
1 D
< (n=8+(p— DS mn—T)—n)) = D1,(n) (4.29)
r-1 p-1
with
D7 ,(n) =(p—Dv(S(n,n=T)) —n(p-2)-8
7
=-n(p=2)=8+(p— (D vp(n =) +v,(n=6) +v,(n -7
i=0
+Vp(Er) = 49,(3) = v,(5) = v, (7)) (4.30)
and
E7, :=9n* — 198n° + 1563n* — 5182n + 6008.
In what follows, we show that D; ,(n) < 0. If v,(E7,,) = 0, then by Lemma 2.3 we derive that
7
Z vy(n—=1i)+v,(n—6)+v,(n—"T)+v,(E7,) —4v,(3) = v,(5) —=v,(7) <1+3 logp n
i=0
since vp(n — 6) + vy(n —7) < log, n. It follows from (4.30) that
D;7,(n) < (p-1)1+3 logp n)—n(p—-2)—-8
n3-b
= lng W +p - 9
=log,G;,(n)+p -9
<log,Gs,8)+p—-9
3
=(p-Dlog, 8—7 < 0. (4.31)
p

Now let v,(E7,) > 1. Note that

E7, = 9n* — 1980 + 1563n* — 5182n + 6008
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=9(n - 1*-162(n - 1)* + 1023(n — 1)> = 2614(n — 1) + 2200
=9(n—-2)"-126(n —2)> +591(n — 2)> — 1018(n — 2) + 456
=9(n-23)" —90(n — 3)’ + 267(n — 3)> = 178(n — 3) — 88
=9(n—-4)" —54n -4 +51(n - 4> + 122(n — 4) — 80
=9n-5*"=18n—-5)>°-57(n-5)* +98(n - 5) + 48
=9(n-6)" +18(n —6)’ = 57(n — 6)*> = 34(n — 6) + 80
=9n-7"+54n-7>+51n -7 -58mn—-"7)+ 16

and 6008 = 23-751,2200 =23-5%-11,456 =23-3-19,88 =23- 11,80 =2%-5,48 =2*.3, 16 = 2*.
Thus one deduces that v,(n — 7) = 0. We divide rest of the proof into the following subcases.

Case 7.1. p = 3. Then we have v3(n) = vs(n—1) = v3(n —3) = v3(n —4) = v3(n — 6) = 0. Moreover,
one can derive that either 1 < v3(E7,,) < 2 + logy n* with v3(n — 2) = v3(n — 5) = 1 or v3(E7,,) = 1 with
max{vs(n — 2),vs(n — 5)} > 2 and min{vs(n — 2), v3(n — 5)} = 1. This implies that

5
vi(n — i)+ 2vs(n — 6) + 2v3(n — 7) + v3(E7,)
i=0
=vi(n—2)+v3(n—35) +vi(Er,)
< 4 +logyn’. (4.32)

It follows from (4.30) and (4.32) that

D3(n) <2(4 +logyn* —4)-n—8
n®
= 10g3 %
= log; G43(n) — 8

<log; G43(8) -8
88
= log, 316 < 0. (4.33)

Case 7.2. p = 5. One notes that vs(n) = vs(n —2) = vs(n —3) = vs(n—35) = 0 and at most two terms
of {vs(n—1),vs(n—4), vs(n—6)} can be nonzero. Moreover, if vs(n—4) > 1 and vs(n—1) = vs(n—6) = 0,
then we can deduce that

vs(n—1) + vs(n —4) + 2vs(n — 6) = vs(n — 4) < logs(n — 4) <2 +2logs(n —5);

and if vs(n —4) = 0 with vs(n — 1) > 1 and vs(n — 6) > 1, then we get that min{vs(n — 1), vs(n —6)} = 1,
which infers that

vs(n—1) +vs(n —4) + 2vs(n — 6) = vs(n — 1) + 2vs(n — 6) < 2 + 2logs(n - 35).

Together with vs(E7,) < logs(n — 5)*, one obtains that

5

D vs(n = i) + 2vs(n = 6) + 2v5(n = 7) + vs(E7,)
i=0

AIMS Mathematics Volume 5, Issue 5, 4168—4196.



4188

=vs(n—1)+vs(n —4) + 2vs(n — 6) + vs(E7,)
<2 +logs(n — 5)°.

It is easy to check that D;5(n) < 4(2 + logs(n — 5)%) —3n — 8 = 4logs(n — 5)® = 3n < 0 for 8§ < n < 10.
Now let n > 11. Then it follows from Lemma 2.2 that

Ds5(n) < 4(2 + logs(n - 5)°) = 3n - 8

B (l’l _ 5)24
= 10g5 W - 15

= 10g5 G6,5(l’l - 5) - 15
< log; Ges(6) — 15

24
= logs 5 < 0. (4.34)

Case 7.3. p > 7. One has v,(n —4) = v,(n —5) = v,(n — 6) = 0 and only one of {v,(n),v,(n —
1),v,(n —2),v,(n — 3)} can be nonzero. This infers that

5
D vp(n = i)+ 20,(n = 6) + 20, (n = T) + vy(Ex,)
i=0 .
= > vpln =)+ v,(Ery)

i=0

<log,n’. (4.35)
It follows from (4.30) and (4.35) that

D;,(n) < (p = 1)log,n’ —n(p —2) -8

PRI
= logp —pn(p—Z) -

= logp Gs,(n) -8

<log,Gs,(8) -8
85

=(p—1log, — <0. (4.36)
P

Hence (4.29), (4.31), (4.33), (4.34) and (4.36) give us that v,((n — 7)!S(n,n = 7)) < n.
This completes the proof of Theorem 1.4. O

5. More results and proofs

From Theorem 1.2, we deduce the following interesting result.

Proposition 5.1. Let p be a prime. Let n and a be positive integers with (a, p) = 1.
(i). One has

n—-1, if p=2,

V(S (ap".ap" = 1)) = { A
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(ii). If n > 2, then

n-— 2’ l:fp = 2’
n n _ n-— 1$ l:fp = 3’
pS@phapt =2 =4 =,
n, ifp>5
and
n-— 2’ l:fp = 2’
vp(S(ap',ap" =3) =3 n+1, if p=3,
n, lfp > 3.
(iii). If n > 3, then
n— 3’ lf‘p = 2’
n n _ n_19 (f‘pe{3’5}’
vp(S(ap”,ap” —4)) = n+1, if p=251,
n, otherwise,
n-2, if p=2,
n n _ n-— 15 l.fp = 3’
vp(Stapt,ap”=5) =y if pe{5,19},
n, otherwise,
n— 3, l‘fp = 29
n-— 29 l.fp = 3’
vp(S(ap",ap”" —6)) =3 n-1, if p=7,
n+1, if p=19087,
n, otherwise
and
n_39 lf‘p:2’
n n _)n- 1, lfp =3,
vp(Saphap” =) =94 if p {7,751},
n, otherwise.

Proof. Since n > 1 and (a, p) = 1, one may deduce that v,(ap") = n and v,(ap” — 1) = 0.

(1). From Theorem 1.2, we derive that

vp(S(ap",ap” — 1)) =vy(ap™) + v,(ap" — 1) = v,(2) = n —v,(2).

Thus the truth of (i) follows immediately.

5.1

(5.2)

(5.3)

(5.4)

(i1). Let n > 2. One gets that v,(ap" —2) = v,(2) and v,(ap” — 3) = v,(3). Note that v,(3ap” - 5) =

vp(5). By Theorem 1.2, we then obtain that

2

vp(S(ap",ap” - 2)) = Z vp(ap” — i) +v,(Bap” = 5) —v,(4) —v,(3!)

i=0
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=n+v,(2) +v,(5) —v,(4) —v,(3!)
=n+v,(5)=v,(4)-v,(3) (5.5)

and

3
vp(S(ap",ap” - 3)) = Z vplap" — i) +vy(ap" —2) + vy(ap" —3) = v,(2) — v,(4!)

i=0
1+ 20,(2) + 2v,(3) = v,p(2) — v, (4)
n+v,(3) = v,(4). (5.6)

Thus the truth of (i1) follows immediately from (5.5) and (5.6).
(ii1). Let n > 3. It is easy to see that v,(ap" —4) = v,(4), v,(ap” —5) = v,(5), v,(ap” — 6) = v,(6)
and v,(ap" —7) = v,(7). From Theorem 1.2, one can deduce that

vp(S(ap",ap" —4))
4

= Z vy(ap” — i) +v,(15a°p™ = 150a’ p*" + 485ap” — 502) — v,(48) — v,(5!)
i=0

=n+v,(2) +v,(3) + v,(4) = v,(48) = v,(5!) + v,(15a° p*" — 150a*p*" + 485ap" — 502)
=n—v,(48) = v,(5) + v,(15a° p*" — 150a° p™* + 485ap" — 502). (5.7)

Note that 48 = 2* - 3 and 502 = 2 - 251. Thus we derive that

1, if p € {2,251},

3.3n 2_2n no_ —
v,(15a’p 150a”p™ + 485ap™ — 502) {0, otherwise.

Together with (5.7), one then gets the truth of (5.1).
Subsequently, by Theorem 1.2 we obtain that

vp(S(ap",ap" - 5))
5

= Z vplap" — i) +vy(ap" —4) +vy(ap" - 5)
i=0

+v,(3a*p™ — 23ap” +38) — v,(16) — v,(6!)
=n+v,(2) +v,(3) +2v,(4) + 2v,(5) — v,(16) — v, (6!) + vp(3a2p2” —23ap" + 38)
=n+v,(5) = v,(6) = v,(4) +v,(3a*p™ - 23ap" + 38). (5.8)

Note that 38 = 2 - 19. It follows that

1, if pef{2,19},

2.2n n —
vp(ap™ = 23ap” + 38) {0, otherwise.

Together with (5.8), one then obtains the truth of (5.2).
Furthermore, from Theorem 1.2 we get that

Vp(S (apn’ apn - 6))
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6

D vpap" = i) = v,(576) = v, (7)

i=0

+v,(63a’ p™* = 15754 p*" + 15435a° p>" — 73801a*p™" + 171150ap” — 152696)
n—v,(576) —v,(7)

+v,(63a’p™" — 1575a* p*™ + 15435a° p*" — 73801a*p*" + 171150ap” — 152696). (5.9)

Since 152696 = 23 - 19087 and v,(171150) = 1 and n > 3, one has

3, if p=2,
v,(63@° p™" — 1575a*p*" + 154354’ p*" — 73801’ p™ + 171150ap” — 152696) = { 1, if p = 19087,
0, otherwise.

Note that 576 = 2° - 32, Together with (5.9), one derives the truth of (5.3).
Finally, by Theorem 1.2 we can deduce that

vp(S(ap”,ap” = 7))

= Z vp(ap" = i) +v,(ap” —6) +v,(ap" —T) —v,(144) — v,(8!)

i=0

+v,(9a*p* — 1984’ p* + 1563a’p™ — 5182ap” + 6008)
=n+v,(7) = v,(24) = v,(8) + v,(9a* p*" — 1984’ p*" + 1563a’p** — 5182ap" + 6008).  (5.10)

Since 6008 = 23 - 751 and v,(5182) = 1 and n > 3, one has

3, if p=2,
v,(9a*p* — 1984’ p™ + 1563a’p™ — 5182ap” + 6008) = { 1, if p =751,
0, otherwise.

Note that 24 = 23 - 3. Together with (5.10), one gets the truth of (5.4).
This completes the proof of Proposition 5.1. |

Moreover, we can obtain the following result.

Proposition 5.2. Let p be a prime.

(i). One has
— O’ lfp:2,
vp(S(p,p - 1))—{ L oifp>2
(ii). If p > 3, then
O’ l.fp:39
vpo(§(p,p=2) =12, if p=35,
1, if p>5.

(iii). If p > 5, then
vp(S(p,p=3) =1
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and
if p=5,

0,
%6@m—4»={1 if p =251,

1,

2,

1,

otherwise.

(iv). If p =7, then
if p=19,

wSEp-=17 0

and
ifp=1,

0,
vp(S(p,p—6)) =1 2, if p=19087,
1, otherwise.

(v). If p > 11, then
2, if p="151,

vAan-7D={1 if p#751.

(vi). For any odd prime p, one has

L, if pe{3,5},

v(S(p*, p*—4) =1 3, if p=251,
2, otherwise,

, if p=3,
, if pe{5,19},
otherwise,

if p=3,
ifp=17,
if p=19087,
otherwise

v (S(p*,p* - 95)) =

-

-

v (S(p, p* - 6)) =

-

D W = O N W =

and

[S—
-

if p=3,
, if pe{7,751},
2, otherwise.

N

vp(S(p*,p* =) =

Proof. 1t is easy to check that parts (i) and (ii) are true, so we omit the details.
(1i1). Since p > 5, by Theorem 1.2, we get that

Vp(S(P’P - 3)) = Vp(p) + Vp(P - 1) + 2Vp(p - 2) + 2Vp(P - 3) - Vp(z) - Vp(4|) =1

and

4

Vp(S(p.p=4) = D vp(p =) +v,(15p* = 150p + 485p — 502) = v,,(48) — v,(5!)
i=0

=1+v,(15p° = 150p* + 485p — 502) — v,,(5). (5.11)
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Note that 502 = 2 - 251 and 485 £ 2 (mod 251). So one has

1, if p =251,

3 2 _ —
v,(15p* — 150p* + 485p — 502) {0, otherine,

Together with (5.11) we arrive at the truth of part (iii).
(iv). Let p > 7. Since 576 = 2° - 32, from Theorem 1.2, one gets that

5

vp(S(p,p—135)) = Z vp(p =D +v(p—4)+v,(p—-5)+ vp(?ap2 —23p +38) —v,(16) — v, (6!)
i=0

=1+v,(3p*-23p+38) (5.12)
and
vp(S(p, p—6))

6
= Z v,(p — i) +v,(63p° — 1575p* + 15435p® — 73801 p* + 171150p — 152696)
i=0
—v,(576) — v,(7!)
=1 -v,(7) +v,(63p° = 1575p" + 15435p> — 73801 p* + 171150p — 152696). (5.13)

Note that 38 = 2 - 19 and 23 # 2 (mod 19), 152696 = 23 - 19087 and 171150 # 2° (mod 19087). It
infers that

1, ifp=19,

2 _ =
vp(3p7 = 23p + 38) { 0, otherwise

and

1, if p = 19087,

v,(63p° — 1575p* + 15435p° — 73801 p* + 171150p — 152696) = { 0. otherwise

By (5.12) and (5.13), we can deduce the truth of part (iv).
(v). Since p > 11 and 144 = 2*- 32, it follows from Theorem 1.2 that

7

vpS P p=T)= Y vplp =) +vp(p=6)+vy(p=T)
i=0

+v,9p" — 198p + 1563p* — 5182p + 6008) — v,(144) — v,(8!)
=1+v,09p"* - 198p’ + 1563p* — 5182p + 6008). (5.14)

By 6008 = 2° - 751 and 5182 % 2° (mod 751), one knows that

1, if p =751,

v,(9p* — 198p* + 1563p* — 5182p + 6008) = { 0. otherwise.

Thus the truth of part (v) follows immediately from (5.14).
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(vi). Let p > 3. By Theorem 1.2, we get that

4
vp(S (PP PP =4) = > vp(p? = i)+ v,(15p° = 150p* + 485p” = 502) - v,(48) — v,,(5)

i=0

= 2+v,(251) = v,(3) = v,(5), (5.15)

5

vp(S (PP PP =5) = D vp(p? = D)+ ,p(p? = 4) +v,(p* = 5) + v, (3p* = 23p” +38) = v,(16) = v, (6)
i=0

=24 v,(5) +v,(19) - v,(3), (5.16)

v, (S(p*, p> = 6))

6
= Z vp(p* = i)+ v,(63p" — 1575p® + 15435p° — 73801 p* + 171150p* — 152696)
i=0
—v,(576) = v,(7!)
=2 +v,(3) + v,(5) + v,(6) +v,(152696) — v,(576) — v,(7!)
=2 +v,(19087) — 2v,(3) = v,(7) (5.17)

and

7
V(S (PP P2 =T = Y vp(p? = i) + v, (7 = 6) + vy (p* = T)
i=0

+v,(9p" — 198p° + 1563p* — 5182p* + 6008) — v,(144) — v,(8!)
=2 +,(3) + v,(5) + 2v,(6) + 2v,(7) + v,(6008) — v,(144) — v,(8!)
=2 +,(7) + v,(751) = v,(3). (5.18)

Hence the truth of part (vi) follows from (5.15) to (5.18).
This finishes the proof of Proposition 5.2. O

6. Conclusions

Let p be a prime number. Let n and k be positive integers. The computation of the exact p-adic
valuation of Stirling numbers is difficult. In Theorem 1.1, we use 2-associated Stirling number S ;(n, k)
to represent a formula to calculate the p-adic valuation of Stirling numbers of the second kind S (n, k).
The formula of v,(S (n, n — k)) depends on the value of §,(i,i — k), where k +2 < i < 2k. From this, we
arrive at a formula to compute v,(S (1, n — k)), which enables us to show that v,((n —k)!S (n,n-k)) <n
with O < k < min{7,n— 1} and p > 3. Let 1 < k <7 and a be a positive integer with (a, p) = 1. For
n > 3, by Proposition 5.1 we know thatn—3 < v,(S(ap”",ap” —k)) < n+1,and v,(S(ap",ap" —k)) = n
holds if p > 19087. Moreover, for any prime number p with p > 19087, Propositions 5.1 and 5.2 also
imply that v,(S(p, p — k)) = 1 and v,,(S (p?, p* — k)) = 2.
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