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Abstract: In this paper, we define and find the general solution of the following 3-D cubic functional
equation

FCxi+x+x3) =3f(x1+x2+x3) + f(=x1 + x4+ x3) +2f (x1 + x2) + 2f (x1 + x3)
—6f (X1 —x2) —=6f (x1 —x3) = 3f (x2 + x3) + 2f 2x; — x)
+2f 2x1 —x3) = 18f (x1) = 6f (x2) = 6f (x3) .

We also prove the Hyers-Ulam stability of this functional equation in fuzzy normed spaces by using
the direct method and the fixed point method.
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1. Introduction

Stability problem of a functional equation was first posed in [31] which was answered in [7] and
then generalized in [1, 28] for additive mappings and linear mappings respectively. Since then several
stability problems for various functional equations have been investigated in [9, 10, 12,23]. Fuzzy
version was discussed in [13, 14]. Recently, the stability problem for Jensen functional equation and
cubic functional equation were considered in [15,20] respectively in intuitionistic fuzzy normed spaces;
while the idea of intuitionistic fuzzy normed space was introduced in [30] and further studied in [16—
19, 21,22,24-27,29] to deal with some summability problems. Several results for the Hyers-Ulam
stability of many functional equations have been proved by several researchers [4-6,8,11,23]


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2020114

1694

In modeling applied problems only partial information may be known (or) there may be a degree of
uncertainty in the parameters used in the model or some measurments may be imprecise. Due to such
features, many authors have considered the study of functional equations in the fuzzy setting. Jun et
al. introduced the following functional equations

JQx+y)+ fQ2x—y) =2f(x+y) +2f(x —y) + 12 (x) (1.1)

and
fBx+y)+ fBx—y)=3f(x+y)+3f(x—y)+48f(x) (1.2)

and investigated its general solution and the Hyers-Ulam stability respectively. The functional
equations (1.1) and (1.2) are called cubic functional equations because the function f(x) = cx’ is a
solution of the above functional equations (1.1) and (1.2).

Rassias introduced the following new cubic equation f : X — Y satisfying the cubic functional
equation

Jx+2y) +3f(x) = 3f(x +y) + f(x = y) + 6f()) (1.3)

for all x,y € X, with X a linear space, Y a real complete linear space, and then solved the Hyers-Ulam
stability problem for the above functional equation.
In this paper, we define and find the general solution of the 3-D cubic functional equation

f(2X1 + X + X3) = 3f(x1 + X + X3) + f(—xl + X + X3) + 2f(x1 + XZ) + 2f(x1 + )C3)
—6f (x; —x2) —=6f (x1 —x3) = 3f (2 + x3) +2f (2x; — x)
+2f (2x1 — x3) = 181 (x1) = 6f (x2) = 6f (x3). (1.4)

We also prove the Hyers-Ulam stability of this functional equation in fuzzy normed spaces by using
the direct method and the fixed point method.

2. Preliminaries

Definition 2.1. Let X be a real linear space. A function N : X X R — [0, 1] is said to be a fuzzy norm
on X if forall x,y € X and a,b € R,

(N;) N(@x,¢c)=0 for ¢<0;

(N;) x=0 ifandonlyif N(x,c)=1 forallc>0;

(N;) N(ex,b)=N(x, L) if c#0;

(Ny) N&x+y,a+b)>min{N(x,a), Ny, b)};

(Ns) N(x,-)is a non-decreasing function on R and lim,_,., N(x,b) = 1;

(Ng) for x # 0, N(x,-) is (upper semi) continuous on R.

The pair (X, N) is called a fuzzy normed linear space. One may regard N(x, b) as the truth value of
the statement the norm of x is less than or equal to the real number b.

Definition 2.2. Let (X, N) be a fuzzy normed linear space. Let {x,} be a sequence in X. Then x, is said
to be convergent if there exists x € X such that lim,_,., N (x, — x,b) = 1 for all b > 0. In that case, x is
called the limit of the sequence {x,} and we denote it by N — lim,,_,, x,, = x.
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Definition 2.3. A sequence {x,} in X is called Cauchy if for each € > 0 and each b > 0 there exists n,
such that for all n > ny and all p > 0, we have N (x,,+p - Xy, b) >1-—€

Every convergent sequence in a fuzzy normed space is Cauchy.

Definition 2.4. If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and
the fuzzy normed space is called a fuzzy Banach space.

Definition 2.5. A mapping f : X — Y between fuzzy normed spaces X and Y is continuous at a point
xo if for each sequence {x,} converging to x, in X, the sequence {f(x,)} converges to f(xp). If f is
continuous at each point of x; € X, then f is said to be continuous on X.

We bring the following theorems which some results in fixed point theory. These results play a
fundamental role to arrive our purpose of this paper.

Theorem 2.6. (Banach Contraction Principle) Let (X, d) be a complete metric space and consider a
mapping T : X — X which is strictly contractive mapping, that is,
(Al) ifd (Tx, Ty) < Ld (x,y) for some (Lipschitz constant ) L < 1, then

1) the mapping T has one and only fixed point x* =T (x*);
2) the fixed point for each given element x* is globally attractive, that is,

(A2) imT"x = x* for any starting point x € X;
1) One has the following estimation inequalities:

(A3)d(T"x,x") < t4;d (T"x,T"'x) forall n 2 0, x € X,

(A4)d(x,x") < 77d (x,x*), VY xeX.

Theorem 2.7. (The Alternative of fixed point) For a complete generalized metric space (X,d) and a
strictly contractive mapping T : X — X with Lipschitz constant L, and for each given element x € X,
either

(BI) d(T"x, T"'x) = 400, for all n > 0, or

(B2) There exists a natural number ny such that

i) d(T"x, T""'x) < oo for all n > ny;

ii) the sequence (T"x) is convergent to a fixed point y* of T;
iii) y* is the unique fixed point of T in the set Y ={y € X;d(T"x,y) < oo},
iv) diy*,y) < ll—Ld(y, Ty)forallyeY.

3. General solution of the functional equation (1.4)

In this section, we discuss the general solution of the functional equation (1.4).

Theorem 3.1. If an odd mapping f : X — Y satisfies the functional equation
JQx+y)+fQ2x—y) =2f(x+y) +2f(x —y) + 12 (%) 3.1
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forall x,y € X ifand only if f : X — Y satisfies the functional equation

f(2X1 + X + )C3) = 3f(x1 + X, + )C3) + f(—x1 + X + )C3) + 2f(x1 + Xz) + 2f(x1 + X3)
—0f (x1 —x2) —=6f (x1 —x3) = 3f (x2 + x3) + 2f (2x1 — x2)
+2f (2x1 = x3) = 18 (x1) = 6 (x2) — 6 (x3) (3.2)

for all xi, x5, x5 € X.

Proof. Let f : X — Y satisfy the functional equation (3.1). Setting (x,y) = (0,0) in (3.1), we get
f(0) = 0. Replacing (x, y) by (x, 0), (x, x) and (x, 2x) respectively in (3.1), we obtain

f@x) =2 f(x), f(3x)=3"f(x) and f(4x) =4 f(x) (33)
for all x € X. In general for any positive integer a, we have
flax) = a’f(x) (3.4)
for all x € X. It follows from (3.4) that
f(@x) = d°f(x) and f(@’x) =d’f(x) (3.5)

for all x € X. Replacing (x,y) by (x1, x, + x3) in (3.1), we get
SQx1+ x4+ x3) =2f(x1 + X2+ x3) = f(=2x1 + X2 + x3) + 2f(x1 — X2 — x3) + 12 f(x1) (3.6)
for all xy, x5, x3 € X. Again replacing (x,y) by (x, + x3,—2x;) in (3.1), we get
Af(=x1+ X2+ x3) +4f(x1 + X2+ x3) — fQRx1 + x2 + x3) —6f(x2 + x3) = f(—2x1 + 2 +x3)  (3.7)
for all xy, x,, x3 € X. Substituting (3.7) in (3.6), we get
J@2x1+ x4+ x3) = 3f(x1 + X2 + x3) = f(=x1 + X2+ x3) = 3f(x2 + x3) + 6/ (1) (3.8)
for all xy, x5, x3 € X. Setting (x,y) by (x2,2x) in (3.1). we obtain
4f(x1+x2) —4f(x1 — x2) = 6f(x2) = f(2x1 + x2) = f(2x1 — x2) (3.9)
for all x, x, € X. Switching (x,y) by (x3,2x;) in (3.1), we obtain
4f(x1 + x3) —4f(x1 — x3) = 6f(x3) = f(2x1 + x3) — f(2x1 — x3) (3.10)
for all x;, x3 € X. Adding (3.9) and (3.10), we get

Af(xi +x2) —4f(x1 — x2) +4f(x1 + x3) —4f(x1 — x3) = 6f(x2) — 6f(x3)
—fQx1 +x) + fQx; —x2) = fQCx1 + x3) + f2x; —x3) =0 (3.1

for all xy, x5, x3 € X. Adding (3.8) and (3.11), we get

JQRxi+ x4+ x3) =3f(x1 +x2 +x3) + f(—=x1 + x2 + x3) = 3f(x2 + x3)
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+6/(x1) +4f (1 +x2) —4f(x1 —x2) +4f(x; +x3) —4f(x1 — x3)
—6f(x2) —6f(x2) — f2x1 + x2) + f(2x1 — x2) — f(2x1 + x3) + f(2x1 — x3) (3.12)
for all xy, x5, x3 € X. Replacing (x, y) by (—x1, x,) in (3.1), we obtain
—f2x1 +x) = f(2x1 — x2) = 2f(x1 — x2) = 2f(x1 + x2) — 12f(xy) (3.13)

for all x, x, € X. Switching (x,y) by (—x;, x3) in (3.1), we have

= fQxi+x3) = f2x1 — x3) = 2f(x1 — x3) = 2f (1 + x3) — 12f(x1) (3.14)

for all x, x3 € X. Adding (3.13) and (3.14), we obtain

—fQ2x1 +x2) = f2x1 +x3) = f2x1 —x2) = 2f(x1 — x2) = 2f(x1 + x2)
+f2x1 —x3) = 2f(x1 — x3) = 2f(x1 + x3) = 24 f(x1) (3.15)

for all x;, x,, x3 € X. Substituting (3.15) in (3.12), we have

S@xi+ x4+ x3) =3f(x1 + X2 + x3) + f(=x1 + X2+ x3) + 2f(x1 + Xx2)
+2f(x1 +x3) = 6f(x1 — x2) = 6f(x1 — x3) = 3f(x2 + x3)
+2f2x; = x2) + 2f(2x1 — x3) = 18f(x1) — 6f(x2) — 6f(x3) (3.16)

for all X1,X2, X3 € X.
Conversely, let f : X — Y satisfy the functional equation (3.2). Replacing (xi, x», x3) by (x, 0, 0),
(0, x,0) and (0, 0, x) respectively in (3.16), we get

fQx)=2°f(x), f(x)=1f(x) and f(x) = 1°f(x). (3.17)
One can easy to verify from (3.17) that, replacing (x;, x, x3) by (x,y,0) in (3.2), we have
JQRx+y)=2fQx—-y) =5f(x+y) = Tf(x = y) = 6f(x) = 9f(¥) (3.18)
for all x,y € X. Again replacing (x, x», x3) by (x,0, —y) in (3.2), we obtain
JQx=y)=2fQx+y) = =Tf(x+y) +5f(x = y) = 6f(x) + 9f () (3.19)
for all x,y € X. Adding the equations (3.18) and (3.19), we get our result. m|

Throughout the upcoming sections, assume that X, (Z, N ") and (Y, N) are linear space, fuzzy normed
space and fuzzy Banach space, respectively. Let us denote

Df(xi,x2,x3) = fQ2x1 + X2+ x3) =3f (X1 + X2+ x3) + f(=x1 + X2 + x3) + 2f (X1 + x2)
+2f (1 +x3) =6f (x; —x2) —6f (x1 —x3) = 3f (2 + x3) + 2f 2x1 — x)
+2f (2x1 —x3) = 18f (x1) = 6f (x2) — 6f (x3)
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4. Stability results for the functional equation (1.4): Direct method

In this section, we investigate the Hyers-Ulam stability of the functional equation (1.4) in fuzzy
normed space via direct method.

Theorem 4.1. Let w € {—1,1} be fixed and T : X> — Z be a mapping such that for some p > 0 with
(5’—3) <1

N (T'(2°x,0,0),8) > N (p“T(x,0,0), ) 4.1)
forall x € X and all € > 0 and

lim N’ (F(Z“”’xl, 29y, 29 x3), 23‘“"8) =1

n—oo

for all xy, x,,x3 € X and all € > 0. Suppose an odd mapping f : X — Y satisfies the inequality
N (Dp(x1, 2, %3),8) 2 N (F(x1, %2, X3), ) (4.2)

forall € > 0 and all x, x,, x5 € X. Then the limit

Cx) = N — lim L&°9

n—oo  Q3wn

exists for all x € X and the mapping C : X — Y is a unique cubic mapping such that
N (f(x) = C(x),8) = N' (T(x,0,0),35 | 2° = p ) 4.3)

forall x € X and all € > 0.

Proof. First assume w = 1. Replacing (x;, x5, x3) by (x,0,0) in (4.2), we get

N (3f(2x) = 24f(x),&) > N (I'(x,0,0), &) (4.4)
for all x € X and all € > 0. From (4.4), we have

N[0 - 8. 5) 2 N 1(x.0,0),2) (4.5)

for all x € X and all € > 0. Replacing x by 2"x in (4.5), we obtain

f(2n+]x) . & , .
N( 5 f(2"x), 3(23)) >N (I'(2"x,0,0), &) (4.6)
for all x € X and € > 0. Using (4.1), (NV3) in (4.6) we get
f(2mx) " e , e
N( R f(2"x), 3(23)) >N (F(x, 0,0), E) 4.7)

for all x € X and all € > 0. It is easy to verify from (4.7), that

V(f@n _fey e
23(n+1) 23n 7 3(23)(237)

) >N’ (r(x, 0,0), pi) (4.8)
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holds for all x € X and all € > 0. Replacing € by p"¢ in (4.8), we get

(2n+1x) (2")6) ne )
N (f23(n+1) - f23n ’ 23€1+1)3 Z N (F(X, 0, 0)9 8) (4.9)
for all x € X and all € > 0. It is easy to see that
f@'x) T fQHY)  f2)

f0 =) =5 (4.10)

3n
2 i=0

73i
for all x € X. From (4.9) and (4.10), we have

f(2"x) S
N( 23!’1 _f(x),; 3(23(i+1)_)) (411)

fQ*y) Q%) g
23G+l) D3 * 3(23G+D)

Zmin{N( ) :i=0,1,---,n—=1}> N ([ (x,0,0),¢)

for all x € X and all € > 0. Replacing x by 2"x in (4.11) and using (4.1), (N3), we get

f(2n+m ) f(sz) , .
N[ > Z 3(23<,+1))) N (T(2"x,0,0),2)
N’ (I(x,0,0), £)
and so 1
f@x) f(2’" 0 "3 ,
N ( 230rm) Z 3(23(,+1))] >N (I'(x,0,0),¢) (4.12)

for all x € X, € > 0 and all m,n > 0. Replacing € by in (4.12), we get

n+m-1
i=m 1(23(i+l))

J2m"x)  f(2"x) /
N( 23(n+m) - 23m = N n+m—1 o
i=m 3(23(i+]))

I'(x,0,0), ;] (4.13)

forall x € X, & > 0and all m,n > 0. Since 0 < p < 2% and Yo (ﬁ)l < oo, the Cauchy criterion for

23
convergence and (Ns) imply that {f (223nx)} is a Cauchy sequence in (Y, N). Since (¥, N) is complete, this

sequence converges to some point C(x) € Y. So one can define the mapping C : X — Y by

C) = N — lim L&Y

n—oo 231

for all x € X. Since f is odd, C is odd. Letting m = 0 in (4.13), we obtain

2%1

pl
i=0 3(23(i+1))

(f (2"x)

- f(x), s) > N'|I(x,0,0), +] (4.14)
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for all x € X and all &£ > 0. Taking the limit as n — oo in (4.14) and using (Ns), we get
N(f() - C(x),) 2 N ([(x,0,0), 362" - p))

for all x € X and all £ > 0. Now we claim that C is cubic. Replacing (xi, x», x3) by (2"x,2"x,,2"x3) in
(4.2) respectively, we have

23n
for all x € X and all € > 0. Since

lim N’ (r(znx1 ,2"%2,2"x3), 23"8) =1,

n—oo

1 ’
N (_Df (2"x1,2"x2,2"x3), 8) >N (F(znxl, 2"x,2"x3), 23"8)

A satisfies the functional equation (1.4). Hence C : X — Y is cubic. To prove the uniqueness of C, let
D : X — Y be another cubic mapping satisfying (4.3). Fix x € X. Clearly, C(2"x) = 2*"C(x) and
D(2"x) = 2*"D(x) for all x € X and all n € N. It follows from (4.3) that

N(C(x) - D(x), &) = N (S52 - 252, &)

2 min( (G52 — 1220, 5) N(1520 - 20,2

>N (F(znx, 0,0), %@—p))

> N’ ([(x,0,0), 22622)

32Me(2’—p)

for all x € X and all € > 0. Since lim,,_,o 2 = oo, we have
, 32Me(2? -
lim N (r(x, 0,0), w) - 1.
n—00 pn

Thus N(C(x) — D(x),&) = 1 for all x € X and all £ > 0, and so C(x) = D(x).
For w = —1, we can prove the result by a similar method. This completes the proof of the theorem.
O

The following corollary is an immediate consequence of Theorem 4.1, concerning the stability for
the functional equation (1.4).

Corollary 4.2. Suppose that the mapping f : X — Y satisfies the inequality
N'(0,¢)
N(Dg(x1, 2, x3),8) 2 {N'(0 TL, lIxill', €)
N O IalP* + T [1xill), )

for all x\,x,,x3 € X and all € > 0, where 0, s are constants with 8§ > 0. Then there exists a unique
cubic mapping C : X — Y such that

N'(6,121 | &)
N(f(x) = C(x),8) 2 AN (6lIdl*,3 122 = 2° | &) 15#3
N (6l 3123 -2 &) s %2

forall x € X and all r > 0.
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5. Stability results for the functional equation (1.4): Fixed point method

In this section, we establish the Hyers-Ulam stability of the functional equation (1.4) in fuzzy
normed space via fixed point method.
To prove the stability result, we define the following: 7, is a constant such that

2 if i=0
= Lof =1
and € is the set such that Q = {r : X — Y, 1#(0) = 0}.

Theorem 5.1. Let f : X — Y be a mapping for which there exists a mapping I’ : X° — Z with
condition
I}im N’ (F(nfxl, X0, 7k x3), 771-3"8) =1 6.1

for all xy, x,, x5 € X and all € > 0 and satisfying the inequality
N(Df(Xl,X2, X3), 8) 2 N/(F(xl’XZ’ X3), 8) (52)

for all x|, x,,x3 € X and & > 0. If there exists L = L[i] such that the function x — [(x) = %F(%, 0, O)
has the property

1
N’ (Lﬁﬁ(mxx 8) = N (B(x), &) (5.3)

for all x € X and € > 0, then there exists a unique cubic function C : X — Y satisfying the functional

equation (1.4) and
1-i

1-L

N(f(x) - C(x),8) 2 N'( B(x), 8)

forall x € X and € > 0.

Proof. Set
0
T(xi, x2,x3) = {02 1%l
O, il + 2oy ™)

for all x;, x,, x3 € X. Then

N'(6,17"%¢)
N’ (F (nf-xl > foz, ni'CX?;) , n?kg) =<N (6 Z?:l ||X,'||S, n§3—s)kg)
N’ (OCEE, llxll™ + T [l ™" e)
— 1 as k— oo,
=¢{— 1 as k— oo,

— 1 as k— oo.
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Thus (5.1) holds. But we have
1_(x
- _r(Z,0, 0)
B =3T3
has the property
1
N’ (L?ﬂ(nix), 8) > N'(B(x), &)

1

for all x € X and £ > 0. Hence

N'(6,3¢)
N'(B(x),€) = N’ (r(g,o, o) : 38) = N (611211, 3¢)
N (6131, 3e)

Thus

1 N (5.3¢) NGB, ©)
N ($,6’(77,~x), ,9) — N (ni (2) Il 38) =N B), )
| V(2 (2)imatr3e) VOB

Now we can decide the Lipschitz constant 0 < L < 1 by n;, given in the previous statement of
Theorem 5.1. So we divide into the following 6 cases for the conditions of 7; as follows:
Case (i): L=273 for s=0 if i=0:

N(f(x) - C(x).&) 2 N’ (E28(x). €) > N’ (223, 3) > N (6.21¢),
Case (ii): L=2% for s=0 if i=1:

N(f(x) - C(x), &) 2 N' (58(x), 6) = N’ (15.38) = N’ (6, -21¢).
Case (iii): L =23 for s<3 if i=0:

1-i

1-L

s=3 K
NG = Coner = N ({2 v (25 2 o

— 253 25’ €
> N’ (6llx]I*, 38(2° - 29)).

Case (iv): L=2%° for s>3 if i=1:

1-i K}
N(f(x) - C(x),¢) ZN’(lL_ LB(x),a ’(#0”2%”,33)

> N
> N’ (6llxlI*, 382" - 2%)).
Case (v): L =2"" for s<2 if i=0:

1-i

1-L

, 2ns—3 HHXHns
ﬂ(X),S =N 1 —2ns=3  ns » O&

>N’ (9||x||"“', 3e(23 - 2’”)).

N(f(x) - C(x),¢e) > N'(
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Case (vi): L =2’ for s< % if i=1:
1-i

1-L

N(f(x) - C(x). &) > N’( ! 9'””'”,38)

>N
ﬂ(X),S) - (1 _ 23—ns ns
> N’ (6llx", 382" - 2%)).
Hence the proof is completed. O

The following corollary is an immediate consequence of Theorem 5.1, concerning the stability of
the functional equation (1.4).

Corollary 5.2. Suppose a function f : X — Y satisfies the inequality

N'(0,¢e)
N(D¢(x1,x2,x3),€) > {N'(6 Z?:l lIxill*, €)
NOCE IxlPs + T2, [Ix11°), ©)

forall x|, x,,x; € X and € > 0, where 0, s are constants with 8 > 0. Then there exists a unique cubic
mapping C : X — Y such that

N'(0,|21 | &)
NG = C,8) = N (A, 3122 =2 [ 2)  55#3
N (6lxPs, 3123 -2 &) s %2

forall x € X and € > 0.

Remark 5.3. To prove the stability of functional equations and functional inequalities, we have two
methods: direct method and fixed point method. For the direct method, we use the Hyers-Ulam method,
which is a traditional method, and for the fixed point method, we use the Isac-Rassias method, which
is a more recent method. The proofs for the stability of functional equations and functional inequalities
are similar to the orginal direct method and/or the fixed point method.

In general, to prove the stability, we divide two cases, for an example, p > 3 and 0 < p < 3 in |[x]|?,
appeared in a control function of cubic functional equations. In this paper, we just use one control
function to prove the stability of a new 3-D cubic functional equation by using the direct method and
by using the fixed point method.

6. Conclusion

We have introduced the following 3-D cubic functional equation

FRxi+x+x3)=3f(xi+x2+x3) + f(=x1 + X2+ x3) +2f (X1 + x2) + 2f (X1 + x3)
—6f (x1 —x2) = 6f (x1 —x3) = 3f (x2 + x3) + 2f 2x; — x)
+2f 2x1 — x3) = 181 (x1) = 6f (x2) — 6/ (x3) .

We have solved the 3-D cubic functional equation and we have proved the Hyers-Ulam stability of the
3-D functional equation in fuzzy normed spaces by using the direct method and the fixed point method.
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