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Abstract: This paper studies the periodic mild solutions of impulsive fractional evolution equations.
Firstly, the existence and stability of periodic solutions of impulsive fractional differential equations
with varying lower limits for general impulses and small shifted impulses are considered. Secondly,
the existence of periodic solutions of impulsive fractional differential equations with fixed lower limits
is proved. Lastly, an example is given to demonstrate the result.
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1. Introduction

Fractional differential equations rise in many fields, such as biology, physics and engineering. There
are many results about the existence of solutions and control problems (see [1-6]).

It is well known that the nonexistence of nonconstant periodic solutions of fractional differential
equations was shown in [7, 8, 11] and the existence of asymptotically periodic solutions was derived
in [8—11]. Thus it gives rise to study the periodic solutions of fractional differential equations with
periodic impulses.

Recently, Feckan and Wang [12] studied the existence of periodic solutions of fractional ordinary
differential equations with impulses periodic condition and obtained many existence and asymptotic
stability results for the Caputo’s fractional derivative with fixed and varying lower limits. In this
paper, we study the Caputo’s fractional evolution equations with varying lower limits and we prove
the existence of periodic mild solutions to this problem with the case of general periodic impulses
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as well as small equidistant and shifted impulses. We also study the Caputo’s fractional evolution
equations with fixed lower limits and small nonlinearities and derive the existence of its periodic mild
solutions. The current results extend some results in [12].

2. Caputo derivatives with varying lower limits

Set £,(6) = 50—‘—5@(9‘%) >0, @, (0) = L 32 (=1y1g " %D sin(nng), 6 € (0, 0). Note that

&,(0) is a probability density function defined on (0, o), namely &,(6) > 0, 8 € (0, o) and fooo £,(0)do =
1.
Define 7 : X —» X and . : X — X given by

T () = f qu(Q)S(th)dQ, F() = q f ) 0£,(6)S (16)d6.
0 0

Lemma 2.1. ( /13, Lemmas 3.2, 3.3]) The operators 7 (t) and . (t),t > 0 have following properties:

(1) Suppose that sup. IS ()| < M. For any fixed t > 0, 7 (-) and /(-) are linear and bounded
operators, i.e., for any u € X,

M
.7 (tyull < Mlull and ||.7 @)ull < ——Ilull.
I'(q)

(2) {7 (),t =0} and {-L (1), t = 0} are strongly continuous.
(3) {7 (),t >0} and {-L (1), t > 0} are compact, if {S(t),t > 0} is compact.

2.1. General impulses
Let Ny = {0, 1,---, 00}. We consider the following impulsive fractional equations
CDi,tu(f) = Au(t) + f(t, u(0)), q € (0, 1), t € (&, fxs1), k € N,

u(ty) = u(t)) + A(u(ty)), k €N, 2.1
u(0) = uo,
where CD,qk’, denotes the Caputo’s fractional time derivative of order ¢ with the lower limit at #;, A :
D(A) € X — X is the generator of a Cy-semigroup {S(#), > 0} on a Banach space X, f : RXx X — X
satisfies some assumptions. We suppose the following conditions:

(D) f is continuous and T-periodic in .
(IT) There exist constants a > 0, b; > 0 such that

f(t,w) = fE vl <allu—v|,VteR, uvekX,
|t — v + Ap(ut) — AW < bellu — V|,V k€N, u,veX.

(IIT) There exists N € N such that T = ty.1, tian+1 = tx + T and Agn+1 = Ag for any k € N.
It is well known [3] that (2.1) has a unique solution on R, if the conditions (I) and (II) hold. So we
can consider the Poincaré mapping

P(ug) = u(T™) + Ay (u(T7)).

By [14, Lemma 2.2] we know that the fixed points of P determine 7'-periodic mild solutions of (2.1).
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Theorem 2.2. Assume that (1)-(1II) hold. Let =& := HkN:() MbE,(Ma(tis1 —t)?), where E, is the Mittag-
Leffler function (see [3, p.40]), then there holds

[[P() — POW)|| < Ellu — v, Yu,v € X. (2.2)
If 2 < 1, then (2.1) has a unique T-periodic mild solution, which is also asymptotically stable.

Proof. By the mild solution of (2.1), we mean that u € C((#, tx+1), X) satisfying

u(t) = 7t - tu(t)) + f L(t = 5)f(s,u(s))ds. (2.3)

Let u and v be two solutions of (2.3) with u(0) = u, and v(0) = vy, respectively. By (2.3) and (I1), we
can derive

[lu(®) = vl
< T @ = t)u(s) = v + f(t = )T (1 = $)(f (s, u(s) = f(5,v(s))llds
+ + Ma ' -1
< Milu(re) = vl + T f (t = )TN (s, uls) = f(s,v(s)lldss. 2.4)

Applying Gronwall inequality [15, Corollary 2] to (2.4), we derive
llu(®) = v(O)ll < Mllu(ty) — vEOIE(Ma(t — t)7), t € (t, tis1), (2.5)
which implies
lu(ti,) = vt DIl < ME,(Ma(tier — t)Dllu(t) — vl k= 0,1,--- | N. (2.6)
By (2.6) and (II), we derive

[1P(uo) = P(vo)ll
u(ty1) = V(tyr) + Ay Uty 1)) = Ay 0y D)

< bN+1||u(t1:l+1) - v(t1:/+l)“
N
< ([ | MbiE,Mattr = 1))lluo = ol
k=0
= Ellup - voll, @7

which implies that (2.2) is satisfied. Thus P : X — X is a contraction if E < 1. Using Banach fixed
point theorem, we obtain that P has a unique fixed point u, if = < 1. In addition, since

IP"(uo) — P"(wo)ll < E"llug — woll, Yvo € X,
we get that the corresponding periodic mild solution is asymptotically stable. O
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2.2. Small equidistant and shifted impulses

We study
‘Dl u(t) = Au(r) + f(u(1)), q € (0,1), t € (kh, (k + 1)h), k € Ny,
u(kh*) = u(kh™) + Ah?, k € N, (2.8)
u(0) = uo,

where 7 > 0,A € X,and f : X — X is Lipschitz. We know [3] that under above assumptions, (2.8)
has a unique mild solution u(ug, r) on R, which is continuous in uy € X, t € R, \ {khlk € N} and left
continuous in ¢ ant impulsive points {khlk € N}. We can consider the Poincaré mapping

P(uo) = u(ug, h*).

Theorem 2.3. Let w(t) be a solution of following equations

W) =A+

(w(0), t€[0,T],
I'(g + l)f (2.9)
w(0) = up.
Then there exists a mild solution u(uy, t) of (2.8) on [0, T, satisfying
u(ug, 1) = w(tqg?™") + O(h?).

If w(t) is a stable periodic solution, then there exists a stable invariant curve of Poincaré mapping of
(2.8) in a neighborhood of w(t). Note that h is sufficiently small.

Proof. For any t € (kh, (k + 1)h), k € Ny, the mild solution of (2.8) is equivalent to

T (t — kh)u(kh™) + f (t— )Tt - s) f(u(ug, ))ds

kh

”(uo’ Z‘)

t—kh
T (t — kh)u(kh™) + f (t—kh- s)"‘lf(t — kh — 5) f(u(u(kh™), s))ds.  (2.10)
0
So
)
u((k + D) = T (Wyu(kh*) + Ah? + f (h = s)17 L (h = 5) fu(u(kh®), s))ds = Py(u(kh®)), (2.11)
0

and
h

Pi(uo) = u(ug, h*) = T (hyug + Ah? + | (h— )77 (h — 5) f(u(u, s))ds. (2.12)
0

Inserting
u(uo, 1) = T (Huo + h'v(ug, 1), t € [0, 1],

into(2.10), we obtain

v(ug,t) = % f (t— )T .7t - ) (T Ouy + hiv(ug, t))ds
0
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= i f (t— ) At - (T (Huy)ds
he ),
+% j(: (t — )17 Lt — (T (Ouo + hiv(ug, 1)) — f(T (Dup))ds

- % f (t = )7 (1 = $)f(T Oug)ds + O(h?),
0

since

f(t = )7Lt = $)(f(T (Do + h'(ug, 1)) = f(T ()uo))dss
0

< f(t — )TNt = IF(T (Ouo + hfv(ug, D)) — F(T Duo)llds
0
ML, -hit
m g&%{ﬂv(uo, DI}
2q MLloc

T+ 1) g%%{llvwo,t)ll},

where L, 1s a local Lipschitz constant of f. Thus we get
u(uo, 1) = T (Nug + j; t(r — )Tt = ) f(T (Dug)ds + O(*), t € [0, h), (2.13)
and (2.12) gives
Pi(up) = T (h)ug + Ah? + j;h(h — )L L (h - ) f(T (Wug)ds + O(h*?).

So (2.11) becomes

u((k + 1)h")

(k+1)h
= T hukh™) + Ah? + f ((k + Dh = )7Lk + Dh = ) f(T (Wu(kh™))ds + O(h*).
ki
(2.14)
Since 7 () and . (¢) are strongly continuous,
) ) 1
lll_)l’l(} T () =1and IIEI&Y(I) = @I. (2.15)

Thus (2.14) leads to its approximation

w((k + DY) = wkh*) + Ah? + 5 e 5 Fw(kh™)),

q+
which is the Euler numerical approximation of

1

W'(t):A+F(Q+1)

Jw(®).
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Note that (2.10) implies
lluug, 1) — T (t — kh)u(kh™)|| = O(h?), Vt € [kh, (k + 1)h]. (2.16)

Applying (2.15), (2.16) and the already known results about Euler approximation method in [16], we
obtain the result of Theorem 2.3.

O
Corollary 2.4. We can extend (2.8) for periodic impulses of following form
‘Di,u(t) = Au(t) + f(u(r)), t € (kh, (k + 1)h), k € Ny,
u(kh*) = u(kh™) + Ayh?, k € N, (2.17)

u(0) = uo,

where A € X satisfy Aiin+1 = A for any k € N. Then Theorem 2.3 can directly extend to (2.17) with

(1) = EAH ! f). t€[0,T], k€N
R r(q+1)f(w( ), . . (2.18)
W(O):MQ

instead of (2.9).
Proof. We can consider the Poincaré mapping
Py(uo) = u(ug, (N + Dh"),

with a form of
Py =Pyypo---0Pyy

where
Py p(up) = Akhq + u(ug, h).

By (2.13), we can derive

h
Pin(uo) = Ah? + uuo, h) = 7 (hyug + Ach? + f (h— )"V (h - $)f(T (Wup)ds + O(h*?).
0

Then we get
N+1 h
Py(uo) = T (h)ug + Z Ah? + (N + 1) f (h — $)T .S (h - 5)f(T (huy)ds + O(h*).
k=1 0

By (2.15), we obtain that Pj(u) leads to its approximation

N+1 (N+

_ 1A
o + kz; Ach? + Tarl Fup). (2.19)

Moreover, equations

N+1 R
Zio ML)

L v S
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has the Euler numerical approximation

St A 1
N+1 T+ 1)f(”°))

with the step size 49, and its approximation of N + 1 iteration is (2.19), the approximation of P;,. Thus
Theorem 2.3 can directly extend to (2.17) with (2.18). O

Uy + hq(

3. Caputo derivatives with fixed lower limits and weak nonlinearities

Now we consider following equations with small nonlinearities of the form
‘Diu(t) = Au(r) + ef(t,u(r)), g € (0,1), 1 € (1, tr41), k € Ny,
u(fy) = u(ty) + ed(u(ty)), k €N, 3.1)
u(0) = uo,

where € is a small parameter, “D} is the generalized Caputo fractional derivative with lower limit at 0.
Then (3.1) has a unique mild solution u(e, t). Give the Poincaré mapping

P(e,up) = u(e, T7) + eAni1(u(e, T7)).

Assume that
(H1) f and A are C?-smooth.
Then P(e, uy) is also C>-smooth. In addition, we have

u(e, ) = T (Dup + ew(t) + O(€),
where w(?) satisfies
‘Diw(t) = Aw(t) + f(t, T (Duy), t € (tx, k1), k=0,1,--- N,
wt) = w(t) + AT (tuo), k=1,2,--- ,N+1,
w(0) =0,

and
N T
(T = Z T(T — tp) A( T (t)ug) + f (T — )T AT - $)f(s, T (s)up)ds.
k=1 0

Thus we derive

{P(e, o) = o + M(e, ug) + O(€?) 3.2)

M(e,up) = (T(T) — Dug + €(T™) + €A1 (T (T)uy).

Theorem 3.1. Suppose that (1), (I1l) and (H1) hold.

1). If (Z(T) = I) has a continuous inverse, i.e. (7 (T)— I)~" exists and continuous, then (3.1) has
a unique T-periodic mild solution located near O for any € # 0 small.

2). If (7 (T)—-1) is not invertible, we suppose that ker(7 (T)—-1) = [uy,--- ,uy] and X = im(7 (T) -
I) ® X, for a closed subspace X, with dim X, = k. If there is vy € [uy,--- ,ui] such that B(0,vy) = 0
(see (3.7)) and the k x k-matrix DB(0, vy) is invertible, then (3.1) has a unique T-periodic mild solution
located near 7 (t)v for any € # 0 small.

3). If re(D,,M(€e,up)) < O, then the T-periodic mild solution is asymptotically stable. If
ro(Dy,M(€, up)) N (0, +00) # O, then the T-periodic mild solution is unstable.
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Proof. The fixed point u, of P(e, xy) determines the 7-periodic mild solution of (3.1), which is
equivalent to
M(e, up) + O(€*) = 0. (3.3)

Note that M(0, up) = (7 (T) — Duy. If (7 (T) —I) has a continuous inverse, then (3.3) can be solved
by the implicit function theorem to get its solution u(e) with uy(0) = 0.

If (Z(T) — I) is not invertible, then we take a decomposition uy = v + w, v € [uy,--- ,u;], take
bounded projections Q; : X — im(Z(T) - 1), Q> : X = X;, I = Q1 + Q> and decompose (3.3) to

O1M(e,v +w) + 0,0(€*) = 0, (3.4)

and
O M(e,v +w) + 0,0(€*) = 0. (3.5)

Now Q;M(0, v+w) = (7 (T)—-I)w, so we can solve by implicit function theorem from (3.4), w = w(e, v)
with w(0, v) = 0. Inserting this solution into (3.5), we get

1
B(e,v) = Z(QQM(E’ v+ w) + 0,0(6) = Qo(T7) + QaAn+1(F 1)y + w(e, v)) + O(e). (3.6)

So
N T
B0,v) = Z O, 7 (T — t)Al(T (tr)v) + sz (T — s) L. A(T - ) f(s, T (s)v)ds. 3.7
k=1 0

Consequently we get, if there is vy € [uy, - - -, ux] such that B(0, vy) = 0 and the k X k-matrix DB(0, v)
is invertible, then (3.1) has a unique T-periodic mild solution located near .7 (f)v, for any € # 0 small.

In addition, D, P(€, ug(€)) = I + D,,M(€, ug) + O(€*). Thus we can directly derive the stability and
instability results by the arguments in [17].

O
4. An example
In this section, we give an example to demonstrate Theorem 2.2.
Example 4.1. Consider the following impulsive fractional partial differential equation:
i 0?
Cka ut,y) = ﬁu(t, y) + sinu(t,y) + cos 2nt, t € (&, tiy1), k € Ng, y € [0, 7],
’ Y
Ak(u(t];xy)) = M([,-:,y) - u(t];9y) = é‘:u(t];xy)’ ke Na Yy € [Oaﬂ-L (41)

u(t’ 0) = u(t, T() = 0’ re (tk’ tk+1)’ k e N07
U(Oa)’) = uO(y)7 yE€ [O’ﬂ-]a

foré e R 1y = § Let X = L?[0,n]. Define the operator A : D(A) € X — X by Au = % with the
domain

2
DA) = fuex | ¥ T X w0 = utn) = o),
dy’ dy?
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Then A is the infinitesimal generator of a Cy-semigroup {S (t),t > 0} on X and ||S ()| < M = 1 for any
t > 0. Denote u(-,y) = u(-)(y) and define f : [0,00) X X — X by

f(t,u)(y) = sinu(y) + cos 2nxt.

SetT =t =1, tx;3 =t + 1, Apiz3 = A, a =1, by = |1 + &|l. Obviously, conditions (I1)-(111) hold. Note
that
2
== [ |11 +EE (<) = 1 + €7 (Ey (—))
s a
Letting 2 < 1, we get —E%(\/%) -1 <é< E%(\%) — 1. Now all assumptions of Theorem 2.2 hold.

Hence, if—E%(%) -1 <é< E%(%) — 1, (4.1) has a unique 1-periodic mild solution, which is also
asymptotically stable. \

5. Conclusion

This paper deals with the existence and stability of periodic solutions of impulsive fractional
evolution equations with the case of varying lower limits and fixed lower limits. Although, Feckan
and Wang [12] prove the existence of periodic solutions of impulsive fractional ordinary differential
equations in finite dimensional Euclidean space, we extend some results to impulsive fractional
evolution equation on Banach space by involving operator semigroup theory. Our results can be
applied to some impulsive fractional partial differential equations and the proposed approach can be
extended to study the similar problem for periodic impulsive fractional evolution inclusions.
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