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1. Introduction

Consider the following system of equations

%u(x,y) + ADgyu(x,y) = Bu(x,y) + f(x,y), 0<pB<1, (1.1)

in the domain Q ={(x,y) : [} < x < ,,0 <y < T}, where u(x,y) and f(x,y) are unknown and given
n-vectors, respectively; A and B are the given constant n X n matrices, Dﬁy is the Riemann — Liouville
fracional integro-differentiation operator of order S [1, p. 9].

Let us review the papers associated with the investigation of the systems with fractional partial
derivatives of order that is not higher than one including the scalar case n = 1. In paper [2] for the
equation

Dy (u—h(y) + Dﬁy(u -hhx)=f, 0<ap<l, xy>0, (1.2)

the solvability of the boundary value problem with the initial conditions u(0, y) = h(y), u(x, 0) = hy(x)
is studied in a class of Holder’s continuous functions. The authors obtained a fundamental solution of
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Eq. (1.2) in the form

(o8]

1

Vap(x,y) = f T iy (x077) g (yr8 ) dir, (1.3)
0

where

(o)

1 -1 k+1
@) = , Z ( k)' sin(ruk)l(uk + 1) #1,
k=1 :

Note that the function ¥, g(x, y) can be represented (it is shown in [3] ) as

1 (o)
oali) = f D=, 03 —rx")P(=B, 0; ~1y Y.
0

Paper [4] was devoted to study of Holder’s smoothness of solution for the following equation

Dgx(u(x’ )’) - MO(.Y)) + c(x, y)uy(x’ )’) = f(x’ )’)’ X,y > 07

satisfying the boundary conditions u(0, y) = uy(y) and u(x, 0) = u;(x).
The uniqueness and existence theorems for a boundary value problem regular solution for the
equation

Dy u(x,y) + /ngyu(x, y) +uu(x,y) = f(x,y), 0<a,B<1,4>0,x,y>0 (1.4)

are proved in papers [5,6]. The fundamental solution has the form

(o)

w(x,y) = xiy f e P(—a, 0; —tx " )Pp(—B, 0; —ty P)dx,

0

in the case when A = 1, and, when ¢ = 0 it has the form

a—1 1%
X 2.0 X
w(x,y) = e, (—/l—) ,
y W\ T

where

Zk

Capd) = ; I(u + ak)I(v — Bk)

is the Wright type function [6]. In addition a boundary value problem with negative coefficient 4 < 0
was studied for Eq. (1.4) inthe case @ = 1, u = 0.

Equation (1.4) with variable coefficients 4 = A(x) and u = u(x), where @ = 1 and the function A(x)
may have a zero of order m > 0 at the point x = 0, was investigated in the papers [7-9]. In that case
the fundamental solution

exp(A(x, 1))

(<. 0: —M(x. 1)y - 9)F).

w(x,y;t, s) =
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was constructed. In the last expression A(x,?) = f AEdE, M(x,t) = f u(é)dé. The existence and

t t
uniqueness theorems for a boundary value problem and the Cauchy problem were proved.

We also note the papers [10] and [11], where the equation

0"u(x, 1) /l(')ﬁu(x, 1)
oxe orP

was studied. The fractional derivatives are understood in the sense of Caputo and Riesz in paper [10],
and in the sense of Caputo, Riemann—Liouville and Riesz in paper [11].

For the system

D u(x,y) + ADju(x,y) = Bu(x,y) + f(x,y), (1.5)

the boundary value problem was solved explicitly in [12] when A was an identity matrix, and in [13]
when A was positive defined matrix. The fundamental solution of system (1.5) was constructed in
terms of the introduced Wright function of the matrix argument in paper [13]. Article [3] used a
similar approach to solve the problem with the boundary conditions in the multidimensional case.

Among the works devoted to the study of systems of equations with fractional partial derivatives,
we also distinguish papers [14-16]. In [16] A. N. Kochubei described a class of first order systems
of equations with constant coefficients containing a fractional derivative with respect to one of the
independent variables, for which the Cauchy problem is solvable, and the fundamental solutions of
which grow exponentially outside the set {|x[y” < 1}. Such systems were called fractional hyperbolic
systems. System (1.1) also belongs to this class of systems.

Note that, the systems of type (1.1) are differ significantly at the formulations of initial and
boundary-value problems, depending on the sign-determinacy or sign-indeterminacy of the
eigenvalues of the matrix coefficient in the main part of the system.

In papers [12, 13, 17] boundary value problems in rectangular domains were studied for systems
with sign-determined eigenvalues, including systems with partial derivatives, of order strictly lower
than one. For such systems the formulation of boundary value problems is similar to the case with a
single equation. We call this type of systems the type I systems.

In papers [18-23] the Cauchy problem, mixed and non-local problems were investigated for a
system of the type II, i.e., for the systems, where the matrix coefficient in the main part has an
eigenvalues of the different signs.

In this paper, we first solve in explicit form an auxiliary problem for system (1.1) with B = 0. To
do this, we use the properties of the Wright function of the matrix argument, which are studied in [13].
Next we investigate a non-local boundary value problem for system (1.1) by reducing to the auxiliary
problem by using a system of integral equations. We prove the existence and uniqueness theorem. At
the end, we give an example of the non-local boundary value problem and construct the graphs of its
solution.
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2. Preliminaries

The Riemann-Liouville fractional integro-differentiation operator Dy, of order v is defined as [1, p.
9]:

y
Dl,g(y) = sgn(y — a) f | g(s)ds

Iy J b=

for v < 0, and for v > 0 the operator D}l’y can be determined by recursive relation

d .
D}, g(y) = sgn(y — a)EDZylg(y), vy >0,

where I'(z) is the Euler gamma-function.
The symbol 6gy denotes the Caputo fractional differentiation operator of order v, [1, p. 11]:

9,,8(y) = sgn"(y - a)DZ;"g(”)(y), n—1l<v<n, neN.

The Wright function [24,25] is called an entire function, which is depended from two parameters p
and u, and represented by the series

> k
z
d(o, 5 2) = § — p>-1, peC.
£ kAT (ok + 1)

Here we present the determination and some properties of the Wright function of the matrix
argument, which are studied in [13].

Let A be a square matrix of order n. In view of the function ¢(p, 1; z) is analytic everywhere in C,
following series

S A) = _, > -1, eC
¢(o, 3 A) ;k!r(pkw) p U

is converges for any matrix A given over the field of complex numbers C, and determine the Wright
function of the matrix argument.

The following equality holds

1
s M5 A = _19 2. 1
P Aoy = T 2.1
here 7 is an identity matrix of order n.
Following differentiation formula holds
d
d—zflﬁ(p,,u;Az) = Ad(p, p + i; A2). (2.2)
Now and further we assume that all of the eigenvalues of the matrix A are positive.
The next fractional integro-differentiation formula holds:
Do,y $(=B, s —Axy ) = YT (B, — 6 —~AxyP). (2.3)

AIMS Mathematics Volume 5, Issue 1, 185-203.



189

It follows from (2.2) and (2.3) that

(i +AD; )y“‘1¢(—ﬁ,u; ~Axy®) = 0. (2.4)
ox 4

The following equality holds

1

Al 2.5
T+ B) (2)

f d(=B, u; —Az)dz =
0

We denote by |A(x, y)|. the scalar function that takes at each point (x,y) the largest of the values
of the moduli of the elements of the matrix A(x,y) = lla;;(x,y)ll, that is |A(x,y)l. = max|a;;(x,y)l.
ij

Similarly, for the vector b(x, y) with components b;(x, y) we denote |b(x,y)|. = max |b;(x, y’)l.

Following estimates are hold:
7 (=B, s —Axy P < Cx Oy x>0,y >0, (2.6)
where 8 € (0,1);and 8 >0 foru #0,-1,-2,...,and 8 > —1 foru =0,-1,-2,...; and

lp(=B, u; —Az)l. < Cexp (—O'Zﬁ), 720, (2.7)

where 5 € (0,1),ueR, 0 < (1 -p) (/1,85)@ , A = min{A;}, A, ..., 4, are eigenvalues of the matrix A.

1<i<p
3. Auxiliary problem

A regular solution of system (1.1) in the domain Q is defined as the vector function u = u(x,y)
satisfying system (1.1) at all points x € Q, such that Z—i, Dﬁyu € C(Q), y'Pu(x,y) € C(Q).

Before turning to the presentation of the main results, we solve the following auxiliary problem for
the case of system (1.1) with B = 0.
Problem 1. In the domain € find a solution of the system

9
o-u(y) + ADu(x,y) = [(x,y), 0<B<1, 3.1)
with the conditions
lim D) u(x,y) = o(x), L <x<b, (3.2)
y—0 y
u(l,y) =y, 0<y<T, (3.3)

where ¢(x) and ¥(y) are given n-vectors.
Theorem 1. Let all the eigenvalues of the matrix A be positive, p(x) € C[ly, ], y!Py(y) € C[0,T],
Y B f(x,y) € C(Q), f(x,y) satisfies the Holder condition with respect to y, and the matching condition

lim DG y(y) = ¢() (34)
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holds. Then there exists a unique regular in the domain Q, solution of Problem 1. Solution can be

represented as
X y

u(x,y) = fG(x — 1, V)Ap(t)dt + fG(x =1,y — s(s)ds+

Iy 0

y X
+ ffG(x —t,y—98)f(t, s)dtds, 3.5
0 I

where
G(x,y) =y '¢(=B,0; —Axy™).

Remark 1. Without loss of generality, we prove Theorem 1 for the domain Q with /; = O and [, = L.
A more general case reduces to this case by replacing the independent variables x = & +[;, y = n.

To prove Theorem 1, we need the following assertions.
Lemma 1. Any regular in the domain Q solution u(x,y) of Problem I can be represented in form (3.5).
Proof. Let u(x,y) be a solution of Problem 1. The function V(x, y) is the solution of the equation

0
V(o)) + 0V A =1, (3.6)
0x Y

with the conditions

V(©0,y)=0, V(x,0)=0, (3.7)

where [ is the identity matrix.
Using (2.2), (2.3), (2.1), (2.7) and the relation

Do yﬁ _ yﬁ—a
"T1+p TA+B-a)

it is easy to see that
-1

I'(l +ﬁ)yB

V(x,y) = —A" Yo (=B, 1 + B —Axy ™) +

is the solution of problems (3.6), (3.7).
From (2.2) and (2.3) it follows that

Vip(x,y) = G(x, ). (3.8)

Let £ > 0. Integration by parts taking into account Egs. (2.1), (2.7) and (3.7) leads to

x Yy
ffV(x —t,y— s)%u(t, s)dsdt =

x oy A
= ff(%V(x —t,y — Su(t, s)dtds — fV(x =1,y = sult, S)L:eds’

&
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Xy
ffV(x —-t,y— s)ADgsu(t, s)dsdt =

X

x Yy
- ffaﬁv(x — t,y = )ADG u(t, s)dids — fV(x — 1,y = )ADG ult, 5)| _ dr.
p §S=&

&

From the last two relations we get
x 5
ffV(x —-t,y—5) (E + AD&) u(t, s)dsdt =

x Yy
0 0 _
= ff(EV(X — t,y — S)l/l(t, S) + aV(x - t,y - S)ADgS lu(t9 S)) dsdt—

X

y
_ f V(x -ty - su(t,s)|_ds - f V(x—t,y - )ADG u(t,s)| _ dt.

& &

Passing to the limit as € — 0, by using (3.1), (3.2), (3.3), (3.6) and analogue of the integration by parts

formula in fractional calculus [1, p. 34]

y y

fg(y - s)Dgyh(s)ds = fh(s)D;Sg(y —s)ds, v<O0,

0 0

x 0y x Yy
ffu(t, s)dsdt = ffV(x —t,y—8)f(t, s)dsdt+
0 0 0 0
y X

+ f Vix,y — s)p(s)ds + f V(x —t,y)Au(t)dt.

0 0

we obtain

Differentiating (3.9) by x and by y, with (3.7) and (3.8), we get (3.5). Lemma 1 is proved.

Lemma 2. Following estimates
IG(x,y)l, < Cx !, 6> -1,

D5 Gy < ey E, a0,

0
‘6—G(x, V)| <Cx PP g>0,
X *

'DﬁyG(x, y)‘ < Cx O F1 g0,

are hold, here C is a positive constant.

(3.9)

(3.10)

(3.11)
(3.12)

(3.13)
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The validity of Lemma 2 follows from the relations (2.2), (2.3) and (2.6).
Lemma 3. Let all the eigenvalues of the matrix A be positive, ¢(x) € C[0,1], y'Py(y) € C[0, T, then

the relations
X

lim [ G(x=£y)Ay(ndi =0, y>e>0, (3.14)

0

,
ygépﬁ;l f G(x,y — $)p(s)ds =0, x>&>0, (3.15)
0

li_r}la D’ f G(x — t, DAYt = y(x), x>&>0, (3.16)

0

y
}Ci_r)%fG(x,y - p(s)ds = (), y>&e>0 (3.17)

0

are valid, and limits (3.15) and (3.16) are uniform on any closed subset of (0; 1), and limits (3.14) and
(3.17) on any closed subset of (0; T).
Proof. The validity of relations (3.14) and (3.15) follows from estimates (3.10), (3.11), [¢(x)|. < C

and [p(y)l. < Cy*~.
Let us transform the following integral

X

Dj,' f G(X—t,y)As/f(t)dz:[ f + f
0 &

0

D} G(t, y)Ay(x — t)dt. (3.18)

The limit of the second integral in the right-hand side of (3.18) with y — 0, due to estimate (3.11) and
the boundedness of the function ¥(x), is zero for x > & > 0. Denote by /,(x, y) the first integral in the
right-hand side of (3.18), then

h(x,y) = f D, G ALY (x = 1) = y(x)Jdr + f D G, y)dt | Ag (). (3.19)
0 0
Taking advantage of the fact that, by virtue of (2.2),
_ _ 0 _
AYPH(P 1 = B —Axy™) = —=—¢(=p, 1, —Axy™),
we obtain that B
A f DG, y)dt = 1 - ¢(=B, 1;-Aey™P). (3.20)
0
Passing to the limit at y — 0, taking into account formula (2.7), we get
lim A f DG, yydt = 1. (3.21)
y—
0
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The function ¥(t) is continuous on [x — &, x], therefore w(e) = sup [Y(x — 1) — Y(x)| = 0 with e — 0.
Since & can be chosen arbitrary, then the first term in (3.19) is arbitrarily small for any fixed y, that is,
tends to zero, with y — 0.

The second term, by virtue of (3.21), tends to ¢/(x). Thus il_r)r(} I,(x,y) = ¢(x). From the latter, together

with (3.18) follows (3.16). The relation (3.17) can be proved similarly. Lemma 3 is proved.

Lemma 4. Under the conditions of Theorem 1, function (3.5) is a solution of system (3.1), such that
2u, Diyu € C(Q).

Proof It follows from (3.12), (3.13) that the estimates

<Cx', IDGGeyl < Cx, 02 -1,

are valid for any fixed y > £ > 0 and the estimates

0
G| <O GGG <P, 20,

for x > & > 0. From these estimates, taking into account relations (2.4), we can see that the first
two terms (we denote their sum uy(x,y)) on the right-hand side of (3.5) there are solutions of the
homogeneous system

0
o —o(x, ) + ADj uo(x, y) =
X

at that 2 uq, Dﬁyuo € C(Q).
Denote by u(x,y) the third term on the right-hand side of (3.5). Under the condition of Theorem 1,
the function f(x, y) satisfies the Holder condition in the variable y, that is,

lfCy) = f(xe 9l <Kly-sl, 0<g<l, (3.22)

here K is positive number. Then

X

y
ﬁuf(x y) = 9 fdth(x—t y—9)f(t,s)ds = hmfG(x—t y—s)f(t, s)ds+
0 0
x y x y
+ fdtf%G(x —t,y—9)f(t,s)— f(t,y)lds + fdtf%G(x —t,y—5)f(t,y)ds. (3.23)
0 0 0 0

Taking into account estimate (3.12) and condition (3.22), we obtain the estimate for the integrand
in the second term of (3.23)

—G(x—-t,y-—

‘ o <nMC(x — 1) (y — 5P+, (3.24)

choosing 8 € [-1;0) with ¢ > B and 6 € (—¢/B;0) with g < B, it is easy to see that the integral
converges uniformly over all x and y for any g € (0, 1). Transforming the last term of (3.23) with (2.4),

we get
X y

0 0
9 i6y) = oy + f dr f 2 Gty = F,9) ~ fit,lds-

ox
0 0
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_A f Dy Glx = 1,y)f(2,y)dt. (3.25)
0

From (3.10), (3.11), (3.24) and (3.25) it follows that Zu; € C().
Consider the function F.(x,y) = f dt f Vs G(x —t,y — 5)f(t, s)ds. From estimate (3.11) we see
that lim F(x, y) = D)y up(x, y) € C(Q). In view of (3.11) and
|D5,G(x =1,y = )L/t 9) = f1, )], < nCK(x = 1) (v = 7™, (3.26)

we get that the derivative

(%Fg(x, y) = f Dl 'G(x—t,8)f(t,y — &)dt - f D'G(x -1, 0) f (1, y)dr+
0 0

X y—& X
+ f dt f DG(x —t,y = 9)Lf(t,8) = f(t,)]ds + f D) 'G(x = 1.y)f(t,y)dt
0 0 0

is continuous in Q for € — 0. Therefore

0 0
l1m(9 F.(x,y) = —yhmF (X, y) = Dﬁyuf(x,y),

that is

X

y
Dy = [ dt [ DAGG= 1.y =91.9) = it s+
0

0
+ f D)) 'G(x — 1,y)f(t, y)dL. (3.27)
0
From (2.4), (3.25) and (3.27) we get

0
(a + ADﬁy) up(x,y) = f(x,).

Lemma 4 is proved.

3.1. Proof of Theorem 1
Using estimates (3.10) and |f(x,y)| < CY*~!, we get
lus(x, )l < Cx'~HPE1 g€ (0;1), (3.28)
where u(x,y) is the third term on the right-hand side of equality (3.5). From (3.28) follow relations

ling ug(x,y) =0, lirr(} Dﬁy_luf(x, y) =0, (3.29)
X y—

AIMS Mathematics Volume 5, Issue 1, 185-203.



195

and the inclusion y'#u ¢ € C(ﬁ). Relations (3.14) — (3.17) and (3.29) imply the fulfillment of boundary
conditions (3.2) and (3.3).

Denote by u,(x,y) and u,(x, y), respectively, the first and second term on the right-hand side of Eq.
(3.5). Using estimate (3.10) and the conditions of Theorem 1 on the functions ¥(x) and ¢(y), we get
estimates

luy(x, )l < Cx' =71 e [-1,1),

lu,(x,y)l. < Cx~ Y71 9 €(0,2).

From the last two inequalities we get that yl‘ﬁ(uw +u,) € E(Q).
Let us show the validity of the inclusion yl‘ﬁ(ul,, +u,) € C(Q). For this purpose we represent u,(x, y)

in the form
X X

uy(x,y) = A fG(x -, YW(t)dt = A fG(t, YW (x — t)dt =
0 0

X

=A fG(t, WY(x —1) —yg(x)ldt + A
0
In view of (2.2) and (2.1) we obtain

X

f G(t,y)dt

0

w(x). (3.30)

X

AfG(t,y)dt: fy '¢(-B.0;-Ay ™) dt = - f;f’ -9 (-B.8;: Aty ™) dt =
0 0
SR '¢ (-B.B; ~Axy™). (3.31)
F(ﬁ)
Similarly we get
,
Up(X,y) = f G(x, )(y — s)ds =
0

y

= f G(x, )y = sV @'y = 9) — ¢"(]ds +

0

y

f G(x, s)(y — sy ds

0

¢ ), (3.32)

where ¢*(y) = y'P¢(y), and

y

f G(x, s)(y — sy ds = r(ﬁ)Dgfy-lqs(—ﬁ, 0; —Axy™) dt =

0

=TBY"'6(-B.8-Axy™). (3.33)
Using (3.30)—(3.33), (2.1), (2.5), (2.7), we get
lim y'uy (v, ) = 0, limyuy(x,y) = F—(B)w(x) (3.34)
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1
. 1-8 — * : 1-8 —
lim y™Fu,(x, y) e’ ), g}ggy up(x,y) = 0. (3.35)

Relations (3.34) and (3.35) imply that y'#(u, + u,) € C(Q \ {(0,0)}).
Let lir{)l xy® = ¢, 0 < ¢ < oo. Then from relation (3.31) we obtain

y—0

lim y'uy(x, y) = [I - ¢ (=B, B; =Ac)| Y(0), (3.36)

y—0

limy'"u,(x,y) = T(B)¢ (=B, B; ~Ac) ¢"(0). (3.37)

-0

In view of (3.36) and (3.37) we obtain

lim y' P uy (x,y) + uy(x, )] = $(0) + [[(B)¢"(0) = Y(0)]¢p (=, B; —Ac).

50

This limit does not depend on c, if
lim y(x) = I'(B) lim Y Pew),
x— y—

that is, under condition (3.4).

The above together with Lemma 4 proves the existence of the solution to problems (3.1), (3.2),
(3.3) from the class specified in Theorem 1. The uniqueness of the solution to Problem 1 follows from
Lemma 1. Theorem 1 is proved.

4. Non-local boundary value problem

In this section, we investigate the following non-local boundary value problem in a rectangular
domain for system (1.1) of the type .
Problem 2. Find a solution of system (1.1) in the domain Q with conditions (3.2) and

Mu(ly,y) + Nu(l,y) = p(y), 0<y<T, 4.1)

where ¢(x) and p(y) are given n-vectors, M and N are the given constant n X n matrix,
Theorem 2. Let all the eigenvalues of the matrix A be positive, p(x) € C[l, ], y#p(y) € C[0,T],
Y P f(x,y) € C(Q), f(x,y) satisfies the Holder condition with respect to y, and the matching condition

lim DG "p(y) = Me(l) + Nep(lo), (4.2)

holds, matrix M is nonsingular. Then there exists a unique regular in the domain Q, solution of Problem
2.

Proof. By virtue of Theorem 1, the solution to Problem 1 for system (1.1) is a solution to the system
of the integral equations

y X
u(x,y) — ffG(x —t,y— s)Bu(t, s)dtds = F(x,y), “4.3)
0 I
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where
y

F(x,y) = fG(x =,y = 9)yY(s)ds + O(x, y),
0

X

y X
O(x,y) = fG(x — 1, V)Ap(t)dt + ffG(x —t,y—8)f(t, s)dtds.
I
Due to estimate (3.10) we get the inclusion y' #F(x,y) € C (ﬁ).
The solution of the system of integral Eqs. (4.3) can be obtained by an iterative method. This
solution has the form

y X
u(x,y) = F(x,y) + ffR(x —t,y—8)F(t, s)dtds, “4.4)
where .
R(xy) = ) Ka(x,y), (4.5)
n=1

Ki(x,y) = K(x,y) = G(x,y)B,
y X
K.(x,y) = ffK,,_l(x —t,y — $)K (¢, s)dtds.

For iterated kernels, in view of (3.10), the estimate
| €)) B () IR
Kn(x, Y. < C"|B|! ————=x""y"™™, =1-6, 6=80, 0<6<]1.
| Ko, ) |B| F(ms)r(mé)x y € B

is valid. Using this estimate, we obtain the convergence of series (4.5) and the estimate for the resolvent

[ee)

N [C|B|*F(8)r(5)]mxmg_1 o1 _ el o1 [Cix*y°]"
T(me)T(mo) ¥ ZiTne + ol (mé +0)

IR(x, yl. <

m=

X1yl [C1x° yé]m o1, 5-1 £.0
2 -C 5,8, C1xy0),
T A

where C; = C|B|.I'()I'(6), and C is a large enough number. Due to the continuity of the function
#(0, 0; 7), the following estimate is valid

IR(x, ). < Cx™% 1 0<6<1. (4.6)

Thus, solution (4.4) can be represented as

y

u(x,y) = Y(x,y) + le(x,y — sSu(ly, s)ds, 4.7)
0
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where

y x
Y(x,y) = O(x,y) + ffR(x —t,y — 5)D(t, s)dtds,
0 I

N

y X
R1<x,y—s>:G<x—ll,y—s>+ffR(x—f,y—mG(f—ll,mdfdn.
I

It is easy to show that function (4.4) is the solution to Problem 2. Now let u(x, y) be a regular solution
of Problem 1 in the domain Q, then equality (4.7) also holds. Using representation (4.7), we express

the boundary value:
y

u(l,y) = () + f K@y - s)u(ly, s)ds, (4.8)

0

where ¥(y) = ¥(1.y), K(y = 5) = Ri(l,y — 5).
Since the matrix M is invertible, condition (4.2) can be rewritten as

u(l,y) + M'Nu(l,,y) = M 'p(y), 0<y<T.

Using (4.8), from the last equality we get

y

u(ly,y) + ff((y = Su(ly, s)ds = P(y), 4.9)

0

where _ B
K@) = M"'NK(y), P(y)=M"p(y)+ M 'N¥©y).

From (3.10) and (4.5) follow the estimate
Ri(x,y = s)l. < Clx = 1) (v = s, 0<6<1,
and the following inclusions B
VPR, v PR ) € 10, T1. (4.10)

It follows from (4.10) and the conditions of Theorem 2 on the function p(y), that y!#?P(y) € C[0, T].
From relations (4.9) and (4.10), it follows that system (4.8) is a system of the Volterra integral
equations of the second kind with a weak singularity in the kernel, and has the unique solution u(/;, y)
such that y'#u(l;,y) € C[0, T]. After the value of u(l;,y) is found, the solution to Problem 2 can be
obtained from representation (4.7).
From Theorem 1 it follows that for the inclusion y'Pu(x,y) € C (ﬁ) the condition

lirr(}Dﬂ_lu(ll,y) = ¢(lh) (4.11)
y—)

Oy

should be met. Taking into account equality (4.9), we rewrite condition (4.11) as

y
i 07, "t ) = tim [ Ry~ )}t sy
0
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+ M im D Cp(y) + M™'N Tim D) = ¢(h). (4.12)

From inclusions (4.10), estimates (3.10), (4.5) and |u(l;, y)|. < Cy*~! we obtain the relations

Y

lim | K(y - D u(ly, s)ds = 0, (4.13)
0
D(x, y)l. < CYP,
y x
o/ f f R(x —t,y — )®(t, s)dtds| < CY*, 0<6<1. (4.14)
0 L

*

By virtue of (4.14) and the relation

X

tim 7" [ G~ eyAp(nd = (o),

I

which follows from (3.16) and Remark 1, we obtain

y—0

b
lim D "¥(y) = lim D' ®(l,,y) = lim D}’ f Gl — t,)Ap(t)dt = ¢(ly). (4.15)
y y—0 y y—0 Y
h

In view of (4.13) and (4.15), equality (4.12) takes the form

M~ 1im DG p(v) = M7 Ngp(l) = ¢(h).

Therefore, condition (4.2) is sufficient for y!'Pu(x, y) € C(Q). Theorem 2 is proved.

Remark 2. The case when all the eigenvalues of the matrix are negative, is reduced to the case with
positive eigenvalues by changing the variables & = x—1;, 7 = y, and the function u(x,y) = u(é+1,,1) =
w(é,n). Moreover, for the solvability of Problem 2, the matrix N must be nonsingular.

5. Illustration

As example consider Problem 2 withn =2, AB=BA, 1, =0,L, =1,T=1,M =N =1, f(x,y) =0,
Yl

ex) =0, pbH) = F_(m( ; ), i.e., the system

0 2 1 I 2
au(x,y)+(3 4)D§yu<x,y>:(6 5)u<x,y>, (5.1)

with the conditions

g%D’gy‘lu(x,y):( 8 ) 0<x<1, (5.2)
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w©,y) +u(l,y) =p(y), O0<y<l. (5.3)
Solution of problem (5.1)—(5.3) satisfies the following relation

y

u(x,y) = fG(x,y — )u(0, s)ds, 5.4)
0
where ( )
_ 1 e—x¢ _ﬁ’ O; _Xy_ﬁ 0 —1
G(-x, y) = yH[ 0 g7x¢ (—ﬂ,o; —Sxy_ﬁ) JH ,
3 11 o l 3 -1
H‘(—1 3)’ H ‘4(1 1)'
From (5.4) we get
y
u(l,y) = fG(l,y —)u(0, s)ds. (5.5)

0

Substituting (5.5) into (5.4) we obtain following system of integral equations with respect to u(0, y)

y

u(0,y) + f Ky = (0, $)ds = p(y), (5.6)

0

where
Ki(y) = G(,y).

Using the Wright functions convolution formula, we calculate the iterative kernels

y
K,(y) = f K1 (y — $)Ki(s)ds,
0

b

1 e (—,8,0; —ny‘ﬁ) 0 _
K,(y) = ;H( 0 0 (=.0; —5myP) H'

and find the following solution of integral Eq. (5.5)

y
u(0, ) = p(y) + f Ry — s)p(s)ds, 5.7)
0

where

[59)

RG) = ) (-1)'K,() =

n=1

1S (e (B0 -y ) 0 ]
- ;H;(_l) [ 0 e7'¢ (—B.,0; =5nyF) ]H -
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Put (5.7) into (5.5) we obtain the solution to problems (5.1)—(5.3) in the form

y y y
u(x,y) = f Glx,y — $)p(s)ds + f f Glxy — ORE - )dé | p(s)ds =
0 0 K
y
_ f Golx,y — )p(s)ds. (5.8)
0
where
~ 1 ki . e—(x+n)¢ (_ﬁ’ 0; —(x + I’l)y_'B) 0 »
GO(X, )’) = ;H ;(_1) [ 0 67(x+")¢ (—B,O; —5(x N n)y_/),) H .

After calculating the integrals, we write equality (5.8) in the form

u(x,y) = y! Z(—l)" [e'(x+")¢ (—ﬂ,ﬁ; —(x+ n)y‘ﬂ) + 2" (—,B,ﬁ; —5(x + n)y‘ﬁ)] ,

n=1

ur(x,y) = y*! Z(—l)” [—e'(“")(ﬁ (—ﬁ,ﬁ; —(x+ n)y_ﬁ) +9e" ¢ (—,8,,8; =5(x + n)y‘ﬁ)] .
n=1

Figures 1 and 2 illustrate the solutions of problems (5.1)—(5.3) in cases 8 = 0.4 and 8 = 0.6.

ur(x,y)

0.0

Figure 2. Surface solution of problems (5.1)—(5.3), with 8 = 0.6.

AIMS Mathematics Volume 5, Issue 1, 185-203.



202

6. Conclusion

We investigated the non-local boundary value Problem 2 for system (1.1). For this, we have written
out an explicit solution of auxiliary Problem 1 for system (1.1) with the matrix B = 0 in terms of the
matrix Wright function. Then, using the integral equations method, we reduced Problem 2 to Problem
1. Our approach is schematically illustrated by a particular example described in section 5. The system
under study is of the type I. We previously studied some problems for a system of the type II, including
Problem 2, which generalizes them. Comparing the results of [23] and the present work, we see that
the conditions on the matrices M and N, for which Problem 2 is correct, depend on the distribution of
the eigenvalues of the matrix A, that is, they are differ for systems of the type I and II.

Further research will be aimed at expanding the classes of systems and generalizing the described
results.
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