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1. Introduction

In the recent decades, fractional differential equation has received extensive attention in
mathematical theory and application research, see [1-5] and the references therein. A great deal of
research results have been obtained in the theory and application of fractional differential equations,
see [6—-18] and the references therein. Meanwhile, the differential equations with left and right
fractional derivatives are also playing an important role in many different applications. For example,
in [19, 20], this type of differential equations is used to describe the temperature distribution of
building walls while in [21], it is used to simulate the movement of particulate matter in the process of
silo emptying. The theoretical research of this kind of problem has also attracted lots of attention,
see [22-31].

In this paper, we study the following fractional systems which involve both left and right fractional
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derivatives
¢ Drui(t) = fi(t,ur (1), ur(1)), 1 € (0, 1),
(1.1)
CDur(t) = folt, (0, ux(2)), 1 € (0, 1),
with the nonlocal boundary conditions
11(0) = rur(1), w(0) = ;' (O (e, (12
u(0) = 0, uy(1) = 0, '

where 1 < @, < 2, {D? and ,CDf represent the left and right Caputo fractional derivative operator,
respectively. f; € C([0, 1] x R?, R) may be nonlinear functions, and w € C([0, 1], [0, +o0)) is a given
function, r is a real.

The purpose of this paper is to obtain the existence results for solutions of boundary value problem
(1.1) and (1.2) under the resonant condition

1
rf w(t)dr = 1. (1.3)
0

As an application of our results, we deal with the existence result of the solution to fractional
differential equation under the resonant conditions which involves both left and right fractional
derivatives

CDf (§DYu(r)) = g(t,u(®), §DYu(®)), t € (0,1), (1.4)

which satisfies certain nonlocal boundary conditions.
2. Preliminaries
In this section, we show some basic definitions for the fractional calculus and related lemmas which

are used to establish the main results.

Definition 2.1. (See [1,3]) Suppose y > 0, then the order v Riemann-Liouville left fractional integral
and Caputo left fractional derivative of function y : [0, 1] — R are defined by

1
L'(y)

respectively, provided the right sides exist. And the order y Riemann-Liouville right fractional integral
and Caputo right fractional derivative of y are given by

s
n— d n
oI'y(0) = f (1= 7" y()ds, and EDIY0) = o ()0,
0

1
I(y)

respectively, provided the right-side integral converges, where n is an integer withn — 1 <y < n.

1
. d
A}y = f (s = 17'y(s)ds, and [D{y(@®) = (=1)"1} y(&)”y(t),

Lemma 2.1. (See [1,3]) Forn—1 < y < n, nis a positive integer, then the general solution of fractional
4

differential equation OCD, y(t) = 0 is given by
y(E)=co+cit+-+cp "
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and the general solution of fractional differential equation fD?y(t) = 0 is given by
y(0)=dy+di(1 =0+ +d, (1 -0)"",
wherecj, d; €R, j=0,1,--- ,n.

Definition 2.2. (see [32], P39) Let X, M be normed vector spaces, L : DomL c X — Y a linear
mapping. The mapping L will be called a Fredholm mapping of index zero if

(a) dimKer L = codim ImL < +oo;

(b) ImL is closed in Y.

Lemma 2.2. (Generalized Krasnosel’skii theorem, see [32], P32) Let X and Y be Banach spaces. Let
L:domLcX — Y be a Fredholm mapping of index zero, N : X — M be an L-compact mapping in
Q with Q open, bounded, symmetric with respect to the origin and containing it. If

(L-N)x # A(L—-N)(—x)
for every x € Dom L N 0Q and every A € [0, 1], where 02 is the boundary of Q with respect to X, then
equation Lx = Nx has at least one solution in (.

3. The existence of solutions for the systems

In this section, we present the existence results of the solutions of boundary value problem (1.1)
and (1.2).
Let
X=Y={u=(u,uw) : ueCl0,1],i=1,2}

be endowed with the norm

T
l[all = [I(u1, uz)" || = max{max [u; (1)], max [ux(2)]}.
1€[0,1] 1€[0,1]

Then (X, - ||) and (Y, || - ||) are Banach spaces.
Denote vector functions

e it w0
n = ( us(0) ) B, u(@) = ( ot w1 (1), ua(0)) )

and an operator

Cpe 0
e=(70 e )
LetL: DomLC X — Y by
cpe 0 \{ w) C Doy (1)
_ T _ t 1 _ t
Lu(t) = L(uy, u,) —( OO th? )( 0 (0) )—( %Dfuz(t) ) (3.1)

where

C na
DomL = f{u= ( “) e X: ( %l;%ul(t) € Y, ui(t), ux(¢) satisfy boundary conditions (1.2)}.
U 7 Diuy(1)
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Define N : X — Y by

Nu() = £(t, u()) = ( Filtuy (1), () )

Jo(t, ui (1), ux(1))

It is clear that boundary value problem (1.1) and (1.2) is equivalent to the following operator
equation
Lu = Nu.

Lemma 3.1. Let L be defined by (3.1). Then L is a Fredholm operator of index zero.

Proof. Obviously L is a linear operator. Next, we consider the kernel of the linear operator L.
KerL = {u € DomL C X| Lu = 0},

which implies that

C Nna
Lu(t) = L(uy, up)" = ( %3%5;8 ) ) ( 8 ) =0, for any u € KerL. (3.2)
Then
_ ul(t) _ Co + Cit
un = ( uy(1) ) B ( do+di(1-1) ) (3.3)

Take the boundary conditions u}(0) = 0 and «}(1) = 0 into account, and we can get ¢; = d; = 0.
In view of u;(0) = ru,(1) and u,(0) = fol w(t)u;(1)dr and the resonant condition r fol w®)dt =1, we
can show that ¢y = rd,. Therefore,

KerL = {u € DomL C X : u(t):d( | ),deR},
which implies that dimKerL = 1.
Following, we denote
1 1
o(s) = f w() (T -9 dr,  A(s) = [ ”fﬁ)p S(;_)l ) (3.4)
s %)
And fory = ( n(® ) € VY, we denote
y2(1)
- 1 1 1 Lo
(A, y) = fo A (9)y(s)ds = @) fo p(s)yi(s)ds — ) fo S~ ya(s)ds. (3.5)
We prove that
o _ [ 71 ) _
ImL =y = ( 0 ) €Y : (A y) =0l (3.6)
Since
e [ 1@ _ - N EZ0) B
ImL = {y = ( o(0) ) € Y : there exists u = ( w0 (f) ) € DomL such that Lu = y},
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foranyy = ( N ) € ImL, there exists u = ( (1)
y2(1)

) € DomL such that
uy(1)

_ r [ $Dfum @\ [y
Lll(l) = L(l/tl, l/lz) = ( (tél)[liuz(t) = yz(t) . (37)

Then

u(t) = F( ) f(t — 8% 1yl(s)ds + co + it

uy () = r%;s) f (s — F ya(s)ds + do + di (1 —0).

And t

uy(t) = Fa—-D f(t — )" yi(s)ds + ¢,

(1) = r(ﬁ - f (s = 1 2ya(s)ds +dy.

By the boundary conditions u((0) = u}(1) = 0, we get ¢; = d; = 0. And by u;(0) = rux(1),
1(0) = [ w(Bu(1)dr, we have
Co = rd() (38)

and

1 ! 1 1 s
F_(ﬁ) ‘fo‘ Sﬂ—IYZ(S)dS +dy = %j; w(s)(j(: (- S)a_lyl(‘[')d‘[' " C())dS. (3.9)
Then

1 1 1 1
FL@ fo P a(oHs +do = fo ( f (v = 5" w(@)dr)y (s)ds + rdy fo w(s)ds.

It follows

ﬁj;(fsl@— “lw(mdr)yi(s)ds - F_(ﬁ)f S ya(s)ds = (3.10)
from the resonant condition r [ w(s)ds = 1. That is
-
@fo P(S)yl(S)dS—r—(B)f s ya(s)ds = 0. (3.11)

Then, Eq. (3.11) is equivalent to

1
(A, y) = f AT(s)y(s)ds =0 (3.12)
0

and

ImLC{y (ylgg)ey: (A, y>:0}.
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y1(0)

.hm)e{yey:(A,w:OLRt

On the other hand, for every y = (
_ ( ) (1) ) (s [ = s yi(s)ds
uy(1) F%ﬁ) ftl(s — 1y, (s)ds

then u € DomL and Lu =y. So

[ i@ ) _
{y_(yg(t) )ey. (A, y)_O}QImL.

Hence (3.6) holds.
Following we prove that ImL is closed.
Vi1 (?) Yo.1(7) )

Yia(t) Yo2(?)
Since gim llyx — Yoll = O, then ]}im [Vki —Yoil =0 fori=1,2.

Assume that y; = ( ) € ImL, and ]}im Y =Yo = (

Because y; € ImL which implies y;; € C[0,1] for k = 1,2,--- and i = 1,2, then y,; € C[O0, 1] for
i = 1,2, which implies y, € VY.
By (3.6), we can get that

1 ! 1 1
A,y = @ fo P($)yi1(s)ds — ) fo P yea(s)ds = 0.
Then
1 ! 1 1
(A, yo) = @fo p(8)yo,1(s)ds — F_(,B)‘fo P yoa(s)ds = 0,

which implies that y, € ImL and ImL is a closed in Y.
Because A is a fixed vector function, then (A, y) € R, for any y € Y, which implies dim(Y/ImL) =
1.
So
codim(ImL) = dim(Y/ImL) = 1 = dimKerL.

Therefore, we get that the linear operator L is a Fredholm operator with index zero. For the
definition of Fredholm operator with index zero, see Definition 2.2.
]
Define P: X — X by
u(f) \ _ wi(0) + rup(D) [ r
Pu=P = —————— .
" (Mm) 2r 1

Then P is a linear continuous projector operator. We can easily check that ImP = KerL and X =
KerP @ KerL.

So the operator L|pom znkerr : Dom L N KerP — ImL is reversible.

For every y € ImL, there exists # € Dom L N KerP such that

CD%u (1) yvi(®) )
_ 0"t _ _
Lu@) = ( CDPur(t) ) - ( n | 7YY
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Then

u(t) = F( ) f(t — ) yi(s)ds + o + 1t

u(f) = F_(,B)f (s — F 'ya(s)ds + dy + di (1 —0).

Combining the boundary conditions and noticing u € Dom L N KerP, and we can get that ¢y = ¢ =
dy = d; = 0. Then

[ wm® )\ _| T fot t=5)yi(s)ds L
u@) = ( u (1) ) B [ F(ﬁ) f (s — P yy(s)ds ¥, -13)

where L;l is the inverse of L|pom .nKerP-
Define the operator Q : YV — Y/ImL by

_ @\ _ 0
Qy—Q(yz(t) )— T8+ 1)/(A, y>( | ) (3.14)
Letyy = ( (1) ),then
I 1
(A ,YO>——F—(ﬁ) sP dS——m,

and Q? = Q. That is, Q is a linear continuous projector operator.
We can easily see that KerQ = ImL and Y = ImL & ImQ.
Since f is continuous, it follows that Lemma 3.2 holds from (3.13) and (3.14).

Lemma 3.2. N: X — Y is an L-compact operator.

Denote
(H1) The functions f; € C([0,1] x R?,R), there exist constants o; > 0 and functions a;, b; €
C([0, 1], [0, +0)), i = 1,2, such that

Ifi(t, X2, y2) = filt, x1, y)| < ai(®)|x; — x2|7 + b()|y1 = y2l7, i=1,2,

forany 1 € [0,1], x;, y; €R, j=1,2.
(H2) The functions f; € C([0, 1] x R%,R) and

ill, .
lim sup sup ————— lf( %))l <R, i=1,2,

oo ref0.1] X1+ [V

where R, r((”l) and R, = & (52“).
For convemence let

1
mo = max{% fo (1 — )% (a,(s) + ay(s))ds, @ f S27Ub1(5) + by(s))ds), (3.15)
and 1 i
fo= max{r(a " 1) Iﬁ(t 0,0l TG+ 0 max Ifz(t 0,0)l}. (3.16)
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Theorem 3.1. Suppose (HI) holds and 0 < o < 1. Then boundary value problem (1.1) and (1.2) has

at least one solution.
Proof. If u € DomL N KerP satisfies the following equation
(L -N)w) = AL-N)(-w), 4€][0,1],

then .
L(u) = m(N(u) — AN(-u)), 1€]0,1]

and

@\ _ —1# _ _
—(uxﬂ)—ly<1+ﬂmmn AN(-w)).

We can get

lur (O] =] 1/1 o )f( = )" (fils, w1 (), () = Afi (5, = (5), —ua(s)))ds|

mf(t— $) A (s, w1 (5), un(8)) = Afi (s, —uy (5), —uz(s))|ds

IMM+@f(‘W”m“W”MW Afi(s, =ur(s), —ur()lds

mf (1= )" (fils, w1 (5), ua2(s)) = fi(5,0,0)]
+ AUfi(s, =11 (5), —ua(s)) = fi(5,0,0)] + (1 + DIfi(5,0,0))ds

_F( )f(l ) (@ ()l ()7 + ax(Dlua()I7) + |£i(5,0,0)[1ds
F( )f( = ) [(@1(s) + ax())Ill” + 1£i (5,0, 0)l1ds

F( )f(l — )N @i(s) + ax()dsllull” + f

and
max |u ()] < mollul|” + fo,
1€[0,1]

where m and f; are given by (3.15) and (3.16).
Similarly, we can show
max |us(2)] < mollull” + fo.
te[0,1]

As a result,
llal| < mollall” + fo.
Since 0 < o < 1, we take M > max{(2mo)™=,2f,} + 1 and

Q={ueXnKerP: |u]| < M}.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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Then Q is open, bounded, symmetric with respect to the origin and containing it.
If u € Dom L N 0 and satisfies (3.17), by (3.21), we can show that

M= M
M7+ — =M,

M = || < moM’ + fy < >

which is a contradiction.
Therefore, we can obtain that

(L-=Nyua# AL—-N)(—u), ue DomLNoQ and A € [0, 1].

By Lemma 3.2, N is an L-compact operator. .
According to Lemma 2.2, we have the equation Lu = Nu has at least one solution on Dom L N Q.

Namely, boundary value problem (1.1) and (1.2) has at least one solution.
[

Theorem 3.2. Suppose (HI) holds. If o = 1 and my < 1, then boundary value problem (1.1) and (1.2)
has at least one solution.

fo

1-mg

Q={ueXnKerP: |ul| < M}.

Proof. Since my < 1, we take M > and

Then Q is open, bounded, symmetric with respect to the origin and containing it.
If u € DomL N KerP satisfies equation (3.17), similar to the proof of the theorem 3.1, we can get
that
l[all < molfuall + fo. (3.22)

It follows
[[al| < moM + (1 — my)M = M, u € Dom L N 9Q

from (3.22). We can show that
(L-N)u# A(L-N)(—u), ue DomLNAQ and A € [0, 1].

By Lemma 3.2, N : X — Y is an L-compact operator. .
According to Lemma 2.2, we have the equation Lu = Nu has at least one solution on Dom L N Q.

Namely, boundary value problem (1.1) and (1.2) has at least one solution.
|

Theorem 3.3. Suppose (H2) holds, then boundary value problem (1.1) and (1.2) has at least one
solution.

Proof. Fori = 1,2, let ¢ = 3(R; — lim sup sup, (¢, Lexnly > 0. By (H2), there exist constants M; such

x|+
[x-+lyl—>00 b

that
Ifi(t, x, )| < (R — €)(Ix| + [yl), for |x| +[y| > M;, i=1,2.

Since f; are continuous, there exist constants R; such that

Ro; = max{fi(t,x,y): te€[0,1]and x| +|y| < M}, i=1,2.
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We have
|fi(t, x, ¥)| < Roi + Ri(|x] + [y]), for x,y € R. (3.23)

Roi Rop
Let M > maX{ I'a+1)-2(R1—€)’ F(ﬂ+l)—2(R2—€1)} and

Q={ueXnKerP: |u]| < M}.

Then Q is open, bounded, symmetric with respect to the origin and containing it.
If u € DomL N KerP satisfies Eq. (3.17), we can get that

1 1
|ua1 (1)] |m @) ( = ) (fils, w1 (5), ua(s)) = Afi(s, —ur(s), —ua(s)))ds]

Smfo(f— $) A Cs, ur(8), up()) — Afi (s, —ui (), —ur(s))|ds
1 1

T+ 1) fo (1 = )" (s, 1 (8), ua ()] + Alfi (s, =11 (5), —ua(s)))ds
1 1

Smf (1-9""'1+ /D(Rm + (Ry — €)(Jui ()] + |u2(s)|))ds

F( )f (1= 9" (Ro1 + 2(R, — €)llull)ds

:m . (Ro] + 2(R1 - El)”“”)

Hence, if u € Dom L N dQ and A € [0, 1], then

max |u,(f)| < “(Ro1 + 2(Ry — €))|[ul])

1e[0,1] "T(a+1)
<F(a1+ D ‘(T(a@+1)=2(R, — €)M + 2(R; — €))M)
=M. (3.24)
Similarly, we can show
trer%&ﬁ lu (1) < M, u € DomLNJQ and A € [0, 1]. (3.25)

It follows
M =|ul| <M, ue DomLNAJQ and A € [0, 1]

from (3.24) and (3.25), which is a contradiction. We show that
(L-N)u+# AL-N)(—u), ue DomLNoQ and A € [0, 1].

By Lemma 3.2, N is an L-compact operator. B
According to Lemma 2.2, we have that the equation Lu = Nu has at least one solution on Dom LNQ.

That is, boundary value problem (1.1) and (1.2) has at least one solution.
[
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4. The existence of solutions for the fractional equations

As an application of Theorem 3.2, in this section, we consider the existence of solutions for the
following fractional differential equation which involves the left and right derivatives

D (SDYu(n) = g(t,u(r), §Dfu(), 1 € (0,1) .1

with the following nonlocal boundary conditions

{M(O) = rgD?u(l), OCD?M(O) = ﬂ w(®u(r)dt, 42)

' (0) =0, ((Dfu(n)) |- =0,
under the resonant condition r fol w(s)ds = 1.
Theorem 4.1. Assume rfol w(s)ds = 1, there exist p, q € C([0, 1], [0, +00)) such that

18(#, x2, y2) — g(t, x1, yD)| < p(D)|x2 = x1] + g(D)ly2 — 1l
foranyte€[0,1], xj;, y; €R, j=1,2. If

1 b
r—(ﬁ)fo SN+ g(e)ds) < 1,

then boundary value problem (4.1) and (4.2) has at least one solution.

Proof. Let ui(t) = u(t), uy(t) = ngu(t), fit,x,y) = y and fo(t,x,y) = g(t,x,y). Then Eq. (4.1) is
equivalent to the following the system

1 1
my = max{m fo (1 - ) p(s)ds,

{SD?ul(z) = uy(t) := Fit, (1), ux(D)), ws)

CDPus (1) = gt, u(t), SDu(®)) := folt, u (), us(1)),

and boundary conditions (4.2) is equivalent to (1.2).

We can easily check that all conditions in Theorem 3.2 are satisfied for the Eq. (4.1) with the
boundary conditions (4.2).

By Theorem 3.2, we can get that the conclusion of Theorem 4.1 holds.

5. Examples

In this section, we give out some examples to illustrate our main results.
Example 5.1 We consider the following fractional integral boundary value problems of the
nonlinear fractional differential system
3
OCDful(t) = %arctan 21 - H2uy(t) + 3t%u2(t)) +é,1te(0,1),

,CDI%uz(t) = Larctan (3(1 — 2wy (1) + 213 ur (1) + 7', 1 € (0, 1),
3
11(0) = 2uy(1), ux(0) = o1} 1y (1),

W (0) = 0, uy(1) =0,

5.1
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‘/’

e

1
ur(0) = ﬁ ) (l—t)ém(t)dt:j; w(®uy (dt,

wherea=3,8=2,r= And the condition u,(0) = (I 2ul(l) is equivalent to

where w(f) = %(1 —1)2. And

1 , 1 1
rf w(z)dt:r(olf(l)):%f(1—:)zdr: 1. (5.2)
' r@ Jo

So boundary value problem (5.1) is a resonance problem.

Let fi(1, x,y) = %arctan (2(1 — 0)2x + 3tiy) + €' and fo(t, x,y) = Larctan (3(1 - Nix + 21iy) + ™,
ai(t) = 2(1 = )2, ax(t) = 3(1 = 1)2, by(£) = 313, by(r) = 21+, then we can easily check f; and f> satisfy
the condition (H1) with oo = 1. And we can get that

1 1
mo =max{m f (1 — ) (a1(s) + ax(s))ds, f PH (b1 (s) + by(s))ds)
0

T(B)
1

:%a)j; (1 = 9)* ' (@i(s) + ax(s))ds

~0.940316 < 1,

and

o F(a+ i 0.0l may ]r(,g Ty 0 0,0)) = 2.04484.

As aresult, all conditions in Theorem 3.2 hold. By Theorem 3.2, boundary value problem (5.1) has
at least one solution.
Example 5.2 We consider the following boundary value problem

fo = max {m

th%ul(t) =2(1- 0} ui(0)? + S (n(0) + e, 1e(0,1),
D) = 4w 0)' + 21 = 0} (wa(0)? + e, 1€ (0,1),

mm=—mnw©—ﬁmu
u}(0) =0, uy(1) =

(5.3)

Let fi(t, x,y) = 2(1 - )2x% + 23yt + ¢’ and fo(r, x,y) = 2rixd + 2(1 = 0)7y3 + e, a1 (H) = 2(1 - 0)7,
a(t) =2(1 - t)%, bi(t) = 3t%, by(t) = 3t+. Other parameters are same as the ones in Example 5.1. Then
we can easily check f;, i = 1,2, satisfy the conditions of (H1), where o = % < 1.

Then the conditions in Theorem 3.1 hold. By Theorem 3.1, boundary value problem (5.3) has at
least one solution.

Example 5.3 We consider the integral boundary value problem of fractional differential equation as
following

D5 (§Dru() = 1 arctan (3(1 = )2u(t) + 2655 Du(t) + €™, t € (0, 1),
u(0) = 2ZEDeu(1), EDru(0) = oI u(l), (5.4)
' (0) =0, (§Dfu(®)) =1 =0

Similar to Example 5.1, we can check that the conditions in Theorem 4.1 hold. As a result, boundary
value problem (5.4) has at least one solution by Theorem 4.1.

AIMS Mathematics Volume 5, Issue 4, 3331-3345.



3343

Acknowledgments

This research was supported by the Natural Science Foundation of China (No. 111171220). Authors
are grateful to the reviewers and editors for their suggestions and comments to improve the manuscript.

Contflict of interest

All authors declare no conflicts of interest in this paper.

References

1. A. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential
equations, Elsevier Science Limited, 2006.

2. 1. Podlubny, Fractional differential equations, Mathematics in Science and Engineering, Academic
Press, 1999.

K. Diethelm, The analysis of fractional differential equations, Springer-Verlag, Berlin, 2010.

4. K. S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential
equations, John-Wily and Sons, New York, 1993.

Y. Zhou, Basic Theory of fractional differential equations, World Scientific, Singapore, 2014.

6. Q. Song, Z. Bai, Positive solutions of fractional differential equations involving the Riemann-
Stieltjes integral boundary condition, Adv. Differ. Equ., 2018 (2018), 183.

7. X.Zhao, Y. Liu, H. Pang, Iterative positive solutions to a coupled fractional differential system with
the multistrip and multipoint mixed boundary conditions, Adv. Differ. Equ., 2019 (2019), 1-23.

8. Y. Tian, S. Sun, Z. Bai, Positive solutions of fractional differential equations with p-Laplacian, J.
Funct. Space., 2017 (2017).

9. G. C. Wu, D. Baleanu, Z. Deng, et al. Lattice fractional diffusion equation in terms of a Riesz-
Caputo difference, Physica A: Statistical Mechanics and its Applications, 438 (2015), 335-339.

10. X. Liu, M. Jia, W. Ge, The method of lower and upper solutions for mixed fractional four-point
boundary value problem with p-Laplacian operator, Appl. Math. Lett., 65 (2017), 56-62.

11. S. K. Ntouyas, J. Tariboon, P. Thiramanus, Mixed problems of fractional coupled systems of
Riemann-Liouville differential equations and Hadamard integral conditions, J. Comput. Anal.

Appl., 21 (2016), 813-828.

12. X. Liu, M. Jia, The method of lower and upper solutions for the general boundary value problems
of fractional differential equations with p-Laplacian, Adv. Differ. Equ., 2018 (2018), 1-15.

13. F. Ge, C. Kou, Stability analysis by Krasnoselskii’s fixed point theorem for nonlinear fractional
differential equations, Appl. Math. Comput., 257 (2015), 308-316.

14. L. Yang, Application of Avery-Peterson fixed point theorem to nonlinear boundary value problem of
fractional differential equation with the Caputo’s derivative, Commun. Nonlinear Sci., 17 (2012),
4576—4584.

AIMS Mathematics Volume 5, Issue 4, 3331-3345.



3344

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Y. Xu, Z. He, Synchronization of variable-order fractional financial system via active control

method, Open Phys., 11 (2013), 824-835.

A. Bashir, S. K. Ntouyas, Existence results for a coupled system of Caputo type sequential
fractional differential equations with nonlocal integral boundary conditions, Appl. Math. Comput.,
266 (2015), 615-622.

B. Zhu, L. Liu, Y. Wu, Existence and uniqueness of global mild solutions for a class of nonlinear
fractional reaction-diffusion equations with delay, Comput. Math. Appl., 78 (2019), 1811-1818.

M. Feckan, J. Wang, Periodic impulsive fractional differential equations, Adv. Nonliear Anal., 8
(2019): 482-496.

R. Arévalo, A. Garcimartin, D. Maza, Anomalous diffusion in silo drainage, The European Physical
Journal E, 23 (2007), 191-198.

J. S. Leszczynski, T. Blaszczyk, Modeling the transition between stable and unstable operation
while emptying a silo, Granul. Matter, 13 (2011), 429-438.

E. Szymanek, The application of fractional order differential calculus for the description of
temperature profiles in a granular layer, Advances in the Theory and Applications of Non-integer
Order Systems, 257 (2013), 243-248.

Y. Tian, J. J. Nieto, The applications of critical-point theory to discontinuous fractional-order
differential equations, P. Edinburgh Math. Soc., 60 (2017 ), 1021-1051.

M. Jia, X. Liu, Multiplicity of solutions for integral boundary value problems of fractional
differential equations with upper and lower solutions, Appl. Math. Comput., 232 (2014), 313-323.

M. Jia, L. Li, X. Liu, et al. A class of nonlocal problems of fractional differential equations with
composition of derivative and parameters, Adv. Differ. Equ., 2019 (2019).

C. Bai, Infinitely many solutions for a perturbed nonlinear fractional boundary-value problem,
Electron. J. Differ. Equ., 2013 (2013), 1-12.

M. Galewski, G. M. Bisci, Existence results for one-dimensional fractional equations, Math.

Method. Appl. Sci., 39 (2016), 1480-1492.

Y. Zhao, H. Chen, B. Qin, Multiple solutions for a coupled system of nonlinear fractional
differential equations via variational methods, Appl. Math. Comput., 257 (2015), 417-427.

X. Liu, M. Jia, Solvability and numerical simulations for BVPs of fractional coupled systems
involving left and right fractional derivatives, Appl. Math. Comput., 353 (2019), 230-242.

C. Torres, Existence of a solution for the fractional forced pendulum, J. Appl. Math. Comput.
Mech., 13 (2014), 125-142.

T. Blaszczyk, E. Kotela, M. R. Hall, et al. Analysis and applications of composed forms of Caputo
fractional derivatives, Acta Mechanica et Automatica, 5 (2011), 11-14.

F. Jiao, Y. Zhou, Existence of solutions for a class of fractional boundary value problems via
critical point theory, Comput. Math. Appl. 62 (2011), 1181-1199.

R. E. Gaines, J. Mawhin, Coincidence degree and nonlinear differential equations, 1977.

AIMS Mathematics Volume 5, Issue 4, 3331-3345.



3345

@ AIMS Press

AIMS Mathematics

©2020 the Author(s), licensee AIMS Press. This
i1s an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Volume 5, Issue 4, 3331-3345.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	The existence of solutions for the systems
	The existence of solutions for the fractional equations
	Examples

