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Abstract: In this paper, we are devoted to study asymptotic dynamics of the stochastic extended
Brusselator system with a multiplicative noise. The stochastic extended Brusselator system is
composed of three pairs of symmetrical coupling components. We firstly study the pullback absorbing
property for the stochastic extended Brusselator system with a multiplicative noise. But coupling terms
bring great difficulty on this problem, we use the scaling method and estimate groups to overcome
this difficulty. Then, we apply the bootstrap pullback estimations to prove the pullback asymptotic
compactness for the stochastic extended Brusselator system with a multiplicative noise. Finally, we
show the existence of random attractors. In the study of the existence of random attractors for stochastic
dynamics, we use the exponential transformation of the Ornstein-Uhlenbeck process to replace the
exponential transformation of Brownian motion, which changes the structure of the original Brusselator
equations and produces the non-autonomous terms. Based on this, we have to estimate groups to
overcome the difficulties of coupling structure and make more complex estimates.
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1. Introduction

In 1968, Prigogine and Lefever [1] firstly proposed the original Brusselator equations, which is a
great significance reaction-diffusion system. It derives from the simulation of autocatalytic chemical
or biochemical reactions, the formation of biological and cellular patterns, such as the
chlorite-iodide-malonic acid reaction [2]. Up to 1993, Pearson [3] and Lee [4] discovered a large
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number of self-replicating pattern formation consistent with cubic-autocatalytic reaction-diffusion
systems by experimental methods and numerical simulation methods, and showed that the Brusselator
equations or Gray-Scott system [5, 6] exhibit abundant spatial patterns.

Due to its wide application in biology and chemistry such as morphogenesis and trimolecular
autocatalytic reactions, etc. Many researchers [7—12] have deeply studied the Brusselator equations.
Guo and Han [7] studied attractor and proved spatial chaos by using the technique of unstable
manifolds for the Brusselator system in RY. You [8] obtained the existence of a global attractor and
proved the Hausdorff dimension and the fractal dimension are finite for the Brusselator equations, and
established global attractor of a coupled two-cell Brusselator model in [9]. Bie [10] showed that if
nonlinear term f has sublinear growth then no stationary patterns occur, while if f has superlinear
growth, stationary patterns may exist for a general two-cell Brusselator model. Recently, Parshed et
al. [11] firstly studied global existence of classical solutions, via construction of an appropriate
Lyapunov functional for a four compartment Brusselator type system. Then, they proved global
existence of weak solutions and obtained the existence of a global attractor.

In this article, we study the existence of a random attractor for the following stochastic extended
Brusselator system:

du = [diAu+ a— (b + ku + u*v + Di(w — u) + No|dt + pu o dW(1), (1.1)
dv = [drAv + bu — u*v + Dy(z — v)]dt + pv o dW(Z), (1.2)
dy = [dsAp + ku — (A + N)p + D3( — )]dt + pp o dW(2), (1.3)
dw = [diAw + a — (b + k)w + w2z + D1(u — w) + Ny|dt + pw o dW(1), (1.4)
dz = [doAz + bw — W’z + Dy(v — 2)|dt + pz 0 dAW(2), (1.5)
dr = [ds A + kw — (A + N + Ds(¢ — ¥)|dt + pr o dW (), (1.6)

on R x O with the initial conditions

u(to, x) = up(x), v(to, x) = vo(x), (o, X) = @o(x), (L.7)
w(to, x) = wo(x),  z(to, X) = 20(x), ¥l(to, x) = Yo(x), x€O0, (1.8)

and boundary conditions
u(t, x) = v(t, x) = @(t,x) = w(t,x) = z(t,x) = Y(£,x) =0, 1>1y, x€d0, (1.9)

where O is a bounded domain in R"(n < 3). Let d,, d», d3, Dy, D>, D3, a, b, k, A and N are
nonnegative numbers. Here W(?),r is a two-sided real-valued Wiener process defined on the
probability space, and the symbol o represents the Stratonovich’s integration.

In our study of the existence of random attractors for stochastic dynamics, we use the exponential
transformation of the Ornstein-Uhlenbeck process to replace the exponential transformation of
Brownian motion, which changes the structure of the original Brusselator equations and produces the
non-autonomous terms, cf. (2.13)—(2.18). Based on this, we have to overcome the difficulties of
coupling structure and make more complex estimates.

It’s noticing that six coupling components with partial reversibility constitute the extended
Brusselator system, which to some extend reflects the relevant network dynamics, see, e.g., [13, 14].

If p = 0, system (1.1)—(1.6) reduces to the extended Brusselator system without random terms, which
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has been established the global dissipative dynamics by You and Zhou in [15]. Furthermore, Tu and
You [16] proved random attractor of stochastic Brusselator system with a multiplicative noise, this
paper has included the results of [16] when w, z, ¢, ¥ = 0.

The structure of this article is as follows. In section 2, we will introduce an important theorem about
the existence of random attractors and some basic facts. In section 3, we will study pullback absorbing
property of the stochastic extended Brusselator equations. In section 4, we apply the uniform Gronwall
inequality to prove the pullback asymptotic compactness. Then, we will get the main results of this
paper in section 5.

2. Preliminaries

In this section, we recall an essential theorem for the existence of random attractors. Please note
that here we will not introduce some basic concepts associated with random attractors and stochastic
dynamical systems. The reader can refer to [16-25] for these knowledge.

Let (X,|| - |lx) indicates a real separable Banach space with Borel o-algebra 8(X), and (€, 7, P)

is a probability space. Assume that (Q,F, P, {6,},cr) is a metric dynamical system(MDS), and f is a
continuous RDS on X over MDS.
Definition 2.1. A random set in X is a set-valued function B(w) : Q — 2% whose graph {(w, x) :
x € B(w)} € Q x X is an element of the product o-algebra F X B(X). If one has a random variable
r(w) = 0 such that [|B(w)|| := sup,cp,|lXll < r(w) for every w € Q, then B(w) is a bounded random set
in X. If the set B(w) is compact (or precompact) in X for all w € Q, then the random set B(w) is called
compact (or precompact). The bounded random set B is called tempered with respect to (6,),cg on the
probability space (€2, ¥, P) means that for all w € Q and every positive constant v,

lim e™||B(6_,w)|| = 0.
—00
Besides, we say that a random variable R : (Q, 7,P) — (0, c0) is tempered if for any w €
o1
lim " log R(6_,w) = 0.
t—+00

A collection D of random subsets of X is called inclusion-closed, if D = {D(w)}, .o € D and

ﬁ:{ﬁ(w) C D(w) : w € Q} means that D € D. In this way, we say that the collection D is a universe.
Let O indicates the universe of all the tempered random sets in X. Noticing that O contains each
bounded non-random sets.
Proposition 2.1. (see [17, 18]) Let D be a collection of random subsets of a Banach space X and f is
a continuous RDS on X over a MDS. Assume that there is a closed pullback absorbing set {K(w)} .o
and f is pullback asymptotically compact associated with D, thus the RDS f has a unique random
attractor A = {A(w)},.o Whose basin is D and

Aw) = ﬂ U F(t,0-w, K(0-,w)). 2.1)

™>0 27
Define the product Hilbert spaces
H=[%0)", E=[H'OI, M=[HO)nHO)"
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We denote the norm and the inner product by || - || and (-, -), respectively. || - ||.»(p # 2) represent the
norm of L”(O) or the product space L”(0) = [LP(0)]°. According to the Poincare inequality and the
homogeneous Dirichlet boundary condition (1.9), one has a nonnegative constant y such that

IVZIP = YIZIP, V¢ € Hy(O) or E, (2.2)

where ||V{]| denotes the equivalent norm of the space E or the space Hé (0).
The linear sectorial operator

dA 0 0 0 0 0
0 &A 0 0 0 0

o o aA 0 0o o |

A=l 0 0 o as o o |TToH (2.3)
0 0 0 0 dA 0
0 0 0 0 0 dA

denotes the generator of an analytic Cy-semigroup on the Hilbert space H, see, e.g., [26].
Applying the Sobolev embedding theorem, Hj(O) — L%(O) is a continuous embedding for n < 3,
therefore one has a nonnegative constant ¢ satisfies the following Sobolev imbedding inequality

llellzso) < dllelle = 0lIVell, Ve € E. (2.4)
Let

a—(b+ku+u*>v+D(w—u)+ Ny
bu — u*v + Dy(z — V)
ku—(21+ N)p + D3 — ¢)
a—(b+kw+w*z+Di(u—w)+ Ny
bw — w2 + Dy(v — 2)
kw = (1 + N + Ds(¢ — )

Hu,v,o,w,z,¢) = E—- H (2.5

is a locally Lipschitz continuous mapping on E. Then, the system (1.1)—(1.9) can be expressed as

df W)
I =Af+H(f)+pf P (2.6)
f(to, %) = fo(x) = (uo(x), vo(x), @o(x), wo(X), 20(X), Po(x)). 2.7)

Suppose that W(?),er i1s a one-dimensional two-sided real-valued Wiener process defined on the
probability space (€2, ¥, P), where

Q = {we CR,R) : w(0) = 0},

the Borel o-algebra # on Q is produced by the compact-open topology, and P is consistent with Wiener
measure. The time shift defined on the probability space (Q2, ¥, P) is given by

Ow() =w(t+)—w(®), teR.

Therefore, (Q, F, P, {6,};cr) constitute a metric dynamical system f, see Arnold [19].
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In the rest of this section, we consider the following Ornstein-Uhlenbeck process

0 0
72(6,w) = —f e’ (Bw)(s)ds = —f ew(t + s)ds + w(t), (2.8)

o0 —00

and z(0,w) satisfies the following linear stochastic differential equation
dz + zdt = dW(1). (2.9)

Proposition 2.2. (see [20]) As defined above (Q, F, P, {6;};cr) is the metric dynamical system and the
Ornstein-Uhlenbeck process {z(6,w)},;. Then one has a ,-invariant set Q € Q of full P-measure such
that the following statements are satisfied

(i) The Ornstein-Uhlenbeck process {z(6,w)},. has the asymptotically sublinear growth property,
ie.,

0
KOl _, (2.10)
t—+00 |[|
(i) z(f,w) is continuous with respect to ¢, and
!
lim f 2(0,w)ds =0, VtyeR. (2.11)
t—xoo [ — t() f0

Noticing that we consider w € Q only and will always write Q for Q.
In order to study the random dynamics of the stochastic extended Brusselator system, we usually
transform stochastic Eqgs. (1.1)—(1.6) to a system of pathwise PDE:s.
Let
U = e—pZ(ﬁzw)u’ V = e—pzwtw)v’ o = e—pZ(sz)(p’

W = e—Pz(@w)W’ 7 = e-ﬂz(@w)z’ P = e—Pz(f)xw)w, (2.12)
here z(6,w) is the Ornstein-Uhlenbeck process as above in (2.8). Therefore, we have

dU = —pe ™y o dz + e " *du, dV = —pe )y o dz + ey,
d® = —pe g o dz + e P dp, AW = —pe Py o dz + P U dw,
dz = — pe—pz(f)rw)z odz + e—pz(@w) dz 4d¥ = _pe—pz(etw)l/, odz + e—pz(Orw) d‘ﬁ-

By using (2.9), we convert Eqgs. (1.1)—(1.6) to a random PDE system

‘Z_lt] = d\AU + ae™ — (b + k)U + XUV + D|(W = U) + N® + pz(6,w)U,  (2.13)
‘;—‘t/ = dyAV + bU — ¥4 U2V + Dy(Z - V) + pz(6,w)V, (2.14)
‘% = d3AD + kU — (1 + N)D + D3(¥ — D) + pz(6,w)®, (2.15)
‘;—‘f = d,AW + ae O — (b + )W + e COWZ + D(U - W) + N¥ + pz(B,0)W, (2.16)
‘;—f = dhAZ + bW — ¥ UW2Z + Dy(V - Z) + pz(6,w)Z, (2.17)
‘% =AY + kW — (A1 + N)¥ + D3(® — ) + pz(6,0)P, (2.18)
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forall w € Q, x € O and t > t;, with boundary conditions

Ut,w,x) =V(t,w,x) = D0(t,w,x) =0, t>1y€R,
Wt,w,x)=Z(t,w,x) =¥, w,x) =0, x€d0, weQ,

and the initial conditions

U(ty, w, x) = Up(w, x) = e 7% up(x),  V(ty, w,x) = Vo(w, x) = e P yy(x),
(D(TO, w, x) = (DO(('U’ X) = e_pZ(elow)QOO(x)’ W(t()’ w, x) = W()(CL), -x) = e_pZ(HIOw)WO(x)’

Z(ty, w, x) = Zo(w, x) = e P 70(x),  W(to, w, x) = Po(w, x) = e PPy ().

We can express the Eqgs. (2.13)—(2.18) as

cjl—f =Ag+ F(g,0w), YweQ, (2.19)
g(to, w, x) = go = (Up(w, x), Vo(w, x), Py(w, x), Wo(w, X), Zo(w, x), Po(w, x))7, (2.20)
where
ae 0 — (b + kYU + OO U2V + Dy(W = U) + N® + pz(6,w)U
bU — ¥ IV + Dy(Z - V) + pz(6w)V
F(g,0w) = kU = (1 + N)YO + D3(¥ — ) + pz(6,w)®

ae P00 _ (b + YW + e 0OW2Z 4 D(U — W) + N¥ + pz(6,0)W
bW — e CDOW2Z + Dy(V — Z) + pz(,w)Z
kW — (1 + N)¥ + Dy(® — P) + pz(,w)¥

Similar to deterministic system, we prove the local existence and uniqueness of the weak solution
g(t, w; 1y, o), t € [to, T(w, go)] for some T (w, gy) > to by the Galerkin approximations and compactness
argument [27]. According to the parabolic regularity theory in [26], each weak solution will become
a strong solution for ¢ > £, in the existence interval. Integrating with Lemma 2.2 in [15], the weak
solution g(t, w; ty, go) of the random extended Brusselator evolutionary system (2.19)—(2.20) on the
maximal existence time interval, which satisfies

g(t’ w; 1o, gO) € C([th Tmax); H) N Cl((tO’ Tmax); H) N LZ((t()a Tmax); E)

Therefore, we need to study that the global existence and uniqueness of the weak solutions for the
extended Brusselator random dynamic system (2.19)—(2.20) in the next section.

Then, we find that the system (2.6)—(2.7) generate a continuous RDS f : R* x Q x H — H over
MDS, which satisfies

=100, f) = St 1,0 fy = gt wiT,80), VizT, weQ. (2.21)
Owing to (2.21), the following pullback relation is established
f(t,0_w, fy) = g0, w; —t, 9 f),  fort >0, (2.22)

which be called the pullback quasi-trajectory from g,. We will study the pullback asymptotic behavior
by establishing the pullback quasi-trajectory.
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3. Pullback absorbing property

In this section, we firstly prove the existence and uniqueness of the weak solution by applying the

scaling method and estimate groups. Then, we obtain the pullback absorbing property and some
necessary estimates. For convenience, the U(t, w; ty, Uy), V(t, w;ty, Vo) and O(¢, w; ty, Dy) et al are
shorthand for U(z, w), V(¢, w) and ®(¢, w) or U, V and ®.
Lemma 3.1. Let R(w) > 0 be a given tempered random variable and for every initial value
Jfo = (uog, vo, o, wo, 20, ¥0) € H, where ||fy|l| < R(w), then one has a time variable T(R, w) < —1 such
that for all initial time to < T(R, w), the weak solution
gt,w) = (Ut,w),V(t,w), D, w), W(t,w), Z(t, w), P(t,w)) of the random extended Brusselator
equations (2.13)—(2.18) exists on [y, 0].

Furthermore, suppose #y < min{7T'(R, w), —4}, then one has a random variable M(¢, w) for terminal
time ¢ € [—4, 0] such that the weak solution g satisfies the following inequality

”g(t’ w; t09 e_pZ(gtOw)fO)”2 < M(t’ (,l)), A4 > t09 w € Q. (31)

Proof. We take the scalar products (2.14) with V(¢) and (2.17) with Z(t), and then add them up, which
follows that

1d
5 7 (IVIF+1ZIF) + da(IVVIE + IV ZIF)
= _ rubw) f [( Uv — 1 b e—2pz(9,w))2 + (WZ - l b e—ZpZ(H,w))Z] dx
o 2 2
1
- f Dy(V = Z)*dx + §b2|0|e—2m<9f‘“> + pz@w)(IVIP + I1ZII%)
(0]

1
s§b2|0|e‘2f’ D+ pz(Gw)(IVIE + 1Z1P). (3.2)
Applying Poincdare inequality, we get
d d
S UVIE+IZIP) + 2ydo(IVIF + 1ZIP) < —(IVIF + 1ZIF) + 2d(IVVIE +IVZIF)
<b?|0le” " + 2pz(B,)(IVIP + IIZ1). (33)
multiplying both sides of (3.3) by eflo(z'o A2 and integrating over the time interval [7o, ], where
to < —4 <t <0, which yields
IV, w; 10, 8)I” + IZ(2, w; 10, go)II°

" 202(05w)ds—2yd (- T - _
S(HVOHZ + ”Z()”Z)ej;o pz(0sw)ds—2yda (t—ty) + b2|0|f efr(zpz(Hsa)) 2ydy)ds 2pz(0,a))d7_' (34)
To

Then, we take the pullback estimate by asymptotic decay of the Ornstein-Uhlenbeck process, which
get rid of the dependence on the initial value and time. This play an important role in this paper.

According to (2.10) and (2.11), for any random variable R(w) > 0, one has a time variable
T1(R, w) < —4 such that for each t, < T|(R, w) and t € [—4, 0], which follows that

1 [ 1
— f 6pz(O,w)ds — yd' < —=yd', (3.5)
=1t Jy 2

e 274 (=10) B R2 (1)) < 1, o
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where d’ = min{d,, d,,d;}. Applying (3.5) and (3.6), one has T»(R,w) < —4 such that for all 7 <
T>(R, w), we infer that

t ( th 2pz(Bsw)ds 2pz(6rw) ) 1 ’
eff (202(05w)—2ydr)ds—2pz(0; w) — e(l—T) P “2ydy-+H < e—iyd (I—T)’ (37)
and then
T 1 ’ T2 1 4 2 1 ’
f e 2D gg < f e 7 o = 767” (120, (3.8)
—00 —00 7

Therefore, we obtain that

t
f o Cp2(B:w)-2yds)ds—2p2(6r0) g (3.9)

()

is convergent. In this way, we get
IV(, w; 1o, g0II* + |Z(2, w; 10, go)II*

" 202(0,w)ds—2yds (t— T _ _
S(”VO”Z + ”Z()”Z)ef,0 pz(0sw)ds—2yd, (t—ty) + b2|0|f efT(ZpZ(wa) 2ydy)ds sz(erw)d,r
o

!
t
<1+ 50| f e Cratn 2yt =260 g (3.10)

Let y(t, x, w) = U(t, x, w) + V(t, x, 0) + W(t, x, w) + Z(t, x, w) and &(t, x, w) = O(t, x, w) + Y(t, x, W),
then by applying (2.13)—(2.18), we deduce that

&

= diAy —ky + [(dy — dDAV + Z) + k(V + Z) + 2ae %] + N& + pz(6,w)y, (3.11)
% = d;AE + ky — k(V + Z) — (A + N)¢ + pz(6,w)E. (3.12)

Rescaling ¢ = un with u = k/N, we have

d

d—f =diAy — ky + [(dy — d)AV + Z) + k(V + Z) + 2ae "] + kn + pz(,w)y, (3.13)
d

Md—’z = udsAn + ky — k(V + Z) — (ud + k) + poz(Go)n. (3.14)

Then, we take the inner product (3.13) with y(¢) and apply Poincare inequality, we get
== +d,||V
2dtllyll HIVyll
< f [(dy = dDAV + Z) + K(V + Z) + 2ae ™% [ydx = klylI* + klnlliyll + pz(B,)lIyII>
o

N |

<ld = IV (V + DIVl + KV + ZIllIyll + 2ae #1012 Iyl = KlIylI* + Klilliyll + pz(@w)liyll

\d — dof
d

— KIyIP + Klinlliyll + pz(@,w)lIyl

d 2k d 8 e
SZIIIVyII2 + IV(V + 2 + E/HV +Z|P + %yny”2 + = 2|0|e 0w

dyy
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d d—d 2 2 8
< IVyll* + M||V(V + 2|1 += ||v + Z|P + — 2|0 20
2 d, dry

— KIYIP + Kllmllliyll + pz(@w)liyll, (3.15)

so, we obtain that
d
Ellyll2 +dy|[VylI?

2ld, — d? Ak> 16
s—l 1= ol IV(V + 2| + —|IV + Z|* + —a?|O)e” "0
d, dyy dyy

— 2KIIylI* + 2klimlliyll + 2pz@w)lIyI. (3.16)
Taking the inner product (3.14) with 7(f), we have

1 d
i,ud—tllﬂll2 + pds||Vgll®

<KIIylllnll + &IV + Zllill = (ua + Bl + ppz(@ o)l
2

<kllylllnll + 'uy 2lnll? + IV + ZI> = (ud + k)Inll* + moz@w)linll, 3.17)
2uyd;
we deduce that
d 2
— + uds||V
,udtllnll uds|| V||
k2
<2kl[yllllmll + vd IV + ZIP = 2(ud + k)linll® + 2ppz(Gw)lmnl*. (3.18)
3

Adding (3.16) and (3.18) up, and noticing that
=2KlIII? + 4klllliyll = 2(uA + Oligl* < 0,
so that

d 1 . _1
d—t(llyll2 + |l 2€117) + min{d,, ds}(IVyIP* + [lu”2 VEI?)

2ld, — d-|* 4> k2
2=l gy, e+ 2B .-
d; dyy

16
+ d_/ya2|0|e—2pz(9zw). (319)
1

)||V+Z|| + 220wy + 2 €1

Let d = min{d,,ds}, @ = % Then, multiplying both sides of (3.19) by o Qs g
integrating over [to, t], where #, < —4 < t < 0. Therefore, one has a time variable T3(R, w) < —4 such

that for each 7y < T5(R, w) and t € [-4, 0], we obtain that

lIy(2, w; 10, o)II” + It w3 1o, oI

s ap 2Ud, - dof?
R e e MU R
1

fo
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Lo VY e
+a f ey (—— 4 — )| V() + Z(7)|*|d7
fo dl’)/ d3
t [ 2pz(6,0)—yd)d 164> o)
ta | kGO 0|0 )gr, (3.20)
o dly

By applying Poincare inequality and above estimates (3.10), it follows that

lly(2, w3 to, g)II + I£(2, w3 to, go)II?

<a+a f oty BTV (D) + IVZ(r )+ — 14 01 0 |, (3.21)
dvy

4]

4Id| dzl 8k 212
where § = + ozt aae

Then, we multlply both sides of (3.3) by g Cre0sr-ydrds

t < 0, one has a time variable T4(R, w) < —4 such that

and integrate over [f, t], where 7y < —4 <

!
2d2 f eﬁ (ZPZ(Gyw)—Yd)dS(”V‘/(T’ w3 tO’ 80)”2 + ”VZ(T’ w3 t()’ gO)”z)dT

fo

d f
<k CoeDds 1y (1) P + (| Z(10)]) + f VIR + 1IZ@IP) = 202(0,w) + yd)ek o) dds gz
1o

!
+ f el oI 22O )IV@IP + IZ@IP) + B10le ™ |dr

1o

! !
<1+ 0| f el CotOsr—yd)ds p=2050:0) 1 4 g f (VI + IZ()|[F)ek Coetsr-vdrds g (3.22)
o 1o

Now, we deal with the last integral term in (3.22). Multiplying both sides of (3.4) by ef (Goz@se)- yd)ds

and integrating over [fy, t], where t) < —4 < t < 0. Then, one has a time variable 75(R, w) < T(R, a))
such that for every ¢, < Ts(w), it follows that

! f
f e CoODAS (1 (1, w19, go)IP + I1Z(T, w3 10, g0)IP)dT

4]

t
! _ " 202(6,w)ds—2yda (-
Sf ef,(2p2(9sw) yd)dS[(”VO”Z + ”Zollz)ef,o pz(0sw)ds—2ydy (T to)]dT
1o
! T -
+b2|0|f eﬁ(sz(G,-w)—yd)dsf ej; (2PZ(9sw)—27d2)dS—ZPZ(wa)dé;d.r
Iy
r ) ¢t .
Sf eftO(ZPZ(E)yw)—)’d )ds(”VO”Z + ||Z()||2)dT + b2|0|f f eff (2pz(95a))—yd)dsef§ (2pz(9xw)—27d2)ds—2pz(0§w)def
fo J¢
" oz(0,w)—yd')d A (" ds— )
S(t _ l_O)(”VO”Z + ”Z()Hz)eflo( pz(0sw)—yd')ds + b2|0|f ej;t 20pz(0;w)ds Lyd ds 2pZ(9§a))deé<:
13
' 4 s 1
2p2(050)-yd')d oyds— [ yd'ds—
=(t = )(IVolP + 1ZolP)ela % 1 p2i0) f (1 = el At lvids2nati g
1

! t t
<1+ bzl 0] f (t - f)e fg 20z(0sw)ds— ff yd' ds—2pz(0¢w) d £, (3.23)
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where d’ = min{d,, d», d3}. Substituting (3.23) into (3.22), we deduce

!
C\(t,w) = f eff(ZpZ(HS“’)‘yd’dS(IIVV(T,w;to,go)||2+|IVZ(T,w;to,go)|I2)dT

To

:L + b’ 0| f Qp2(050)~yd)ds ,=2p2(0:0) g
2d, 2d, J,,
zyj |1 +6%0 f (1 — E)ek et o di=2ptre) g (3.24)

is tempered by (2.10) and (2.11). Then, substituting (3.24) into (3.21), we obtain that for
ty < min{T3(R, (,U), T4(R, (1)), TS(R, (1))}

Iv(t, w3 to, go)II* + 1€, w3 to, go)II”

164%0la
<a + aofC(t,w) + —| | f ek Qb ds=2p20:00) g

=Cy(t, w). (3.25)
Owing to (3.4) and (3.25), we get

NU(t, w; to, g0) + W(t, w; 1, go)I* + |@(t, w; to, go) + (2, w; to, go)II*
=|ly(t, w; to, go) — (V(t, w; to, g0) + Z(t, w3 to, g0))II* + [|1O(t, w; 1o, go) + P(t, w; to, go)II>
<2||y(t, w; to, go)II* + 4V (2, w; to, gII* + | Z(2, w; to, g0)IIP) + 1€, w; 1o, g0)II°

! f
<2C,(t, w) + 4(1 + b%0) f eﬁ<2f)z<9sw>—2vd2>ds-2m<9fw>dr). (3.26)
Iy

Next, we deal with the other components. Let p(t, x,w) = U(t, x,w) + V(t,x,0) — W(t, x,w) —
Z(t, x,w) and q(t, x, w) = O(t, x, w) — P(t, x, w), we have

d_p =d\Ap— (k+2D\)p + (dy — d\)AN(V = Z) + [k + 2(D; — Dy)|(V = Z) + Nq + pz(6,w)p, (3.27)

dq

d_ =dsAq+kp —k(V—-2Z)—(1+ N)q —2Dsq + pz(6,w)q. (3.28)

Rescaling g = uw with u = k/N, we have

‘2—1: = dlAp - (k + 2D1)p + (dz - dl)A(V - Z) + [k + 2(D1 - Dz)](v - Z) + kw +pZ(9t(,())p, (329)

d
,ud—qtH = uds;Aw + kp —k(V - 2Z) — (ud + kyo — 2uD;w + upz(6,w)w. (3.30)

Taking the inner product (3.29) with p(f), then using Holder inequality and Young inequality, we
obtain

1d
Ed_t”p”2 +d\[IVpl* + (k +2D)lpl
<ld = |IIV(V = DIV pll + [k + 2(Dy = DIV = Zlllpll + Klwlllipll + pz(@.w)lIpl?
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d] ) |d1 - d2|2 o) |k + 2(D1 - D2)|2 )
<ol + 2 vy — 2 + V-z
=3 IVpll > IV ( Il 8D, I I
+2D1|IplP* + Kllwlllpll + pz(@w)lipll, (3.31)

thus, we get

d
Enpn2 +d,|IVplP?

—d,|? 2(D; — D,)]?
S|dl ds| VOV = 2P + lk +2(D, o)l

IV = ZI? = 2klipl* + 2kllwlipll + 20z(@)lpl*. (3.32)
d 4D,

Next, taking the inner products of (3.30) with @(¢), we have

1 d
E,UEIIWII2 + pds|| Ve ®

<klIpllilell + kIV = Zlll@ll = (A + k + 2uD3)ll@l® + ppz(Ow)llw|®
2

8/JD7,

<2uDs|lw|” + IV = ZIP + Kipllilwll = (ud + k + 2uDy)ll@l + ppz(0w)llw]?
2

4/,[D3

< (IVIE +1Z1P) + Kliplil@ll — @A + bll@l + poz(@w)l@l?, (3.33)

thus, we obtain

d
,UEIIZUII2 + pds ||Vl

2

<
2/.1D3

Adding (3.32) and (3.34) up, and noticing that

(IVIE +11ZIP) + 2kliplil@ll - 2(ud + D@l + 2upz(Gw)|lw]. (3.34)

~2klIpll* + 4kllwlipll - 2(ua + bllwl < 0. (3.35)

Therefore, applying the Poincdre inequality, we have

d 1 . _1
E(IIPII2 + |l 2gI?) + min{dy, ds}(IV pII* + llu"2 V)

2ld; — dy? k+2(D; — D,)?
< d; | |k +2(D; o)l + )
dl 2D1 2/,[D3

+ 202(6,)(IpI> + 2 qlI%)
<k(IVVIP + IV ZI%) + 2026,0)(lIpIP + llu "2 qI?), (3.36)

(IVIP +1ZI17)

(IVVIE +1IVZIP) + (

2di—dof* | k+2(D1 =Dyl K

+ .
di 2yD, 2yuDs

Multiplying both sides of (3.36) by eho GO Ds g integrating over [fy, ], where fy < —4 < t <
0. Therefore, one has a time variable T4(R, w) < —4 such that for each 7y < T¢(R, w) and ¢ € [—4, 0], by
using (3.24), we obtain that

where k =

lIp(2, w3 to, g0)II* + llg(t, w; to, g0
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' ] o,
Sa(”pO”Z + ||q0||2)ej;0(2PZ(t9xw)_7d)d3 + a’Kf efT (ZPZ(st)—)’d)dS(”VVHZ + ||VZ||2)dT
]
=C5(1, w),
where C5(t, w) = a + akC(t, w). From (3.4), (3.24) and (3.37), we infer that

U, w; to, go) — W(t, w; to, g)II* + |, w; to, g0) — (2, w; to, go)II
=||p(t, w) — (V(t, w) — Z(t, w))|* + ||®(t, w) — P(t, w)|*
<2||p(t, w)II* + 4([V(t, WI* + 1Z(t, w)I*) + llg(t, )

<2C5(1, w) +4(1 + b0 ft t el G2yl 260 g,
By using (3.10), (3.26) and (3.38), we have
U(0) = 3[(U.0) + We.0) + (U,0) - W, 0)]
Wit,w) = %[(U(z, w) + W(t,w) = (U1, w) = W(t,w)) |,
O(t,w) = %[(cb(n W) + (1, ) + (D1, ) - (1, W),
V() = 3](@0, @) + ¥, 0) - (@0, @) - ¥t 0)

is uniformly bounded.

(3.37)

(3.38)

(3.39)
(3.40)
(3.41)

(3.42)

Let T(R, w) = min{T (R, w), T>(R, w), T3(R, w), T4(R, w), T5(R, w), T¢(R, w)}. Then, for ty < T(R, w)

and t € [-4, 0], we obtain that

llg(t, w; 1o, go)lI* =T, )|’ + IV(t, ) + 1O, w)l* + W2, )l + 1 Z(t, )P + 1Pz, )|

1 1 1
<ZIU+w)+ (U - W)II* + U +W) - (U - W)II> + (@ +) + (@ - P)|1*

1
+ 7@+ ) = (@ - P+ IVIE + 11217
<IU + WIP + U = WIP + 1@ + PIP + 10 =PI + [IVIP + 121

!
<2C5(t, w) + 2C5(t, w) + 9(1 + b0 f e fT(2pz(9;.w)—27d2)ds—ZPZ(HTw)dT)
Iy
=M(t, w).

In this way, we have proved the global existence and uniqueness of the weak solution.
Since g(¢, w; T, go) is the weak solution to Egs. (2.13)—(2.18), then

[0, fo) = ST, 0) fy = 8t wiT, 80), 127,
is the solution to Egs. (1.1)—(1.9), where

—_ 97_
o = (uo, vo, 0, wo. 20, %0), g0 = e *V fy.

(3.43)

(3.44)

(3.45)
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Lemma 3.2. For the extended Brusselator random dynamical system f on H over the MDS, one has a
PD-pullback absorbing set By(w), where By(w) is the random ball centered at the origin with the radius
My(w) given by

0
Mo(w) :epz(ﬂtw) [2C2(0, w) + 2C5(0, w)] + 9epz(9fw)(1 + b2|0| f ej:)(2pz(9&w)—2yd2)ds—2pz(9rcu)dT). (3.46)

Proof. According to the Lemma 3.1, we can obtain the consequence of Lemma 3.2. The more details
of the proof, see, e.g., [16].

If we want to prove the pullback asymptotic compactness in the next section, we have to establish
some necessary estimates for the V-component and Z-component in L8(0O). Based on this, the following
Lemma is given.

Lemma 3.3. For every given initial value f; € E, for the terminal time ¢t € [—4, 0], one has a random
variable P(¢, w) > 0 such that for any initial time 7y < T+(||gol|zs, w) < —4, we obtain that
IV(t, w3 1o, o)llys + IZ(t, 3 1o, go)llys < P(t,w), —4<1<0. (3.47)

Proof. We take the scalar product (2.14) with V? and (2.17) with Z*, and add them up, then by using
Young inequality, it follows that

1d
7 7 IVIF+IZI) + 3d:(IVOVVOIP + IZOVZ@IP)
= f [bUV? + bWZ? — < 0UV* + W2Z4)|dx
o
+D, f [(Z-V)V +(V-2)Z%)dx + f p2(B,w)(V* + ZHdx
o @]
< f [lbze_zm(e"“)(Vz + ) 4 LY W2Z*)|dx
ol2 2
- f XAV + W2 Zhdx + f p2(B,0)(V* + ZHdx, (3.48)
o o
where
f [(Z - V)V +(V - 2)Z°)dx
o
1 3 1 3
< VP (2P + SV + (VP ZZYH - ZHdx = 0.
_fo[ H(GZ IV GV 22 X
Therefore, we get
d 4 4 4 4
E(IIV(t)IIH +IZDI) + 3yda (VO + IZOI}4)

d
sa(uva)u‘; +1ZOIT.) + 3d:(IV VIR + IVZ2(1)IP)
L7V + IZDIP) + 4pz @)V, + IZDIl)2)- (3.49)
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We multiply both sides of (3.49) by eho s =dd)ds o g integrate over the interval [, f], here #, < t.
Then by applying (3.4), we obtain that

IV(t, w; 1o, go)ll3s + IZ(t, w; to, g0l s

4 4 f’(4pz(9<w)—37dz>ds 2 ' f’(4 (O5w)=3yda)ds—2pz(0-w) 2 2
<(IVoll7s + 11 Zoll74)eto™ " +2b fef PEGOmREELLEO(IV (T, w)II° + 1Z(, w)lP)dT

fo

" (4pz(050)-3ydr)d
<IVoll?, + 1Zll )ela et -3rerds
t T
+ 2b2f eﬁr(4pz(9sw)_}de)ds_ZpZ(gTw)(||V0||2 + ||ZO||2)ej;0(2PZ(9sw)_2')’d2)d5dT
fo
t T
+ 2b4|0| f e fT " (4pz(0,0)—3yd2)ds—2pz(0:w) f e J; (2pz(05w)—2ydr)d s—2pz(0w) dfd‘l'
fo o
'l t 1
4o7(0,w)~3ydn)ds 4o7(05w)~2yd)ds—2p7(6x
:(”VO”izt + ”ZO”izt)eftO( pz(05w)—=3ydy)ds +2b2(||vo||2 + ||ZO||2)f ej;o( p2(05w)—2yd>)d s—2pz( w)dT
To
t ot .
+ 250 f f 2000 o 140,03y o [ Coc0,0)-29)ds-2050060) 1
g JE&
" (4p2(0,0)-3ydr)d " @ 050)=2ydy)ds—2p2(6;
Vol + 127 1 22V + 1ZfP) [ ooty
fo
! ! "
+ 250 f f =250 [ AP0, 2N =2p20c0) . 1
fg JE
!
" (4p2(8,0)=3yd)d " (4p2(0,w)-2yd )d: _
<(IVallfs + 120l e =0 1 B2V + [ Zg| el 7072 f e

fo

! ! "
+2540) f f o 2pebw) , J (4pz(6,0)~2yda)ds~2pz(0w) drdé. (3.50)
1) fo

Then, taking the inner product of (2.14) with V> and (2.17) with Z°, we get

1d
7 (IVI° +1ZI°) + 5V OVVOIP + 12O VZD)IF)
= f [bUV? = ¥ OOV + bWZ® — P4 WZ0)dx
o
+ f [Dy(Z — V)V° + Dy(V - Z)Z°]dx + f pz(B,w)(VE + Z%dx, (3.51)
o o

by using Young inequality and Holder inequality, we have
[bUV? — X CO2ye 4 pW 73 — OO W2 75dx
1192@—2“("@(‘/4 +7ZY - %ezﬁzw"")(UZW + W2Z%|dx

bze—sz(é),w)(V4 + Z4)dx, (352)

IA

IA
hbh

= 5
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and

f [(Z - V)V +(V - 2)Z°]dx < f |-ve+ (126 + §v6) + (1v6 + éZ6) ~Z%ldx=0. (3.53)
@] o 6 6 6 6

Substituting (3.52) and (3.53) into (3.51), and then applying Poincare inequality, we obtain that
d
(VI +1IZOI) + 3yd(IVOI° + 1IZOI)

d 10
SE(IIV(I)II6 +IZOI°) + ?dz(IIVV3(t)II2 +IVZ@IP)
<32 OV + IIZ@IY) + 6p2B) (VDI + 1IZ@)][°). (3.54)
) . [ (6pz(65w)-3ydr)ds .
We multiply both sides of (3.54) by e”o , and integrate over [f, f], here fy < -4 <t < 0.

Then one has a random variable T5(||go||z6, w) < —4 such that for any w € Q, ty < T7(||gollzs, w) and
€ [—4, 0], by applying (3.50), we obtain that

IV(2, w; 10, go)lljs + IZ(2, w3 0, g0)I5s

'
6 6 (6pz(05w)—3yd>)ds
<(IVolS, + 1Zo)e s 2

! t
#3067 [ O g, ), + 20,

0]

6 (6pz(0sw)—3ydy)ds
<(IVolS, + 1Zl,)es :

! t n
W)— — 4pz(05w)—-3ydr)d
4 3b2f ef,7(6pz(0aw) 3ydy)ds 2pZ(9nw)(”V0”i4 + ||Zo||i4)ef’0( z(0sw)—3yd>) sdn

Ly " 7
W)— - 4pz(0;w)—-2yd>)d _
+ 6b4(”VO”2 + ”ZO”z)f ef,](épz(%w) 3ydy)ds ZPZ(Gylw)ef,o( pz(0sw)—2yd>)ds . f e ZpZ(HTw)den
]

4}

t " 1 U i
+ 6090 f o 60200,0)-37d)d5=2020,0) f 02000 f o o2y e)s=2020000 g g
to Iy

fo

't
6 6 (6pz(85w)—3ydy)ds
<(IVolSs + 1Zoll6, )ebo :

d T
2 4 4 —2p2(6, (6p2(05w)—3ydy)dss
1
- 6p2(05w)—2yd>)d _
+ 6L IVl + ||ZO||2)f 2p200y0) g o @2 Osr-2v) f 20560 iy

Ul _ 5
+ 6b°%0) f ~2p2(6:0) 1 f f Iy 6pz6r0)-3yda)ds—20260) |, [ (4pz(se0)-2ydr)ds 206 g
<(IVoll6 + 11Zoll3 e [} 6020, =3yds1-10)

. '
0,w)-3yda)d: _
+ 3[92(||V0||i4 + ||Zo||i4)ef’0(6m( w)=3rd) cf e~ 40 g

1o

/ ! 7
6pz(0sw)—2yd)d s _ _
+ 6b4(”VO”2 + ”ZO”Z)ef,O( pz(0sw)—2ydar)ds f e 2pz(Opw) f e ZPZ(Qrw)den

To fo

! ! t
+ 6b6|0| f e—ZPZ(Orw)dT f f e_zpz(gnw)eff’(6pz(9ya))—Zydz)dS—sz(ng)dndé:
1o fy V&
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't
6 6 6pz(605w)ds—3yd(t—1o)
<(IVolS, + 1ZlS,)e s 2

" !
+%WW@H%%MMMWWWIEMWW

To

" (6p2(8,0)~2yd2)d t t
+ 6b4(”VO”2 + ”Zollz)efto( 0z(050)—2yd>) Sf e sz(ﬁnw)dn e ZpZ(HTw)dT

to Io
t t r,
+ 6b6|O| f e—ZpZ(HTw)de e—2pz(6,,w)dnf eff(6/32(9;&))—27(12)dS-ZPZ(Ggw)dé'_-. (3.55)
to Iy 1o
Therefore, we get
IV, w; 1o, 8056 + Z(2, w3 10, go)lI3s < P(t, w), (3.56)

where
t ¢ r,
P(Z, w) -3+ 6b6|0|f e—Z,OZ(HTw)de e—sz(()nw)dnf eff(6,02(9360)—27d2)ds—2pz(0§w)d€;.
1o 0 1)

Owing to (3.5)—(3.8), we deduce that P(¢, w) is convergent. Therefore, we have completed the proof.
Lemma 3.4. Let R(w) > 0 be a given tempered random variable and for all ) < —4 < #; < 0 and every
initial value fy, € H, where ||fo|| < R(w). Suppose that g(¢, w; ty, go) satisfies ||g(t1, w; ty, o)l € E with

”g(tl’ w; th gO)”E < G((,()),

here G(w) > 0 is any given random variable. For all ¢t € [t;,0], then one has a random variable
D(t,G, w) > 0 such that

IV (2, w; to, g% + IZ(t, w; 10, 805 < D(t,G, w), Vit < min{T(R, w), —4}. (3.57)

Proof. For any initial time 7, < min{T(R, w), —4}. We integrate (3.49) over [t,t] and apply (3.10),
which follows that

. 4 . 4
IV, @3 10, g)I%s + 128, s 10, g0
L L
f
. 4 . 4 (4pz(0;w)—3ydr)ds
<(IV(tr, i 1o, g0)IEs + I1Z(t1, w3 10, o)1 e :

t
t _ -~ 2
+2b° f el e =3rd)ds=2p200) | (7, w)|IP + 1| Z(, w)Il) dT

1

't ! t
< 64G4( w)e f,l (4pz(0sw)—3yda)ds n sz f e [ (4p2(05w)-3yda)ds—2pz(6;w) dr

n

+ 2b4|0| ft ef:(4pz(05w)—3yd2)dS—sz(HTw) fT ef;(ZpZ(Hsw)—Zydz)ds—sz(wa)dng
151 —00
<Il(z, w), (3.58)
where ¢ is the constant of the Sobolev embedding Hé (0) — L*(O) satisfies

Bllz40) < Olllle, Vo € E.
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For each initial time 7y < min{T(R, w), —4}, we integrate (3.54) over [t{,t], then by using (2.4) and
(3.58), we obtain that

IV (2, w3 1o, go)lI}s + IZ(t, 3 1o, g0)Is

. 6 ) 6 \ | (6pz(B,w)-3ydy)ds
<(IV(t1, w3 10, 80156 + 11 Z(11, w; 1o, go)||L6)8f1 ;

!
2 ! (6p2(05w)-3ydy)ds—2pz(6- 4 4
+3b fefr“’“‘“’) YRV (T, w)ll s + I1Z(, )y, )dT
4]

't _ ¢ T
$§6G6(w)eff1 (6pz(0sw)—3yda)ds n 3b2f efr(6/)2(95‘”)_37d2)d5—2pz(6T“’)H(t, w)dT. (359)

1
Therefore,
t
" (6p2(6;w)~3yda)d ! - _
D(t, G, (U) :§6G6(w)ef,l( pz(0sw)—3yda)ds + 3b2f eﬁ(ﬁpz(@;a)) 3ydy)ds ZpZ(HTw)H(t, (L))dT
1

Then, we have completed the proof of Lemma 3.4.
4. Pullback asymptotic compactness

In this section, we will apply the following uniform Gronwall inequality to study the pullback
asymptotically compact of the extended Brusselator random dynamical system f in H, the reader can
refer to reference [26] for more details.

Proposition 4.1. Assume n > 1 is a given natural number. Let o, 7 and y be nonnegative functions
in L'([-n,0]; R*). Suppose that o is absolutely continuous over [—n, 0] and it satisfies the following
inequality

do

n <no+y, forte[-n0].

If

r+1 t+1 r+1
f n(t)dr <A, f o(7)dt < B, f x(ndr <C, Vtel[-n,—1],
t t 1
where A, B and C are some positive constants, then
o(t) < (B+C)e?, forte[-n+1,0].

Lemma 4.2. Let R(w) > 0 be a given random variable and for every initial value f, € H, where
llfoll < R(w), one has a tempered random variable K(w) > 0 and a finite time variable T'(R, w) > 0
such that for #, < T(R, w), the weak solution g(t, w; 7, go) of the random extended Brusselator Egs.

(2.13)—(2.18) satisfies g(0, w; 1y, go) € E and satisfies the following estimate
180, w; 10, g0l < K(w), 10 < T(R, w). (4.1)

Proof. We can divide into four steps to get the proof of Lemma 4.2.
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Step 1. we establish the estimates of the Hy(O)-norm for the U-component, V-component,
®-component, W-component, Z-component and W-component of the solution in [-4, —1].

Step 2. we study the estimates of the U-component and W-component in [-2, 0] by applying the
uniform Gronwall inequality.

Step 3. we obtain the estimates of the V-component and Z-component in [—1, 0] by applying the
results of the first and the second steps.

Step 4. we conduct the estimates of the ®-component and W-component in [—1, 0].

Step 1. We study the time-average estimates of the E-norm for the weak solution
gt,w) = (U,V,®,W,Z,¥). In Lemma 3.4, we have established the estimates of L°(O)-norm of the
V-component and Z-component. Noticing that z(6,w) is continuous in ¢, then we obtain that for any
given w € Q, Z(w) = max_4<.<-1 [2(0;w)| 1s a positive constant. We integrate (3.2) over [t,t + 1], here
-4 <t < -1, then by applying (3.10), which follows that

t+1
f 2d2(”VV(T, w; to, go)”2 + ”VZ(T, w; by, gO)”z)dT
t r+1
<IVOIP + 1ZoI° + f b2|0le” ¥ gt
t

t+1 T
N f 2pz(97w)(1 L0 f oI 2000 2yda)ds=2pz(6c) d§) p
t —00

t : 0
<1 + b*|0| max f ) Cru6:0)=2ydo)ds=2p2(0:0) g 4 b*|O| f e ) g
—00 -4

—4<t<-1

0 T .
+ f 2C|Z(97(1))|(1 + b2|0| f ef‘f (ZPZ(H.vw)—Z)’dZ)dS—ZPZ((?’gw)dé';)d,.[.' (42)
-4 -0

Then, for #, < min{T (R, w), —4} and —4 <t < —1, we obtain that

Ki(w)

, 4.3
2 (4.3)

f (IVV(z, ; 1o, g)II* + IVZ(7, w3 10, go)IIP)dT <
t

where

¢ 0
Ki(w) =1+ b*|0| max f ol Cret2y)ds=2p6:) gy || f e dr
o -4

—4<t<-1

+ f ZC|Z(9760)|(1 + b2|0| f ef;(2pz(9sw)—27dz)ds—2pz(€5w)d§)d7_-
4 —co

Let t = —4, which follows that

Ki(@)

f (IVV(z, w; 10, goII* + IVZ(7, ;3 10, g0)II°)dT < 21d2 (4.4)

According to the Mean Value Theorem, one has a time #; € [—4, —3] such that

K (w)
2d,

IV (21, w3 10, I + IZ(11, w3 10, g0l < (4.5)
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Therefore, by using Lemma 3.4, one has a random variable D(t, 7 L w) > 0 such that

K
IV (2, w; 1o, 8055 + I1Z(2, w: 1o, go)lIS6 < DA, ﬁ"‘))’ Vi € [1,0]. (4.6)
1

Integrating (3.19) over the interval [z,¢ + 1], where —4 < ¢ < —1. For all {, < min{7T' (R, w), —4}, by
using (3.25) and (4.5), we obtain that

df (IVy(r, w; 1, go)II* + IVE(T, w; to, go)II*)dT
f+1
<a(lly@®)IP + lEDIP) + op f (IVV@IP + IVZ(@)IP)dr

i+ 164> r+1

va [ 2p2 )N + P + 129 [ e
! 1Y t

K@) 0

<a max C,(t,w)+ af +2a max C,(t,w) clz(0,w)|dt
—4si<-1 2d, —4<r<-1 -4

164%a|0|
+ —_—
dyy —4

e_Z‘DZ(HTw)dT. 4.7)

Therefore, we have

K> (w)
f (IVy(, w; to, go)II* + IIVE(T, w; to, go)IIP)dT < 2d (4.8)
where
K (w) 0
K (w) =a max Cz(t w) + af >d + 2« inaxlCz(t, w)f clz(6.w)|dT
> —4<1=- 4
N 164> a/IOI e_zpz(grw) e
dyy —4
In this way, for any 7, < min{T(R, w), —4} and —4 <t < —1, we deduce that
t+1
f (IVU(z, w) + VW(T, w)|* + [[VO(t, w) + V¥(1, w)|[*)dr
t
=f (IVy(r, w) = VV(1,w) = VZ(1, w)|]* + [|VE(T, w)|*)dT
' 1+1
Sf [21IVy(r, w)I? + IVE(T, W) + 4(IVV (T, )l + IVZ(7, w)II*)]dT
t
2K 2K
o) 2K g w), (4.9)
d d>

We integrate (3.36) over the interval [¢,7 + 1], where —4 < t < —1. For all 5 < min{T (R, w), —4}, by
using (3.37) and (4.5), we obtain that

df (IVp(r, w; to, g0)II* + [IVq(t, w; to, go)lI*)dt
t
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f+1
<a(lp®IF + llg@®)I?) + ax f (IVV@)IP? +IVZ(T)IP)dr

r+1
ta f 202(60:0)(IP@IP + lgIP)d

Ki(w) 0
<a max C;(t,w)+ ak + 2a max C3(t w) clz(6-w)ldT.
—4<t<—1 2d, —4<r<—- -4

Therefore, we have

(w)

f IV p(r, w; 1, go)I* + IVq(T, w; to, go)IF)dT < —— J

where

Ki(w) 0

Kiy(w) =a max Cs(t,w) + ak
—4<t<-1 2

d, —4<<-1 ”

In this way, for any 7y < min{T'(R, w), —4} and —4 < t < —1, we deduce that
f (IVU(z, w) = VW(T,w)|* + [VO(7, w) — V¥(7, w)|[*)dT
t
= f (IVp(r, @) = VV(1,0) + VZ(7, )| + [[Vg(z, w)]*)d7
t

141
< f (21Vp(x, w)I? + [IVg(x, )P + 4(IVV(z, ) + IVZ(T, w)I))dr

< 2K(w) | 2Ki(w)
d d>

Thus, for fyp < min{T(R, w), -4} and —4 < t < —1, we get by applying (4.9) and (4.12)

= K5(a))

I+
f (IVUIP + IVWIP + VO + [VPI*)d7
t

< f (VU + VW) + (VU = VW) + (VU + TW) = (VU = VW)|P)dr

4

141

< (IVU + VW|* +|[VU = VW||* + VD + V¥|* + |[VD — VVP|*)dr

t

=Ky(w) + Ks5(w) = Ke(w).

+2a max Cx(t,w) clz(6.w)|dr.

t+1
+ l f ([(VD + VP) + (VO — VP)||* + [[((VD + V) — (VD — VP)|P)dr

(4.10)

(4.11)

(4.12)

(4.13)

Step 2. We take the inner product of (2.13) with —AU and (2.16) with —AW, which follows that

1d
EE(IIVUII2 +IVWIP) + di(IAUIP + IAWIP) + (b + K)(IVUIP + IVWIP)

= f [—ae PCOAU + AW) — ¥ U)U*VAU + W2ZAW)]dx
(0]
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-~ f [N(@AU +PAW) + D\(IVU]* = 2VU - VW + [VW*)]dx + pz(8,w)(|[VU|* + |[VW|?)
@]

L gt f (U*V? + W*Z%)dx
o

3 a’|0|
<=d,\(JJAUI* + ||AW]]?) + —— ¢ 20w) 4
<7 1(IAUN1E + 1AWIF) a e 7

N2
+ d—(IICDII2 +IPIP) + pz@w)(IVUIP + IVWIP). (4.14)
1
Then, by applying (2.2) and (2.4), we have

d
E(IIVUII2 +IVWIP) +2( + b(IVUIP + VW)

2a%10| 00 2 "
<———¢ ¥ >+d—e4f’z<”f UIIVIE + IWIIZIZ) + (||<D|| + [['P|)

dl 1
+202(6,0)(IVUII* + [[VW]?)

2
20900 -yt . 2

N2
S —— (DI + I¥11?) + 202(B,)(IVUIP + VW)
1

=4

464
=P (UIF + IV UIDIVIG + (IWI + IVWIIZIE
1

2
< w 20w 4

2N?
y “——(IIDI* + [II1*) + 20z(6:w)(IVUII* + [IVWI*)
1 1
4 4

46 o 46 w
+ - PEOUIP + IWIP VIR, + 11Z112) + —e“f’“@f (IVUIP + IVWIR VIR, + 11Z112)
1

20000 sy, 2N

74
( 464 L300 464
1?’ dl

(1P +I¥IP) + 2020 IV UIF + IVWIF)
Wr”(nvunz +IVWIRYIVIE, + 1Z1E%). (4.15)

We can rewrite (4.15) as the following form

dB(t
ﬁc;f ) < 0B + (0, te[=3,00, (4.16)
where
45 46
(1) = (Wz " d_l)e4pZ(6’w)(||VU||2 +IVWIP)UIVIEs + I1Z15) + 2pz(61),

Bi(®) = IVUIP? + VWP,

2 2
Zad_IOI o 2p10w) | 2i(nd)n2 + [I1¥1P).
1 1

For t) < T(R,w) and -3 < t < —1, by applying (4.6) and (4.13), we have

Y1() =

r+1 141 4
46 46%
[ awir= [ 2w [ (5% )“f’““”(nVUn IWIRIVIE, + 1212, )de
t t t

diy*  d,
0 4 4
46 46
<2 cz(@;w)ldT + (— + — ax |D3(t, , w)ePIINK (w 4.17
[ detbwar + (3% + 5 may (D} 5 e 0 IKw), @.17)
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Then, by using (4.13), we obtain

141 141
f Bi(t)drt = f (IVUIP + IVW|P)dT < Ko(w), (4.18)

and

r+1 r+1 2 2

2a%10 500 2N

f yi(D)dt = f [ (P +11P) |
t t 1 1

242 0 2N?
2a 10| f e 20200 g 2 (), (4.19)
dl -3 dly

By applying the uniform Gronwall inequality, which follows that
U2, w; 10, oI + IW(t, 3 10, o)l < Ko7(w), 1€ [=2,0], t < T(R, w), (4.20)

where

2840 (° 2N?
Kr() = (Ko(w) + = i f e dr + =— Ko(w))-
d 3 dyy
46*  46* . K 0
eXp[( + _) _rg‘;%)s(o [D?(T, 2d11 , w)e4pz(ﬁrw)]K6(w) +2 I3 ClZ(eT(U)ldT:I

Step 3. Taking the scalar product of (2.14) with —AV and (2.17) with —AZ, and adding up their
results, we get

1d
5= (IVVIP +1IVZIP) + da(IAVIF + 11AZ]1)
2dt
= f [~bUAV — bBWAZ + ¥ U*VAV + W?ZAZ)]dx
o
- f Dy(IVZ* = 2VZ - VV + [VV)dx + pz(6,w)(IVV|[* + IVZ|*)
(0]
d>
4

1
+ d—e“m(@fw) f (U*V? + W*ZHdx + pz(0,w)(IVVI* + [IVZ]]?). 4.21)
2 o

d b’
(7 + DUAVIP +1AZIP) + 7, (IUIP + IWIFP)

Therefore, we obtain that
d 2 2 2 2
E(IIVVII +IVZIF) + dx(IAVI + |AZ])7)

2b* 2

<—-(UIF +IWIF) + —-e Ul VI + IWILIZIL) + 2020 )IVVIE +IVZIF)
2 2

ﬂ 4pz(6iw) 4 HIVVIR 4 YWV ZI2 2b 2 2

<—= OO+ IVUINDIVVIE + AW + IVWIDIVZIP] + =1 + W)

2 2

+ 202(6,w)(IVVI* +IVZI[*)
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45 2p*
<= ELQUIP + IWIEY + AIVUIE + IVWIRYIAVVIE + IVZIP) + == (U1 + IWIFP)
2 2

+ 2026,w)(IVVIP + IVZIP). (4.22)

Then, we can rewrite (4.22) as the following form

dp,(1)
dt

S @ (DB(0) + y2(1),  1€[=2,0], (4.23)

where

46°
ay(t) = —= | (WUIF + IWIF)” + (IVUIP + IVWIFY| + 2p2(6,0).
2

2b*
Ba(t) = IVVIP +IIVZIP,  7a(r) = a,—2(||U||2 +[IWIP).

For #p < T(R,w) and -2 <t < -1, by applying (4.20), we infer that

141

o 148 4p7(0;w) 2 2\2 2 232
w@dr= [ == (UIF +IWIPY + (IVUIP + IVWIP)Y [dr+ | 2pz(@w)dr
t t

2 t
(7 ) w2 [ o -
Then, by using (4.3), we obtain
leﬁz(T)dT = f (IVVIP +IVZIP)dT < 1((;))’ (4.25)
t
and by applying (4.20), we have
flm?’z(T)dT = j: 2—bz(IIUll +[WIPP)dr < Czl—b;&(w) (4.26)

Owing to the uniform Gronwall inequality, which follows that

IV(#, w; to, g0)IIE + IZ(t, 3 to, g0l < Ks(w), t€[-1,0], to < T(R, w), (4.27)
where
Ky(w) =( 2 d—K7(a))) exp[(d—+d—2) max VKN w) +2 . clz(O:w)ldT|.

Step 4. Taking the scalar product of (2.15) with —A® and (2.18) with —AY, and adding up their
results, we get

1d
EE(IIVCDII2 +[IVHIP) + ds(IADIP + AYIP) + (2 + N)(IVDIP + V)

= f (~kUA®D — kWAW)dx — f D;([VOP = 2VD - V¥ + [V¥[)dx + pz(0,w)([[VO|* + IV
o o
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< 3

| S

(IAD| + A1) + 2"—;(||U||2 + IWIP) + pz(8,w)(IVDIP + [[VEIP).
Then, we have

C%(nvcbuz + IVHIP) + (A + |AY])
sz—z(llUllz + IWIP) + 202(6,w)(IVOI* + IVFIP).

Then, we can rewrite (4.29) as the following form

dps(1)
dt

< a3(0Bs(0) +y3(0), te[-2,0],
where
k2
a3 () = 20z(0w),  Bs(t) = IVOI + IVPIP,  y3(t) = d—3(IIUII2 +[[WII%).

For ty < T(R,w) and -2 < t < —1, we infer that

r+1 r+1 0
f az(T)dt = f 2p7(6-w)dt < 2 f c|z(6.w)|dT,
t t —

2

then, by using (4.13), we obtain

t+1 t+1
f Bs(mydr = f (IVOI? + [IVYIP)dr < Ke(w),

and applying (4.20), we have

r+1 7+1 k2 ) 5 k2
f y3(Ddt = f d—(IIUII +|WIF)dr < d—K7(w)-
t t 3 3Y
Owing to the uniform Gronwall inequality, which follows that
”(D(t’ w; tO’ gO)”%‘ + ”lP(t’ w; tO’ 80)”2 < K9(w)a re [_17 0]9 tO < T(Ra CL)),

where

k2 0
Ko(w) = (Ks(w) + d—K7(w)) : CXP{2f clz(6-w)l}.
3Y -2

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

Finally, let = 0in (4.20), (4.27) and (4.34). Therefore, (4.1) holds with K(w) = K7(w)+Ks(w)+Ko(w).

In this way, we have completed the proof of Lemma 4.2.
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5. The existence of random attractors

In this section, we obtain the existence of a pullback random attractor for the stochastic extended
Brusselator system in H.
Theorem 5.1. The extended Brusselator random dynamical system f has a unique pullback random
attractor.
Proof. In Lemma 3.2, we obtained that the RDS f has a bounded pullback absorbing set associated
with the universe . In Lemma 4.2, due to the embedding £ < H is a compact mapping, which
means that the RDS f is pullback asymptotically compact in H by applying the results of Proposition
1.8.3 in [28]. Then, by Proposition 2.1, the existence of pullback random attractor A(w) = {A(w)}
is proved for the RDS f, which is given by

wWeQ

Aw) = (| £t 60, Bo(6-0)). (5.1)

>0 =7

Therefore, we have completed the proof of Theorem 5.1.
6. Conclusion

In this paper, we prove the existence of random attractors for stochastic dynamics by using the
exponential transformation of the Ornstein-Uhlenbeck process to replace the exponential
transformation of Brownian motion, which changes the structure of the original Brusselator equations
and produces the non-autonomous terms, cf. (2.13)—(2.18). Based on this, we have to overcome the
difficulties of coupling structure and make more complex estimates.

If p = 0, system (1.1)—(1.6) reduces to the extended Brusselator system without random terms,
which has been established the global dissipative dynamics by You and Zhou in [15]. Furthermore, Tu
and You [16] proved random attractor of stochastic Brusselator system with a multiplicative noise, this
paper has included the results of [16] when w, z, ¢, ¥ = 0.
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