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1. Introduction

The reproducing-kernel Hilbert space construction associates a positive definite kernel with a
Hilbert space of functions often referred to as the native space of the kernel. This construction can be
used to deal with the problem of reconstructing an unknown function which lies in the reproducing
kernel Hilbert space from a given multivariate data sample in an “optimal” way [1].

One of the most investigated spaces in mathematical analysis are Sobolev spaces. The knowledge
of the reproducing kernels is very useful in the analysis of many computational problems. It is usually
enough to analyse reproducing kernels instead of the corresponding Hilbert spaces. It is therefore
somehow surprising that it is difficult to find in the literature explicit formulas for the reproducing
kernels of the Sobolev spaces [2].

Reproducing kernel space is a special Hilbert space. There are many works on the solution of the
nonlinear problems with reproducing kernel method [3]. The concept of reproducing kernel can be
traced back to the paper of Zaremba [4] in 1908. It was given for investigating the boundary value
problems of the harmonic functions. In the early development stage of the reproducing kernel theory,
most of the works were implemented by Bergman [5]. Bergman has investigated the corresponding
kernels of the harmonic functions with one or several variables, and the corresponding kernel of the
analytic function in squared metric, and implemented them in the research of the boundary value
problem of the elliptic partial differential equation.
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Zorzi et al. [6] have investigated the harmonic analysis of kernel functions and the sparse plus low
rank network identification [7]. The empirical Bayesian learning in AR graphical models has been
studied in [8].

The reproducing kernel Sobolev space method (RKSSM), which computes the numerical solution,
is of great attention to many branches of applied sciences. Many studies have been dedicated to the
application of the RKSSM [1,9]. For more details see [9-15].

We organize the paper as: We present the main definitions in Section 2. We construct some
important reproducing kernel Sobolev spaces in Section 3. We obtain very reproducing kernel
functions in this section. We give the conclusion in Section 4.

2. Main definitions
Definition 1. We define the reproducing kernel Sobolev space A% [a, b] as [3]:

AJla,b] = { fl £ Vis absolutely continuous function, f™ € L*[a, b], x € [a, b]},

We define the inner product and norm for this space as:

b m
f. &y = f (Z f(i)(x)g(i)(x)] dx

i=0

Wfllag = <S5 Fows

Definition 2. We have the reproducing property as [3]:
S RYaz = FO).

and

3. New reproducing kernel functions

We obtain very useful reproducing kernel functions in the reproducing kernel Sobolev spaces in this
section. These kernel functions are new in the literature.

3.1. m=1

We have the inner product as:

1

@ Ry)s10,) = f (u()Ry(x) + ' ()R} (x)) dx
0
We use integration by parts and obtain:

1 1

{u, Ry)si[o,l] = fu(x)Ry(x)dx+ u(DHR((1) — u(0)R(0) — fu(x)R;'(x)dx

0 0
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If we choose

then, we obtain

When x #y, we get

Thus, we reach

1

u(HR (1) = u(0)R;(0) - f u(x)(R7 (x) = R,(x))dx.

0

DR;(0) =0,
2)R(1) =0,

RY(x) = Ry(x) = —0(x — ).

R/(x) = Ry(x) = 0.

P-1=0—= A=7FI.

cie* +ce*, x <y,
Ry(x) = . .
die* +dye ™, x > y.

By the property of the Dirac-Delta function, we get

We have

AIMS Mathematics

3)Ry+ (y) = Ry‘ (Y),
4)R;+ ) - R;, (y)=-1.

X

, cre* —cet, x<y
R(x) =
die* —dye™, x>y.

RO =ci-aa=0=c=c

d
R()=die-—==0=d, = ¢%d,
e

Ry (y) = Ry-(y)

die® +dre™” =cie + cre™

R.(y) - R -(y) = -1
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die’ —dre™ —c1€¥ + cre™ = -1

when we solve these equations, we get:

el 4o
T2 (e—eh)’

C1

le'™ + !

R ECEPDN

el 4+ !

e 4l
T2 (e—e)

Thus, we obtain the reproducing kernel function as:

d>

(elfy+efl+y)(el+x+elf)c)

1
_J2 -1
Ry(.x) - {l (el+y+el—y)(e—l+x+elﬂ«')
2

e2—1 ’

, x<y

x> y.
For simplify, we define

1 (el—y + e—1+y)(el+x + el—x)
2 e?—1

a(x) =

2

1 (el+y + el—y)(e—l+x + el—x)
2 e -1 '

b(x) =

We need to show

<I/£, Ry)S% = I/l(y)

Therefore, we get

y 1

<”’Ry>5; = f u(x)Ry(x)dx + f u(x)Ry(x)dx

0 y
y 1

+ f u (VR (x)dx + f u ()R} (x)dx.

0 y

1 y 1

y
(u,Ry>S; = f u(x)a(x)dx + f u(x)b(x)dx + f u' (x)a’ (x)dx + f u' (x)b'(x)dx
0

y 0 y
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y
1 (e +e ™) l4x . lex
= fu(x)iez—_l[e * +e ]dx
0

1
1 1+y 1-y
+fu(x)§—(e eztel )[e_1+x+el_x]dx

y

y
+ f I/t’(X) (el—y + e—1+y) [el+x _ el—x]dx

2 e?—1
0
; ’ I+y I-y
+fu;x) (e eztel )[e—1+x_el—x]dx.
y
el+y + el—y 1 x—1 1-x ’ I+x I-x
(u, Ry)s1 m[f(u(xxe +e ) +u'(x)(e ™ — e ))dx]

y

le!™ + !
+_—
2 (e2-1)

We use integration by parts and obtain

1
e 4 el

{u, Ry)S% = Em fu(x)(ex_l + el—x)dx
y
1

+(® — eMu(l) = (@' = e"™u(y) - f u(x)(e " + e )dx
Y
1 (el—y + e—l+y) 1 x+1 1-x
.|-§—(e2 _ fu(x)(e +e Mdx

0

y

Fu()(E™ = ') — uO)(e' - ') - f u(@)(e™ + e )dx

0
1 el+y + el—y ~ _ 161—)’ —+ ey_l .
(u, Ry)s) = EWM(Y)@] Y-+ EWMO’)@W —e'?)
1
= 3 l;()})l)[(el_y — N e+ (e =)' + )]
e —

,
[ f ()" + ') + 1/ (x) (e = ' ))dx].
0
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1
(. Ry)s mu(y)[e2 T e
u(y) )
= - 2 _ 2
@1
= u(y).

This completes the proof.

3.2. m=2
We have

1
(u,Ry)s2 = f [(X)R(x) + ' (DR (x) + u” (DR} (x)]dx
0
1

1 1

I
og}

u(x)Ry(x)dx + f ' (R (x)dx + f U’ (OR] (x)dx

0 0

After integration by parts, we get

1

{u, Ry>s§ = fu(x)Ry(x)dx + u(l)R;(l) - u(O)R;(O)
0

1
- f u()R; (x)dx + u' (R (1) — u'(0)R] (0)
0

1
—u(HR)(1) + u(0)R;" (0) + f u(x)RS" (x)dx.
0

Then, we obtain

(u,Ry)s2 = u(DHR(1) = u(O)R}(0) + u'(DRY (1) — u' (R} (0)
1

—u(DR)(1) + u(0O)R" (0) + f u(x)[Ry(x) — R}/ (x) + R (x)]dx.

0

We have

DR(1) - R}"(1) = 0,
2) - R)(0) + R/'(0) = 0,
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3)R;’(1) =0,
4)R;'(O) =0.
Therefore, we get

1

Rz = [ WOIR ()~ R+ RO
0
By reproducing property, we have

Ry(x) = R)(x) + RP(x) = 6(x — y).
When x # y, we get
Ry(x) — R}/ (x) + RP(x) = 0.

Then, we have

1-2+2=0.
301
/llzi__l’
2 2
-V3 1
A= ——+ -1
2 2 +2,
V3 1
Ay = — + =1,
3= 1)
~-v3 1
=B
2 2

Vix Vir
cie? cos(3) + e’ sin(3)
-V3x -\3x .
+cze 2 cos(3) teqe 2 sin(3), x<y
Ry(x) =
Vi V.
dies cos(3) + dyes sin(3)

—V3x -V3x .
+dye™2 cos(3) +dse™? sin(3), x>y

By properties of the Dirac-Delta function, we have

SIR-() = Ry-(7),
O)R,-() = R,-(y),
TRL.() = RI-(7),
R (y) - R (y) = 1.

Solving these eight equations give,

AIMS Mathematics
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1 (~4sin(3y)e2 e V3 V3 — B cos(dy)et Ve i VP — 4cos(dy)e: Yer V¥) V3

L =——
6 (4 sin(%y)ze% V3i_y sin(%y)ze_% V3ig Cos(%y)ze% Vi_y4 Cos(%y)ze‘% \g)
1 (=4 cos(ty)e s Ve Vi V3 + 8sin(Ly)et We i V3 4 dsin(ly)et Vet ) v3
Cr = —
6 (sin(1y)? + cos(1y)?) (4e? V¥ — 42 V3)
1 (4siny)et Ve V8 3 — 4cos(y)et et V3 — 8 cos(hypet et ) v3
C3 = ——
’ (sin(3y)? + cos(1y)?) e} © — 4 1)
1 (4cos(3y)ez Ve 23 V3 + dsin(dy)er We i VP + 8sin(ly)e s Wer ) V3
Cqp = —
‘ (sin(3)? + cos(1y)?) (4¢3 V7 — de~1 )
1 (—4sin(3y)e s e 3 V3 - 8 cos(dyer YWe i Vi — dcos(fy)e s et B) V3
1=—=
° (sin(zy)? + cos(3y)?) (4e2 ¥? — 4e735)
1 (_4 cos(3y)e 2 Y¥e 13 V3 + 8sin(1y)er Wemt VP + 4sin(dy)e T e \/g) V3
d2 = -

6 (sin(3y)? + cos(3y)?) (4e? V¥ — 4¢3 V?)
1 (4 sin(1y)ez ¥er V3 V3 — 4 cos(Ly)er Yer V3 — 8 cos(y)e s Ves ‘/5) V3
3= -~
6 (sin(%y)2 + cos(%y)2) (46% V3 _4ez ‘5)

1 (4 cos(%y)e% V3yp3 V3 V3 +4 sin(%y)e% V3yp3 V3 4 8 sin(%y)e_% V33 ‘B) V3
4= =
6 (sin(3y)? + cos(4y)?) (4e? V¥ — 4¢3 V?)

Then we find the reproducing kernel function for x <y as:

1 1 1 1 1 1
Ry(x) = 6‘5—16% V3 (cos(iy)eé("_y“)‘g cos(ix) V342 cos(iy)e_%(”y_l)‘g cos(ix) V3
e —
1 | lay-nV3 1 | 1
+2 cos(iy)e2 Y cos(ix) V3 + cos(iy)e Yy cos(ix) V3
. La—y+DV3 1 . L xy-DV3 1
+ 51n(§y)e2 Y s1n(§x) V3+2 s1n(§y)e A aiid s1n(§x) V3

1 1 1 1
+2 sin(Ey)e%()‘”_l)‘/§ sin(zx) V3 + sin(zy)e_%()‘_””‘/§ sin(ix) V3

1 1 1 1
-3 cos(Ey)e%(x_y”)‘B sin(5x) +3 cos(iy)e—%@‘-y“w§ sin(>x)
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1 1 1 ‘ 1
+3 sin(iy)e%@‘—y“)vg cos(5x) = 3 sin(iy)e_%(x_“l) v cos(ix)) .

The reproducing kernel function for x > y is obtained as:

1 1
Ry(x) = 66‘5_]

1 1 1 1
er V3 cos(Ey)e%(x_y_l)‘/gcos(ix) V3 + 2cos(iy)e_%(“y_l)‘/gcos(ix) V3
1 Lx+y-1)V3 1 1 ~La—y-DV3 1
+2cos(§y)62 Y cos(ix)\/g+cos(§y)e Y cos(ix)\/g
S SR TR S | IPS SN ATV S
+sm(§y)e2 Y 31n(§x)\/§+2s1n(§y)e 20 s1n(§x)\/§
L ey ] IS SRS TRREL S S |
+2 51n(§y)e2 Y 51n(§x)\/§+ s1n(§y)e 2y 51n(§x)\/§
LRGN L e tamy-DV3 g 1
—3cos(§y)e2 Y s1n(§x)+3cos(§y)e 2y s1n(§x)

1 1 1 1
+3 sin(iy)e%(x_y_l) & COS(EX) -3 sin(iy)e_%("_y_l) Vi cos(ix)) .

3.3. m=3
We have
1 1

(u,By)S;[OJ] = fu(x)By(x)dx+fu'(x)B;(x)dx

0 0
1 1

+ f u”(x)B) (x)dx + f u” (x)B}" (x)dx.

0 0

After using integration by parts, we obtain

1 1

{u, By>53[0,1] = fu(x)By(x)dx+ u(1)Bi(1) — u(0)B(0) — fu(x)B;’(x)dx

0 0
1

u'(l)B;'(l) = M’(O)B;'(O) — u(])B;”(l) + M(O)B;"(O) + fM(X)B§4)(x)dx
0
u"(l)B;"(l) - u"(())B;”(O) - u’(])B;“)(l) + u/(O)B;4)(0)
1
u(DB(1) ~ u(0)B(0) - f u(x)B® (x)dx.
0

—+

+

+

AIMS Mathematics Volume 5, Issue 1, 482—-496.



491

Then, we get

1

(. Bysyo1) = f u()[B,(x) - B (x) + BY(x) - BO(x)]dx.
0

If we have the following equations:

1) - B(0) + B)(0) - BY(0) = 0,
2) - B;(0) + B(0) = 0,
3)B;"(0) = 0,

4)B,(1) - B)"(1) + BY(1) = 0,
5B (1) - B(1) =0,

6)B; (1) = 0.

Then by reproducing property, we will get

1

(, By)syon = f u(x)[By(x) — B (x) + B (x) = BY(x)]dx = u(y).
0

Therefore, by Dirac-Delta function we get

By(x) - B (x) + B (x) — B (x) = 6(x — y).
When x # y, we have 6(x — y) = 0. Thus, we reach
By(x) — B}/ (x) + B(x) - B’ (x) = 0.
Then, we get
-2+ -2=0.

If we solve the above equation, we will get

/1121,
A =1,
RIS
= — 1—
3 2 2’
Vi V2
Ay=——=—i—,
2 2
Vi A
As = — —i—,
2 2

AIMS Mathematics Volume 5, Issue 1, 482—-496.
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Therefore, we obtain the reproducing kernel function By(x) as:

V2 N2,
cre’ + e + c3e xcos(%x) +cqe2* sm(%ix)

V2 V.o
+cse” 2 cos(gx) +cge” 2 sm(gx), x<y

By(x) =

V2 V2, .
dye* + dye™ + dye ™ cos(L2x) + dye ™ sin(2x)

V2 Vi
+d56‘72" cos(gx) + a’6e‘72x sm(gx), x>y
If we solve the above equations, we will get the coefficients as:

1 eve+ele

cg=-———
4evev(e—el)

1l eYe+e'e
Cp=————,
T4 eve V(e —e)
1 (Sin(%y V2)e 2 V21 V2 + cos(1y V2)e 2 ‘ﬁe%yﬁ) V2
4 (sin(%y V2)2 + cos(3y ‘/5)2) (6’% V2_ g2 2) e 39 V237 V2
1 (COS(%Y V2)e V23 V2 —sin(ly V2)e 2 Ve ‘E) V2
Cyp = ——
4 (sin(3y V2 + cos(Ly V2R) (V2 — e 5 V) bVl
1 (COS(%)’ V2)e 23 V2e1 V2 - sin(3y V2)e 2 ‘/ie%y‘/i) V2
4 (Sin(%y V2)2 + cos(3y ‘/5)2) (6% V22 ‘5) eV V2e1y V2
1 (sin(%y V2)e V21 V2 + cos(Ly V2)e? ‘ﬁe%yﬁ) V2
4 (sin(%y V2)2 + cos(3y ‘/5)2) (8% V2_ g2 2) e 39 V237 V2

1 e e +¢)

1= 75—
4evev(e—el)

C3 =

Cs

Ce

1 oele?+€)
2T devev(e—e )

1 (costhy VDR et 4 sindy VBVt ) ¥
3=
4 (sin(3y V27 + cos(hy V2R) (e 2 - ed V) e Vieh @

AIMS Mathematics Volume 5, Issue 1, 482—-496.
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d 1 (sin(ly V2)eV2e i V2 — cos(3y V2)e 2 V2o~ ‘/5) V2
4= =
4 (Sln(zy \/_)2 + COS( y \/_)2) (ez —e 2 () e 2)( y\f
1 (sin(hy V2)e* et 2 — cos(ly VD)t Ve V2) V2
ds =

(Sm(2y V2)2 + COS(zy ‘/_)2) (62 —e2 ‘f) e 39 V2ey V2

do = (cos(2y V2)e2» ¥2e3 V2 + sin(1y V2)et V2e212) V2
6 = 7
4 (sin(Ly V22 + cos(Ly V2)2) (e V2 — e V2) o~ b V2eh V2

Then, we will get the reproducing kernel function By(x) for x <y as:

1 1 A
4V -1er-1)

( V2V V2 i y\/_)cos( x\/_)\/_

By(x) =

1=y V2324 V2 2 sin(= y\/_)sm( xV2)V2
+el+éyﬁ+5xﬁ_%ﬁsin(%y V2) sin(%x\@)‘/ﬁ
—e V2323 V2 sin(%y V2) cos(%x V2)V2
—elm V2243 V2 cos(%y V2) sin(%x V2)V2
te! "2y V2 3x V23 V2 2 cos(= y\/_)cos( x\/_)\/_
T Al cos(%y V2) cos(%x V2) V2
+el+éy‘5_5x‘/§_%‘/§cos(%y V2) sin(%x\/z)‘/z
—e 1Ty VIV sin(%y V2) cos(%x V2)V2
e_l_éyﬁ_éx‘@"i‘ﬁsin(%y V2) sin(%x V2)V2

1 1
—e Iy VIpN2-3 V2 sin(iy V2) sin(ix V2) V2

AIMS Mathematics Volume 5, Issue 1, 482—-496.
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te VN3 V2 sin(%y V2) cos(%x V2)V2
ye1m2y V223 V2 2 cos(= y\/_) sm( x\/_)‘/_
—e Ty VN2 V2 cos(%y V2) cos(%x V2)V2
e VIV V2 cos(%y V2) cos(%x V2)V2

| 1 1 1
e 1y V2-3x V2= V2 cos(zy V2) sin(zx V2)V2

—ytx—1 — 1 —y—x—1 —y—xt+ 1
—61 V+X 2\/5_'_61 y+x+2\r2_el y—X 2\54‘61 y x+2\@

_ _1 - 1
—e 1+y+x 2\5+€ 1+y+x+2\/§_e

We obtain the reproducing kernel function B,(x) for x >y as:

1 1 '
B~ - __ 5 +1
e e

1 1 1 1 1
o1ty V233 V243 V2 sin(zy V2) COS(E)C V2)V2

te V2N V2 sin(%y V2) cos(%x V2)V2
—e V2 VI V2 iy y\/_)cos( x\/_)‘/_
—e! V2323 V2 sin(%y V2) cos(%x V2)V2
—e! TV V2 Vi = y\/_)sm( x\/_)‘/_
—e”;y‘@’%’“ﬁ_é‘ﬁsin(%y\/z)sin(%x\/z)\/i
e TV V2R V2 i y\/_)sm( xV2)V2
te 1y VIpV2-3 V2 sin(%y V2) sin(%x V2)V2

1 1 1 1 1
—e! TV V23 V2 cos(zy V2) COS(E)C V2) V2

AIMS Mathematics
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Volume 5, Issue 1, 482—-496.



495

—e! T2y V2 e VI3 V2 cos(%y \V2) cos(%x V2)V2
te T VN2 V2 cos(%y V2) cos(%x V2)V2
te r VIV V2 cos(%y V2) cos(%x V2)V2

—e! VI VI s V2 cos(%y V2) sin(%x V2) V2
eV VI V2 cos(%y V2) sin(%x V2)V2
fe Ty VIV V2 cos(%y V2) sin(%x V2)V2

1 1
yel 2y Va3 V2 cos(Ey V2) sin(Ex V2)V2

—x— 1L —x+ 4 Cy—x—1 Cy—x+ b
+el+} X 2\/§_€1+} x+2\/§+el y—X 2\@_e1 y x+2\@

71+y+x7%\ﬁ _ 71+y+x+%\/§ +eflfy+x7%\5 _

+e e e

—1-y+x+} \5) '
4. Conclusion

In this paper, we defined very useful reproducing kernel Sobolev spaces. We found very important
reproducing kernel functions in these spaces. These kernel functions are very useful to solve many
problems in the reproducing kernel Sobolev spaces.
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