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1. Introduction

Atoms decompose into anions and cations when their thermal energy is higher than ionization
energy. The state in which the ionized gaseous substance becomes highly electrically conductive,
such that particles interact with each other dramatically by their self-consistence electromagnetic
field, is called plasma [1, 17]. In order to understand the dynamics of plasma on macroscopic scale,
Maxwell laws of magnetism are coupled with the Euler system of fluid flows, which is the so-called
Euler-Maxwell system.

In this paper, we consider a unipolar compressible Euler-Maxwell system for electrons, see [5],

omn + div(nu) = 0,

me[0,(nu) + div(nu @ u)] + Vp(n) = —en(E + u X B) — eknu,

c20,E -V X B=—uyj, &divE =e(l-n), (1.1)
0B+VXE=0, divB=0, xeT3 >0,

j = —enu,
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with the initial data

t=0: (n,u, E, B) = (ny, up, Ey, By). (1.2)
Here the unknown variables (n, u, E, B)(t, x) are number density, velocity vector field, electric and
magnetic fields of electrons respectively, x = (x|, X2, x3) € T? is three-dimensional position vector
in torus and ¢ > 0O denotes the regular time. The parameters m, and e are the mass and charge of
the electron, whereas j, k are the current density and specific resistivity respectively. The physical

constants parameters &£, o and ¢ are permittivity, permeability of free space and the speed of light
respectively, which are connected by the relation

80/1062 =1.
In the paper, we assume that the fluid is isothermal, so that the pressure function p(n) are of the form
p(n) = kTn,

where k > 0 is Boltzmann constant, and 7 > 0 is the constant temperature.

Under usual scaling, Euler-Maxwell system is usually of the form (for simplicity, we still denote as
(n,u, E, B),

on + div(nu) =0,

ou+ (u-Vyu+ Vh(n) = —(E + vu X B) — Bu,
AVvO,E -V X B=vnu, A*divE =1-n,
vo,B+V XE =0, divB =0,

(1.3)

in which A is the scaled debye length, S is the reciprocal of the relaxation time and v is the reciprocal
of the speed of light. The meaning of the unknown variables (n, u, E, B) are the same as those in (1.1).
The asymptotic analysis of the (1.3) for smooth solutions is a well-known problem. The local-in-
time convergence is studied in [19, 20]. The non-relativistic limit v — 0 and the quasi-neutral limit
A — 0 are justified in [13] and [14], and the limit systems are compressible Euler-Poisson system
and the e-MHD system, respectively. The combined non-relativistic quasi-neutral limit & — 0 with
a special relation v = A2 is justified in [15]. The resulting limit system is the incompressible Euler
equations. The zero-relaxation limit § — oo is studied in [6, 16, 21] and the limit system is the drift-
diffusion equations. The results in the above papers are valid on uniform time intervals independent
of the parameters. We refer to [3, 18] for more information. In the paper, we introduce the following
scaling,
;Czﬁ’ fzi, j:i, ﬁzi, ﬁzi, E:E, E:E
Xe te Je ne Ue E. B.
whereas x., t., j., ., U, E., B. are the characteristic scale units for space, time, current density, number
density, velocity, electric field and magnetic field respectively. These characteristic scaling units can
be expressed by the following relations:
x. = u.t. : The system of charged particles is observed at characteristic time scale.

Ue = /fn—T : Characteristic velocity is expressed as electron thermal speed.
E. = u.B. : The electric field is induced due to the motion of plasma in magnetic field.
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By using the above scaling units dimensionless system with new variables is given as ,

A, + div(an) = 0,

At + (- V)it + Vh(h) = —a*(E + it x B) — i,
VOL-VxB=-0] PordvE=1-n,
0B+VXE=0, divB=0,

j = _nﬁi’\t’

in which the five dimensionless parameters are defined as follows

»  eEcx. iz 2= gT _encl, B KU X,
a = 5 Y=— 5 n= . 5 ﬁ - .
T c e n.x; Je T

Here o? is the ratio electric energy to thermal energy, v is the ratio of characteristics velocity of plasma
to the speed of light, A is the scaled Debye length, S is the relaxation electron frequency and 7 is the
ratio charge density of electrons moving with velocity u. to current density. Replacing o?E = E and
,)/2
Aoty

keeping
follows,

= 1, we get the system (keeping the new variables with same physical variables) as

on + div(nu) = 0,
O+ (u-Vyu+ Vh(n) = —E — o*(u X B) — Bu,

) (1.4)
An0,E—-VxB=nnu, A*divE=1-n,
’0,B+VXE=0, divB=0,
with the initial data
t=0: (u,n,E,B) = (uy,ng, Ey, By). (1.5)

In order to simplify the later proof, we introduce the enthalpy function

h(n) = f P o - Ring),
1

S

the constant R = k7', then the momentum conservation equation of (1.4) is equivalent to
A+ (u-Vyu+Vh(n) = —E — &*(u X B) — Bu.

Now we want to tell the main difference of our scaled system (1.4)—(1.5) from (1.3). Firstly, the
singular parameters have different physical interpretations. Secondly, the main observation is that
the limiting regimes for singular parameters satisfy curl divergence equation for magnetic field which
shows consistency with conservation of mass for all profiles of asymptotic expansion. In particular,
magnetic curl is a measure of current density and thus cannot be ignore in moving plasma. But curl
of B can possibly be very small for n << 1. The limiting regimes of system (1.3) can be obtained by
choosing 7 << 1 along with other small parameters from (1.4)—(1.5). Starting at (1.4)—(1.5), the main
objective of this paper is to derive formally the limiting models concerning the following two kinds of
singular limits and their combined limit. We state their physical understanding here.
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(1) The zero-energy limit &> — 0. By defining dimensionless number a for energies we may assume
that for thermal energy higher than electric energy, the pressure gradient and electric force dominates
over magnetic forces and rate change of magnetic field remains uniform. In particular we approximate
Euler-Maxwell system and e-MHD by limiting regimes for @ — 0 as shown in figure below.
(2) The quasi-neutral limit 4 — 0. The Debye length A is the measure of a charge carrier’s net
electrostatic effect in solution, and how far those electrostatic effects persist. One of the significant
properties of plasma is bulk interaction, namely the Debye length is small compared to the physical
size of the plasma [4, 5]. So usually in plasma physics, we study the limit 4 — 0. Since zero Debye
length means quasi-neutrality, the limit is also called quasi-neutral limit.

The paper is organized as follows. In the next section, we state some preliminaries. Section 3 is
devoted to the formal derivation of limiting models starting at (1.4). In detail, the quasi-neutral limit
A — 0 of (1.4) is the following e-MHD (See Subsection 3.1)

n=1, divu=0,
Ou+ (u-Vu=-E —a*(ux B) - fu, (1.6)
VxB=-nu, a*0,B+VXE=0 divB=0,

and the zero-energy limit of the above e-MHD is the following incompressible Euler equation with
magnetic curl (See Subsection 3.2 and the rigorous proof in Section 4)

divu =0,
ou+ (u-Vyu=—-E —Bu,
VXB=-nu, divB=0,
VXE =0.

The curl of a magnetic field at any point is equal to the current density at that point. This is the simplest
statement relating the magnetic field and moving charges. The divergence of curl of magnetic implies
conservation of current density

V.-(VxXB)=—1nV-u = V.-u=0.
The curl of curl of magnetic field implies
VX(VXB)=-nVXxu = AB=nVXxu.

The above equation is elliptic equation. It is important to see that magnetic field in limiting regimes
is identified by the distribution of velocity of electrons flow in the domain of plasma confinement.
Also, one can see that for  — 0 in curl divergence equation, B can be zero, constant or time varying.
For existence and uniqueness of curl divergence equation see Lemma 2.2. Going the other path, the
zero-energy limit of (1.4) is the following Euler-Poisson system with magnetic curl (See Subsection
3.4)

on + div(nu) = 0,

o+ (u-Vyu+ Vh(n) = Vo — Bu,

Ap=n-1,

V x B = —n(nu + 1*0,V¢), divB =0,
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and the quasi-neutral limit of the above system is the incompressible Euler equation with magnetic curl,
which is the same as first taking the quasi-neutral limit and then the zero-energy limit (See subsection
3.5).The combined zero-energy, quasi-neutral of Euler-Maxwell system, limiting model is also the
incompressible Euler equation with magnetic curl (See Subsection 3.3). We summarize the limiting
models by Figure 1 as follows.

Zero-energy Limita— 0

Euler-Maxwell system EU'_E"‘P0|550” system
I with magnetic curl

- ©
© 5 0o
o

3
R 21
=z t ==
‘5 < 8 X
o = 3 E
3 E g =
g =

Incompressible Euler

e-MHD system . P

system with magnetic curl

Zero-energy Limit a—0

Figure 1. Hierarchy of Euler-Maxwell system.

2. Notations and preliminaries

In the following, we denote by C a generic positive constant independent of any small parameters.
For a multi-index [ = (I;, b, [3) € N°, we introduce the operator

Pl .
8i = W, with |l| = l] + lz + l3.
xl , x2 , X3

We denote by || - ||, || - || and || - ||o the norm of the usual Sobolev spaces H* (Rd>, L? (Rd) and L* (R"),
respectively. The inner product in L? (Rd) is denoted by (, -).

Lemma 2.1. (Moser-type calculus inequalities, see [9, 11] ). Let s > 1 be an integer. Suppose
ueH (Rd) ,VuelL™ (Rd) andv € H! (Rd) N L (Rd). Then for all @ € N with 1 < |a| < s and all

smooth function f, we have 8%(uv) — ud®v € L* (Rd), 0 fu) € 12 (R d) nd
”az(lxﬂ/‘) - Maivll < Cs (”Vu”oo||v|af|—lv|| + ”Vlalulh(ﬂ”\/”oo) ’
”agf(u)” < Co(IVulleo + 1)|‘Y\—1 ||V|"|u||,

where the constant C,, > 0 depends on ||ull and s, and C; > 0 depends only on s. Moreover, if
s > %+ 1, then the embedding u € H* (Rd) — Whe (R") is continuous and we have

105 (uv) — ud vl < CllVutlls-i[Vls-1.
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The result about linear curl-div equations from [13] is as follows.

Lemma 2.2. Let s > 0 be an integer, (g,h) € H*(T?) with div g(x,t) = 0 and m(h) := f hdx = 0.
s
Then the linear problem

VxA=g, divA=h,

has a unique solution A(x,t) € H*'(T%), in the class m(A) = 0. Furthermore, we have

IAC, Dl < CIgC Dllas + [1AC, Dllgs).

The next result concerns the local existence of smooth solutions which can be easily obtained by
employing the theory of Kato [8] for the symmetrizable hyperbolic system.

Proposition 2.1. Let s > 3 be an integer and (ny, uy, Eo, By) € H’ (T3) with ny > 2n for some given
constant n > 0, independent of any small parameters. Then there exists T\ > 0 such that the Cauchy
problem (1.4) has a unique smooth solution (n, u, E, B) defined in time interval [0, T, ], satisfyingn > n
and
(n, u, E, B) € C([0, T11; H*(T*)) n C' ([0, T1]; B (T7)).
For the local existence of (1.6) is similar to the incompressible Euler equations, thus we have [10]

Proposition 2.2. Assume (iiy, By) € C*(T?) is sufficient smooth initial data satisfy the compatibility
condition
V x BO = —Uy, div BO =0,

then there exists 0 < T, < oo, the maximum existence time and a unique smooth solution, w®, E°, B%)
C>([0, T.] X T?) of (1.6).

3. The formal derivations of limiting models

3.1. The quasi-neutral limit of Euler-Maxwell system

We consider the quasi-neutral limit by letting 4 — 0 in (1.4), while letting all the other small
parameters be O(1). By Proposition 2.1, let (n!, u', E*, B') be the unique local smooth solution to
(1.4)—(1.5) satisfying

ont + divin'ut) = 0,
ot + (ut - Vyut + Vh(nt) = —(E* + (u* X BY)) — u?t,

3.1
A20,E' =V x B* =n'u!, AdivE'=1-nt, G-1)
OB'+VXE'=0, divB'=0, xeT >0,
with the initial data,
t=0:mu',EY, BY = n},u}, E}, BY), xeT. (3.2)
Formally, the leading profile when 4 — 0 is the following e-MHD,
=1, divu® =0,
O’ + (- V)u® = —(E° + u® x B®) — u°, (3.3)

VxB=-u, divB’ =0,
0B +VxE"=0,
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with the initial data
t=0: (u}, B)) = (g, Bo). (3.4)

Following the idea of [2], we introduce the general vorticity
Y=Vxu®- B,
then (3.3) becomes
OY+W’- V)Y - -V +Vxu’ =0,
A +u’ =V xY

where the electric field E® and magnetic field B® are represented explicitly as

E°=—0,u° + u® - Vi + u® x B + u°),
B =Vxu’-Y.

By Proposition 2.2, the local existence of classical smooth solution is obtained. The rigorous proof of
the quasi-neutral limit from (3.1) to (3.3) is based on the weighted energy method, which is similar to
that in [14]. That is to say, we denote

UYL UYL FLGY = (' = 1 - AdivE, u* - u’, E* — E°, B' — B"),
which satisfies the following problem

O,N* + div((N* + 1 + 22divE®)U* + N'u®) = 2%(0,divE® — div(u’divE?)),

B, UL + [(UN + 1) - VIUA + (U - V)il + FA + V(N + 1 + 2divE®) — h(1 + 22divE®)
= (U +u®) x G* + U' x B — 22K’ (1 — 22divE®)V(divE®) + U*,

PO, F' =V X Gt = —((N* + 1 + PdivE)U + Nu® + 2120,E° + u’divE?),

0,G'+ VX F'=0,

A2divFt = N1, divG*' =0,

(N4, U, FL G = (= 1+ PdivE'(t = 0), ud — g, EX — E'(t = 0), BY — By).

Then the classical energy method is applied. The details of the proof are similar to those in [14], but
with higher convergence rate (See Theorem 2.1 in [14]).

Remark 3.1. The e-MHD can also be derived for dielectric constant limit € — 0 with fixed non
relativistic parameter vy from Vlasov-Maxwell system [2]. In our case the Debye length tend to zero
when speed of light c — oo, and can also be varied by choosing suitable characteristic velocity u..

3.2. The zero-energy limit of e-MHD
We consider the zero-energy limit of e-MHD. We let @ — 0 while letting other parameters be O(1),
which yields
divu® =0,
Ou® + (u® - Vyu® = —(E* + a*(u® X B%)) — u®,
VX BY=—-u® divB* =0,
?0,B* +VXE*=0, xeT3 >0,

(3.5)
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with initial data
t=0: " B")=@g,By), xeT. (3.6)

Similarly, the local existence of the above system is due to Proposition 2.1. By setting @ = 0, we
formally get the limiting system

O’ + - Vyu® = —E° — 0,
VxB’=—-u’ divB’ =0, (3.7
VXE’=0, divu’=0,

with initial data
u(x,0) = 1. (3.8)

We will rigorously prove the limit from (3.5) to (3.7) in Section 4.

3.3. The combined zero-energy and quasi-neutral limit of Euler-Maxwell system
In this subsection, we study the combined limit 4 = @ — 0 while letting other parameters be O(1).
This yields
ont + div(n'ut) = 0,
out + Wt - Vyut + V(') = —(E* + 2>(u* x BY)) — ut,

3.9
AO0,Er -V x Bt =n'ut, AdivE'=1-nt, (39)
APOB'+VXE'=0, divB'=0, xeT3 >0,
and the initial data
(', u, EL, BY(t = 0) = (nd,ul, E}, BY), xeT°. (3.10)

By Proposition 2.1, let (n', u*, E*, BY) be the local smooth solution of (3.9)—(3.10) for 4 > 0. We now
wish to look for an approximation of solution under the form of a power series with respect to 4. We
assume the initial data (n3, uj, E;, By) admit the following asymptotic expansion in A:

(n, w3, B3, BY(O,x) = ) AV, i, BB, xeT,
720

where (ﬁj ,i/,E!, B/ ) _, are sufficiently smooth. Then we make the following ansatz:
j=

(nt, ut, E*, BY(t, x) = Z Al u, El, B, x), t>0, xeT°. (3.11)
=0

By substitution of expansion (3.11) in (3.9), we obtain
(1) The leading profile satisfy the following system incompressible Euler equations with magnetic curl

O’ + (- Vyu® = —E° — 0,
VxB’=-4°, divB’ =0, (3.12)
VXE’=0, divu®=0,
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with initial data
t=0: @’ B = (i, By). (3.13)

Since V x E = 0, there exists a potential function ¢ such that E° = —V¢°. The proof of the existence
for (3.12)—(3.13) is similar to that of an incompressible Euler system in [10]. Namely there is a unique
local smooth solution (u°, E°, B®) satisfying the following compatibility condition

Vx B =-i E% =0)=-0,a° + (i1y - Vi’ + i°). (3.14)

(2) For j > 1, the profiles (n/,u/,E/,B’) are obtained by induction. =~ We assume that
(n*, uk, E*, B)o<1<;-1 are smooth and already determined in previous steps. Then (n/, u/, E/, B) satisfy
the linear system

. ) . j-1 .
on/ + divin®u/ + n/u®) = = Y div(n*u/*),
k=1
ol + - Vyul + (- Vyu® + V (W (nOn?) + EV + u
Jj-1 . . j-1 .
= - kZ " - Vyu™ + V(= (n*)iejo1)) — kZ uk x BTk, (3.15)
=1 =0
Vx El =-§,B/!, div E/7! = —n/,

. . J . .
VX B =0,E" + Y mu*), divB/ =0,
k=0

with initial data
t=0: 0, w,E B =@, E, B, x €T, (3.16)

The enthalpy function 2% = 0 and 42/~ depend only on (n")o<<;-1 and are given as

h (Z /l2jnj] = h(n®) + I (n°) Z in 4 Z PN ejon), 2 2.

720 j>1 j>2

Since divB’ = 0, there exists a vector function ¢ such that B/ = —Vxy/. The equation VXE/ = —3,B/~!
in (3.15) becomes V x (E/ — d/~!) = 0 . It follows that there exists a potential function ¢’ such that
EJ is obtained as

E/ oy’ = -V¢'.

The last two equations of (3.15) imply that B/ satisfies linear curl-div system. Then, due to Lemma 2.2
and Proposition 2.2, (3.15) is solved if the following compatibility conditions are satisfied.

al =divE"™", E/=-V$;0,)+0y;-1(0,)), B =B0,). (3.17)
Here we summarize the above analysis as follows.

Proposition 3.1. Assume (#/,i/,E/,B’);zg € C™(T°) be the smooth initial data satisfying the
compatibility conditions (3.14) and (3.17), i° > n for some n > 0. Then there exists a time T, > 0,
such that the problem (3.12)—(3.13) and (3.15)—(3.16) have a unique smooth solutions
(n/,ul, E/, B)) ;5o defined on [0,T.] X T?. In particular, the formal limiting system of combined
zero-energy quasi-neutral limit A = @ — 0 in (3.9) is the incompressible Euler system with magnetic
curl (3.12)—(3.13).

AIMS Mathematics Volume 4, Issue 3, 910-927.



919

3.4. The zero-energy limit of Euler-Maxwell system
We now treat the zero-electric-energy limit @ — 0 in (1.4) while letting all the other parameters be
O(1). This yields
on® + div(in®u®) = 0,
Ou® + w® - V)u® + Vh(n®) = —(E* + &*(u® x BY)) — u?,

: (3.18)
O,E* -V x B* = n®u®, divE® =1-n°,
a’9,B* +VXE*=0, divB*=0, xeT, >0,
and the initial data
t=0:n"u",E* B*) = (ng,ul,E},BY), xeT. (3.19)

By Proposition 2.1, let (n%, u®, E*, B*) be the unique local smooth solution of (3.18) for @ > 0. We
wish to look for an approximate solution under the form of a power series. We assume that the initial
data admit the following asymptotic expansion with respect to a.

(ng, uf, Eg, B0, %) = > o?(@, i, B/, B))(x),  xeT,
Jj=0

where (ﬁj i/, E/, B/ )j>0 are sufficiently smooth. Then we make the following ansatz:

(n®, u®, E%, BY)(t, x) = Z oAl EN B, x), t>0, xeT. (3.20)
720

By substitution of expansion (3.20) in (3.18), we obtain
(1) The leading profile satisfies the following

on° + div(n®u®) = 0,

O’ + (U - V)u® + Vh(n®) = —E° — Bu®,
V x B = —n%° + 9,E°, divB’ =0,
VXE'=0, divE’=1-n°,

with initial data
t=0:@%u’ E® B = @, a° E°, BY).

Since E? is irrotational, there exists a potential function ¢°, such that E° = —V@¢°. Then the above
system becomes the following Euler-Poisson system

0,n° + div(n®u®) = 0,

O’ + (U - V)u® + Vh(n®) = V¢© — 10, 3.21)
Ag® =n —1.
with the initial data
t=0:m"u’ = @, a°). (3.22)
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Due to [7], (3.21) is solvable at least locally. The electric and magnetic fields are obtained from the
following equations,
E°=-V¢’, VxB =9,E°-n"’, divB’=0,

in which the following compatibility conditions should be satisfied.

E? = =V¢y(0, x),
Ago(0,x) =7’ — 1, m(¢") =0, (3.23)
VxB=9,E° - divB°=0, m(B°) =0,

(2) For j > 1, the profiles (n/,u’, E/, B’) are determined by induction. Assume that solution

(n*,u*, B*, E*¥) for 0 < k < j — 1 are smooth and already determined in previous steps. Then the
solution (n/, u/, B/, E') satisfy the following linear system

. ) ) J=1 )
on! + divin®u/ + n/u®) = = Y div(n*u/*),
k=1
Ol + (- Vyu + (! - Vyu® + V (I () ) + E7 +
. o

J-1 . . .
== 2" - VU™ = V(T (0 Nejo) — 2wk x BT, (3.24)
J
k=1 k=0
VX E = —G,Bj‘l, div E/~! = —n/,

. o J . .
VX Bl =8,E + 3 (ui™*), divBi =0,
k=0
together with initial data
t=0:w,u,E',B)) =@ u,E B. (3.25)
The enthalpy function 2° = 0 and 42/~ depend only on (n")o<<;-1 and are given as
h [Z afzjnj) = h(n®) + I (n°) Z o¥ind + Z PN Yer), G220
720 =1 =2

As we have done to (3.15), electric and magnetic field can be given as follows, namely there exist ¢/
and v/, satisfying

EJ = a[lr//j_l - V(pj’
L2AG = 8, divyi~" — i,

then (3.24)—(3.25) can be solved if the following compatibility conditions are satisfied.
Fl = 5t¢j—1(0, ) = V0, ), B = B/(0,"). (3.26)
We summarize the above analysis as follows

Proposition 3.2. Assume (i/,it/,E/,B/);59 € C>(T°) be the smooth initial data satisfying the
compatibility conditions (3.23) and (3.26), i’ > n for some n > 0. Then there exists a time T, > 0,
such that the problem (3.21)—(3.22) and (3.24)—(3.25) have a unique smooth solutions
(n/,u’, E/, Bj)jzo defined on [0, T.] x T3. In particular the limiting system when a — 0 in (3.18) is the
Euler Poisson system with magnetic curl (3.21).
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3.5. The quasi-neutral limit of Euler-Poisson system
We now treat the quasi-neutral limit 4 — 0 of Euler-Poisson system with magnetic curl, while
letting all the other parameters be O(1). This yields
ont + divin'ut) = 0,
out + W' - Vu' + Vh(n') = Vo' — u?,

3.27
LAt =nt -1, ( )
V x Bt = n*ut + 220,V¢t, divB' =0,
with the initial data
t=0: @' u',¢", BY) = (ny, uy, ¢, By). (3.28)

Setting 4 = 0 in (3.27), we have the following incompressible Euler equation with magnetic curl

n’ =1, divu® =0,
O’ + (U - Vy)u® = Vg? —u, (3.29)
VxB=-u’, divB’ =0,
with the initial data
t=0:@w’ B =@ B%. (3.30)

The local existence of (3.27)—(3.28) and (3.29)—(3.30) is due to [7] and Proposition 2.2. The asymptotic
expansion is similar to that in [12] except for a linear div-curl equation with respect to the magnetic
field B, which one can use the same procedure to get through previous subsections.

4. Rigorous justification of incompressible Euler system with magnetic curl as a limit of e-MHD

This section is devoted for rigorous derivation of incompressible Euler system with magnetic curl
as a limit of e-MHD system (1.6). The singular parameter @ — 0 in e-MHD when thermal energy is
much greater than electric energy. The justification is based on the asymptotic analysis and a-weighted
magnetic energy. By using asymptotic expansion of solution, we get system of equations for different
order of singular parameter «. It is remarked that higher order asymptotic expansion are crucial for
energy bound otherwise by zero order profile of asymptotic expansion, we obtain the boundedness of
norm |[(B* — B%)||ys only as a — 0.

4.1. Formal expansion

The local existence of (1.6) is due to Lemma 2.2 , the introduction of the general vorticity and
Proposition 2.2. To this end , we want to look for an approximate solution (u*, B*) to (1.6). Assume
the initial data admit an asymptotic expansion with respect to «,

(", E", B)0,%) = ) o®(@, E', B)(x),

720
where (it/, E/, B) ;5 are sufficiently smooth, and the following ansatz:

W, E”, BY)(t, x) = Z Pl EY, Bt x). 4.1)
=0
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Substituting the above into (1.6), we obtain
(1) The leading profile (u°, B, E°) satisfy the following incompressible Euler equation with magnetic
curl

divu’ =0,

O’ +u’ - Vu® = —E% — 40,

4.2

Vx B’ =-u’, divB’ =0, 2

VX E®=0,
with initial data

u(x,0) = @, (4.3)

in which B satisfies

Vx B =-i,  divB, =0. (4.4)
Since V x E° = 0, there exists a potential function such that E° = —V¢°. Then the local existence of

(4.2) is obtained due to Proposition 2.2.
(2) For j > 1, the profiles (u/, B/, E/) are obtained by induction. Assume that (u*, B¥, E*)oq<,-1 are
smooth and already determined in previous steps. Then (u/, B/, E’) satisfy the following linear system

divu’ =0,

) J . ol ) .
o + YWk -V~ =-E/ - ¥ uF x B —
k=0 k=0 4.5)

VX B =—-u/, divB/ =0,
V X E/ = —6,Bj_1.

with the initial data
t=0: W, B E) = @@, B, E. (4.6)

Since B/ is divergence-free, then there exists a vector potential function such that B/ = =V x y/. By
the third equation in (4.5), we have

VX (E' -dy™ ) =0.
This implies there exists a potential function ¢/ such that E/ is given as,
E/ = -V¢' ' + 0,7,
where (E/, B/) satisfy the following compatibility conditions,
El=-V¢/t=0)+0y' '(t=0), VxB =a/, divB'=0. 4.7)
Proposition 4.1. Assume that the initial data (iW/, B/, E') are sufficiently smooth, then there exist the

unique smooth profiles (u/, B/, E’) j>0 to the problem (4.2)~(4.3) and (4.5)—(4.6) in the time interval
[0, T.]. In other words, there exists a unique asymptotic expansion up to any order of the form (4.1).
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4.2. Error estimates and main result

Let m € N be a fixed integer and (u“, B*, E“) be the exact solution to (1.6) defined on [0, T{']. We
set

(s, By, Eg) = ) @), B, EY),
j=0

where (u/, B/, E/)o< <y are constructed through the previous steps. When & — 0, we wish to establish
the limit
(u(l’ B(I’ E(l/) _ (M(I,B::,l, E(l/) N 0-

m m

The remainders (R}, R}) are defined as follows.

O’ + (u® - V)u® + E® + a*(u® x B%) + u® = RC,
(4.8)

a?d,B% + V X E2 = o*R%,.

It is clear that the convergence rate depends strongly on the order of the remainders with respect to a.
Since the profiles (u/, B/, E’) are sufficiently smooth, a straightforward computation gives

sup [I(Ry, Rpll; = O@*™*D), (4.9)

B
0<t<T,
whereas R} = a’RS,.
Our main result is stated as

Theorem 4.1. Let s > 3 and m € N be integers. Assume
(g — u,,(0, ) + a(By — B, (0, )lls < C1a2mD,

where Cy is a constant independent of a. Then there exists a constant C, > 0, which depends on T but
not on a, such that as @ — 0 we have T > T. and the solution (u”, E, BY) to the periodic problem
(1.6) satisfies

Sup (lu® (1) = u (D2 + 1B (1) = By (DIIF) < Ca*™*D. (4.10)
€l0.T.]

4.3. Rigorous justification of limit

Let
T35 = min(T}, T.),

then the exact solution (1%, E%, B*) and the approximate solution (u;,, E, B, ) are both defined in time
interval [0, T5]. In the interval, we denote

(U*, F*,G* = " - u,,E* - E,,B* — By),
which satisfy

JU” + [(U" +u2) - VIU" + U
= —F — @*(U® x (G + B%) + u%, x G%) — U - Vu? — R?, 4.11)
a@?9,G* +V X F* = —a’R3,
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with the initial data
t=0:(U"G") = (uy — u,(-,0), By — B,,(-,0)). 4.12)

Furthermore, U® and G* satisfy the following relation
U*=-VxG°, divG® =0, divU"=0.
From now on for simplicity, we denote

we = (U aGY),
(U, Fy,GY = (0.U% 0 F*,0'G") with 1eN’] |[|<s.

Lemma 4.1. (L*-estimate) For all 0 < T < T, it holds

T T
WD) + f U @IPdr < CIWO)II” + Cf IWe@IPdT + Ca™™*P. (4.13)
0 0

Proof. Taking the inner product of the first equation in (4.11) with U?, and using integration by parts,
we get
ld v v a a @ a 2/ @ a (1
EE(U(’U()-l_(U U= — (FLUY—a (u), x G, U%)
- (U Vyu,,U") — (R, U"). (4.14)
We will treat the four terms on the right hand side term by term. First by using vector identity we get,
div(F XxG) =VXF*-G*"-F*-VxG°,

and the rest three terms have the following estimates

< C(leG"IP +IU"|) + Ca*™*".

[~a?(u5, x G*, U) = (U - V)uy, UY) = (R}, U”)
Combining the above two estimates and using (4.14), one obtains

1d a2 a2 1] a a2 a2 4(m+1)

3 7 VAP HNUAIRE < (B V X GF) + Clle G + IUFIF) + Ca

Similarly, taking the inner product of the second equation in (4.11) with G%, using Cauchy-Schwarz
inequality, we have

1d
SZlIGIIP + (VX F,G") < 0GP + Ca*"*.
Adding the above two inequalities, and integrating over [0, 7'] yield (4.13). 0.

Lemma 4.2. (Higher order estimates) For all0 < T < T¥, it holds
T T
IWe (D2 + f U (@)l2dT < WO + Cf (1 + (W @IDIW@l2dT + Ca*™D,  (4.15)
0 0

where W' = (U}, aGY).
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Proof. Apply &' to (4.11), we obtain

3
i=1

4.16
a*0,GY + V X F = a*0\RS, (10
U =VxGY, divGy =0,
whereas,
01 = —-[U" +u,)-VIU/,
0, = [(U" +up)- VU] = AU + uy) - VIUY,
Q3 = —a%0[U" x (G” + B%) + u®, x G*] — &' [(U” - V)ul, + a*R%].
Taking L* inner product with U?* of first equation in the system above, we have
1d :
EE(U;’, unH+UnUN) = —(F,VXG))+ [Z 0, U;’]. 4.17)
i=1

We will treat the right hand side of the above inequality term by term. First, using the second equation
in (4.16), we have

1d
—~(F!,VXG!)=(VXF!GY) = _EE”“GW +(a’0.R%, U,

in which
(@?dRG, U] < CIIW?|IS + Ca*™*D.

Then using Cauchy-Schwarz inequality, Moser-Type calculus inequalities in Lemma 2.1, we have

(01, UMl < CIWI2,

102, UNI < CUVWU + )=t IVUNls=t) 1ULI
< C(L+(IWlDIWeE,

105, Ul < CA+ IWIWZ + Ca*™ .

Combining the four estimates above and using (4.17), we have
ld a2 a2 1% 1% 2 4(m+1)
5 7 Wi+ IU7IF < €A + IWE@OIMWH @IS + Ca
Integrating over [0, 7] and adding for all 0 </ < s yields (4.15). O

4.4. Proof of Theorem 4.1

We introduce an energy functional,
ORI AG
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Then it follows from (4.15) that there exists a @ > 0 depending only upon T2, such that for any
O<a<a’andany 0 <t < T2,

I'(r) < CT(0) + C f (VL&) + DI(E)dE + Ca*mD,
0

Then Gronwall’s inequality and the fact ['(0) < Ca*™*! imply there exists a sufficiently small a® >0
such thatforall0 <@ <e®and 0 <t < T¥,

[(7) < Ca*mD,

which completes the proof. m|
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