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Abstract: In this paper, first we introduce the notion of a VB-Lie 2-algebroid, which can be viewed as
the categorification of a VB-Lie algebroid. The tangent prolongation of a Lie 2-algebroid is a VB-Lie
2-algebroid naturally. We show that after choosing a splitting, there is a one-to-one correspondence
between VB-Lie 2-algebroids and flat superconnections of a Lie 2-algebroid on a 3-term complex of
vector bundles. Then we introduce the notion of a VB-CLWX 2-algebroid, which can be viewed as
the categorification of a VB-Courant algebroid. We show that there is a one-to-one correspondence
between split Lie 3-algebroids and split VB-CLWX 2-algebroids. Finally, we introduce the notion of
an E-CLWX 2-algebroid and show that associated to a VB-CLWX 2-algebroid, there is an E-CLWX
2-algebroid structure on the graded fat bundle naturally. By this result, we give a construction of a
new Lie 3-algebra from a given Lie 3-algebra, which provides interesting examples of Lie 3-algebras
including the higher analogue of the string Lie 2-algebra.
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1. Introduction

In this paper, we study the categorification of VB-Lie algebroids and VB-Courant algebroids, and
establish the relations between these higher structures and super representations of Lie 2-algebroids,
tangent prolongations of Lie 2-algebroids, N-manifolds of degree 3, tangent prolongations of CLWX
2-algebroids and higher analogues of the string Lie 2-algebra.

1.1. Lie n-algebroids, Courant algebroids and CLWX 2-algebroids

An NQ-manifold is an N-manifold M together with a degree 1 vector field Q satisfying [Q, O] = 0.
It is well known that a degree 1 NQ manifold corresponds to a Lie algebroid. Thus, people usually think
that
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An NQ-manifold of degree n corresponds to a Lie n-algebroid.

Some work in this direction appeared in [54]. Strictly speaking, a Lie n-algebroid gives arise to an
NQ-manifold only after a degree 1 shift, just as a Lie algebroid A corresponds to a degree 1 NQ manifold
A[1]. To make the shifting manifest, and to present a Lie n-algebroid in a way more used to differential
geometers, that is, to use the language of vector bundles, the authors introduced the notion of a split
Lie n-algebroid in [52] to study the integration of a Courant algebroid. The equivalence between the
category of split NQ manifolds and the category of split Lie n-Lie algebroids was proved in [5]. The
language of split Lie n-algebroids has slowly become a useful tool for differential geometers to study
problems related to NQ-manifolds ([14, 24, 25]). Since Lie 2-algebras are the categorification of Lie
algebras ([4]), we will view Lie 2-algebroids as the categorification of Lie algebroids.

To study the double of a Lie bialgebroid ([42]), Liu, Weinstein and Xu introduced the notion of a
Courant algebroid in [35]. See [44] for an alternative definition. There are many important applications
of Courant algebroids, e.g. in generalized complex geometry ([8, 17, 22]), Poisson geometry ([33]),
moment maps ([9]), Poisson-Lie T-duality ([47, 48]) and topological field theory ([46]). In [34], the
authors introduced the notion of a CLWX 2-algebroid (named after Courant-Liu-Weinstein-Xu), which
can be viewed as the categorification of a Courant algebroid. Furthermore, CLWX 2-algebroids are
in one-to-one correspondence with QP-manifolds (symplectic NQ-manifolds) of degree 3, and have
applications in the fields theory. See [23] for more details. The underlying algebraic structure of a
CLWX 2-algebroid is a Leibniz 2-algebra, or a Lie 3-algebra. There is also a close relationship between
CLWX 2-algebroids and the first Pontryagin classes of quadratic Lie 2-algebroids, which are represented
by closed 5-forms. More precisely, as the higher analogue of the results given in [6, 13], it was proved
in [49] that the first Pontryagin class of a quadratic Lie algebroid is the obstruction of the existence of a
CLWX-extension.

1.2. VB-Lie algebroids and V\B-Courant algebroids

Double structures in geometry can be traced back to the work of Ehresmann on connection theory,
and have been found many applications in Poisson geometry. See [40] for more details. We use the word
“doublization” to indicate putting geometric structures on double vector bundles in the sequel. In [19],
Gracia-Saz and Mehta introduced the notion of a VB-Lie algebroid, which is equivalent to Mackenzie’s
LA-vector bundle ([38]). A VB-Lie algebroid is a Lie algebroid object in the category of vector bundles
and one important property is that it is closely related to superconnection (also called representation up
to homotopy [1, 2]) of a Lie algebroid on a 2-term complex of vector bundles. Recently, the relation
between VB-algebroid morphisms and representations up to homotopy were studied in [15].

In his PhD thesis [32], Li-Bland introduced the notion of a VB-Courant algebroid which is the dou-
blization of a Courant algebroid [35], and established abstract correspondence between NQ-manifolds
of degree 2 and VB-Courant algebroids. Then in [24], Jotz Lean provided a more concrete description
of the equivalence between the category of split Lie 2-algebroids and the category of decomposed
VB-Courant algebroids.

Double structures, such as double principle (vector) bundles ([12, 16, 26, 30]), double Lie algebroids
([18,37, 38, 39,41, 55]), double Lie groupoids ([43]), VB-Lie algebroids ([7, 19]) and VB-Lie groupoids
([7, 20]) became more and more important recently and are widely studied. In particular, the Lie theory
relating VB-Lie algebroids and VB-Lie groupoids, i.e. their relation via differentiation and integration,
is established in [7].
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1.3. Summary of the results and outline of the paper

In this paper, we combine the aforementioned higher structures and double structures. First we
introduce the notion of a VB-Lie 2-algebroid, which can be viewed as the categorification of a VB-Lie
algebroid, or doublization of a Lie 2-algebroid:

Lie 2-algebroid

catew)/7 ublization

Lie algebroid VB-Lie 2-algebroid.

categorificatio
doublization

VB-Lie algebroid

We show that the tangent prolongation of a Lie 2-algebroid is a VB-Lie 2-algebroid and the graded

fat bundle associated to a VB-Lie 2-algebroid is Lie 2-algebroid. Consequently, the graded jet bundle
of a Lie 2-algebroid is also a Lie 2-algebroid. In [19], the authors showed that a VB-Lie algebroid
is equivalent to a flat superconnection (representation up to homotopy ([1])) of a Lie algebroid on a
2-term complex of vector bundles after choosing a splitting. Now for a VB-Lie 2-algebroid, we establish
a higher analogous result, namely, we show that after choosing a splitting, it is equivalent to a flat
superconnection of a Lie 2-algebroid on a 3-term complex of vector bundles.

Then we introduce the notion of a VB-CLWX 2-algebroid, which can be viewed as both the dou-
blization of a CLWX 2-algebroid and the categorification of a VB-Courant algebroid. More importantly,
we show that after choosing a splitting, there is a one-to-one correspondence between VB-CLWX 2-
algebroids and split Lie 3-algebroids (NQ-manifolds of degree 3). The tangent prolongation of a CLWX
2-algebroid is a VB-CLWX 2-algebroid naturally. We go on defining E-CLWX 2-algebroid, which can
be viewed as the categorification of an E-Courant algebroid introduced in [11]. As a higher analogue of
the result that associated to a VB-Courant algebroid, there is an E-Courant algebroid [24, 31], we show
that on the graded fat bundle associated to a VB-CLWX 2-algebroid, there is an E-CLWX 2-algebroid
structure naturally. Similar to the case of a CLWX 2-algebroid, an E-CLWX 2-algebroid also gives rise
to a Lie 3-algebra naturally. Thus through the following procedure:

Lie  VBCLWX = E-CLWX | Lie
3-algebra 2-algebroid 2-algebroid 3-algebra,

we can construct a Lie 3-algebra from a Lie 3-algebra. We obtain new interesting examples, including
the higher analogue of the string Lie 2-algebra.

The paper is organized as follows. In Section 2, we recall double vector bundles, VB-Lie algebroids
and VB-Courant algebroids. In Section 3, we introduce the notion of a VB-Lie 2-algebroid, and
show that both the graded side bundle and the graded fat bundle are Lie 2-algebroids. The tangent
prolongation of a Lie 2-algebroid is a VB-Lie 2-algebroid naturally. In Section 4, first we construct
a strict Lie 3-algebroid End(&) = (End*(&), End™ (&), D(&), p,d, [, ]¢) from a 3-term complex of
vector bundles & : E_, NN E_; SN E( and then we define a flat superconnection of a Lie 2-algebroid
A = (A1, A0, 0,1}, 1, 13) on this 3-term complex of vector bundles to be a morphism from A to
End(E). We show that after choosing a splitting, VB-Lie 2-algebroids one-to-one correspond to flat
superconnections of a Lie 2-algebroid on a 3-term complex of vector bundles. In Section 5, we introduce
the notion of a VB-CLWX 2-algebroid and show that after choosing a splitting, there is a one-to-one
correspondence between VB-CLWX 2-algebroids and Lie 3-algebroids. In Section 6, we introduce
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the notion of an E-CLWX 2-algebroid and show that the graded fat bundle associated to a VB-CLWX
2-algebroid is an E-CLWX 2-algebroid naturally. In particular, the graded jet bundle of a CLWX 2-
algebroid, which is the graded fat bundle of the tangent prolongation of this CLWX 2-algebroid, is a
T*M-CLWX 2-algebroid. We can also obtain a Lie 3-algebra from an E-CLWX 2-algebroid. In Section
7, we construct a Lie 3-algebra from a given Lie 3-algebra using the theories established in Section 5
and Section 6, and give interesting examples. In particular, we show that associated to a quadratic Lie
2-algebra, we can obtain a Lie 3-algebra, which can be viewed as the higher analogue of the string Lie
2-algebra.

2. Preliminaries

See [40, Definition 9.1.1] for the precise definition of a double vector bundle. We denote a double
vector bundle
D-Z-B

with core C by (D; A, B; M). We use D® and D* to denote vector bundles D — Band D — A
respectively. For a vector bundle A, both the tangent bundle TA and the cotangent bundle 7*A are
double vector bundles:

TA——TM T°"A—— A"

A morphism of double vector bundles
(@5 fa f53 fu) - (D3 A, B; M) — (D", A", B's M)

consistsof maps ¢: D —» D’, f4 : A > A’, fg: B—> B, fiy : M — M’, such that each of (¢, f3), (¢, f1),
(fa, fu) and (fp, fir) is a morphism of the relevant vector bundles.

The space of sections I'z(D) of the vector bundle D? is generated as a C*(B)-module by core sections
I'3(D) and linear sections Fg(D). See [41] for more details. For a section ¢ : M — C, the corresponding
core section ¢’ : B — D is defined as

CT(bm) = Obm +4 c(m), YmeM, bm € B,

where ~ means the inclusion C < D. A section ¢ : B — D is called linear if it is a bundle morphism
from B - M to D — A over a section X € I'(A). We will view B* ® C both as Hom(B, C) and
Hom(C*, B*) depending on what it acts. Given ¢ € I'(B* ® C), there is a linear section i/ : B — D over
the zero section 04 : M — A given by

Y (bi) = O, +4 Y(bn).

Note that I“;(D) is locally free as a C*°(M)-module. Therefore, FIB(D) is equal to ['(A) for some vector
bundle A — M. The vector bundle A is called the fat bundle of the double vector bundle (D;A,B; M).
Moreover, we have the following short exact sequence of vector bundles over M

05 B 0C —A-5A450. 2.1)
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Definition 2.1. ([19, Definition 3.4]) A VB-Lie algebroid is a double vector bundle (D; A, B; M)
equipped with a Lie algebroid structure (D?, a, [+, -]p) such that the anchor a : D — T B is linear, i.e.
a:(D;A,B;M) — (TB;TM, B; M) is a morphism of double vector bundles, and the Lie bracket [-, -]p
is linear:

[[(D), Tp(D)p € T(D), [Ty(D),T5(D)]p € Ty(D), [T4(D),T4(D)]p = 0.

The vector bundle A — M is then also a Lie algebroid, with the anchor a and the bracket [-, -]4
defined as follows: if &,&, are linear over X;,X, € I'(A), then the bracket [£,&;]p is linear over
[X1, X>2]a-

Definition 2.2. ([32, Definition 3.1.1]) A VB-Courant algebroid is a metric double vector bundle
(D; A, B; M) such that (D3, S, [-,-] , p) is a Courant algebroid and the following conditions are satisfied:

(1) The anchor map p : D — T B is linear;

(i1) The Courant bracket is linear. That is

[T3(D), TR(D)] € Tp(D), [TH(D),TyD)] cTHD), [I4D),[ED)] =0.

Theorem 2.3. ([32, Proposition 3.2.1]) There is a one-to-one correspondence between Lie 2-algebroids
and I\B-Courant algebroids.

3. VB-Lie 2-algebroids

In this section, we introduce the notion of a VB-Lie 2-algebroid, which can be viewed as the
categorification of a VB-Lie algebroid introduced in [19]. First we recall the notion of a Lie n-algebroid.
See [28, 29] for more information of L.-algebras.

Definition 3.1. ([52, Definition 2.1]) A split Lie n-algebroid is a non-positively graded vector bundle
A=A)DA_ ®---®A_, over a manifold M equipped with a bundle map a : Ag — T M (called the
anchor), and n + 1 many brackets /; : [(A'A) — T'(A) with degree 2 — i for 1 <i < n + 1, such that

1. I'(A) is an n-term L,-algebra:

Z (=1)U-b Z sgn(o)Ksgn(o)

i+j=k+1 oes h;l:—i

Lii(X oty s Xoi))s Xortie1)s 5 Xoti) = 0,

where the summation is taken over all (i, k — i)-unshuffles S hi‘,:_i with i > 1 and “Ksgn(o)” is the
Koszul sign for a permutation o € Sy, i.e.

Xi A A X = Ksgn(a)Xomy A+ A X

2. I, satisfies the Leibniz rule with respect to the anchor a:

LX°, £X) = fFLX%, X) + aXO)(H)X, VX' eT(Ay), feC(M), X e T(A).
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3. Fori # 2, Il;’s are C*°(M)-linear.

Denote a split Lie n-algebroid by (A_,11,- -+ , Ao, a, 1, -+ , L,+1), or simply by A. We will only use a
split Lie 2-algebroid (A_;, Ao, a, 1, [, [3) and a split Lie 3-algebroid (A_,,A_y, Ao, a, 11,15, 13,14). For a
split Lie n-algebroid, we have a generalized Chevalley-Eilenberg complex (I'(Symm(A[1])*), 5). See
[5, 52] for more details. Then A[1] is an NQ-manifold of degree n. A split Lie n-algebroid morphism
A — A’ can be defined to be a graded vector bundle morphism f : Symm(A[1]) - Symm(A'[1])
such that the induced pull-back map f* : C(A'[1]) — C(A[1]) between functions is a morphism of NQ
manifolds. However it is rather complicated to write down a morphism between split Lie n-algebroids
in terms of vector bundles, anchors and brackets, please see [5, Section 4.1] for such details. We
only give explicit formulas of a morphism from a split Lie 2-algebroid to a strict split Lie 3-algebroid
(I3 = 0,1, = 0) and this is what we will use in this paper to define flat superconnections.

Definition 3.2. Let A = (A_y, Ao, a, 1, b, I3) be a split Lie 2-algebroid and A" = (A”,,A” |, A}, ', [}, 1))
a strict split Lie 3-algebroid. A morphism F from A to A’ consists of:

e abundle map F': Aj — A/,

e abundlemap F' : A_; — A’ ,

e abundle map F3 : A?Ag — A’ |,

e abundlemap F7 : Ag ANA_; — A,

e abundle map F? : A*Ag — A,

such that for all X°,¥Y°,Z° X? € ['(Ay), i = 1,2,3,4, X', Y' € T(A_,), we have
a oF°=a,
lioFl =Fyol,
FL(X°, Y% — L(F(X°), FO(Y?)) = [ F3(X°, Y°),
F'LX°, YY) = B(F(X°), F' (YY) = FoX°, Lh(Yh) - [LFRX°, YY),
L(F'(XY, F'(Y") = Fi(li (XY, Y'Y = Fi (X, LYY,
L(F(X), F2(Y°,2°%) - Fy(L(X°, Y°),Z% + c.p. = F'(1(X°, Y°, Z°%)
+I[F(X°,Y°, 7%,

L(FOX®), Fr(Y°, ZY) + BL(FO(Y?), F1(Z', X°) + L(F'(Z"), Fo(X°, Y%))
= Fi(LX°, Y°),ZY + c.p. + FP(X°, YO, 1,(ZY),

and
4 —_— —_—
DD (FRX X, X0, X)) + BOFOXD), F XY, -+, X0, X9))
i=1
. 1
+ ) (=DH(F A, X9, X0, XP) + c.p. SBFR(X, X5), F3(X). X)) =0,
i<j
where k < [ and {k, I} N {i, j} = 0.
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Let (A_;,Aq, a, 1,5, 1) be a split Lie 2-algebroid. Then for all X°, Y° € I'(4,) and X' € ['(A_)), Lie
derivatives L0, : T(A*,) —> [(A"),i = 0,1, L, : T(A*,) — T(A3) and L3, , : T(A",) —> T(A}) are

Oy()
defined by
(L3,a°, Y% = p(X°KY°,a®) - (a’, L(X°, Y)),
(La', Y'Y = p(X°%Y'a'y - (!, (X0, Y)),
T v 1 1 0 3.1
(LLa', Y = —a', LX', 1),
<L§(0 Y()all’ ZO> = _<a/1’ l3(X09 YO’ ZO)>9

for all @® € T(A)), a' € T(A*)), Y' € T(A_)), Z° € [(Ag). If (A*[1],a,1;,1,15) is also a split Lie
2-algebroid, we denote by £°, £!, £3,6, the corresponding operations.

A graded double vector bundle consists of a double vector bundle of degree —1 and a double vector
bundle of degree O:

aB-1 780
D_1 —>B_1 DO —>BO
A7 AT
A 7 M_, C_y, A07M0<—C0-

D_y; A_,B_y; M,
Do; Ao, Bo; M
double vector bundles can be defined in an obvious way. We will denote by D and (A the graded vector

bundles D§ @ D?, and A, @ A_; respectively. Now we are ready to introduce the main object in this
section.

We denote a graded double vector bundle by ( ) Morphisms between graded

Definition 3.3. A VB-Lie 2-algebroid is a graded double vector bundle

D_y; A_,B;, M
Dy, Aog,B;, M

equipped with a Lie 2-algebroid structure (D®, D§, a,1;, 1, I3) on D such that

(i) The anchor a : Dy — TB is linear, i.e. we have a bundle map a : Ay — TM such that
(a; a,1dg; 1dy) 1s a double vector bundle morphism (see Diagram (1));

(i1) [, is linear, i.e. we have a bundle map [; : A_; — Ay such that (/;;1;,1dg; idy;) is a double vector
bundle morphism (see Diagram (i1));
(iii) [ is linear, i.e.
L(TL(Dy), T(Dy)) € T(Dy),  L(I's(Dy), T(Dy)) € IT(Dy),
L(TL(Dy), T(D_y)) c Th(D_y), L(I%(Do),T4(D-1)) CF (D 1)
LI (Dy), Iy (D_y)) C F 3(D-1), L((Do),I'y(D-y)) =
L(T(Do), I'y(Dy)) =

(iv) L3 is linear, i.e.

L(Ty(Dy), Tls(Dy), T'(Dy)) € Ty(D_y),
(T (Dy), Ty(Dy), T, (DO)) cI'y(D-y),
1(I'g(Dy), I'g(Dy), -) =
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Do ——>B D_l ——B
|| > |,
a Co L A 1 || C,
RN ERNEN
\
B, AO M CO~
Diagram (1) Diagram (i)

Since Lie 2-algebroids are the categorification of Lie algebroids, VB-Lie 2-algebroids can be viewed
as the categorification of VB-Lie algebroids.

Recall that if (D; A, B; M) is a VB-Lie algebroid, then A is a Lie algebroid. The following result is its
higher analogue.

D_; A_,B;, M

Theorem 3.4. Let( Dy, AnB. M

) be a VB-Lie 2-algebroid. Then

(A1, A0, 0,11, 1, 13)

is a split Lie 2-algebroid, where 1, is defined by the property that if &, &, & ¢ FZ(DO) are linear
sections over X\, X9, X° € I'(Ay), and &' € T'(D_)) is a linear section over X' € T'(A_)), then
lz(fo,fg) € Fg(DO) is a linear section over IZ(XO,X(Z)) € T(Ay) and L&, &Y € l"g(D_l) is a linear
section over 1,(X°, X") € T'(A_)). Similarly, 1 is defined by the property that if &, §g, fg eI’ 5(Do)
are linear sections over X0, X3, X € I'(Ay), then 5(&,&),&) € Th(D_y) is a linear section over
I3(X0,X3,Xg) el'(A_)).

Proof. Since [ is linear, for any & € I',(D_,) satisfying 7-(¢') = 0, we have
e (LE ) =0, Y eTy(D-)).

This implies that I, is well-defined. Similarly, 15 is also well-defined.
By the fact that [, : D_; — D is a double vector bundle morphism over [, : A_; — A, we can
deduce that (I'(A_1),I'(Ag), l;, b, [3) is a Lie 2-algebra. We only give a proof of the property

L(L(Xo, X1)) = L(Xo, i(X1)),  YX° € T(Ag), X' € T(A_)). (3.2)

The other conditions in the definition of a Lie 2-algebra can be proved similarly. In fact, let & €
I'(Dy), &' € Th(D_) be linear sections over X%, X' respectively, then by the equality /;(5(£°, £")) =
L&, 11(¢h), we have

L (LE,ED) = 7V BL(E, L (EY)).

Since [; : D_; — Dy is a double vector bundle morphism over [; : A_; — Ay, the left hand side is
equal to

L (LE,€D) = 1" h(E, €N = (X, XD,
and the right hand side is equal to

LE, 1L1(EY) = L™ &), 71 (€h)) = b(Xo, L(X")).
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Thus, we deduce that (3.2) holds.

Finally, for all X° € T'(A), Y' € [(A_;) and f € C®(M), let &* € T, (D) and i € Th(D_;), i = 0,1 be
linear sections over X and Y. Then g},(f)n’ is a linear section over fY'. By the fact that a is a double
vector bundle morphism over a, we have

L(X®, fY')

L&, qy(Hn) = 7 (gp(HLE, 1) + a@)gp(HM')
X0, Y + aXO)(H)Y'.

Therefore, (A_;, Ao, a,1;, b, 13) is a Lie 2-algebroid.

Remark 1. By the above theorem, we can view a VB-Lie 2-algebroid as a Lie 2-algebroid object in the
category of double vector bundles.

Consider the associated graded fat bundle A_ @ A,, obviously we have

D—l; A—l, B, M
D(); A(), B; M
Lie 2-algebroid, where a = a o pr and il, l}, ig are the restriction of l;, 1, I3 on linear sections
respectively.

Consequently, we have the following exact sequences of split Lie 2-algebroids:

Proposition 1. Let ( ) be a VB-Lie 2-algebroid. Then (A_l,fio, a, Zl, l}, l}) is a split

0 — B'eC., A, 25 A, —5 0
1 zll hl (3.3)
0 —— B*®C, Ay 25 Ay —— 0

It is helpful to give the split Lie 2-algebroid structure on B* ® C_; @ B* ® Cy. Since /; is linear, it
induces a bundle map llc : C_1 — Cy. The restriction of fl on B*® C_; is given by

Li(¢g")=1C0¢', V¢'eI(B ®C_)) =T(Hom(B,C_))). (3.4)

Since the anchor a : Dy — T B is a double vector bundle morphism, it induces a bundle map
o:Cy— Bvia

(0(c"), &) = —a(") &), VY’ eT(Cy), € €T(BY). (3.5)

Then by the Leibniz rule, we deduce that the restriction of /, on I'(B* ® C_; @ B* ® Cy) is given by
L@y = ¢’ ooy’ —y ogod’, (3.6)
b’ uh) = -bhw'.¢)=-y'ogog’, 3.7)

for all ¢°,y° € T(B* ® Cy) = '(Hom(B, Cy)), ' € I'(B* ® C_;) = (Hom(B, C_))). Since I is linear,
the restriction of /3 on B* ® C_; & B* ® C; vanishes. Obviously, the anchor is trivial. Thus, the split
Lie 2-algebroid structure on B* ® C_; & B* ® Cj is exactly given by (3.4), (3.6) and (3.7). Therefore,
B*®C_; ® B* ® Cy is a graded bundle of strict Lie 2-algebras.

An important example of VB-Lie algebroids is the tangent prolongation of a Lie algebroid. Now we
explore the tangent prolongation of a Lie 2-algebroid. Recall that for a Lie algebroid A — M, TA is a
Lie algebroid over TM. A section o : M — A gives rise to a linear section oy =do : TM — TA
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and a core section o¢ : TM — TA by contraction. Any section of TA over T M is generated by such
sections. A function f € C*(M) induces two types of functions on 7'M by

fe=q'f, fr=df,
where g : TM — M is the projection. We have the following relations about the module structure:
(fo)e = feoe, (fo)r = froc + feor. (3.8)
In particular, for A = TM, we have
Xr(fr) = X(Nr,  Xr(fo) = X(fe, Xc(fr) = X(fe,  Xc(fe) =0, (3.9)

for all X € X(M). See [32, Example 2.5.4] and [40] for more details.
Now for split Lie 2-algebroids, we have

Proposition 2. Let A = (A_y, Ao, 0,11, 1, 3) be a split Lie 2-algebroid. Then
(TA_1,TAo,a,l,15,13)
is a split Lie 2-algebroid over TM, where a : TAg — TTM is given by
a(@y) = a(@®)r, a(@y) = a@)c, (3.10)
Ly :Trm(TAZ)) — Try(TAy) is given by
Li(op) =10, Lo =1i(0)e, (3.11)
Ly : Ty (TA_) X Urm(TAZj) — Trm(TA_s ) is given by

L%, 9) = L, )7, Ly, 72) = L0, )¢, L2, 72) =0,
L(oy, 1) = L@, ™, L(o),70) = L@, e, Lo, 7)) = Lo, '),

L(o¢,te) =0,
and Iy : NTpp(TAg) — Try(TAL)) is given by
13(0—9" T(;‘a g(j)") = 13(0—03 TO’ go)T9 13(0-(7)"’ T(;"’ §g) = 13(0—0’ TO’ go)C’ (312)

and I3(09,72,62) = 0, for all 0°,7°,¢° € ['(Ag) and o', 7' € T(A_)).
Moreover, we have the following \IB-Lie 2-algebroid:

TA, —=TM
N\ | N
A ! M A
TAy—|~TM |
N N
Ao M Ay.
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Proof. By the fact that A = (A_y,Ap, a,[1, [, [3) is a split Lie 2-algebroid, it is straightforward to deduce
that (TA_y,TAo,a,l1,1,13) is a split Lie 2-algebroid over TM. Moreover, a, l;, [, I; are all linear,
which implies that it is a VB-Lie 2-algebroid. m

The associated fat bundles of double vector bundles (TA_1;A_y, TM; M) and (T Ay; Ay, TM; M) are
the jet bundles JA_; and JA( respectively. By Proposition 2 and Proposition 1, we obtain the following
result, which is the higher analogue of the fact that the jet bundle of a Lie algebroid is a Lie algebroid.

Corollary 1. Let (A_1,Ap,0,1;,h,13) be a split Lie 2-algebroid. Then we obtain that
(JA_1,3A0, a, I, b, i3) is a split Lie 2-algebroid, where a, I, b, Iy is given by

a(oy) = a0,
Loy, 1) = L),
lAz(O'(%,TlT) = L, ™)r,
Loy 11y = L. O,

forall 0, 1°, [ € T(Ap) and ' € T(A_)).
4. Superconnections of a split Lie 2-algebroid on a 3-term complex of vector bundles

In the section, we introduce the notion of a superconnection of a split Lie 2-algebroid on a 3-term
complex of vector bundles, which generalizes the notion of a superconnection of a Lie algebroid on a
2-term complex of vector bundles studied in [19]. We show that a VB-Lie 2-algebroid structure on a
split graded double vector bundle is equivalent to a flat superconnection of a split Lie 2-algebroid on a
3-term complex of vector bundles.

Denote a 3-term complex of vector bundles E_, N E_; SN E, by &. Sections of the covariant
differential operator bundle D(&) are of the form d = (dy, by, ), where d; : I'(E_;)) — I'(E_;) are
R-linear maps such that there exists X € X(M) satisfying

d(fe') = foe) + X(fe', VfeC (M), ¢ eT(E).
Equivalently, D(E) = D(Ey) X7y D(E-1) X7y D(E_-;). Define p : D(E) — TM by
p(dg, D1, D2) = X. (4.1)
Then the covariant differential operator bundle D(&) fits the following exact sequence:
0 — End(Ey) ® End(E_,) @ End(E_;) — D(E) — TM — 0. 4.2)

Denote by End (&) = Hom(E,, E_;) ® Hom(E_,, E_,). Denote by End (&) = Hom(E,, E_,). Define
d : End (&) — End (&) by

d@P) =m0 - on, V& e (Hom(Ey, E_»)), (4.3)
and define d : End™'(§) — D(E) by

d@H) =m0 +60' on, V6" e(Hom(E,y E_;)®Hom(E_,, E_,)). (4.4)
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Then we define a degree 0 graded symmetric bracket operation [, -]¢ on the section space of the graded
bundle End (&) ® End ™' (8) ® D(E) by

[b,t]c = dot—tobd, Vb, tel(D(E)), 4.5)
[0,0]c = do# —Fobd, Vdel(DE)), & € [(End'(E)), (4.6)
[0, 9'1c = 0'od +09' 00", V6.9 e (End™(E)). 4.7)

Denote by D,(E) € D(E) the subbundle of D(E) whose section d € ['(D,(E)) satisfyingmrod =dom,
or in term of components,

Yom=mod;, Dom=moDd,.

It is obvious that I'(D,(&)) is closed under the bracket operation [-, -]¢ and
d(End ™' (E)) € Dr(E).
Then it is straightforward to verify that

Theorem 4.1. Let E., — E_; —> E, be a 3-term complex of vector bundles over M. Then
(End (&), End ™' (8), (), v, d, [, -1c) is a strict split Lie 3-algebroid.

With above preparations, we give the definition of a superconnection of a split Lie 2-algebroid on a
3-term complex of vector bundles as follows.

Definition 4.2. A superconnection of a split Lie 2-algebroid (A_;, Ao, a,1;, 5, [3) on a 3-term complex
of vector bundles E_, N E_ N Ey consists of:

e a bundle morphism F° : Ag — D,(E),

a bundle morphism F' : A_; — End™'(&),

a bundle morphism F?2 : A2Ag — End'(&),

a bundle morphism F? : Ag A A_; — End (&),

a bundle morphism F> : A’A; — End ().

A superconnection is called flat if (F°, F', F2, F?, F°) is a Lie n-algebroid morphism from the split Lie 2-
algebroid (A_y, Ao, a,1;, 1, I3) to the strict split Lie 3-algebroid (End_z(a), End_l(S), D,.8),p,4,[-,1c).

Remark 2. If the split Lie 2-algebroid reduces to a Lie algebroid A and the 3-term complex reduces to
a 2-term complex E_, N Ey, a superconnection will only consists of

e a bundle morphism F® = (F), FY) : A — D4(8),
e a bundle morphism F(Z) : A’A) — Hom(Ey, E_)).

Thus, we recover the notion of a superconnection (also called representation up to homotopy if it is flat)
of a Lie algebroid on a 2-term complex of vector bundles. See [1, 19] for more details.
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Now we come back to VB-Lie 2-algebroids. Let (Dfl,Dg,a, l1,1,,1;) be a VB-Lie 2-algebroid
D—l; A_l, B, M
DQ; A(), B; M
Proposition 1 that both (A_;, Ao, a,1;, 15, 13) and (A_l ,Ao, a, il , l}, i3) are split Lie 2-algebroids.

Choose a horizontal lift s = (sg, 51) : Ag®A_; — Ay ® A_; of the short exact sequence of split Lie
2-algebroids (3.3). Define V2 : A, — D(B) by

(V3ob, &) = a(X°)E,b) — (b, a(so(X")N@E), VX" € T(Ag), b € T(B), £ € T(B"),

structure on the graded double vector bundle . Recall from Theorem 3.4 and

Since for all ¢° € I'(B* ® Cy), we have a(¢°) = 0, it follows that V5 is well-defined.
We define V° : Ag — D(Cy) and V' : Ag — D(C_) by

V0o = bso(X?), "), Viee' = bso(X"), "), (4.8)

for all X° € T'(4y), ® e I'(Cy), c' e T(C_)).
Define Y! : A_; — Hom(B, Cy) and r? : A_;, — Hom(Cy, C_;) by
Th = so(LXH) = Li(s1(XD), T3 = Lisi(X"), ", 4.9)

forall X' e I'(A_)), c® € I'(Cy). Since L, is linear, V°, V! and Y are well-defined.
Define R® : A’T'(4)) — T'(Hom(B, Cy)), A : A’T(Ay) — I'(Hom(Cy,C_;)) and R' : T'(4y) A
I'(A_;) — I'(Hom(B, C_y)) by

RUX%, Y% = sol(X°, Y% — Ly(s0(X%), so(Y?)), (4.10)
AXL YN = —B(so(X"), so(Y?), "), (4.11)
R'X%YY = sib(X% YY) = Liso(X0), si(Y")), (4.12)

for all X°, Y® e T'(Ag) and Y' € T(A_))
Finally, define Z : A’T'(4y) — Hom(B, C_,) by

E(X°, Y%, 2%) = si6(X°, ¥, 2% — [3(s0(X°), 50(Y°), 50(Z")). (4.13)
By the equality /;5(s0(X°), c) = L(s0(X?), (")), we obtain
If 0V =V olf. (4.14)

By the fact that a : Dy — T B preserves the bracket operation, we obtain

(V30(c”). &) = aX*)o(c"), &) = (o(c”), a(so(X°)(&))
= —la(so(X"), a()rp(€) = ~a(la(50(X°), *))(€)
= {0V’ &),
which implies that
V;l?o oQ:QoV?(O. 4.15)
By (4.14) and (4.15), we deduce that (Vf}O,V‘;(O,V;(O) € D(E), where & is the 3-term complex of

lC
vector bundles C_; — Cy — B . Then we obtain a superconnection (F°, F', F7, F1, F?) of the Lie
lC
2-algebroid (A_;, Ag, a, 11, [, [3) on the 3-term complex of vector bundles C_; LN Co LN B, where

FO= (2 v, vh, F'=(r,r?), F;=@®RA), Fi=R' F'=E
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Theorem 4.3. There is a one-to-one correspondence between \B-Lie 2-algebroids
(D—l; A_,B;, M

] FO,F' F2, F?, F3 it Lie 2- ]
Dy Ao B: M) and flat superconnections (F°,F',Fy, F{,F°) of the split Lie 2-algebroid

lC
(A_1,Aq, 0,1y, 1, 13) on the 3-term complex of vector bundles C_, — Co 2B by choosing a horizontal

lift s = (59, 51) : Ag®A_ | — A() @A_l.

Proof. First it is obvious that
poF'=aq. (4.16)

Using equalities ao [} = 0 and a o [; = 0, we have

(Vexb, &) = au(X))b, &) — (b, also(i(XN)E)) = ~(b, a(Ty,)(E€)),

which implies that
Vi =00T). (4.17)

ux! —

For V°, we can obtain

Voan, = Lsoh(XD, e, = biGsi(Xh) + T, e,
lfoTi, +T;(1 0 0. (418)

For V!, we have

Vi oy = Lol (XY, e, = bh(si(X) + T, e, = Ty o I (4.19)

By (4.17), (4.18) and (4.19), we deduce that
Flol; =do F. (4.20)
By straightforward computation, we have

<V€<X°,Y0>b — V3o Vyob + V3, V50b, &)

(b, a(lx(50(X°), s0(Yo)) — sola(X°, Y))(€))
(b, —a(R*(X°, Y)(é)),

which implies that

VB

Y sy = Vo Vo + Vi Ve = 00 RUX, Y. 421

X0~

Similarly, we have

Voo = Vo Vioc® + V9,V
L(soL(X?, Y0), %) — L(so(X?), L(s50(Yo), ) + L(s0(Y?), L(s50(Xo), ¢%))

~1115(s0(X?), 50(Yo), ) + L(R(X°, Y°), %),

which implies that

VO

L(X0,Y0)

— V0V + VO, V0, = If o AX°, Y") + RU(X°, Y") 0 g, (4.22)
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and

VIIQ(XO,YO)CI - V;(OVIY()CI + V;OV;(OCI
L(sol(X?, Y0, ¢") = L(so(X%), L(so(Yo), ")) + L(so(Y?), L(s0(Xo), "))

~I3(50(X®), 50(Y"), li(ch)) + LR (X, Y°), "),

which implies that
V]

L(X0,Y%)

By (4.21), (4.22) and (4.23), we obtain

= Vi Vi + Vi Vie = AKX, Y o IS,

FO(L(X°, Y°) - [F'(X%), F(Y9)]c = dF5(X°, Y°).
By the equality
L(so(X%), L(s1 (Y1), ") + c.p. = L(so(X°), Li(s1 (Y1), ¢°),

we obtain

[FO(X%)., (e = 17

L(X0, Y1) = _A(XO’ Il(Yl)) - RI(X()’ Yl) © Q.

Furthermore, we have

T]

by = Soli((X%, Y1) = s (X0, Y)

= sob (X%, G(YY) = b (so(X°), 1Y) - [LR' (X0, Y1)

= 5o (X%, G(Y") = Liso(X"), lisi(Y")) = I§ o R'(X°, Y")

= sob(X%, (") = L(so(X%), sy YD) = 1)) = If o R'(X°, Y1)

= [F'X°), Tple + ROXO, L (YD) = I o RI(XO, Y.
By (4.25) and (4.26), we deduce that
Fl (X%, Y = [FYX®), FL(YHle = FoX°, L) = dFHX°, Y.
By straightforward computation, we have

R'(L;(XY, Y - R' (X", (YY)
= sih(X"), Y = Lisoh (X", s1(Y"))
—sib(X YY) + hisiXh), sol (Y1)
= L(si(X"), Iisi(YN) + hsi (XY, 1)) = hlsoli (X1, s1(Y"))
= b, s1(Y") + hisiXH, 1))
= [Ty + Y5, T+ Thle

By the equality

L(s0(X%), L(so(Y?), so(Z°)) + c.p. = LiT3(50(X"), s0(Y?), s0(Z°)),

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)
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we deduce that

[FO(X%), RO(Y°, Z%)]1c + R°(X°, (Y, Z°%)) + c.p.
= TII3(X0,Y0,ZU) + llc o E(X°, Y°,Z°. (4.29)

By the equality
L(50(X%), l3(so(Y?), 50(Z"), ) = (L (50(X%), 50(Y?)), 50(Z°), °) + c.p. = 0,
we deduce that

—[FX°), A(Y®, Z%)]c + A(L(X°, Y%),Z°) + c.p.
+17 yo.y0.0 — 2X°, Y, Z%) 00 = 0. (4.30)
By (4.29) and (4.30), we obtain
[FO(X°), Fg(Y°, Z%)]c + Fo(X°, (Y°, Z°%) + c.p.
= FI(LX°% Y°, 2%) + dF3(X°, Y°, Z%. 4.31)

Then by the equality

b(s0(X%), La(s0(Y?), 51(Z"))) + c.p. = I3(s50(X°), s0(Y°), 11 (s1(Z"))),
we deduce that

[FOX°),R'(Y°, ZD]c + [F°(Y"), R'(Z", X")]c + [, R*(X°, YO)lc
+R'(X°, L,(Y°, Z")) + RY(Y°, L,(Z", X%) + R (Z", L(X°, Y?))

= EX°% Y%, 1(Z") - [AX% Y°), 1) ]c. (4.32)

Finally, by the equality

4
DD (50X, B(so(XD) -+, 5(XD), -+, 5o(X9)))
i=1

+ D s0(XD), so(XN), s0(XP), so(X)) = 0,

i<jk<l

we deduce that

4
DD (RN, BT, L X0, XD
i=1

PR, G, X0, XD))

+ ) EDHI(EGE, XD, XD, X0, X XD)

l’
i<j
—

SR XD AKX X0 XD]e) = 0. (4.33)
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By (4.16), (4.20), (4.24), (4.27), (4.28), (4.31)-(4.33), we deduce that (F°, F', F(z), F% F3) is a mor-
phism from the split Lie 2-algebroid (A_;, A, a,1;, 5, [3) to the strict split Lie 3-algebroid

(End™*(E), End (&), DA(E), p, d, [, “Ic).

Conversely, let (A_;, A, a,1;, 1, I3) be a split Lie 2-algebroid and (F°, F', F3, F?, F*) a flat supercon-

lC
nection on the 3-term complex C_; — Cy —%5 B. Then we can obtain a VB-Lie 2-algebroid structure on
A_1 & B& C_l; A_l,B; M

Ac®B®Cy  AnB. M ) . We leave the details to readers.

the split graded double vector bundle
The proof is finished.

5. VB-CLWX 2-algebroids

In this section, first we recall the notion of a CLWX 2-algebroid. Then we explore what is a metric
graded double vector bundle, and introduce the notion of a VB-CLWX 2-algebroid, which can be viewed
as the categorification of a VB-Courant algebroid introduced in [32].

As a model for “Leibniz algebras that satisfy Jacobi identity up to all higher homotopies”, the notion
of a strongly homotopy Leibniz algebra, or a Lod..-algebra was given in [36] by Livernet, which was
further studied by Ammar and Poncin in [3]. In [50], the authors introduced the notion of a Leibniz
2-algebra, which is the categorification of a Leibniz algebra, and proved that the category of Leibniz
2-algebras and the category of 2-term Lod..-algebras are equivalent. Due to this reason, a 2-term
Lod,-algebra will be called a Leibniz 2-algebra directly in the sequel.

Definition 5.1. ([34]) A CLWX 2-algebroid is a graded vector bundle & = E_; & E, over M equipped
with a non-degenerate graded symmetric bilinear form S on &, a bilinear operation ¢ : I'(E_;) X
I'(E_j) — I'(E_¢+j), 0 < i+ j < 1, which is skewsymmetric on I'(Ey) X I'(Ey), an E_;-valued 3-form
Qon Ej, two bundle maps 0 : E_; — Epand p : Ey — TM, such that E_; and E| are isotropic and
the following axioms are satisfied:

(1) (T'(E_y),T(Ey),0,¢,Q) is a Leibniz 2-algebra;
(i1) foralle e I'(E),ec e = %Z)S (e, e), where D : C*(M) — I'(E_;) is defined by

S(Df, ") = p(e)(f), VfeC (M), e €T(Ey); (5.1)

(iii) for all e}, e; € T(E_), S(d(e}), e)) = S (e}, d(ey));
(iv) for all ey, er,e3 € I'(E), p(e1)S (e2,e3) = S(e; © er,e3) + S(er, 1 © €3);
(v) forall €9, €, €3, ¢ € T(Ey), S(Q(eY, €, €3), €9) = =S (&3, Q(eY, €9, €9)).

Denote a CLWX 2-algebroid by (E_;, Ey, d,p, S, ¢, Q), or simply by &. Since the section space of a
CLWX 2-algebroid is a Leibniz 2-algebra, the section space of a Courant algebroid is a Leibniz algebra
and Leibniz 2-algebras are the categorification of Leibniz algebras, we can view CLWX 2-algebroids as
the categorification of Courant algebroids.

As a higher analogue of Roytenberg’s result about symplectic NQ manifolds of degree 2 and Courant
algebroids ([45]), we have
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Theorem 5.2. ([34]) Let (T*[3]A*[2],0O) be a symplectic NQ manifold of degree 3, where A is an
ordinary vector bundle and © is a degree 4 function on T*[3]A*[2] satisfying {®,0} = 0. Here {-, -}
is the canonical Poisson bracket on T*[3]A*[2]. Then (A*[1],A,0d,p,S, ¢, Q) is a CLWX 2-algebroid,
where the bilinear form S is given by

SX+a,Y+p)=Xp+Xa), VXYel(A),a pBecl(AY),

and 0, p, ¢ and Q are given by derived brackets. More precisely, we have

oa = {a,0}, Yael(AY),
pX)(f) = {f.{X,0}}, VX el(A), feC*(M),
XoY = {Y{X 0}}, VX, YeTl),
Xoa = {a,{X, 0}}, VXel(A),ael'(AY),
aoX = —{X{a,0}}, VXeI(A),aclAY),

QX,Y,2) = {Z{V,{X,6}}}, VX, Y,ZcTI(A).

See [27, 53] for more information of derived brackets. Note that various kinds of geometric structures
were obtained in the study of QP manifolds of degree 3, e.g. Grutzmann’s H-twisted Lie algebroids
[21] and Ikeda-Uchino’s Lie algebroids up to homotopy [23].

Definition 5.3. A metric graded double vector bundle is a graded double vector bundle
D_y; A_,B;
DO; A(), B N M

on the graded bundle D® & Df such that it induces an isomorphism between graded double vector

bundles

equipped with a degree 1 nondegenerate graded symmetric bilinear form S

D.,——B and  D}P[1]—= B
N AN N
A M C, o M A
Dy— B D**[1] —= B
N\ AN N AN
Ao M Co C',—=M——A",

where x B means dual over B.
Given a metric graded double vector bundle, we have
CO = Ail’ C= AZ;

In the sequel, we will always identify Cy with A |, C_; with Aj. Thus, a metric graded double vector
bundle is of the following form:

D—l ——B
N N
A M Al
Dy— B
N N
Ao M A*.

Now we are ready to put a CLWX 2-algebroid structure on a graded double vector bundle.

Journal of Geometric Mechanics Volume 15, Issue 1, 27-58



45

Definition 5.4. A VB-CLWX 2-algebroid is a metric graded double vector bundle
D—l 5 A—l ) B; M S
Do; Ao, B, M |7 )

equipped with a CLWX 2-algebroid structure (D?,, D, d,p, S, ¢, Q) such that

(i) 0 is linear, i.e. there exists a unique l)undle map 0 : A_y — Agsuchthatod : Dy — Dyis a
double vector bundle morphism over d : A_; — A (see Diagram (iii));

(i1) the anchor p is a linear, i.e. there exists a unique bundle map p : A — TM such thatp : Dy —
T B is a double vector bundle morphism over p : A — T M (see Diagram (iv));

D_,——B Dy——B
N || N N || N
0| A ” M A Pl Ag “ M AL
Dy 3|—B H TB o|—B H
N\ N N N
Ay M AT, ™ M B,
Diagram (iii) Diagram (iv)

(ii1) the operation ¢ is linear;
(iv) Q1is linear.

Since a CLWX 2-algebroid can be viewed as the categorification of a Courant algebroid, we can view
a VB-CLWX 2-algebroid as the categorification of a VB-Courant algebroid.

Example 1. Let (A_;, Ao, a,11, 1, 13) be a Lie 2-algebroid. Let Ey = Ag® A*,, E_; = A_; & A and
E=Ey®E_,. Then (E_{, Ey,0,p, S, ¢,Q)is a CLWX 2-algebroid, where 0 : E_; — Ej is given by

X' +a”) = L(XH +[[(@”), VX'eT(A.), o’ eT(A)),
o Ey — TM is given by
p(X° +a') = aX?, VX°eTl(Ay), o' eT(A7)),
the symmetric bilinear form S = (-, ), is given by
X0 +a' + X'+ Y+ B + Y+ 80, = (X0, 8% + (¥, ") + (X', BNy + (Y, a),

the operation ¢ is given by

(X +a') o (YO + Y
X" +a') o (X' +a%
X'+a% o (X" +ah)

12(X0’ YO) + L())(Oﬂl - L())/Oall’
LX%, X" + L;)(Oa'0 + 116(at), (5.2)
LX', X% + Ly,a' = 1p06(a®),

and the E_;-valued 3-form Q is defined by
QX +a', Y0+ 8,20 + 1) = (X%, Y, Z%) + Ly ol + Lo o' + Lyo e,

X0,y0

Journal of Geometric Mechanics Volume 15, Issue 1, 27-58



46

where L°, L', I? are given by (3.1). It is straightforward to see that this CLWX 2-algebroid gives rise to
a VB-CLWX 2-algebroid:
A1 Xy AZ; - M

N N
A_I%-M

Ao Xum Ai“—> M H
N N

A() — M.
Example 2. For any manifold M, (T*[11M,TM,d = 0,p = id, S, ¢, Q = 0) is a CLWX 2-algebroid,
where S is the natural symmetric pairing between T M and 7*M, and ¢ is the standard Dorfman bracket
given by

X+a)o(Y+B)=[X, Y]+ LxB —tyda, VX, YeX(M), a,Bc Q' (M). (5.3)

See [34, Remark 3.4] for more details. In particular, for any vector bundle E, (T*E*, TE*,0 = 0,p =
id, S, ¢, Q = 0) is a CLWX 2-algebroid, which gives rise to a VB-CLWX 2-algebroid:

T'E* —E"*
Ny
E ” M T*M
TE* —|—E* H
N N
™ M E".

We have a higher analogue of Theorem 2.3:

Theorem 5.5. There is a one-to-one correspondence between split Lie 3-algebroids and split VB-CLWX
2-algebroids.

Proof. Let A = (A_;,A_1, A, a, 11,15, 15,1,) be a split Lie 3-algebroid. Then T*[3]A[1] is a symplectic
NQ manifold of degree 3. Note that

T"[3]A[1] = T"[31(Ao Xm AZ} Xp AL)[1],

where Ag X A* | X3y A7, is viewed as a vector bundle over the base A*, and A_; Xy Aj Xy A”, is its dual
bundle. Denote by (x', u i &k, 6,, pi, 1!, &, 0" a canonical (Darboux) coordinate on T*[3](Ag X A Xy
A*,)[1], where x' is a smooth coordinate on M, u j € '(A_») is a fibre coordinate on A”, e ['(Ap) 1s
a fibre coordinate on Ay, 6; € I'(A_,) is a fibre coordinate on A, and (p;, w, &, 0" are the momentum
coordinates for (x', u I £, 6,). About their degrees, we have

X &0 pop & O
o 0 1 1 3 3 2 2

The symplectic structure is given by
w = dx'dp; + dudy’ + dé*d¢, + do,de’,

which is degree 3. The Lie 3-algebroid structure gives rise to a degree 4 function O satisfying {®, ®} = 0.
By Theorem 5.2, we obtain a CLWX 2-algebroid (D_;, Dy, 0, p, S, ©,Q), where D_; = A_; Xy Ag Xy A",
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and Dy = Ag Xy A™| Xy A”, are vector bundles over A*,. Obviously, they give the graded double vector
bundle

Ay Xy Ag X ALy, AL, ALy, M

Ag Xy A% Xy A, A, A, M
The section space L4+, (Dy) are generated by I'(A” ) (the space of core sections) and I'(A_, ® A* ) ®T'(Ay)
(the space of linear sections) as C*(A”,)-module. Similarly, The section space ['ye (D-y) are generated
by I'(Ap) and I'(A_, ® Ap) ®T'(A_;) as C*(A”,)-module. Thus, in the sequel we only consider core
sections and linear sections.

The graded symmetric bilinear form § is given by

S’ ey = SXO+y' +a', X' +y°+a°)
= (a1, X") +(’, Xo) + ¢ (X)) + ¢ (X0,

for all ¢ = X° + ¢' + @' € Tx- (Do) and ' = X' +y° + a” € Ty (D)), where X' € T'(A_),
W eT(AL, ® A”)) and a' e I'(A”,). Then it is obvious that

A Xy Ay xu ALy AL ATy M
ApXu AT Xy Aty A A M)

is a metric graded double vector bundle.
The bundle map 0 : D_; — D is given by

OX' + ¢ +a°) = (XY + L(X', a, +¥° oy + [[(a¥).

Thus, d : D_; — D, is a double vector bundle morphism over /; : A_; — A,.
Note that functions on A*, are generated by fibrewise constant functions C*(M) and fibrewise linear
functions I'(A_,). For all f € C*(M) and X? € T'(A_,), the anchor p : Dy — TA”, is given by

pX" + ¢!+ a)(f + XB) = aXO)(f) + (@', LX) + L(X0, XP) + ¢ (1L (X?)).

Therefore, for a linear section X° + /' € Fg* (Dy), the image p(X° + ') is a linear vector field and for a
=)

core section o' € I'(A*)), the image p(a') is a constant vector field. Thus, p is linear.
The bracket operation ¢ is given by

X +y' +al) o (Y + ¢! +8Y

= LX%Y) + 56X, Y0, ), + h(X%,0'() — ¢ 0 LX), + Ly B
+' o (Y, Na, — LY W' () +yoliod =gl ooy —plol oy
—L())/Oa1 +a'olo ¢1,
X+l +al)o (Y + 4" + 5%

= LX° YY)+ LX, - YDy + (X0, 6°() = ¢” 0 (X, ay + L3B°
Y b YDy + 0@ Y + ¢l ol 0 ¢’ + 1y 60 +a' ol 0 ¢,
Y+ 6" +8% 0 (X0 +y! + )

= LY, X% = LX°, - YD, — h(X°,6°() + ¢° 0 L(X®, s, + 6(6°(X")
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~1x00B° + ' L, Y )ay — ¢ 0y 0 ¢° + Li,lal —a'ol;og’

Then it is straightforward to see that the operation ¢ is linear.
Finally, Q is given by

QX +y' +a", Y + o' + 8,20 + o' + )

= LX°Y°,Z% + 1,(x% Y%, 2% )
—' o (X0, Y0, gy — B' 0 I3(Z°, X°, Na, — ¥ 0 (Y, Z°, ),
+L§(07yo'yl + L?zo,zoal + L%()’XO,B],

which implies that € is also linear.
Thus, a split Lie 3-algebroid gives rise to a split VB-CLWX 2-algebroid:

D_,—=A",
8 \A_l || \M Aj
Dy —|—=A",
\AO \M AT,
Conversely, given a split VB-CLWX 2-algebroid:
D_,——B
a‘ \A_l “ \M Aj
N
- A,

where D_; = A_| Xy Ay Xy B and Dy = Ag Xy A”| Xy B, then we can deduce that the corresponding
symplectic NQ-manifold of degree 3 is T*[3]A[1], where A = Ao ® A_; @ B is a graded vector bundle
in which B is of degree —2, and the Q-structure gives rise to a Lie 3-algebroid structure on A. We omit
details.

Remark 3. Since every double vector bundle is splitable, every VB-CLWX 2-algebroid is isomorphic to
a split one. Meanwhile, by choosing a splitting, we obtain a split Lie 3-algebroid from an NQ-manifold
of degree 3 (Lie 3-algebroid). Thus, we can enhance the above result to be a one-to-one correspondence
between Lie 3-algebroids and VB-CLWX 2-algebroids. We omit such details.

Recall that the tangent prolongation of a Courant algebroid is a VB-Courant algebroid ([32, Propo-
sition 3.4.1]). Now we show that the tangent prolongation of a CLWX 2-algebroid is a VB-CLWX
2-algebroid. The notations used below is the same as the ones used in Section 3.

Propositi0n~3. Let (E_1,Ey,0,p,5,0,Q) be a CLWX 2-algebroid. Theil we obtain that
(TE_|,TE,,0,p, S:, <, ﬁ) is a CLWX 2-algebroid over T M, where the bundle map 0 : TE_, — TE is
given by . .

dop) =)y, do) =),
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the bundle map p : TEy — TTM is given by
play) = p@)r,  ploe) = pa e,
the degree 1 bilinear form S is given by

§(0'(%,T]T) = Sy, §(0'(},T]C) =S5 1™,

S, 1) = S 1), S0, 1) =0

the bilinear operation s is given by

05,0 _ 0,0 0Z,0 _ 0% 40 _ (0 o 0 0%,0 _
0'T<>TT = (o717, 0'T<>TC = —TC<>0-T =" o1)c, oiots = 0,
_ 01 0% — 0% 031 —
o TOTT = (0 oT )T’ o TOTC = 0 COTT (O T )C, Y COTC - 09
15,0 _ 1 0 15,0 _ 0 15,0 _
00, = (T 00))r, T00; = TToo-c (' o 0%, o0, = 0,

and Q ; NTE, — TE_, is given by
Q0Y,79,6%) = Q0 7°¢"7,  Q0Y,73,6%) = Q0% ¢%e, Q09,7262 =0

forall 7°,7°,¢° € I'(Ey) and o', ' € T(E_)).
Moreover, we have the following VVB-CLWX 2-algebroid:

TE.,—TM
|\
E_ ! M E,
TE,—|~TM \
N N
Eo M E,.

Proof. Slnce (E I EO, 0,p,S5,0,Q) is a CLWX 2-algebroid, it is straightforward to deduce that
(TE_;, TE), (9 0, S Q) is a CLWX 2-algebroid over T M. Moveover, it is obvious that 8 0, S , 0, Q are
all linear, which implies that we have a VB-CLWX 2-algebroid.

6. E-CLWX 2-algebroid

In this section, we introduce the notion of an E-CLWX 2-algebroid as the categorification of an
E-Courant algebroid introduced in [11]. We show that associated to a VB-CLWX 2-algebroid, there is
an E-CLWX 2-algebroid structure on the corresponding graded fat bundle.

There is an E-valued pairing (-, -) between the jet bundle JE and the first order covariant differential
operator bundle DE defined by

W,y =dw), Vde(DE),, uc (IE),, uecl(E)statisfying u = [u],,.

Definition 6.1. Let E be a vector bundle. An E-CLWX 2-algebroid is a 6-tuple (KX, d, p, S, ¢, Q), where
K = K_1 ® K, is a graded vector bundle over M and
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e 0: K | — Kjis abundle map;

e §$: K®K — Eisasurjective graded symmetric nondegenerate E-valued pairing of degree 1,
which induces an embedding: K — Hom(K, E);

e p: Ky — DE is a bundle map, called the anchor, such that p*(JE) C K_4, i.e.
Sp* (), €”) = (. p(e"), , ¥ u € TSE), & € T(Ky);

e o :I'(K_;)) xT'(K_;) — I'(K_i+j), 0 < i+ j<1isan R-bilinear operation;
e Q: A’Ky — K_; is a bundle map,
such that the following properties hold:
(E1) (I'(K), 0, ¢, Q) is a Leibniz 2-algebra;
(E2) forall e € T(K), e o e = $DS(e, ), where D : I'(E) — TI'(K_;) is defined by

S(Du, ) = p(e®)(w), Yu eI (E), ¢ e I'(Ky); (6.1)

(E3) forall e}, e} € T(K_;), S(d(e}), e3) = S(ey, d(ey));

(E4) for all ey, e, e5 € I'(K), p(e))S(ez, e3) = S(ey ¢ ez, e3) + S(ez, €1 ¢ €3);

(ES) for all el, ez, e3, e4 € I'(Ky), S(Q(el, ez, 63) e4) = —S(e3, Q(el, ez, e4))

(E6) for all €Y, €) € T(Ky), p(e! o €9) = [p(e?), p(€I)]», where [-, -]p is the commutator bracket on T'(DE).

A CLWX 2-algebroid can give rise to a Lie 3-algebra ([34, Theorem 3.11]). Similarly, an E-CLWX
2-algebroid can also give rise to a Lie 3-algebra. Consider the graded vector space e = e_, ® e_; & ¢,
where e_, = I'(E), e_; = I'(K_y) and ¢y = I'(Kj). We introduce a skew-symmetric bracket on I'(‘K),

1
ler, ex] = 5(61 cex—ey0ep), Yepe el (K), (6.2)

which is the skew-symmetrization of o.

Theorem 6.2. An E-CLWX 2-algebroid (K, 0,p, S, ¢, Q) gives rise to a Lie 3-algebra (¢,11,1,,13,1y),
where |; are given by

L = D), Yuel(E),
i) = ae), Ve' eI(K.y),
b, e)) = [e,€], ¥ e, el € [(Ko),
L e = [ €], Ve’ e I(Ko), e' € T(K_y),
[2(807 f) = %8(60, Df)’ v eO € F(KO)af € F(E)’
12(617 82) = 03 Y el’ 82 S F(K_l)
I3(e 62, 63) = Q(el, ez, 63) Y e1 , ez, e3 € F(Ko)
13(61’ 62, 1) = _T(ela 62, ) v €1,62 € F(KO) e € F(K—l),
LY e), el e) = Qe el e), e)), Vel e el el € I(Ky),
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where the totally skew-symmetric T : I'(Ky) X I'(Ky) X I'(K_;) — I'(E) is given by
1
T(e),ed,e') = 6(S(e?, [€3.¢']) + Se', [l e3]) + S(es, [e', 1)), (6.3)

and Q : AT (Ky) — T(E) is given by
Q0 ), €%, €9) = S(Q(eY, €9, €9), €9).
Proof. The proof is totally parallel to the proof of [34, Theorem 3.11], we omit the details.

Let (D?,D§,0,p,5,0,Q) be a VB-CLWX 2-algebroid on the graded double vector bundle

D_l; A_l,B; M
( Do; Ao, B, M
act sequences:

). Then we have the associated graded fat bundles A_, @ Ay, which fit the ex-

0—)B*®AS_)A\_1—)A_1_)O,
0> B"®A", — Ay — Ay > 0.

Since the bundle map 0 is linear, it induces a bundle map 0: A_l — AO. Since the anchor p is linear,
it induces a bundle map p : Ao —> DB*, where sections of DB* are viewed as linear vector fields on
B. Furthermore, the restriction of S on linear sections will give rise to linear functions on B. Thus, we
obtain a B*-valued degree 1 graded symmetric bilinear form § on the graded fat bundle A_, & A,. Since
the operation ¢ is linear, it induces an operation  : A_l- X A_ i A_(,-J, i 0 < i+ j<1. Finally, since Q
is linear, it induces an Q : [(A3Ay) — A_,. Then we obtain:

Theorem 6.3. A VB-CLWX 2-algebroid gives rise to a B*-CLWX 2-algebroid structure on the corre-
sponding graded fat bundle. More precisely, let (D, Dg,d,p,S, o, Q) be a VB-CLWX 2-algebroid on
D_] 5 A_] , B, M
D(); A(), B, M
Then (A_,, Ao, 3,,6, S.,5, Q) is a B*-CLWX 2-algebroid.

the graded double vector bundle ) with the associated graded fat bundle A_, ® A.

Proof. Since all the structures defined on the graded fat bundle A_, @ A, are the restriction of the
structures in the VB-CLWX 2-algebroid, it is straightforward to see that all the axioms in Definition 6.1
hold.

Example 3. Consider the VB-CLWX 2-algebroid given in Example 2, the corresponding E-CLWX
2-algebroid is (JE)[1],DE,0 =0,p =1id,S = (-, ), ¢, Q = 0), where the graded symmetric nonde-
generate E-valued pairing (-, -)z 1s given by

O+ut+v)p =Wty +Vd)e, Vd+u t+ve DEGJIE,
and ¢ is given by
@+ o+v)=[d1]p+ Ly —Lu+dur),.
See [10] for more details.

Example 4. Consider the VB-CLWX 2-algebroid given in Proposition 3. The graded fat bundle is
JE_| & JE). It follows that the graded jet bundle associated to a CLWX 2-algebroid is a T*M-CLWX
2-algebroid. This is the higher analogue of the result that the jet bundle of a Courant algebroid is
T*M-Courant algebroid given in [11]. See also [24] for more details.
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7. Constructions of Lie 3-algebras

As applications of E-CLWX 2-algebroids introduced in the last section, we construct Lie 3-algebras
from Lie 3-algebras in this section. Let (§_», §-1, 80, /1, 2, [3,[4) be a Lie 3-algebra. By Theorem 5.5, the
corresponding VB-CLWX 2-algebroid is given by

D—l - giz

N |\ )
a8 pt 95
DO — |~ giz

AN N .

g0 pt g—l'

where D_| =g ®@g,®g", and Dy = g0 ®g", ®g”,.
By Theorem 6.3, we obtain:

Proposition 4. Let (3.5,9.1,00,01,b,155,14) be a Lie 3-algebra. Then there is an E-CLWX 2-
CllgebrOid (Hom(g()7 9—2) S -1, Hom(g—l ’ g—2) 52 90, (9, P> S’ o, Q): Wheref()r all xi’ yi’ Zi € g-j ¢i7 wi, "pi €
Hom(g_;, g-»), 8 : Hom(gp, 3-2) ® g-; — Hom(g_1,8-2) ® g is given by

8@’ +x"y = ¢ oy + L(x', g, + Li(x), (7.1)
p : Hom(g_;,8-5) ® g0 — gl(g-2) is given by
p@' +x%) = ¢! o[y + b, s (7.2)
the g_»-valued pairing S is given by
S@' + %" +y) = ¢ 01 + ¢ (), (7.3)
the operation < is given by

4y o 00+ 8" = L%, + Y, Ny, + L0, ') —¢' ol o y!
—¢' o L(xX%, g, + ¥ o LY, g, —LO W' () +yl ol o,

(O +y) o 0 + ¢ = L(x, Yy + B0, YD, + (O, ()
—¢° 0 (X%, gy = U L(, YDlg + W ) + ¢ ol 0 ¢,

0"+ %) o (" +yh) = Ly, x0) — B, yHlg, — L, ¢°()
+¢" 0 L(x°, gy + 6(°(x")) + ' L( YDy, — ¢! 0 1y 0 ¢,

and Q is given by

(7.4)

Q' + X% 0"+ + o' +2°) = GO, 20 + L(x%,y°, 20, )
—¢' 0 (X", y°, Mgy — @' 0 L&, 2", Mgy — ¥ 0 OO, 20, o (7.5)

By (7.2), it is straightforward to deduce that the corresponding D : g_, — Hom(gp,92) ® g_; is
given by
D) = b, x°) + L(x) (7.6)

Then by Theorem 6.2, we obtain:
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Proposition 5. Let (§_5,9-1,80,01,0,03,14) be a Lie 3-algebra. Then there is a Lie 3-algebra
(§—2,§—]’§0’ IlaIZa I3’14): Where §—2 = g-2, g—l = Hom(go’ g—Z) 5] a-1, §0 = Hom(g—b g—Z) S 90, and
I; are given by

I1(%2) = D(xz), Ve 9—2,
L@ +x) = ¢Poli +hL( g, +Lhixh, ¥ ¢0 +x'eqy,
L(e),e)) = eYoe, v el, e e go,
L e') = %(e0 oel —el oel), Veleqye €qy,
L, x*) = %S(eo,i)xz), Ve €gy, X2 €90,
Iz(el,ez) = 0, \7’e1,e2 €9_;,
(Y, ez, e3) = Q(, ez, e3) v e(]), eg, e € go,
13(6 ez, e') = —T(e ez, e), Y el,e2 €9p.¢e' €9y,
L, e, el ¢ = Qe €9, e, ), Vel e, e, ¢ €ap,

where the operation D, o, Q are given by (7.6), (7.4), (7.5) respectively, T : gy X 8y X §_; — ¢ IS
given by

T(e), €9, ¢') = é(S(e?, L(ed, e")) + S(e', Le), €9)) + S(ed, L(e', €M),
and Q : A*§y —> o5 is given by
Q(el, ez, 63, e4 S(Q(el, ez, e3) e4)
By Proposition 5, we can give interesting examples of Lie 3-algebras.

Example 5. We view a 3-term complex of vector spaces V_, R V4 R Vo as an abelian Lie 3-algebra.
By Proposition 5, we obtain the Lie 3-algebra

(Voa,Hom(Vy, Vo) ® V_1,Hom(V_1, V_5) & V, 11, b, 13, [y = 0),
where [;,i = 1,2, 3 are given by

L) = L(xP),
L@ +y) = ¢l + LY,
L' +x%¢" +)0) = yloljop! —¢' ol oy,
L' +x%¢° +y") = L' O - ") +y' ol o g,
L' +x0,0%) = Y,

L' +x, ¢ +yh) = 0,
L' +x%¢" +)% 0 +2%) = 0,
L' +x%¢' +y% ¢ +2) = —}T(l//l oliod' () —¢' oli oyl (zh)

—y' ol 0 @°(°) + ¢! 0y 0 (")),

forall x* € V_p, y'+x', ¢°+y", " +z! € Hom(Vy, Voo)@V_y, ¢! +x°, ¢'+)°, ' +2° € Hom(V_y, V_p)® V.

Example 6. (Higher analogue of the Lie 2-algebra of string type )
A Lie 2-algebra (g_1, 60, [1, [, [3) gives rise to a Lie 3-algebra (R, g_1, 99, /1, l2, l3, [; = 0) naturally, where
l;,i=1,2,31s given by

L) = 0, LY=L,
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L") = L), Ly = Ly, L, ) =0, LKx',y") =0,
Ly, 2% = LY.2%, L(xy%.z) =0,

for all x°,y%,2° € g9, x',y',2! € g_;, and r, s € R. By Proposition 5, we obtain the Lie 3-algebra

(R,g-1 @65 80 @0 ,,11, b, 13, 1y), where [;, i = 1,2, 3,4 are given by

L(r) = 0,
L(x'+a%) = L&Y+,
L +a' Y +8YH = LY+ adoioﬂl - adO;oozl,
L + al,yl +,80) = lz(xo,yl) + adoioﬁo - adl;al,
Lx' +a%y' +p% = 0,
L +a',r) = 0,
I3(x0 + al,yO +ﬁ1,z0 + {1) = l3(x0,y0,z0) + adSio,y(){l + ad3;k,o’zoaf1
+ad3:o,x0,31,

1
GO +aly? + L2+ = Sl b0 D) + (Bl b )
+(, L(x*,y")),
L +a ) +8 "+ L+ = L BGEY,) — (L B, Y0, W)
_<a/1 5 13(_y0’ ZO’ M0)> - <ﬁ1 5 l3(Z0, xO, M0)>
for all x%,y°,2% u® € go, x',y',2" € g1, @', 8,2,y € ¢*,, @, 8 € g, where ad’y : g%, — ¢,
adlil ¢, — g; and ad? io’yo . g7, — g; are defined respectively by
(@d”pa',x') = —(@, L% 1),  (ad”wa’, %) = —(a° L"),
<ad1x1a/l’y0> = _<a/1a 12(x15y0)>’ <ad3x0’yoall7 ZO) = _<a,1’ l3(.XO, y07 ZO))-

Remark 4. For any Lie algebra (b, [-, ‘]y), we have the semidirect product Lie algebra (1) »<,q- b™, [+, ]aa*),
which is a quadratic Lie algebra naturally. Consequently, one can construct the corresponding Lie
2-algebra (R, Y=g b*, 1} = 0,1 = [+, -]ag*» 3), where I3 is given by

l3(~x + a/’y +ﬁ,Z + y) = <79 [x,)’]l)> + <ﬁ’ [Z7 x]1)> + <aa [y9 Z]I)>9 any,Z € b’ a,ﬁ,)’ € b*

This Lie 2-algebra is called the Lie 2-algebra of string type in [51]. On the other hand, associated to a Lie
2-algebra (g_1, 9o, E, E, Z;), there is a naturally a quadratic Lie 2-algebra structure on (g_1®96)®(90®g’j1)
([34, Example 4.8]). Thus, the Lie 3-algebra given in the above example can be viewed as the higher
analogue of the Lie 2-algebra of string type.

Motivated by the above example, we show that one can obtain a Lie 3-algebra associated to a
quadratic Lie 2-algebra in the sequel. This result is the higher analogue of the fact that there 1s a Lie
2-algebra, called the string Lie 2-algebra, associated to a quadratic Lie algebra.

A quadratic Lie 2-algebra is a Lie 2-algebra (g_1, g0, /1, 2, [3) equipped with a degree 1 graded
symmetric nondegenerate bilinear form S which induces an isomorphism between g_; and g, such that
the following invariant conditions hold:

S(li(xh), yh) S(hoh, 2D, (7.7)
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ShL(y"),2) = =Sh(’,2),y"), (7.8)
S (13(x%,y", 2%, u°) =S (l5(x%, %, u"), 2", (7.9)

for all x%,y°,2°,u° € go, x',y! € g_1.

Let (g-1, 90,11, 1,13,5) be a quadratic Lie 2-algebra. On the 3-term complex of vector spaces
R®g_; ® g9, where R is of degree —2, we define [;, i = 1,2, 3,4, by

L(r) = 0, L(xY = Li(x),
L% = h(x%)"), L0 y) = by,
L% r) = 0, Ly = 0, (7.10)
13(-x09 yO’ ZO) = l3(XO, yoa ZO)’ 13(-x05 yO’ Zl) = %S(Z17 lZ(xO’ yO)),
I4(X0, yo’ ZO» uO) =S (l3(XO, yo» ZO)’ MO)’
for all x%,1°, 2%, u® € go, x',y', 2 € g_; and r € R.

Theorem 7.1. With above notations, (R, g_1, 8o, l1, 1, 13, 14) is a Lie 3-algebra, called the higher ana-
logue of the string Lie 2-algebra.

Proof. It follows from direct verification of the coherence conditions for I3 and I using the invariant
conditions (7.7)-(7.9). We omit details.
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