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1. Introduction

In 1960, Opial [12] established the following inequality:
Theorem A Suppose f ∈ C1[0, h] satisfies f (0) = f (h) = 0 and f (x) > 0 for all x ∈ (0, h). Then

the inequality holds ∫ h

0
| f (x) f ′(x)| dx ≤

h
4

∫ h

0
( f ′(x))2dx, (1.1)

where this constant h/4 is best possible.
Many generalizations and extensions of Opial’s inequality were established [2, 4–11, 15–19]. For

an extensive survey on these inequalities, see [13]. Opial’s inequality and its generalizations and
extensions play a fundamental role in the ordinary and partial differential equations as well as
difference equation [2–4, 6–7, 9–11, 17]. In particular, Agarwal and Pang [3] proved the following
Opial-Wirtinger’s type inequalities.

Theorem B Let λ ≥ 1 be a given real number, and let p(t) be a nonnegative and continuous function
on [0, a]. Further, let x(t) be an absolutely continuous function on [0, a], with x(0) = x(a) = 0. Then∫ a

0
p(t)|x(t)|λdt ≤

1
2

∫ a

0
[t(a − t)](λ−1)/2 p(t)dt

∫ a

0
|x′(t)|λ dt. (1.2)
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The first aim of the present paper is to establish Opial-Wirtinger’s type inequalities involving
Katugampola conformable partial derivatives and α-conformable integrals (see Section 2). Our result
is given in the following theorem, which is a generalization of (1.2).

Theorem 1.1 Let λ ≥ 1 be a real number and α ∈ (0, 1], and let p(s, t) be a nonnegative and
continuous functions on [0, a] × [0, b]. Further, let x(s, t) be an absolutely continuous function and
Katugampola partial derivable on [0, a] × [0, b], with x(s, 0) = x(0, t) = x(0, 0) = 0 and x(a, b) =

x(a, t) = x(s, b) = 0. If p > 1, 1
p + 1

q = 1 Then∫ a

0

∫ b

0
p(s, t)|x(s, t)|λdαsdαt ≤

p + q
pq

(
1
α2

)λ−1 (∫ a

0

∫ b

0
Γabpqλα(s, t) · p(s, t)dαsdαt

)

×

∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt, (1.3)

where
Γabpqλα(s, t) =

{
(st)1/p[(a − s)(b − t)]1/q

}α(λ−1)
.

Remark 1.1 Let x(s, t) reduce to s(t) and with suitable modifications, and p = q = 2 and α = 1,
(1.3) become (1.2).

Theorem C Let λ ≥ 1 be a given real number, and let p(t) be a nonnegative and continuous
function on [0, a]. Further, let x(t) be an absolutely continuous function on [0, a], with x(0) = x(a) = 0.
Then ∫ a

0
p(t)|x(t)|λdt ≤

1
2

(a
2

)λ−1
(∫ a

0
p(t)dt

) ∫ a

0
|x′(t)|λ dt. (1.4)

Another aim of this paper is to establish the following inequality involving Katugampola
conformable partial derivatives and α-conformable integrals. Our result is given in the following
theorem.

Theorem 1.2 Let j = 1, 2 and λ ≥ 1 be a real number, and let p j(s, t) be a nonnegative and
continuous functions on [0, a] × [0, b]. Further, let x j(s, t) be an absolutely continuous function and
Katugampola partial derivable on [0, a] × [0, b], with x j(s, 0) = x j(0, t) = x j(0, 0) = 0 and x j(a, b) =

x j(a, t) = x j(s, b) = 0. Then for α ∈ (0, 1]∫ a

0

∫ b

0

(
p1(s, t)|x1(s, t)|λ + p2(s, t)|x2(s, t)|λ

)
dαsdαt

≤
1
2λ

(
1
α2

)λ−1 [ (∫ a

0

∫ b

0
(st)α(λ−1) p1(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

+

(∫ a

0

∫ b

0
(st)α(λ−1) p2(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x2)α2(s, t)

∣∣∣∣∣∣λ dαsdαt
]
. (1.5)

2. Katugampola conformable partial derivatives

Here, let’s recall the well-known Katugampola derivative formulation of conformable derivative of
order for α ∈ (0, 1] and t ∈ [0,∞), given by

Dα( f )(t) = lim
ε→0

f (teεt−α) − f (t)
ε

, (2.1)

AIMS Mathematics Volume 5, Issue 2, 1275–1283.



1277

and
Dα( f )(0) = lim

t→0
Dα( f )(t), (2.2)

provided the limits exist. If f is fully differentiable at t, then

Dα( f )(t) = t1−αd f
dt

(t).

A function f is α-differentiable at a point t ≥ 0, if the limits in (2.1) and (2.2) exist and are finite.
Inspired by this, we propose a new concept of α-conformable partial derivative. In the way of (1.4),
α-conformable partial derivative is defined in as follows:

Definition 2.1 [20] (α-conformable partial derivative) Let α ∈ (0, 1] and s, t ∈ [0,∞). Suppose
f (s, t) is a continuous function and partial derivable, the α-conformable partial derivative at a point
s ≥ 0, denoted by ∂

∂s ( f )α(s, t), defined by

∂

∂s
( f )α(s, t) = lim

ε→0

f (seεs−α , t) − f (s, t)
ε

, (2.3)

provided the limits exist, and call α-conformable partial derivable.
Recently, Katugampola conformable partial derivative is defined in as follows:
Definition 2.2 [20] (Katugampola conformable partial derivatives) Let α ∈ (0, 1] and s, t ∈ [0,∞).

Suppose f (s, t) and ∂
∂s ( f )α(s, t) are continuous functions and partial derivable, the Katugampola

conformable partial derivative, denoted by ∂2

∂s∂t ( f )α2(s, t), defined by

∂2

∂s∂t
( f )α2(s, t) = lim

ε→0

∂
∂s ( f )α(s, teεt−α) − ∂

∂s ( f )α(s, t)
ε

, (2.4)

provided the limits exist, and call Katugampola conformable partial derivable.
Definition 2.3 [20] (α-conformable integral) Let α ∈ (0, 1], 0 ≤ a < b and 0 ≤ c < d. A function

f (x, y) : [a, b] × [c, d]→ R is α-conformable integrable, if the integral∫ b

a

∫ d

c
f (x, y)dαxdαy :=

∫ b

a

∫ d

c
(xy)α−1 f (x, y)dxdy (2.5)

exists and is finite.

3. Main results

Theorem 3.1 Let λ ≥ 1 be a real number and α ∈ (0, 1], and let p(s, t) be a nonnegative and
continuous functions on [0, a] × [0, b]. Further, let x(s, t) be an absolutely continuous function and
Katugampola partial derivable on [0, a] × [0, b], with x(s, 0) = x(0, t) = x(0, 0) = 0 and x(a, b) =

x(a, t) = x(s, b) = 0. If p > 1, 1
p + 1

q = 1 Then∫ a

0

∫ b

0
p(s, t)|x(s, t)|λdαsdαt ≤

p + q
pq

(
1
α2

)λ−1 (∫ a

0

∫ b

0
Γabpqλα(s, t) · p(s, t)dαsdαt

)

×

∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt, (3.1)
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where
Γabpqλα(s, t) =

{
(st)1/p[(a − s)(b − t)]1/q

}α(λ−1)
.

Proof From (2.4) and (2.5), we have

x(s, t) =

∫ s

0

∫ t

0

∂2

∂s∂t
(x)α2(s, t)dαsdαt.

By using Hölder’s inequality with indices λ and λ/(λ − 1), we have

|x(s, t)|λ/p ≤

(∫ s

0

∫ t

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣ dαsdαt
)λ1/p

≤

(
1
α2 (st)α

)(λ−1)/p ∫ s

0

∫ t

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

1/p

. (3.2)

Similarly, from

x(s, t) =

∫ a

s

∫ b

t

∂2

∂s∂t
(x)α2(s, t)dαsdαt,

we obtain

|x(s, t)|λ/q ≤
(

1
α2 [(a − s)(b − t)]α

)(λ−1)/q (∫ a

s

∫ b

t

∣∣∣∣∣ ∂q

∂s∂t
(x)α2(s, t)

∣∣∣∣∣λ dαsdαt
)1/q

. (3.3)

Now a multiplication of (3.2) and (3.3), and by using the well-known Young inequality gives

|x(s, t)|λ ≤
(

1
α2

)λ−1

· Γabpqλα(s, t) ·

∫ s

0

∫ t

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

1/p

×

∫ a

s

∫ b

t

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

1/q

≤

(
1
α2

)λ−1

· Γabpqλα(s, t) ·
(

1
p

∫ s

0

∫ t

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

+
1
q

∫ a

s

∫ b

t

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt
)

=
p + q

pq

(
1
α2

)λ−1

· Γabpqλα(s, t)
∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt, (3.4)

where
Γabpqλα(s, t) =

{
(st)1/p[(a − s)(b − t)]1/q

}α(λ−1)
.

Multiplying the both sides of (3.4) by p(s, t) and α–conformable integrating both sides over t from 0
to b first and then integrating the resulting inequality over s from 0 to a, we obtain∫ a

0

∫ b

0
p(s, t)|x(s, t)|λdαsdαt
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≤
p + q

pq

(
1
α2

)λ−1

·

∫ a

0

∫ b

0
Γabpqλα(s, t) · p(s, t)

∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

 dαsdαt

=
p + q

pq

(
1
α2

)λ−1

·

(∫ a

0

∫ b

0
Γabpqλα(s, t) · p(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt.

This completes the proof. �

Remark 3.1 Let x(s, t) reduce to s(t) and with suitable modifications, (3.1) becomes the following
result. ∫ a

0
p(t)|x(t)|λdαt ≤

p + q
pq

(
1
α2

)λ−1

·

∫ a

0
Γapqλα(t)p(t)dαt

∫ a

0
|Dα(x)(t)|λ dαt, (3.5)

whereDα(x)(t) is Katugampola derivative (2.1) stated in the introduction, and

Γapqλα(t) =
{
t1/p(a − t)1/q

}α(λ−1)
.

Putting p = q = 2 and α = 1 in (3.5), (3.5) becomes inequality (1.2) established by Agarwal and
Pang [3] stated in the introduction.

Taking for α = 1, p = q = 2 and p(s, t) = constant in (3.1), we have the following interesting result.∫ a

0

∫ b

0
|x(s, t)|λdsdt ≤

1
2

(ab)λ
[
B

(
λ + 1

2
,
λ + 1

2

)]2 ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
x(s, t)

∣∣∣∣∣∣λ dsdt,

where B is the Beta function.
Theorem 3.2 Let j = 1, 2 and λ ≥ 1 be a real number, and let p j(s, t) be a nonnegative and

continuous functions on [0, a] × [0, b]. Further, let x j(s, t) be an absolutely continuous function and
Katugampola partial derivable on [0, a] × [0, b], with x j(s, 0) = x j(0, t) = x j(0, 0) = 0 and x j(a, b) =

x j(a, t) = x j(s, b) = 0. Then for α ∈ (0, 1]∫ a

0

∫ b

0

(
p1(s, t)|x1(s, t)|λ + p2(s, t)|x2(s, t)|λ

)
dαsdαt

≤
1
2λ

(
1
α2

)λ−1 [ (∫ a

0

∫ b

0
(st)α(λ−1) p1(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

+

(∫ a

0

∫ b

0
(st)α(λ−1) p2(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x2)α2(s, t)

∣∣∣∣∣∣λ dαsdαt
]
. (3.6)

Proof Because

x1(s, t) =

∫ s

0

∫ t

0

∂2

∂s∂t
(x1)α2(s, t)dαsdαt =

∫ a

s

∫ b

t

∂2

∂s∂t
(x1)α2(s, t)dαsdαt.

Hence

|x1(s, t)| ≤
1
2

∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣ dαsdαt.
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By Hölder’s inequality with indices λ and λ/(λ − 1), it follows that

p1(s, t)|x1(s, t)|λ ≤
1
2λ

p1(s, t)
(∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣ dαsdαt
)λ

≤
1
2λ

(
1
α2

)λ−1

(st)α(λ−1) p1(s, t)
∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣λ dαsdαt, (3.7)

Similarly

p2(s, t)|x2(s, t)|λ ≤
1
2λ

(
1
α2

)λ−1

(st)α(λ−1) p2(s, t)
∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x2)α2(s, t)

∣∣∣∣∣∣λ dαsdαt, (3.8)

Taking the sum of (3.7) and (3.8) and α-integrating the resulting inequalities over t from 0 to b first
and then over s from 0 to a, we obtain∫ a

0

∫ b

0

(
p1(s, t)|x1(s, t)|λ + p2(s, t)|x2(s, t)|λ

)
dαsdαt

≤
1
2λ

(
1
α2

)λ−1 {∫ a

0

∫ b

0

(st)α(λ−1) p1(s, t)
∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

 dαsdαt

+

∫ a

0

∫ b

0

(st)α(λ−1) p2(s, t)
∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x2)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

 dαsdαt
}

=
1
2λ

(
1
α2

)λ−1 [ (∫ a

0

∫ b

0
(st)α(λ−1) p1(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x1)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

+

(∫ a

0

∫ b

0
(st)α(λ−1) p2(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x2)α2(s, t)

∣∣∣∣∣∣λ dαsdαt
]
.

Remark 3.2 Taking for x1(s, t) = x2(s, t) = x(s, t) and p1(s, t) = p2(s, t) = p(s, t) in (3.6), (3.6)
changes to the following inequality.∫ a

0

∫ b

0
p(s, t)|x(s, t)|λdαsdαt ≤

1
2λ

(
1
α2

)λ−1

×

(∫ a

0

∫ b

0
(st)α(λ−1) p(s, t)dαsdαt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt. (3.9)

Putting α = 1 in (3.9), we have∫ a

0

∫ b

0
p(s, t)|x(s, t)|λdsdt ≤

1
2λ

(∫ a

0

∫ b

0
(st)λ−1 p(s, t)dsdt

) ∫ a

0

∫ b

0

∣∣∣∣∣∣ ∂2

∂s∂t
x(s, t)

∣∣∣∣∣∣λ dsdt. (3.10)

Let x(s, t) reduce to s(t) and with suitable modifications, and λ = 1, (2.10) becomes the following
result. ∫ a

0
p(t)|x(t)|dt ≤

1
2

(∫ a

0
p(t)dt

) ∫ a

0
|x′(t)| dt. (3.11)

AIMS Mathematics Volume 5, Issue 2, 1275–1283.



1281

This is just a new inequality established by Agarwal and Pang [4]. For λ = 2 the inequality (3.11) has
appear in the work of Traple [14], Pachpatte [13] proved it for λ = 2m (m ≥ 1 an integer).

Remark 3.3 Let x j(s, t) reduce to x j(t) ( j = 1, 2) and p j(s, t) reduce to p j(t) ( j = 1, 2) with suitable
modifications, (3.6) becomes the following interesting result.∫ a

0

(
p1(t)|x1(t)|λ + p2(t)|x2(t)|λ

)
dαt ≤

1
2λ

(
1
α2

)λ−1 [ (∫ a

0
tα(λ−1) p1(t)dαt

) ∫ a

0

∣∣∣Dα(x′1)(t)
∣∣∣λ dαt

+

(∫ a

0
tα(λ−1) p2(t)dαt

) ∫ a

0

∣∣∣Dα(x′2)(t)
∣∣∣λ dαt

]
. (3.12)

Putting λ = 1 and α = 1 in (3.12), we have the following interesting result.∫ a

0
(p1(t)|x1(t)| + p2(t)|x2(t)|) dt ≤

1
2

( ∫ a

0
p1(t)dt

∫ a

0

∣∣∣x′1(t)
∣∣∣ dt +

∫ a

0
p2(t)dt

∫ a

0

∣∣∣x′2(t)
∣∣∣ dt

)
.

Finally, we give an example to verify the effectiveness of the new inequalities. Estimate the
following double integrals: ∫ 1

0

∫ 1

0

[
st(s − 1)(t − 1)

]λ
dsdt,

where λ ≥ 1.
Let x1(s, t) = x1(s, t) = x(s, t) = st(s − 1)(t − 1), p1(s, t) = p1(s, t) = p(s, t) = (st)1−α, a = b = 1 and

0 < α ≤ 1, and by using Theorem 3.2, we obtain∫ 1

0

∫ 1

0

[
st(s − 1)(t − 1)

]λ
dsdt

=

∫ 1

0

∫ 1

0
p(s, t) |x(s, t)|λ dαsdαt

≤
1
2λ

(
1
α2

)λ−1 (∫ 1

0

∫ 1

0
(st)α(λ−1) p(s, t)dαsdαt

) ∫ 1

0

∫ 1

0

∣∣∣∣∣∣ ∂2

∂s∂t
(x)α2(s, t)

∣∣∣∣∣∣λ dαsdαt

=
1
2λ

(
1
α2

)λ−1 (
1

α(λ − 1) + 1

)2 ∫ 1

0

∫ 1

0

[
(2s − 1)(2t − 1)

]λ
(st)α−1dsdt

=
1
2λ

(
1
α2

)λ−1 (
1

α(λ − 1) + 1

)2 (
1

2α−1

∫ 1

−1
tλ

1
(t + 1)1−αdt

)2

≤
1
2λ

(
1
α2

)λ−1 (
1

α(λ − 1) + 1

)2 (
1

2α−1

2α

α

)2

=
22−λ

α2λ (α(λ − 1) + 1)2 .

4. Conclusions

We have introduced a general version of Opial-Wirtinger’s type integral inequality for the
Katugampola partial derivatives. The established results are generalization of some existing Opial
type integral inequalities in the previous published studies. For further investigations we propose to
consider the Opial-Wirtinger’s type inequalities for other partial derivatives.
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12. Z. Opial, Sur une inégalité, Ann. Polon. Math., 8 (1960), 29–39.

13. B. G. Pachpatte, A note on an inequality ascribed to Wirtinger, Tamkang J. Math., 17 (1986),
69–73.

14. J. Traple, On a boundary value problem for systems of ordinary differential equations of second
order, Zeszyty Nauk, Uni. Jagiell. Prace Math., 15 (1971), 159–168.

15. D. Willett, The existence-uniqueness theorem for an n-th order linear ordinary differential
equation, Amer. Math. Monthly, 75 (1968), 174–178.

16. G. S. Yang, A note on inequality similar to Opial inequality, Tamkang J. Math.,18 (1987), 101–104.

17. G. S. Yang, Inequality of Opial-type in two variables, Tamkang J. Math.,13 (1982), 255–259.

AIMS Mathematics Volume 5, Issue 2, 1275–1283.



1283

18. C. J. Zhao, M. Bencze, On Agarwal-Pang-type inequalities, Ukrainian Math. J., 64 (2012), 200–
209.

19. C. J. Zhao, W. S. Cheung, Sharp integral inequalities involving high-order partial derivatives, J.
Inequal. Appl.,2008 (2008), 1–10.

20. C. J. Zhao, W. S. Cheung, Inequalities for Katugampola conformable partial derivatives, J.
Inequal. Appl.,2019 (2019), 51.

c© 2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 5, Issue 2, 1275–1283.

http://creativecommons.org/licenses/by/4.0

	Introduction
	Katugampola conformable partial derivatives
	Main results
	Conclusions

