
http://www.aimspress.com/journal/Math

AIMS Mathematics, 5(1): 421–439.
DOI:10.3934/math.2020029
Received: 29 October 2019
Accepted: 02 December 2019
Published: 04 December 2019

Research article

Complexiton solutions and periodic-soliton solutions for the
(2+1)-dimensional BLMP equation

Jian-Guo Liu1,∗, Wen-Hui Zhu2,∗, Yan He1,∗and Aly R. Seadawy3,∗

1 College of Computer, Jiangxi University of Traditional Chinese Medicine, Jiangxi 330004, China
2 Institute of artificial intelligence, Nanchang Institute of Science and Technology, Jiangxi 330108,

China
3 Mathematics Department, Faculty of Science, Taibah University, Al-Madinah Al-Munawarah,

Saudi Arabia

* Correspondence: Email: 395625298@qq.com (J. G. Liu), 415422402@qq.com (W. H. Zhu),
274667818@qq.com (Y. He), Aly742001@yahoo.com (A. R. Seadawy); Tel: +8613970042436;
Fax: +86079187119019.

Abstract: The (2+1)-dimensional Boiti-Leon-Manna-Pempinelli equation is studied, which describes
the incompressible fluid. By virtue of an ansätz functions and the bilinear form, many entirely
new complexiton solutions and periodic-soliton solutions are derived. With the aid of symbolic
computation, their dynamical behaviors are demonstrated in some three-dimensional plots by choosing
different values of the parameters.

Keywords: bilinear form; complexiton solutions; incompressible fluid; dynamical behaviors;
periodic solutions
Mathematics Subject Classification: 35C08, 68M07, 33F10

1. Introduction

The nonlinear evolution equations (NLEEs) can be used to describe many physical models [1–5].
The investigation on exact solutions and numerical solutions of NLEEs has become one of the most
important areas in the study of nonlinear physical phenomena [6–9]. Via symbolic computation [10–
17], many effective methods are presented [18–25].

In this paper, a (2+1)-dimensional Boiti-Leon-Manna-Pempinelli (BLMP) equation is investigated
as [26–35]

uyt + uxxxy − 3 ux uxy − 3 uxx uy = 0, (1.1)
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where u = u(x, y, t). Some exact solutions including kinky periodic solitary-wave solutions, periodic
soliton solutions and kink solutions were discussed [26]. Bilinear form was presented via using the
binary Bell polynomials [27]. The variable separable solutions and some novel localized excitations
were obtained [28]. New solutions were derived via wronskian formalism and the Hirota method
[29,30]. The periodic-soliton solutions are investigated [31] and so on [32–35]. But so far, complexiton
solutions and double periodic-soliton solutions for Eq. (1) have not been obtained.

The organization of this paper is as follows. Section 2 obtains many new complexiton solutions
and double periodic-soliton solutions based the bilinear form and an ansätz function, their dynamical
behaviors are demonstrated in some three-dimensional plots by selecting different values of the
parameters. Section 3 gives the conclusions.

2. Complexiton solutions and double periodic-soliton solutions

Under the transformation

u(x, y, t) = −2 [ln Ψ(x, y, t)]x, (2.1)

the Eq. (1) is transformed into the bilinear form

(DyDt + DyD3
x)Ψ · Ψ = 0. (2.2)

Eq. (3) is equivalent to

−ΨtΨy − ΨxxxΨy + 3ΨxyΨxx − 3ΨxΨxxy + Ψ
(
Ψyt + Ψxxxy

)
= 0. (2.3)

Supposing Eq. (4) has the following form of solution:

Ψ = eΨ1[Θ1 cos(Ψ2) + Θ2 sin(Ψ2)] + k1e2Ψ1

+ eΨ3[Θ3 cos(Ψ4) + Θ4 sin(Ψ4)] + k2eΨ4 , (2.4)

where Ψi = ιi x + ρi y + ςi t, i = 1, 2, 3, 4 and ιi, ρi and ςi are unknown constants. Substituting Eq. (5)
into Eq. (4) and equating corresponding coefficients of eΨ1 , eΨ3 , eΨ4 , cos Ψ2, sin Ψ2, cos Ψ4, and sin Ψ4

to zero, a set of algebraic equations for ιi, ρi and ςi can be presented as follows

Case (1)

k1 = ρ4 = ρ2 = 0, ρ1 = ρ3, ς4 = ι4
(
−3ι23 + 12ι4ι3 − 11ι24

)
,

ς2 = ι2
(
−3ι21 + 12ι4ι1 + ι22 − 12ι24

)
, ς3 = −ι33 + 15ι24ι3 − 20ι34,

ς1 = −ι31 + 6ι4ι21 + 3ι22ι1 − 12ι24ι1 − 14ι34
+ 24ι3ι24 − 6ι22ι4 − 6ι23ι4, (2.5)

Ψ = e2(xι4+t(−3ι23+12ι4ι3−11ι24)ι4)k2 + exι1+yρ3+tς1[cos[xι2 + t(−3ι21
+ 12ι4ι1 + ι22 − 12ι24)ι2]Θ1 + sin[xι2 + t(−3ι21 + 12ι4ι1 + ι22
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− 12ι24)ι2]Θ2] + exι3+t(−ι33+15ι24ι3−20ι34)+yρ3[cos[xι4 + t(−3ι23
+ 12ι4ι3 − 11ι24)ι4]Θ3 + sin[xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ4]. (2.6)

u1 = −[2[2e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2ι4 + exι1+yρ3+tς1ι1[cos[xι2
+ t

(
−3ι21 + 12ι4ι1 + ι22 − 12ι24

)
ι2]Θ1 + sin[xι2 + t(−3ι21 + 12ι4ι1

+ ι22 − 12ι24)ι2]Θ2] + exι1+yρ3+tς1[cos[xι2 + t(−3ι21 + 12ι4ι1 + ι22

− 12ι24)ι2]ι2Θ2 − sin[xι2 + t
(
−3ι21 + 12ι4ι1 + ι22 − 12ι24

)
ι2]ι2Θ1]

+ exι3+t(−ι33+15ι24ι3−20ι34)+yρ3ι3[cos[xι4 + t(−3ι23 + 12ι4ι3
− 11ι24)ι4]Θ3 + sin

(
xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4
)
Θ4]

+ exι3+t(−ι33+15ι24ι3−20ι34)+yρ3[cos[xι4 + t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]

∗ ι4Θ4 − sin[xι4 + t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]ι4Θ3]]]

/ [e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2 + exι1+yρ3+tς1[cos[xι2 + t(−3ι21
+ 12ι4ι1 + ι22 − 12ι24)ι2]Θ1 + sin[xι2 + t(−3ι21 + 12ι4ι1 + ι22

− 12ι24)ι2]Θ2] + exι3+t(−ι33+15ι24ι3−20ι34)+yρ3[cos[xι4 + t(−3ι23 + 12ι4
∗ ι3 − 11ι24)ι4]Θ3 + sin[xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ4]]. (2.7)

The dynamical behavior to Eq. (8) is demonstrated in Figure 1.
(a) (b) (c)

Figure 1. ι1 = k2 = ι3 = Θ2 = −1, ι2 = ι4 = 0, Θ1 = ρ3 = Θ3 = Θ4 = 1,
(a) t = −10, (b) t = 0 and (c) t = 10.

Case (2)

k1 = ρ4 = ι2 = 0, ς2 = 4ι32, ι1 = 2ι4, ς4 = ι4
(
−3ι23 + 12ι4ι3 − 11ι24

)
,

ς1 = −22ι34 + 24ι3ι24 − 6ι23ι4, ς3 = −ι33 + 15ι24ι3 − 20ι34, (2.8)

Ψ = e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2 + e2xι4+t(−22ι34+24ι3ι24−6ι23ι4)+yρ1[cos
(yρ2) Θ1 + sin (yρ2) Θ2] + exι3+t(−ι33+15ι24ι3−20ι34)+yρ3[cos[xι4 + t(−3ι23

+ 12ι4ι3 − 11ι24)ι4]Θ3 + sin[xι4 + t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ4]. (2.9)
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u2 = −[2[2e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2ι4 + 2[cos (yρ2) Θ1 + sin[yρ2]Θ2]ι4
e2xι4+t(−22ι34+24ι3ι24−6ι23ι4)+yρ1 + exι3+t(−ι33+15ι24ι3−20ι34)+yρ3ι3

[cos[xι4 + t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ3 + sin[xι4 + t(−3ι23

+ 12ι4ι3 − 11ι24)ι4]Θ4] + exι3+t(−ι33+15ι24ι3−20ι34)+yρ3[cos[xι4
+ t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]ι4Θ4 − sin[xι4 + t(−3ι23 + 12ι4ι3

− 11ι24)ι4]ι4Θ3]]]/[e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2 + [cos (yρ2) Θ1

+ sin (yρ2) Θ2]e2xι4+t(−22ι34+24ι3ι24−6ι23ι4)+yρ1 + [cos[xι4 + t(−3ι23
+ 12ι4ι3 − 11ι24)ι4]Θ3 + sin[xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ4]]

∗ exι3+t(−ι33+15ι24ι3−20ι34)+yρ3 . (2.10)

The dynamical behavior to Eq. (11) is demonstrated in Figure 2.
(a) (b) (c)

Figure 2. Θ3 = Θ2 = −1, k2 = 2, Θ1 = ι3 = ι4 = ρ1 = ρ2 = ρ3 = Θ4 = 1,
(a) t = −2, (b) t = 0 and (c) t = 2.

Case (3)

k1 = ρ2 = ι4 = 0, ς2 = ι2
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
, ρ1 = 2ρ4, ς4 = 4ι34,

ς1 = [−Θ2ι
3
1 + 3 (ι2Θ1 + ι3Θ2) ι21 + 3

((
ι22 − ι

2
3

)
Θ2 − 2ι2ι3Θ1

)
ι1 − ι

3
2Θ1

+ 3ι2ι23Θ1 − 3ι22ι3Θ2 + Θ1ς2]/Θ2, ς3 = −ι33, (2.11)

Ψ = e2yρ4k2 + exι1+2yρ4+tς1[cos[xι2 + t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ1

+ sin[xι2 + t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ2]

+ e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.12)

u3 = −[2[exι1+2yρ4+tς1ι1[cos[xι2 + t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ1

+ sin[xι2 + t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ2] + exι1+2yρ4+tς1[cos[xι2

+ t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]ι2Θ2 − sin[xι2 + t(−3ι21 + 6ι3ι1
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+ ι22 − 3ι23)ι2]ι2Θ1] + e−tι33+xι3+yρ3ι3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]]
/ [e2yρ4k2 + exι1+2yρ4+tς1[cos[xι2 + t

(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ1

+ sin[xι2 + t
(
−3ι21 + 6ι3ι1 + ι22 − 3ι23

)
ι2]Θ2]

+ e−tι33+xι3+yρ3 (cos (yρ4) Θ3 + sin (yρ4) Θ4)]. (2.13)

The dynamical behavior to Eq. (14) is demonstrated in Figure 3.
(a) (b) (c)

Figure 3. Θ3 = Θ2 = −1, k2 = 2, Θ1 = ι3 = ι2 = ι1 = ρ4 = ρ3 = Θ4 = 1,
(a) t = −5, (b) t = 0 and (c) t = 5.

Case (4)

k1 = ρ2 = ς3 = ι3 = ι4 = ς4 = 0,
ς1 = 3ι1ι22 − ι

3
1, ς2 = ι2

(
ι22 − 3ι21

)
, (2.14)

Ψ = e2yρ4k2 + exι1+t(3ι1ι22−ι
3
1)+yρ1[cos[xι2 + t

(
ι22 − 3ι21

)
ι2]Θ1 + sin[xι2

+ t
(
ι22 − 3ι21

)
ι2]Θ2] + eyρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.15)

u4 = −[2[exι1+t(3ι1ι22−ι
3
1)+yρ1ι1[cos

(
xι2 + t

(
ι22 − 3ι21

)
ι2
)
Θ1 + sin[xι2

+ t
(
ι22 − 3ι21

)
ι2]Θ2] + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2 + t

(
ι22 − 3ι21

)
ι2]

∗ ι2Θ2 − sin[xι2 + t
(
ι22 − 3ι21

)
ι2]ι2Θ1]]]/[[cos[xι2 + t

(
ι22 − 3ι21

)
ι2]Θ1

+ sin
(
xι2 + t

(
ι22 − 3ι21

)
ι2
)
Θ2]e2yρ4k2 + exι1+t(3ι1ι22−ι

3
1)+yρ1

+ eyρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.16)

The dynamical behavior to Eq. (17) is demonstrated in Figure 4.
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(a) (b) (c)

Figure 4. ι1 = Θ2 = −1, k2 = −2, Θ1 = ρ1 = ρ3 = ρ4 = Θ3 = Θ4 = 1, ι2 = 0,
(a) x = −10, (b) x = 0 and (c) x = 10.

Case (5)

k1 = ς2 = ι2 = ι4 = ς4 = 0, ι3 = ι1, ς3 = −ι31, ς1 = −ι31, (2.17)

Ψ = e2yρ4k2 + e−tι31+xι1+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
+ e−tι31+xι1+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.18)

u5 = −[2[e−tι31+xι1+yρ1ι1[cos (yρ2) Θ1 + sin (yρ2) Θ2] + e−tι31+xι1+yρ3

∗ ι1[cos (yρ4) Θ3 + sin (yρ4) Θ4]]]/[e2yρ4k2 + e−tι31+xι1+yρ1[cos (yρ2) Θ1

+ sin (yρ2) Θ2] + e−tι31+xι1+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.19)

The dynamical behavior to Eq. (20) is demonstrated in Figure 5.
(a) (b) (c)

Figure 5. ι1 = Θ2 = −1, k2 = −2, Θ1 = ρ1 = ρ2 = ρ3 = ρ4 = Θ3 = Θ4 = 1,
(a) x = −10, (b) x = 0 and (c) x = 10.

Case (6)

k2 = ς2 = ρ4 = ι2 = 0, ς3 = −ι33 + 3ι1ι23 − 3ι21ι3 + 3ι24ι3 − 3ι1ι24,
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ς4 = ι34 − 3 (ι1 − ι3)2 ι4, ς1 = −ι31, ρ3 = 2ρ1, (2.20)

Ψ = e2(−tι31+xι1+yρ1)k1 + e−tι31+xι1+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
+ exι3+t(−ι33+3ι1ι23−3ι21ι3+3ι24ι3−3ι1ι24)+2yρ1[cos[xι4 + tς4]Θ3

+ sin[xι4 + t
(
ι34 − 3 (ι1 − ι3)2 ι4

)
]Θ4]. (2.21)

u6 = −[2[2e2(−tι31+xι1+yρ1)k1ι1 + e−tι31+xι1+yρ1[cos (yρ2) Θ1 + sin (yρ2)

∗ Θ2]ι1 + exι3+2yρ1+tς3ι3 (sin (xι4 + tς4) + cos (xι4 + tς4) Θ3)

+ exι3+2yρ1+tς3[cos (xι4 + tς4) ι4 − sin (xι4 + tς4) ι4Θ3]]]
/ [e2(−tι31+xι1+yρ1)k1 + e−tι31+xι1+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
+ exι3+2yρ1+tς3[sin (xι4 + tς4) + cos (xι4 + tς4) Θ3]]. (2.22)

The dynamical behavior to Eq. (23) is demonstrated in Figure 6.
(a) (b) (c)

Figure 6. ι3 = Θ2 = Θ1 = −1, k1 = 2, ι1 = ρ1 = ρ2 = Θ3 = Θ4 = 1,
(a) y = −5, (b) y = 0 and (c) y = 5.

Case (7)

k2 = ς2 = ς1 = ρ4 = ι2 = ι1 = 0, ς3 = 3ι3ι24 − ι
3
3, ς4 = ι34 − 3ι23ι4, (2.23)

Ψ = e2yρ1k1 + eyρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2] + exι3+t(3ι3ι24−ι
3
3)+yρ3

∗ [cos[xι4 + t
(
ι34 − 3ι23ι4

)
]Θ3 + sin[xι4 + t

(
ι34 − 3ι23ι4

)
]Θ4]. (2.24)

u7 = −[2[exι3+t(3ι3ι24−ι
3
3)+yρ3ι3[cos[xι4 + t

(
ι34 − 3ι23ι4

)
]Θ3 + sin[xι4

+ t
(
ι34 − 3ι23ι4

)
]Θ4] + exι3+t(3ι3ι24−ι

3
3)+yρ3[cos[xι4 + t

(
ι34 − 3ι23ι4

)
]

∗ ι4Θ4 − sin[xι4 + t
(
ι34 − 3ι23ι4

)
]ι4Θ3]]]/[e2yρ1k1 + eyρ1[cos (yρ2) Θ1

+ sin (yρ2) Θ2] + exι3+t(3ι3ι24−ι
3
3)+yρ3[cos[xι4 + t

(
ι34 − 3ι23ι4

)
]Θ3

+ sin[xι4 + t
(
ι34 − 3ι23ι4

)
]Θ4]]. (2.25)
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The dynamical behavior to Eq. (26) is demonstrated in Figure 7.

(a) (b) (c)

Figure 7. ι3 = Θ2 = Θ1 = −1, k1 = 2, ι4 = 0, ρ1 = ρ2 = ρ3 = Θ3 = Θ4 = 1,
(a) t = −5, (b) t = 0 and (c) t = 5.

Case (8)

k2 = ρ4 = ρ2 = 0, ρ1 = ρ3, ς1 = 3ι1ι22 − ι
3
1, ς2 = ι32 − 3ι21ι2,

ς3 = 6ι31 − 12ι3ι21 + 6ι22ι1 + 6ι23ι1 − 6ι24ι1 − ι
3
3 + 3ι3ι24,

ς4 = ι34 − 3 (ι3 − 2ι1)2 ι4, (2.26)

Ψ = e2[xι1+t(3ι1ι22−ι
3
1)+yρ3]k1 + exι1+t(3ι1ι22−ι

3
1)+yρ3[cos[xι2 + t(ι32

− 3ι21ι2)]Θ1 + sin[xι2 + t
(
ι32 − 3ι21ι2

)
]Θ2] + exι3+yρ3+tς3

∗ [sin (xι4 + tς4) + cos (xι4 + tς4) Θ3]. (2.27)

u8 = −[2[2e2[xι1+t(3ι1ι22−ι
3
1)+yρ3]k1ι1 + exι1+t(3ι1ι22−ι

3
1)+yρ3[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + sin[xι2 + t

(
ι32 − 3ι21ι2

)
]Θ2]ι1

+ exι1+t(3ι1ι22−ι
3
1)+yρ3[cos[xι2 + t

(
ι32 − 3ι21ι2

)
]ι2Θ2 − sin[xι2

+ t
(
ι32 − 3ι21ι2

)
]ι2Θ1] + exι3+yρ3+tς3ι3[sin (xι4 + tς4) + cos(xι4

+ tς4)Θ3] + exι3+yρ3+tς3[cos (xι4 + tς4) ι4 − sin (xι4 + tς4) ι4Θ3]]]
/ [e2(xι1+t(3ι1ι22−ι

3
1)+yρ3)k1 + exι1+t(3ι1ι22−ι

3
1)+yρ3[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + sin

(
xι2 + t

(
ι32 − 3ι21ι2

))
Θ2]

+ exι3+yρ3+tς3 (sin (xι4 + tς4) + cos (xι4 + tς4) Θ3)]. (2.28)

The dynamical behavior to Eq. (29) is demonstrated in Figure 8.
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(a) (b) (c)

Figure 8. ι1 = ρ3 = Θ3 = Θ2 = 1, Θ4 = 1, ι3 = ι4 = ι2 = k1 = Θ1 = −1,
(a) y = −15, (b) y = 0 and (c) y = 15.

Case (9)

k2 = ς4 = ς2 = ι2 = ι4 = 0, ι1 = ι3, ς1 = −ι33, ς3 = −ι33, (2.29)

Ψ = e2(−tι33+xι3+yρ1)k1 + e−tι33+xι3+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
+ e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.30)

u9 = −[2[2e2(−tι33+xι3+yρ1)k1ι3 + e−tι33+xι3+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
∗ ι3 + e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]ι3]]/[e2(−tι33+xι3+yρ1)k1

+ e−tι33+xι3+yρ1[cos (yρ2) Θ1 + sin (yρ2) Θ2]
+ e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.31)

The dynamical behavior to Eq. (32) is demonstrated in Figure 9.
(a) (b) (c)

Figure 9. ρ1 = ρ4 = ρ2 = k1 = 1, ρ3 = Θ3 = Θ2 = Θ4 = 1, ι3 = Θ1 = −1,
(a) t = −5, (b) t = 0 and (c) t = 5.

Case (10)

k2 = ς4 = ρ2 = ι4 = 0, ι3 = 2ι1, ς1 = 3ι1ι22 − ι
3
1,
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ς2 = ι32 − 3ι21ι2, ς3 = 6ι1
(
4ι21 + ι22

)
− 26ι31, (2.32)

Ψ = e2[xι1+t(3ι1ι22−ι
3
1)+yρ1]k1 + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2 + t(ι32

− 3ι21ι2)]Θ1 + sin[xι2 + t
(
ι32 − 3ι21ι2

)
]Θ2]

+ e2xι1+t[6ι1(4ι21+ι22)−26ι31]+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.33)

u10 = −[2[2e2[xι1+t(3ι1ι22−ι
3
1)+yρ1]k1ι1 + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + sin[xι2 + t

(
ι32 − 3ι21ι2

)
]Θ2]ι1 + 2e2xι1+yρ3+tς3

∗ [cos (yρ4) Θ3 + sin (yρ4) Θ4]ι1 + exι1+t(3ι1ι22−ι
3
1)+yρ1[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]ι2Θ2 − sin[xι2 + t

(
ι32 − 3ι21ι2

)
]ι2Θ1]]]

/ [e2[xι1+t(3ι1ι22−ι
3
1)+yρ1]k1 + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + sin[xι2 + t

(
ι32 − 3ι21ι2

)
]Θ2]

+ e2xι1+yρ3+tς3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.34)

The dynamical behavior to Eq. (35) is demonstrated in Figure 10.
(a) (b) (c)

Figure 10. ρ1 = Θ4 = k1 = 1, ι1 = 0, ρ4 = Θ3 = Θ2 = Θ1 = 1, ι2 = −2,
(a) t = −25, (b) t = 0 and (c) t = 25.

Case (11)

ρ1 = ρ4 = ς2 = ι2 = ρ3 = 0, ι1 =
3ι23 − 5ι24
6 (ι3 − ι4)

, ς1 = −

(
3ι23 − 5ι24

)3

216 (ι3 − ι4)3 ,

ς3 =
−3ι53 + 6ι4ι43 + 6ι24ι

3
3 − 24ι34ι

2
3 + 41ι44ι3 − 30ι54

12 (ι3 − ι4)2 ,

ς4 = −
ι4

(
9ι43 − 36ι4ι33 + 54ι24ι

2
3 − 36ι34ι3 + 13ι44

)
12 (ι3 − ι4)2 , (2.35)

Ψ = e
2[

x(3ι23−5ι24)
6(ι3−ι4) −

t(3ι23−5ι24)
3

216(ι3−ι4)3 ]
k1 + e2(xι4+tς4)k2 + e

x(3ι23−5ι24)
6(ι3−ι4) −

t(3ι23−5ι24)
3

216(ι3−ι4)3
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∗ [cos (yρ2) Θ1 + sin (yρ2) Θ2] + exι3+tς3[cos (xι4 + tς4) Θ3

+ sin (xι4 + tς4) Θ4]. (2.36)

u11 = −[2[2e2(xι4+tς4)k2ι4 +
e

2[
x(3ι23−5ι24)

6(ι3−ι4) −
t(3ι23−5ι24)

3

216(ι3−ι4)3 ]
k1

(
3ι23 − 5ι24

)
3 (ι3 − ι4)

+
e

x(3ι23−5ι24)
6(ι3−ι4) −

t(3ι23−5ι24)
3

216(ι3−ι4)3
(
3ι23 − 5ι24

)
(cos (yρ2) Θ1 + sin (yρ2) Θ2)

6 (ι3 − ι4)
+ exι3+tς3ι3 (cos (xι4 + tς4) Θ3 + sin (xι4 + tς4) Θ4)

+ exι3+tς3[cos (xι4 + tς4) ι4Θ4 − sin (xι4 + tς4) ι4Θ3]]]

/ [e
2

 x(3ι23−5ι24)
6(ι3−ι4) −

t(3ι23−5ι24)
3

216(ι3−ι4)3


k1 + e2(xι4+tς4)k2

+ e
x(3ι23−5ι24)

6(ι3−ι4) −
t(3ι23−5ι24)

3

216(ι3−ι4)3 (cos (yρ2) Θ1 + sin (yρ2) Θ2)

+ exι3+tς3[cos (xι4 + tς4) Θ3 + sin (xι4 + tς4) Θ4]]. (2.37)

The dynamical behavior to Eq. (38) is demonstrated in Figure 11.
(a) (b) (c)

Figure 11. ι3 = k2 = k1 = Θ1 = 1, ι4 = −2, ρ2 = Θ3 = Θ4 = 1,
(a) x = −5, (b) x = 0 and (c) x = 5.

Case (12)

ρ1 = ρ4, ι2 = ι4 = ς4 = ς2 = 0, ι1 = ι3, ς3 = −ι33, ς1 = −ι31, (2.38)

Ψ = e2(−tι33+xι3+yρ4)k1 + e2yρ4k2 + e−tι33+xι3+yρ4[cos (yρ2) Θ1

+ sin (yρ2) Θ2] + e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.39)

u12 = −[2[2e2(−tι33+xι3+yρ4)k1ι3 + e−tι33+xι3+yρ4[cos (yρ2) Θ1

+ sin (yρ2) Θ2]ι3 + e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]ι3]]
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/ [e2(−tι33+xι3+yρ4)k1 + e2yρ4k2 + e−tι33+xι3+yρ4[cos (yρ2) Θ1

+ sin (yρ2) Θ2] + e−tι33+xι3+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.40)

The dynamical behavior to Eq. (41) is demonstrated in Figure 12.
(a) (b) (c)

Figure 12. ι3 = k2 = k1 = Θ1 = 1, ι4 = −2, ρ2 = ρ3 = ρ4 = Θ3 = Θ4 = 1, Θ2 = −1,
(a) x = −10, (b) x = 0 and (c) x = 10.

Case (13)

ρ1 = ρ4, ρ2 = ι3 = ι1 = ς4 = ι4 = ς1 = 0, ς3 = −ι33, ς2 = ι32, (2.41)

Ψ = e2yρ4k1 + e2yρ4k2 + eyρ4[cos
(
tι32 + xι2

)
Θ1 + sin

(
tι32 + xι2

)
Θ2]

+ eyρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.42)

u13 = −[2eyρ4[cos
(
tι32 + xι2

)
ι2Θ2 − sin

(
tι32 + xι2

)
ι2Θ1]]/[e2yρ4k1

+ e2yρ4k2 + eyρ4[cos
(
tι32 + xι2

)
Θ1 + sin

(
tι32 + xι2

)
Θ2]

+ eyρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.43)

The dynamical behavior to Eq. (44) is demonstrated in Figure 13.
(a) (b) (c)

Figure 13. ι2 = k2 = k1 = Θ1 = 1, Θ3 = Θ4 = 1, ρ3 = ρ4 = Θ2 = −1,
(a) t = −10, (b) t = 0 and (c) t = 10.
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Case (14)

ρ1 = ρ4, ρ2 = Θ3 = Θ4 = ι4 = ς4 = 0,
ς1 = 3ι1ι22 − ι

3
1, ς2 = ι2

(
ι22 − 3ι21

)
, (2.44)

Ψ = e2[xι1+t(3ι1ι22−ι
3
1)+yρ4]k1 + e2yρ4k2 + exι1+t(3ι1ι22−ι

3
1)+yρ4[cos[xι2

+ t
(
ι22 − 3ι21

)
ι2]Θ1 + sin[xι2 + t

(
ι22 − 3ι21

)
ι2]Θ2]. (2.45)

u14 = −[2[2e2[xι1+t(3ι1ι22−ι
3
1)+yρ4]k1ι1 + exι1+t(3ι1ι22−ι

3
1)+yρ4[cos[xι2

+ t
(
ι22 − 3ι21

)
ι2]Θ1 + sin[xι2 + t

(
ι22 − 3ι21

)
ι2]Θ2]ι1

+ exι1+t(3ι1ι22−ι
3
1)+yρ4[cos[xι2 + t

(
ι22 − 3ι21

)
ι2]ι2Θ2 − sin[xι2

+ t
(
ι22 − 3ι21

)
ι2]ι2Θ1]]]/[e2[xι1+t(3ι1ι22−ι

3
1)+yρ4]k1 + e2yρ4k2

+ exι1+t(3ι1ι22−ι
3
1)+yρ4[cos

(
xι2 + t

(
ι22 − 3ι21

)
ι2
)
Θ1

+ sin
(
xι2 + t

(
ι22 − 3ι21

)
ι2
)
Θ2]]. (2.46)

The dynamical behavior to Eq. (47) is demonstrated in Figure 14.
(a) (b) (c)

Figure 14. ι2 = k2 = k1 = ι1 = 1, Θ1 = 1, ρ4 = Θ2 = −1, (a) x = −5, (b) x = 0 and (c) x = 5.

Case (15)

k2 = ι4 = ς4 = ρ2 = 0, ς2 = ι32 − 3ι21ι2, ς1 = 3ι1ι22 − ι
3
1, ι3 = ι1 + iι2,

Θ2 = iΘ1,Θ4 =
(ρ1 − ρ3) Θ3

ρ4
, ς3 = 6ι31 − 12ι3ι21 + 6

(
ι22 + ι23

)
ι1 − ι

3
3, (2.47)

Ψ = e2[xι1+t(3ι1ι22−ι
3
1)+yρ1]k1 + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2 + t(ι32

− 3ι21ι2)]Θ1 + i sin
(
xι2 + t

(
ι32 − 3ι21ι2

))
Θ1] + ex(ι1+iι2)+yρ3+tς3

∗ [cos (yρ4) Θ3 +
sin (yρ4) (ρ1 − ρ3) Θ3

ρ4
]. (2.48)
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u15 = −[2[2e2[xι1+t(3ι1ι22−ι
3
1)+yρ1]k1ι1 + exι1+t(3ι1ι22−ι

3
1)+yρ1[cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + i sin

(
xι2 + t

(
ι32 − 3ι21ι2

))
Θ1]ι1

+ exι1+t(3ι1ι22−ι
3
1)+yρ1[i cos[xι2 + t

(
ι32 − 3ι21ι2

)
]ι2Θ1 − sin[xι2

+ t
(
ι32 − 3ι21ι2

)
]ι2Θ1] + ex(ι1+iι2)+yρ3+tς3 (ι1 + iι2) [cos (yρ4) Θ3

+
sin (yρ4) (ρ1 − ρ3) Θ3

ρ4
]]]/[e2(xι1+t(3ι1ι22−ι

3
1)+yρ1)k1 + [cos[xι2

+ t
(
ι32 − 3ι21ι2

)
]Θ1 + i sin[xι2 + t

(
ι32 − 3ι21ι2

)
]Θ1]

∗ exι1+t(3ι1ι22−ι
3
1)+yρ1 + ex(ι1+iι2)+yρ3+tς3

∗ [cos (yρ4) Θ3 +
sin (yρ4) (ρ1 − ρ3) Θ3

ρ4
]]. (2.49)

Case (16)

k1 = ρ4 = 0,Θ1 = iΘ2, ς4 = ι4
(
−3ι23 + 12ι4ι3 − 11ι24

)
, ρ1 = iρ2 + ρ3,

ς3 = [−2Θ3ι
3
3 − 6ι4 (Θ4 − 2Θ3) ι23 − 6ι24 (3Θ3 − 4Θ4) ι3 + 2ι34 (2Θ3 − 11Θ4)

+ (2Θ3 − Θ4)
(
(ι1 − iι2 − 2ι4)3 + ς1 − iς2

)
]/(2Θ3),

ς1 = −ι31 + 6ι4ι21 + 3ι22ι1 − 12ι24ι1 − 14ι34 + 24ι3ι24 − 6ι22ι4 − 6ι23ι4
+ i

(
−ι32 + 3ι21ι2 + 12ι24ι2 − 12ι1ι4ι2 + ς2

)
, (2.50)

Ψ = e2(xι4+t(−3ι23+12ι4ι3−11ι24)ι4)k2 + exι1+y(iρ2+ρ3)+tς1[i cos(xι2 + yρ2

+ tς2)Θ2 + sin (xι2 + yρ2 + tς2) Θ2] + exι3+yρ3+tς3[cos[xι4 + t(−3ι23 + 12
∗ ι4ι3 − 11ι24)ι4]Θ3 + sin

(
xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4
)
Θ4]. (2.51)

u16 = −[2[2e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2ι4 + exι1+y(iρ2+ρ3)+tς1ι1[i cos
(xι2 + yρ2 + tς2) Θ2 + sin (xι2 + yρ2 + tς2) Θ2] + exι1+y(iρ2+ρ3)+tς1

∗ [cos (xι2 + yρ2 + tς2) ι2Θ2 − i sin (xι2 + yρ2 + tς2) ι2Θ2]
+ exι3+yρ3+tς3ι3[cos[xι4 + t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ3 + sin[xι4

+ t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4])Θ4] + exι3+yρ3+tς3[cos[xι4 + t(−3ι23

+ 12ι4ι3 − 11ι24)ι4]ι4Θ4 − sin[xι4 + t(−3ι23 + 12ι4ι3 − 11ι24)ι4]ι4
∗ Θ3]]]/[e2[xι4+t(−3ι23+12ι4ι3−11ι24)ι4]k2 + exι1+y(iρ2+ρ3)+tς1[i cos(xι2
+ yρ2 + tς2)Θ2 + sin (xι2 + yρ2 + tς2) Θ2] + exι3+yρ3+tς3[cos[xι4
+ t

(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ3

+ sin[xι4 + t
(
−3ι23 + 12ι4ι3 − 11ι24

)
ι4]Θ4]]. (2.52)

Case (17)

ρ1 = ρ4, ι2 = ς2 = 0,Θ4 = iΘ3, ς1 = − (ι3 + iι4)3 , ι1 = ι3 + iι4,
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ς4 = −4ι34 + 6ι1ι24 − 3ι21ι4, ς3 = −ι33 − (3 + 6i)ι24ι3 + (6 + 2i)ι34, (2.53)

Ψ = e2(−t(ι3+iι4)3+x(ι3+iι4)+yρ4)k1 + e2(xι4+yρ4+tς4)k2 + [cos (yρ2) Θ1

+ sin (yρ2) Θ2]e−t(ι3+iι4)3+x(ι3+iι4)+yρ4 + [cos (xι4 + yρ4 + tς4) Θ3

+ i sin (xι4 + yρ4 + tς4) Θ3]exι3+t(−ι33−(3+6i)ι24ι3+(6+2i)ι34)+yρ3 . (2.54)

u17 = −[2[2e2[−t(ι3+iι4)3+x(ι3+iι4)+yρ4]k1 (ι3 + iι4) + [cos (yρ2) Θ1

+ sin (yρ2) Θ2] (ι3 + iι4) e−t(ι3+iι4)3+x(ι3+iι4)+yρ4 + 2e2(xι4+yρ4+tς4)k2

∗ ι4 + exι3+t(−ι33−(3+6i)ι24ι3+(6+2i)ι34)+yρ3ι3[cos (xι4 + yρ4 + tς4) Θ3

+ i sin (xι4 + yρ4 + tς4) Θ3] + exι3+t(−ι33−(3+6i)ι24ι3+(6+2i)ι34)+yρ3

∗ [i cos (xι4 + yρ4 + tς4) ι4Θ3 − sin (xι4 + yρ4 + tς4) ι4Θ3]]]
/ [e2[−t(ι3+iι4)3+x(ι3+iι4)+yρ4]k1 + e2(xι4+yρ4+tς4)k2 + [cos (yρ2) Θ1

+ sin (yρ2) Θ2]e−t(ι3+iι4)3+x(ι3+iι4)+yρ4 + [cos (xι4 + yρ4 + tς4) Θ3

+ i sin (xι4 + yρ4 + tς4) Θ3]exι3+t(−ι33−(3+6i)ι24ι3+(6+2i)ι34)+yρ3]. (2.55)

Case (18)

ρ1 = ρ4, ρ2 = ι1 = ι4 = ς4 = ς1 = 0, ς2 = ι32,

ς3 = −ι33,Θ1 = −
ι3Θ2

ι2
, ι3 = iι2, (2.56)

Ψ = e2yρ4k1 + e2yρ4k2 + eyρ4[sin
(
tι32 + xι2

)
Θ2 − i cos

(
tι32 + xι2

)
Θ2]

+ eitι32+ixι2+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]. (2.57)

u18 = −[2[eyρ4[cos
(
tι32 + xι2

)
ι2Θ2 + i sin

(
tι32 + xι2

)
ι2Θ2]

+ ieitι32+ixι2+yρ3ι2[cos (yρ4) Θ3 + sin (yρ4) Θ4]]]/[e2yρ4k1 + e2yρ4k2

+ eyρ4
(
sin

(
tι32 + xι2

)
Θ2 − i cos

(
tι32 + xι2

)
Θ2

)
+ eitι32+ixι2+yρ3[cos (yρ4) Θ3 + sin (yρ4) Θ4]]. (2.58)

Case (19)

ρ1 = ρ4 = ρ2 = 0, ι2 = iι1, ι4 = ι3 − ι1,Θ3 = −
3ι1Θ4

5ι1 − 2ι3
,Θ1 = iΘ2,

ς1 = (3ι1 − 2ι3) (3ι21 − 6ι3ι1 + 2ι23), ς3 = 20ι31 − 45ι3ι21 + 30ι23ι1
− 6ι33, ς4 = (ι1 − ι3)

(
11ι21 − 10ι3ι1 + 2ι23

)
,

ς2 = i (3ι1 − 2ι3)
(
3ι21 − 6ι3ι1 + 2ι23

)
, (2.59)
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Ψ = e2(xι1+tς1)k1 + e2[x(ι3−ι1)+tς4]k2 + exι1+tς1[cosh (xι1 − itς2) Θ1

+ i sinh (xι1 − itς2) Θ2] + exι3+yρ3+tς3[cos (x (ι3 − ι1) + tς4) Θ3

+ sin (x (ι3 − ι1) + tς4) Θ4]. (2.60)

u19 = −[2[2e2(xι1+tς1)k1ι1 + exι1+tς1[cosh (xι1 − itς2) Θ1 + i sinh(xι1
− itς2)Θ2]ι1 + 2e2(x(ι3−ι1)+tς4)k2 (ι3 − ι1) + exι1+tς1[sinh (xι1 − itς2)

∗ ι1Θ1 + i cosh (xι1 − itς2) ι1Θ2] + exι3+yρ3+tς3ι3[cos[x (ι3 − ι1)

+ tς4]Θ3 + sin[x (ι3 − ι1) + tς4]Θ4] + exι3+yρ3+tς3[cos[x (ι3 − ι1)

+ tς4] (ι3 − ι1) Θ4 − sin[x (ι3 − ι1) + tς4] (ι3 − ι1) Θ3]]]/[e2(xι1+tς1)k1

+ e2(x(ι3−ι1)+tς4)k2 + exι1+tς1[cosh (xι1 − itς2) Θ1 + i sinh (xι1 − itς2)

∗ Θ2] + exι3+yρ3+tς3[cos (x (ι3 − ι1) + tς4) Θ3

+ sin (x (ι3 − ι1) + tς4) Θ4]]. (2.61)

Case (20)

ρ1 = ρ4 = ρ2 = 0, ι2 = iι1, ι4 = ι1,Θ3 = −
3 (ι1 − ι3) Θ4

5ι1 − 3ι3
,Θ1 = iΘ2,

ς1 =
−11Θ4ι

3
1 + 12ι3Θ4ι

2
1 − 3ι23Θ4ι1

Θ4
, ς2 = −iι1

(
11ι21 − 12ι3ι1 + 3ι23

)
,

ς4 = ι1
(
−11ι21 + 12ι3ι1 − 3ι23

)
, ς3 = −20ι31 + 15ι3ι21 − ι

3
3, (2.62)

Ψ = e2(xι1+tς1)k1 + e2(xι1+tς4)k2 + exι1+tς1[cosh (xι1 − itς2) Θ1

+ i sinh (xι1 − itς2) Θ2] + exι3+yρ3+tς3[cos (xι1 + tς4) Θ3

+ sin (xι1 + tς4) Θ4]. (2.63)

u20 = −[2[2e2(xι1+tς1)k1ι1 + 2e2(xι1+tς4)k2ι1 + exι1+tς1[cosh (xι1 − itς2) Θ1

+ i sinh (xι1 − itς2) Θ2]ι1 + exι1+tς1[sinh (xι1 − itς2) ι1Θ1 + i cosh(xι1
− itς2)ι1Θ2] + exι3+yρ3+tς3ι3[cos (xι1 + tς4) Θ3 + sin (xι1 + tς4) Θ4]
+ exι3+yρ3+tς3[cos (xι1 + tς4) ι1Θ4 − sin (xι1 + tς4) ι1Θ3]]]/[e2(xι1+tς1)

∗ k1 + e2(xι1+tς4)k2 + exι1+tς1[cosh (xι1 − itς2) Θ1 + i sinh (xι1 − itς2)

∗ Θ2] + exι3+yρ3+tς3[cos (xι1 + tς4) Θ3 + sin (xι1 + tς4) Θ4]]. (2.64)

3. Conclusion

In this paper, the (2+1)-dimensional BLMP equation is discussed, which describes the
incompressible fluid. Based on the bilinear form and an ansätz functions, many entirely new
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complexiton solutions and double periodic-soliton solutions are obtained. The dynamical behaviors
are demonstrated in some three-dimensional plots by setting different values of the parameters. The
ansätz function is very effective in solving the periodic solutions and complexiton solutions of the
higher order nonlinear evolution equations. In Figs. 1-14, it is obvious that the waves are repeated at
intervals of time or distance. All the solutions have been verified to be correct by symbolic
computation software Mathematica.
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Symbolic program

In[1] := Ψ[x, y, t] = Exp[ι1 x + ρ1 y + ς1 t][Θ1 cos[ι2 x + ρ2 y + ς2 t]
+Θ2 sin[ι2 x + ρ2 y + ς2 t]] + k1Exp[2(ι1 x + ρ1 y + ς1 t)]
+Exp[ι3 x + ρ3 y + ς3 t][Θ3 cos[ι4 x + ρ4 y + ς4 t]
+Θ4 sin[ι4 x + ρ4 y + ς4 t]] + k2Exp[ι4 x + ρ4 y + ς4 t]
In[2] := M = Expand[−ΨtΨy − ΨxxxΨy + 3ΨxyΨxx

−3ΨxΨxxy + Ψ
(
Ψyt + Ψxxxy

)
]

In[3] := M1 = FullS impli f y[Coe f f icient[M, Exp[2(ι1 x + ρ1 y + ς1 t)
+2(ι4 x + ρ4 y + ς4 t)]]]
In[4] := M2 = FullS impli f y[Coe f f icient[M, Exp[3(ι1 x + ρ1 y + ς1 t)]]]
In[5] := M3 = FullS impli f y[Coe f f icient[M, S in[ι2 x + ρ2 y + ς2 t]]]
In[6] := M4 = FullS impli f y[Coe f f icient[M,Cos[ι2 x + ρ2 y + ς2 t]]]
In[7] := M5 = FullS impli f y[Coe f f icient[M, S in[ι4 x + ρ4 y + ς4 t]]]
In[8] := M6 = FullS impli f y[Coe f f icient[M,Cos[ι4 x + ρ4 y + ς4 t]]]
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