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1. Introduction and preliminaries

Banach contraction fundamental was an authority and a reference for many researchers through the
last decades in the field of nonlinear analysis, it was used to establish the existence of a unique solution
for a nonlinear integral equation [4]. In 1989, Bakthtin [3] initiated the motif of b-metric space after
that Czerwik in [7, 8] defined it such as current structure which is considere generalization of metric
spaces. The complex valued b-metric spaces concept was introduced in 2013 by Rao et al. [13], which
was more general than the well-known complex valued metric spaces that were introduced in 2011
by Azam et al. [2] which proved some common fixed point theorems for mapping satisfying rational
inequalities which are not worthwhile in cone metric spaces [1,10,11,16]. Sundry authors have studied
and proved the fixed point results for mappings with satisfying different type contraction conditions in
the framework of complex valued metric (b-metric) spaces(see [5,6,9,13,17]).

The main purpose of this paper is to present common fixed point results of four self-mappings to


http://www.aimspress.com/journal/Math
http://dx.doi.org/10.3934/math.2019.3.1019

1020

satisfy a rational inequality on complex valued b-metric spaces. and we establish the existence and
the uniqueness of a common solution for the system of Urysohn integral equations. Also we prove the
existence and the uniqueness of solution for linear system in complete complex valued b-metric space.
In [2] the authors introduced the notion of complex-valued metric space and obtained a common fixed-
point theorems of contraction type mappings using the partial inequality in a complex-valued metric
space.

To do so, let us recall a natural relation < on C, the set of complex numbers as follows: let z;,z, in C

21 < 22 © Re(z)) < Re(zz) and Im(zy) < Im(z,)

71 < 2o © Re(z;) < Re(zp) and Im(z;) < Im(zy)
In [2], the authors defined a partial order relation z; < z; on C as follows:
71 S 2o if and only if Re(z;) < Re(zy) and Im(z;) < Im(zy).

As aresult, one can infer that z; < z, if one of the following conditions is satisfied:

(i) Re(zi) = Re(z2), Im(zy) < Im(zp),
(i1) Re(z1) < Re(zz), Im(z;) = Im(z,),
(iii) Re(z1) < Re(z2), Im(z1) < Im(zy),
(iv) Re(z1) = Re(z2), Im(z) = Im(z).

In (1), (i1) and (ii1) we have |z;| < |z;|. In (iv) we have |z;| = |z5|, so that, |z;| < |z;| In particular, z; < 2,
if z; # z, and one of (i), (ii) and (iii) is satisfied. In this case |z;| < |z2|. We will write z; < z, if only
(iii) is satisfied. Further,

0 3 zs=luakklzl,
<

21 and zp < 73 = 71 < 23.

In [2], the authors defined the complex-valued metric space (X, d) in the following way:

Definition 1.1. Let X be a non-empty set. A mapping d : X xX — C is called a complex valued metric
on X if the following conditions are satisfied:

(@) 0 3d(x,y) forall x,y e Xand d(x,y) =0 x =y,
(b) d(x,y) =d(y, x), for all x,y € X,
(¢) d(x,y) 3d(x,2)+d(z,y) forall x,y,z € X.
Then d is called a complex valued metric in X, and (X, d) is a complex valued metric space.

Example 1. Let X = C define the mapping d : X X X — C by:

- m
dzi,2) =lz—z221€’, 0e ]0, 5[
Then (X, d) is a complex valued metric space.

Definition 1.2. [13] Let X be a nonempty set and let s > 1 be given real number. A mapping d :
X xX X — Cis called a complex valued b-metric on X if the following conditions are satisfied:
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(@) 0 <sd(x,y) forall x,y e Xand d(x,y) =0 x =y,
(b) d(x,y) =d(y, x), for all x,y € X,

(¢) d(x,y) 3 sld(x,2) + d(z,y)] forall x,y,z € X.

Then (X, d) is a complex valued b-metric space.

Example 2. [13] Let X = C define the mapping d : X x X — C by:
dz,2)=lz -2 P +ilz -2 forallz,zeX

Then (X, d) is a complex valued b-metric space with s = 2.

Definition 1.3. [13] Suppose that (X, d) is a complex valued b-metric space and {z,} is a sequence in
X and z € X then

(i) We say that a sequence {z,} converges to an element z, € X if for every 0 < ¢ € C, there exists an
integer N such that d(z,,z9) < c for all n > N. In this case, we write z,, — 2.

(ii) We say that {z,} is a Cauchy sequence if for every 0 < ¢ € C, there exists an integer N such that
d(z,,zm) < cforall n,m > N.

(iii) We say that (X, d) is complete, if every Cauchy sequence in X converges to a point in X.

Definition 1.4. Let S and T be self mappings of a nonemplty set X. If w = Sz = Tz for some 7z in X,
then z is called a coincidence points of S and T and w is called a point of coincidence of S and T.

Definition 1.5. [I5] Let S and T be a self-mappings of a complex valued metric space (X,d). The
mappings S and T are said to be compatible if:

limd($Tz,, TSz,) =0,

n—oo

whenever {z,} is a sequence in X such that:

limSz, =limTz, =t for somet € X.

n—oo n—oo

Definition 1.6. [I12] Let S and T be self mappings of a nonemplty set X. S and T are said to be
weakly compatible if they commute at their coincidence points, i.e, Sz = Tz for some z in X implies
that STz =TSz

Definition 1.7. A matrix norm induced by vectors norms is given by:

n
Al = max > la;| where A = (a;)i<ien € Ma(R)
sIisn
i=1

Example 3. Let X = C". A vector norm in a complex valued b-metric given by:

1

n 2

do(zw) = | D 1z = wil + iz = wil’)|

i=1

where z,w € X such that z = (zq,...,2,) and w = (wy,...,w,), then (X,d,) is a complex valued
b-metric space.
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Definition 1.8. [/4] defined the max function for the partial order relation by:
(i) max{z;, 22} =22 © 21 S 22,
(i) z1 s max{z1, 23} = 21 S22, 0r 21 S 23,
(iii) max{z;, 22} =22 © 21 S orlul <Lzl
Using definition (8) we have the following Lemma.

Lemma 1. [/4] Let z1,25,23.. € C and the partial order relation < is defined on C, the following
statements are achieve:

(i) ifz1 S max{zo, 23} thenz) S 22if 23 S 22
(ii) if z) < max{zy, 23,24} then z; 3 2o if max{z3, 4} < 22,
(iii) if 71 S max {22, 23, 24, 25} then 71 3 2o if max {z3, 24,25} S 22, and so on.

2. Main results

In this section, we prove common fixed point theorem for four mappings in a complete complex
valued b-metric spaces using rational type contraction condition and we give some examples. Our first
new result is the following:

Theorem 2.1. Let (X,d) be a complete complex valued b-metric space and S,T,P,Q : X — X be a
self mappings satisfying the conditions:

C,SX)cOX)and T(X) Cc P(X),

Cyd(Sz,Tw) 3 S%R(z, w),if s> 1and A € (0,1) forall z,w € X where

R(z,w) = max{d(Pz,Ow),d(Pz,52),d(Ow,Tw),

1 d(Pz,Sz2)d(Qw, Tw)
E[a’(Qw, Sz2)+d(Pz, Tw)], I+ d(Pz.Ow)

Cj the pair (S, P) is compatible and the pair (T, Q) is weakly compatible,

Cy either P or S is continuous.
Then S,T, P and Q have a unique common fixed point in X.

Proof. Let zy € X be arbitrary. From the condition Cy, there exist z;, 2, such that wy = Qz; = Szp and
wy = Pz, = Tzy. We can construct successively the sequences {w,} and {z,} in X as follows:

W, = Q2opr1 = S2op and Wy = P2opin = T2ops1 (2.1)

Using (2.1) in C, we get:

A
dWan, Wans1) = d(S 2o, T2op41) 3 ;R(sz@m),

where

R(zon, 22n+1) = max{d(Pzan, Q2on+1), d(P2on, S 221), d(Q2on+1, TZon+1),
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1
E[d(QZ2n+l’ SZZn) + d(PZZn» TZZn+l)]a

d(Pz2, S 20,)d(Q22n+1, T22n41)

}
1 + d(Pzan, Qzon+1)
= max{dWan—1, Wan), dWan—1, Wan), dWap, Wan+1),

1
E[d(wzm Wan) + d(Wap_1, Wans1)],

d(Wan—1, Wan)d(Woy, Wops1)

1 + d(WZn—l, WZn) }’
we have:
1
Ed(WZn—l’ Wont1) S E[d(WZn—l, W) + d(Wop, Wap1)] (2.2)
3 max{d(wan—1, Wan), d(Wan, Waps1)}

and we have
dWan-1,wan) 3 1 +dwap_1, wa),
which is implies
d(WZn—l ) WZn)d(WZn’ W2n+1)
I+ d(WZn—la W2n)

< dWan, Wans1), (2.3)

from (2.2) and (2.3) we get:

R(z2n, 22n+1) = max{d(wWa,—1, Wan), d(W2y, Wapi1)}

with )
d(Wans Wons1) = d(S 220, TZ2n11) 3 ;R(Z2n7Z2n+l)-
If
R(z21, 22n+1) = d(Wap, Wont1),
then,

A A
d(Wan, Wane1) S —d(Wap, Wani1), therefore (1 - —z)d(Wzn,Wan) 30,
s $

which is a contradiction, since A4 € (0, 1), s > 1. We conclude that d(w,,, Wo,1) 3 Sizd(wz,,_l , Wo).
Similarly we get d(wani1, Wans2) 3 j_zd(WZna Wons1).
It follows that

1 n
d(Wn, Wn+l) s _zd(wn—l» Wn) S 3 (_2) d(WO» Wl),
S S

which implies
A n
A W) < SldOr 1wl < -+ < (%) IdOwo w)l,
S h)

for m < n we have:
/l n n+1 n+2
Aol < 5(5 ) 1dovowol+ 57 () dovo,wl+5* () v, wl +
) ) S
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m—

/1 m-2 /l 1
o (S) ool + 8 (5) v w)

m—n

"yl i+n—1
= 2(5) ol
- S

i=1
Therefore,

m—1

m-n 1 i+n—1 1 t
dorwnl < 35 (S) T Wdowwol = 3 o (5) 10, w),

2
i=1 $ t=n

IA

IA

ld(wo, wi)l,

[

iltdwowl = (%)n
> (%) o, w) 09

i s

hence, )
(%)
(1-4)

Thus, {w,} is a Cauchy sequence in X. Since X is complete, so there exists some u € X such that
w, — u as n — oo, For its sub-sequences we also have Qzp,.1 — u,S2, — u,Pz,,1 — u and
Tz, = u

from C, if P is continuous

as P is continuous, then PPz, — Pu and PSz,, — Pu, as n — oo. Also, since the pair (S, P) is
compatible, this implies that S Pz, — Pu. Indeed,

|d(Wn, i)l <

|[d(wg, wi)] = 0 asn — oo.

d(S Pzon, Pu) 3 s[d(S Pzon, PS 224) + d(PS 224, Pu)].

So,
|d(S Pzy,, Pu)| < s|d(S Pz, PS 22,)| + s|d(PS zp,, Pu)| = 0asn — oo,

We prove Pu = u. On the contrary we suppose that Pu # u
d(Pu,u) < sd(Pu, S Pz2,) + $°d(S Pzan, Tzons1) + S°d(T 2ops1, 1).
using C, with z = Pzp,, w = 2p,41, WE get:
d(S Pzon, Tzan11) S AR(P22n, Z2011),

where

R(Pz2,, Z2n+1) max{d(PPz,, Qzon+1), d(PP22,, S P22,), d(Q2on+1, T Z2n41),

1
E[d(PZerl’ SPZZn) + d(QPZZna TZ2n+l)],
d(PPzy,,S P22,)d(Qzon+1, T Z2n+1)

1 +d(PPzy,, Qz2n+1)

I3
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let n — oo we get:

R(Pu,u) = max{d(Pu,u),d(Pu,Pu),d(u, Pu),
1 d(Pu, Pu)d(u,u)
E[d(Pu, Pu) + d(Pu, u)], T+ dPa.) } = d(Pu, u).

Further,
A
ld(Pu, w)| < —|d(Pu, u)l.
s

So, (1- é)ld(Pu, u)| < 0, which is a contradiction that is |d(Pu, u)| = O then Pu = u.
We prove Su = u. On the contrary we suppose that Su # u

d(Su,u) 3 sd(Pu, Tzpn41) + sd(T 22041, 1).

Using C, with z = u, w = 25,41, we get: d(Su, Tzp,41) 3 S%R(u, Zon+1) Where

R(u, z200+1) = max{d(Pu, Qzn+1), d(Pu,Su),d(Qzon+1, T22n+1),
1
E[d(QZZrHI, Su) + d(Pu, Tz2441)],

d(Pu, S u)d(Qzon+1, T2on+1)
1 +d(Pu, Qz2n+1)

b

let n — co we get:

R(u,u) = max{d(u,u),du,Su),du,un),
d(u, Su)d(u, u)

1
E[d(u, Su)+ d(l/t, u)l, T(u,u)} = d(S u,u).

Then, d(Su,u) < S’l—zd(S u,u), further, [d(Su,u)] < éld(S u,u)|, which is a contradiction that is
|d(Su,u)] = 0 then, Su = u. We prove Qu = Tu, as S(X) C Q(X), so there exists v € X such that
u = Su = Qv. First, we shall show that Qv = T'v for this we get:

diov,Tv) =d(Su,Tv) 3 %R(u, V)

where,
R(u,v) = max{d(Pu, Qv),d(Pu,Su),d(Qv,Tv),
1 d(Pu, Su)d(Qv, Tv)
E[d(Qv, Su)+ d(Pu,Tv)], T+ d(Pu. OV)
then,

R(u,v) = max{d(Qv, Qv),d(u,u),d(Qv,Tv),
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1 d(u, u)d(Qv, Tv)
E[d(Qv, Ov) +d(Qv, Tv)], 1+ d(Ov. Ov) }.

Then, d(Qv,Tv) < Sizd(Qv, Tv), further, |d(Qv,Tv)| < Sizld(Qv, Tv)|, which is a contradiction that is
|d(Qv, Tv)| = 0, then, Qv = Tv = u. As the pair (T, Q) is weakly compatible, so we have TQv = QTv
,therefore Qu = Tu.

We prove u = Tu, On the contrary we suppose that Tu # u,

A
du,Tu) =d(Su,Tu) 3 —2R(u, u),
Ry

where,
R(u,u) = max{d(Pu, Qu),d(Pu,Su),d(Qu,Tu),
1 d(Pu,Su)d(Qu, Tu)
E[d(Qu, Su)+ d(Pu, Tu)], 1+ d(Pu. Ou) 1,
then,

R(u,v) = max{d(u,Tu),d(u,u),d(Tu, Tu),

1 d(u, u)d(Tu, Tu)
E[d(Tu, u)+d(Tu, Tu)l, T+ dGn. Tu) }.

Then, d(u,u) = éd(u, u), further, |d(u,Tu)| < Sizld(u, Tu)|, which is a contradiction that is
|d(u, Tu)| = O then u = Tu.
Now we prove that Qu = u, On the contrary we suppose that Qu # u,, we have:

d(u, Qu) = d(Su, QTu) = d(Su, T Qu),

from C, we get:

d(u, Qu) = d(Su, TQu) 3 %R(u, Ou)

where,

R(u, Qu) = max{d(Pu, QQu),d(Pu,Su),d(QQu, T Qu),
1 d(Pu,Su)d(QQu, T Qu)
= max{d(u, Qu), d(u, u),d(Qu, Qu),
d(u, u)d(Qu, Qu)

1
5 1d(Qu, u) + d(u, Qu)], 1+ d(u. Ou) } = d(u, Qu).

Further, |d(u, Qu)| < j—zld(u, Qu)|, which is contradiction that is |d(u, Qu)| = O then u = Qu.
On conclude Su = Tu = Pu = Qu = u when P is continuous, we get the same results when S is
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continuous.
Now we prove the uniqueness, Let #* be another common fixed point of S, T, P and Q, then

Su"=Tu" =Pu" =Qu" =u"
Putting z = u,w = u* in C;, we get: d(u,u*) = d(Su, Tu*) 3 S%R(u, u*), where,
R(u,u”) = max{d(Pu, Qu"),d(Pu,Su),d(Qu", Tu"),
d(Pu,Su)d(Qu*, Tu*)

1 * *
E[a’(Qu ,Su)+d(Pu, Tu")], T+ d(Pu. Ow) }

= max{d(u,u”),d(u,u),du”,u"),

I ey A, wyd(u*, u)
SldG’,u) + d(u, )], 1+ duut)

Further, |d(u, u")| < éld(u, u*)|, which is a contradiction that is |d(u, u*)| = 0, which implies that u = u*.
Thus u is the unique common fixed point of §, 7, P and Q in X. O

Corollary 1. Let (X, d) be a complete complex valued b-metric space, if we put S =T and P=Q =1
with exceeding the max of the rest of terms, we confirm the inequality of contraction of T in the
complete complex valued b-metric space. So we get: d(Tz,Tw) 3 Sizd(z, w), where, 1 € (0,1),s > 1
forall z,w € X. Then, T have unique fixed point in X.

Example 4. Let X = [0.1], for all z,w € X. Defined : X x X — C a complex valued b-metric with
s =2 by:
dz,w) = e —w +ilz— w*.

Now define the mappings S,T,P,Q : X — X by:

2 2
Z Z Z Z
Si=gp Te=ggp P25, 0= 3,
212 212 212 712
z w z w 1 z w z w
dSzTw) = || -2 wil & oW e [1F o e ,
(52 1w) [32 8 T': 48] 256[2 31 T2 3}
212 212
Z w Z w
P = A S I
d(Pz, Ow) [2 3 12 3 },
1
d(Sz.Tw) = 5=d(Pz, QW)

Thus all the conditions of Theorem 2.1 are satisfied where A = 6—14 and s = 2. Then legibly 'O’ is the
unique common fixed point of the mappings S, T, P and Q.

Example 5. Let X = B(0,r),r > 1, forall z,w € X. Defined : X X X — C by:

[l oy
r u r u

AIMS Mathematics Volume 4, Issue 3, 1019-1033.
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a complete complex valued b-metric where I is a closed path in X containing a zero. We prove that d

is a complex b-metric with s = 2

d(z(u), w(u))

S —_
i
5 —_
2
2
s
{ 2

d(z(u), wu)) <

i| (2w w(u) [*
|l oy
o z(u) x(u) x(u) w(u)|*
ol Sl A ﬁ -5

i Z(u) x(u) |
i Sl oy
L

r r u
f z(u) f x(u)

r r
f z(u) f x(u)[?

r r
f z(u) f x(u)[?

r r

2{d(z(u), x(u)) + d(x(w), W(u))}

x(u) w(u) |
27r ﬁ ‘fFT
x(u) w(u)
fr f u |’
fx(u) fw(u) ?
r r u
f x(u) f w(u)|?
r r u
x(u) w(u)
el b

27T

27r

|

Now we define the mappings S,T,P,Q : X — X by:

. 1
Sz(u) = u, Tz(u) = €2, Pz(u) = " — 1, Qz(u) = u* + -

Using the Cauchy formula when the mappings S, T, P and Q are analytics we get:

d(S z(u), Tw(u))

d(Pz(u), Ow(u))

d(Pz(u), S z(u))

d(Qw(u), Tw(u))

d(Qw(u), S z(u))

d(Pz(u), Tw(u))
R(z(u), w(u))

Further,

0=d(Sz(u), Tw(u)) < 7r_/1z

AIMS Mathematics

i fu fe“—l’z_
2m B

2
i f fu+ tu (27r)2
2 r
i u
— | === =o,
27rj;u fru
ifu2+%u fe“—lz_o
2r|Jr  u r u -
2

max{2ni, 0} = 2mi.
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Thus all the conditions of Theorem 2.1 are satisfied then the mappings S, T, P and Q have a unique
common fixed point in X.

3. Application to integral equations

Our first new results in this section is the following:

Theorem 3.1. Let X = C([a,b],R"),a>0andd : X x X — C is defined as follows:

d(z,w) = max [lz) = w(wlls V1 -+ a2e".

u€l(

Consider the Urysohn integral equations

b
z(u) = f Ki(t,s,z(w)ds + g(u), (1)

b
Z(u) = f Ky(t, s, z(w)ds + h(u), 2)

where u € [a,b] CRandz,g,h € X.
Assume that Ky, K, : [a,b] X [a,b] X R" — R" such that F,,G, € X for each 7 € X, where

b b
F.(u) = f Ki(t,s,z(u))ds, G,(u) = f K>(t, s,z(u))ds for all u € [a,b].

If there exist s > 1, A € (0, 1) such that the inequality:

A W@ SRG W) 3.1)
where,
R(z,w) = max{D(z, w)(u), B(z, w)(u), C(z, w)(u),
3 BGwI) + ], 2o S
and

Az w)w) = |IF.) - G() + gu) — h@)| V1 + a2e™ ¢,

Bz, w)u) = llz(u) - F.(u) — gl V1 + a2e™ ',
Cizw)W) = |w) - G,u) — hw)|| V1 + a2 e,
D w)w) = llz(u) — ww)l| V1 + a2e™™ @,

holds for all z,w € X. then, the system of Urysohn integral equations has a unique common solution
in X.

AIMS Mathematics Volume 4, Issue 3, 1019-1033.
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Proof. Define §,T : X — X by:
Sz=F,+g,Tz=G,+h.

Then,
diSz,Tw) = urgs)bc] |F. (1) — G, (1) + g() — h(u)||oo VI + a2
d(z,529) = max lle(u) = F:) = g@lls V1 + %",
dw,Tw) = max W) — G, () — ()|l V1 + a2e™ e,

itan~!
d(z,w) = n}a)b(] llz(1) — w(t)||oo V1 + ale™na
u€la,

From assumption 3.1, for each u € [a, b] we have:

A

A
Az w)w) 3 Rz w)w),

A

% max{D(z, w)(u), B(z, w)(u), C(z, w)(u),

Bz, w)(u)C(z, w)(u)
1+ D w)(w)

1
5 [B@w)) + Cz, w)w)],

which implies that

i max max{D(z, w)(u), B(z, w)(u), C(z, w)(1),

S2 u€la,b]
1 B(z, w)(u)C(z, w)(u)
3 [B(z, w)(u) + C(z, w)(W)], T+ D))

A

max A(z, w)(u)
u€la,b]

A

A
= max{max D(z, w)(u), max B(z, w)(u),
R u€la,b] u€la,b]

1
max C(z, w)(u), =[ max B(z, w)(u) + max C(z, w)(u)],
u€la,b] 2 “uela,b] u€la,b]

maxue[a,b] B(Z’ W)(I/t) maxue[a,b] C(Z’ W)(I/t)
1 + maxyepqp) D(z, w)()

).

Therefore,

A
diSz, Tw) =3 Emax{d(z, w),d(z,S2), dw, Tw),

1 d(z, S2)dw, Tw)
> [dw,Sz2) +d(z, Tw)], T+ dew) ).

Thus all the conditions of Theorem 2.1 with P = Q = Ix are satisfied. Therefore, the system of
Urysohn integral equations has a unique common solution in X. O
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4. Application to linear system

In this section we give an application using the Corollary 1 in (X = C", d,) the complete complex
valued b-metric space where,

1
n 2

d>(z,w) = [Z (Izi = wil* + ilze = wil) |

i=1
Theorem 4.1. Let (X = C",d») a complex valued b-metric space where 7 = (21,...,2,)" € X and
w=Wwg,...,w) €X,ifB< % where,
a;; ifi#] ..
Bii=1" f ]. and ,B:max{ ,-,-},VISI,]Sn.
a;j+1 ifi=j '

then, the following linear system of n equations and n unknowns AZ = B has a unique solution.

anzy +apn+...+ a1z, = b1 ay ap ... ap 21 bl

azi +anz + ...+ i, = by az dxp ... dy 22 b,
S . .=

a1 +ap2 + ...+ auZ, = bn nl Qn2 --- Om Zn b”

Where z = (21,...,2,) € X and a;; € R where 1 < i, j <nandb,,b,,b, € C

Proof. Define T : X — X by Tz = (A + I)Z — B. for proving that linear system AZ = B have a unique
solution, its enough to prove that 7 is a contraction.

Since
] 1
n 2
(T2, Tw) = | > (T2 = (Tw)l +i|(Tz)i—(Tw>i|2)] ,
=1
[ n n 2 n 2 %
= Z[Zﬁij(Zj_Wj) +il Y Bz = w) ]] :
=1 \| =1 =1
where,
aij lfl ?5_] L.
= and 8 = max{B;i{,¥V1 <1i,j<n.
P {a,.,-+1 ifi=j P 18] /
Then,

2
+1i

n n n 2 %
dr(Tz, Tw) < [[Z 1122}§n,3,-2j](2(zj'—w1') Z(Zj_wj) ]] ,
i=1 T j=1 j=1
M

n n 2
Z(Zj_wj) Z(Zj_wj) )
j=1 j=1

AIMS Mathematics Volume 4, Issue 3, 1019-1033.

BI—=

1
2
s

2
+1i

A

(n6°)
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2
+1i

A

np

I

3

an(Zj - Wj)
j=1

nBdy(z, w).

Zn:(Zj - Wj)
j=1

So, we get finally that:

(T2, Tw) 3 nfday(z.w) or B = max {layl. lai; + 1| Y1 <i,j<n}.

We conclude that 7" is contraction mapping. by applying Corollary 1, the linear system has a unique
solution. O
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