ERA, 34(4): 2157-2177.

EE Elect . DOI: 10.3934/era.2026097
AIMS ectronic Received: 30 January 2026

@ Research Archive Revised: 01 March 2026

Accepted: 05 March 2026
https://www.aimspress.com/journal/era Published: 10 March 2026

Research article

Zero dissipation limit to rarefaction waves with a vacuum for
one-dimensional viscous compressible two-phase flows

Yixuan Zhao' and Shuzhen Zhang”*

! School of Mathematics and Big data, Anhui University of Science and Technology, Huainan
232001, China

2 School of Mathematics and Statistics, Shandong University of Technology, Zibo 255000, China

* Correspondence: Email: szzhang @sdut.edu.cn.

Abstract: We are concerned with the zero dissipation limit to rarefaction waves with vacuum for
a non-conservative viscous compressible two-fluid system in one dimension. In this paper, given a
rarefaction wave with one-side vacuum state, we establish the existence of a solution sequence for
the system that approaches this rarefaction wave with vacuum as viscosity vanishes and we derive a
uniform convergence rate for this approximation. The result is proved by a scaling argument and an
energy method.
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1. Introduction and main result

This paper studies a two-fluid model derived via the Chapman-Enskog expansion from a Vlasov-
Fokker-Planck equation coupled with the compressible Navier-Stokes equations [1]. Specifically, we
focus on the following system:

pr + (pu), =0,

(pu); + [pu® + p(p)]x = Vityy + n(v — u),

n, + (nv), =0,

(), + [ + p(n)] = ((n)ve)x — n(v — ),

(1.1)

where x € R is the spatial variable and # > 0 is the time variable. The unknown functions p and u stand
for the density and velocity of a dense phase, respectively n and v represent the macroscopic density
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and velocity of the disperse phase. The pressure-density functions of two phases take the form

P ="
po) =2 pln) =

with y > 1 and 8 > 1 being positive constants. Here, we restrict ourselves to the case y = 8 = 1. The
viscosities of two phases v and n(n) are given by

v=¢€, n(n) =en,

where € > 0 is the viscosity coefficient.

The study of vacuum states in gas dynamics presents considerable challenges, primarily due to the
analytical difficulties arising from degeneracies and singularities. Within the framework of Riemann
solutions, it is established that only rarefaction waves, as opposed to shock waves, can connect to
vacuum states in the one-dimensional isentropic compressible Euler equations [2]. This theoretical
understanding motivates the investigation of viscous approximations to such vacuum-rarefaction
waves, as seen in the analysis of time-asymptotic behavior for the Navier-Stokes equations [3, 4].
Furthermore, the zero-dissipation limit from the Navier-Stokes equations to these Euler rarefaction
waves with a one-side vacuum has been rigorously justified through the construction of convergent
solution sequences [5]. Liang [6] considered the density-dependent viscosity case (i.e., u(p) = €p®)
under the conditions on the coeflicient @ and the gas constant

l<y<2, a<vy §<a<§
<2, <Y, zsasg,
and later Li and Wang [7] generalized the result to the non-isentropic case. Wang [8] generalized the
result forall y > 1 and @ > 0.

There has been extensive research on two-phase flows [9, 10], etc. Several results have been
established for the two-fluid system (1.1). Li et al. [11, 12] investigated the inflow problem and the
outflow problem for the full two-phase model for the system (1.1) in a half line. Wang and
Zhao [13, 14] succeeded in the applying time-asymptotic stability of planar rarefaction wave to a
two-fluid system in two dimensions.

Our work departs from the aforementioned studies by targeting the zero-dissipation limit for a
rarefaction wave with vacuum in the one-dimensional compressible two-fluid system (1.1). The core
analytical difficulty stems from the presence of vacuum, which induces degeneracies and singularities.
This challenge is compounded by the system’s coupled dynamics: two compressible, viscous fluids
(one with constant viscosity and the other with density-dependent viscosity) interact via drag and
Vlasov forces within the same phase space. Unlike the single-fluid case, obtaining uniform estimates
near vacuum is significantly harder due to these inter-fluid interactions. Nonetheless, by leveraging a
scaling argument combined with an elementary energy analysis that capitalizes on the intrinsic
relaxation damping of the rarefaction wave’s structure, we are able to overcome these obstacles.

We now proceed to present the precise formulation of the problem. For the two-phase flow
system (1.1), the corresponding inviscid Euler equations read as follows:

(1.2)

pr + (pu), = 0,
(ou); + (pu2 +p)=0,
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and

{n, + (nv), =0, (1.3)

(nv), + (m* +n), = 0.

For p, n > 0, systems (1.2) and (1.3) exhibit strict hyperbolicity, with all characteristic fields being
genuinely nonlinear. Note that the eigenvalues of the Jacobi matrix of the Euler systems (1.2) and (1.3)
for (o, u) and (n,v) are

Aw) =u+ (=1, L) =v+(-1), i=12

Corresponding right eigenvectors are
) = (=1)'p, 1), F(n)=((=1)n, 1), i=1,2,
such that for i = 1,2, we have
7i(0) - Vipuydi(u) # 0, 7i(n) - V() Ai(v) # 0.

The i-Riemann invariants (i = 1,2) can be defined by

Zi(p,u) = u + (=1)"! fpédg, Zi(n,v) = v+ (1) fnédg, i=1,2,

such that
VuwZi(p,u) - 7(p) =0, Vu,Zin,v) -(n)=0, i=12.

The primary objective of this paper is to construct, for a given rarefaction wave with a one-side
vacuum state solving the isentropic Euler equations (1.2) and (1.3), a sequence of solutions to
system (1.1) that converges uniformly to this wave as the viscosity vanishes, and to establish the
corresponding convergence rate. Several key aspects of our analysis merit further commentary. First,
analogous to the approach in [5], we construct the 2-rarefaction waves that connect to the vacuum on
one side. This construction proceeds the from given Riemann initial data

{p(O, x) =0, x <0,
(1.4)
(p’ u)(O, X) = (p+7 I/t+), x> O,
and
{n(O, x) =0, x <0, 05
(n,v)0,x) = (n,,uy), x>0.

Here, the left-hand state is a vacuum, while the right-hand state is defined by the prescribed constants
p+,ny > 0 and u,. Consequently, the Riemann problem (1.2) and (1.4) yields a 2-rarefaction wave
connecting to the vacuum on the left. The velocities u- = Z,(p4,u;) and v_ = Z,(ny,u,), which
represent the speeds at which the two fluids enter the vacuum from the rarefaction waves, are directly
determined by the definitions of the 2-Riemann invariants Z,(p, u) and Z,(n,v). We now get a 2-
rarefaction wave (p",u")(3) of (1.2) connecting the vacuum state p = 0 to (o4, u,), which can be
expressed by
L [ ifE< a0,
ﬂz(ﬂ“(;),u”(;)) =1 % ifu <3<y, us), (1.6)
(o4 uy), if f > (04, Us),
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and . .
Zz(p”(;), M’Z(;)) =2,0,u) = Zr(py, uy). (L.7)

The momentum of the 2-rarefaction wave m"™ can be defined by

mm(é) _ {p@(’;‘)uﬂ(’;‘» if p >0, 08

0, if p =0,

Similarly, the Riemann problems (1.3) and (1.5) possesses a 2-rarefaction wave connected to the
left-hand-side vacuum. From this, we obtain the inflow velocity v_ = Z,(n,, u,) for the fluids entering
the vacuum from the rarefaction wave. Thus, we can also get a 2-rarefaction wave (n"2,v")(3) of (1.3)
connecting the vacuum state n = 0 to (n,, u,), and the momentum of 2-rarefaction wave m" can be
defined by

sy = [ >0, 9
t 0, if n2=0.
In the interest of clarity and brevity, the notation || - ||;2 is replaced by || - || throughout the following

discussion. The constant C in this paper can represent several positive generic constants, which is
dependent on time ¢ and € without special remarks. We now state our main result as follows:

Theorem 1.1. Let (o™, m"™)(3) and (n",m"?)(3) be the 2-rarefaction waves with one-side vacuum state
defined by (1.2)—(1.5). Then a small positive constant €, such that if € € (0, &), the compressible
two-phase flow system (1.1) admits a family of smooth solutions (p€,m¢ = puc)(x,t) and (n,mc =
nve)(x, t) satisfying

(0 = P, m —m"™, n — n",m — i) € C°(0, +o0); L*(R)),
(S, m*, n, i), € CO(0, +00); L*(R)), (us,, v5,) € L*(0, +00; L*(R)).

xXx> U Xx

Furthermore, when € — 0, for any given positive constant h > 0, a constant C,, > 0, independent of e,
such that
sup [[p°(-, 7) —p’z(;)llm < Cre’|Inel, sup|lm®(-,1) - mrz(;)llm < Cre’|Inel,

t>h t>h

. . (1.10)
sup ||n(-, ) — n’Z(;)Ile < Cye’|Inel, sup||mc(-, 1) - rh’z(;)llm < Cre’|Inel.
t>h t>h

. . . _ L
with the positive constant a given by a = .

The structure of this paper is outlined below. Section 2 is devoted to the construction of
smooth 2-rarefaction waves via the inviscid Burgers equation, which serve as approximations the
cut-off rarefaction waves in the Euler system. The proof of Theorem 1.1 is presented in Section 3.

2. Rarefaction wave

In this section, for the sake of completeness, we restate the approximation of the cut-off rarefaction
wave and summarize key estimates for this approximate cut-off rarefaction wave. Following a similar
methodology to that in [5] for the Navier-Stokes equations, we construct the approximate

rarefaction wave.

Electronic Research Archive Volume 34, Issue 4, 2157-2177.



2161

Given any constant u > 0, there a unique state (o, u) = (,u, uﬂ) lying on the 2-rarefaction wave curve.
The explicit expression for u,, namely u, = u, — In %*, is derived from the fundamental property that
the Riemann invariant Z,(p, #) remains constant along the rarefaction wave.

Thus, we obtain a cut-off 2-rarefaction wave (p[f, u[f (it‘) that connects the state (u, u,) to (o, u,)
and satisfies Eqs (1.2) and (1.4), which is given by

. A2 (My), T < Aa(uy),
ﬂz(”ﬁ)(;) =97 () < 5 < (uy),

Ao(uy), f > Ap(uy).

Following this pattern, it is possible to obtain a cut-off 2-rarefaction wave (n,, u[f)(’;‘) to (1.3) and (1.5)
that connects the state (Z—:/J, u,) to the state (n,, u,).

Correspondingly, we can define the momentum functions m,/ = p;u,; and 7} = nju,’. It can
be shown that the cut-off 2-rarefaction waves (o,’, m,;/)(7) and (n,/, 7’ )() converge to the original 2-
rarefaction waves (0", m")(3) and (n",/m")(3) in the sup-norm the convergence rate u tends to zero.
Stated more precisely, the following lemma is a direct consequence of the explicit solution formula for
a rarefaction wave.

Lemma 2.1. ( [5]) Let g € (0, 1) be the constant defined such that for all u € (0, uo| ,t > 0, it holds
gz iz gz ) (-) = (0, ) Ol < C

In this paper, it is defined that wi(x, ) is the solution to the Burgers equation with the Cauchy
initial value

w, + ww, =0,

2.1

w(x,0) = wo(x) = =5%= + =5=tanh3,

where 6 > 0 is a small parameter to be determined. In fact, we choose & = €* with a given constant
a. Subsequently, the approximate rarefaction waves (9,4, it 5)(x, t) and (7, i, 5)(x, t) of the cut-off 2-
rarefaction waves (p;’,u,/)(7) and (n;,u;)(7) to the two-phase flow system (1.1) can be determined
via the following computation:

wy = A(uy), wo = A(uy),

wi(x, 1) = Ao(it, 5)(x, 1),

2Py, Uy 5)(x, 1) = Zo(p4, uy) = Zo(u, uy),
Zo(Py 5, U 5)(X, 1) = Zop(n, us) = Zo(SHp, ),

(2.2)

where
wi(x, 1) = ws(xo(x, 1)),  x = xo(x, 1) + ws(xo(x, 1))t.

The properties of wi(x, f) reported in [15, 16], the properties of (o, it s)(x, ) and (71,5, i1, 5)(X, 1)
are derived. For notational simplicity, (0, it,s)(X, ) and (7, it,5)(x, ) abbreviated as (p, it)(x, t) and
(1, u)(x, t). In summary, (p, it)(x, t) and (71, it)(x, t), as defined above, satisfy

(2.3)

Pr + (pit), = 0,
(pit), + (pi* + p)x = 0,
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and

{ﬁ, + (Ait), = 0, 04

(i), + (Ma* + i), = 0.
Lemma 2.2. ( [5]) The following properties hold for the approximate cut-off 2-rarefaction waves (p, it)
and (i, ) given in (2.2).
(1) uy(x,0) = (W), >0, forxeR, t>0.
Px = Py, Ny = Nily, Py = PUyy + p(ﬁx)z and i, = Ry, + ﬁ(ﬁx)z-
(2) It holds that for all t > 0,6 > 0, and p € [1, 0] :
G, Dl < Cows —w )P+ 077,
lli3x (s Dl < C@S + )16 HP,
(3) Let 6 € (0,60] and t > 0, where &, € (0, 1) is a fixed constant. Let (p,/, ;) and (n;,u,’) be
the cut-off 2-rarefaction waves.

1 = P27 = g2, &= ), Dlls < Cor' (1 + 1) + | In )
3. Proof of Theorem 1.1

We now proceed to prove Theorem 1.1, and the solutions (o€, u)(x,t) and (n€,v¢)(x,t) are
constructed as the perturbations around the approximate rarefaction waves (p, it)(x, ) and (71, i)(x, t).
Consider the Cauchy problem for (1.1) with smooth initial data

(%, u)(x, 1 = 0) = (p, w)(x, 0), (n°,v)(x,1=0) = (7, u)(x, 0). (3.1
The perturbations are defined as

(@), 7) = (0% U)X, 1) = @, (X, 1), (§, ), 7) = (1, V) (x, 1) = (7, B)(x, 7). (3.2)

Here, the scaled variables y and € are denoted by

) (3.3)

The quadruple (o€, u¢, n¢, v¢) denotes the solution to (1.1). For simplicity, we omit the superscript €
and write (o, u, n, v).

By (3.2)and (3.3),wehavep =p+¢, u=ii+y, n=n+¢, v=v+y¢,and d, = € '9,, 4, = €''9,.
Substituting these relations into (1.1), using (2.3) and (2.4) to cancel the background wave terms, and
collecting the remaining terms, we obtain

¢ + Yy + ugy = — f,

P + puhy + ¢y =y = =g + n(l =),

e + il + v, =~ T,

nj + nw;y + &y - ﬁ&yy =g+ + (&Vy)y —n(y — ),

(3.4)
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where

f - ﬁy¢ + p)w’
g~: p_wfty pyp ﬁ)’)” (3'5)
f=u,¢ + i, ‘”1
g= n&ﬁy - ny Ny,
Initial data
(@, %, 6. 9)(,0) = (0,0,0,0). (3.6)
Additionally, the solution space for the problem (3.4)—(3.6) is defined as follows:
X(O’ T (6)) = {(¢’ w’ ‘%7 &)l(‘p’ ‘% gl;, IZ/) € CO([O, Tl]; Hl (R))’ (¢y, &y) € LQ(O’ 715 LZ(R))a (3 7)

(l//y’ 'Z}y) € LZ(O’ T1s Hl (R))}’
where 0 < 71(€) < +00.

At this point, the result concerning the perturbation solution (¢,y,$,) is formulated in the
following theorem:

Theorem 3.1. Let €, > 0 be a constant independent of €. Then another constant C > 0 exists, also
independent of €, such that for any 0 < € < €, the problem in (3.4)—(3.6) admits a unique global-in-
time solution (¢, y, , ) € X(0, +00) satisfying

up [(@ 4G g 2 B4 BT+ Py
7€[0,+0] JR
+00
+ f f (@ + pity® + iy + W5 + s + @3 + iy + i + s + g )dydss (3.9)
0 R
e — 7 2 7 2 121, -9
+ (A —¥)" + Yy — ¢) |dyds < Ce>" 2% Inel™.
0 R

with a is being given in Theorem 1.1.

Here, we proceed with our analysis guided by the following a priori assumptions:

sup (¢, 4, ¢, W= < €, sup ¢y, ¥y, By Il < 1 (3.9)

7€[0,71] 7€[0,71]

with a given in Theorem 1.1. We choose
u=€llnel, §=¢€" (3.10)
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If € << 1, then one has

_ _ R | D
p=p+¢=2p—|lglli~=2p—€ Zp-HHz%,
i} _ 13
p=p+¢<p+lgll~-<p+e SpHous o
n, i (3.11)
n=n+¢2n—|gll~2n—-€"2n-—u=,
20, 2
_ _ _ _ n. 3n
n=n+¢<n+|Plli~-<n+e <n+ u< —.
20, 2
where u > max{2, n—:}e" if € < 1. By integrating (3.9) and (3.11), one can derive
p 3p 7@ 37t
— —, = —. 3.12
2<p< > 2<n< > ( )

The standard proof for the local existence of solutions to (3.4)—(3.6) is omitted here; see [17] for
details. To establish the convergence rate of the local solution with respect to € as given in (3.9),
we denote the local existence time interval as [0, 79] = [0, 7o(€)]. The subsequent proof strategy for
Theorem 3.1 involves extending this local solution to a global one on (0, +00), for a small but fixed
viscosity coefficient €. This extension relies on establishing the following a priori estimates for a fixed
€ satisfying 0 < e < 1.

Theorem 3.2. (a priori estimate) Take a solution (¢,\, , ) € X(0,71(€)) to (3.4)—(3.6), with T(€)
being its maximum existence time under the a priori assumptions (3.9). One can find a constant € > 0
such that whenever 0 < € < €y, the following holds:

sup f<¢2 + ¢+ pYt + s+ G+ G+ g+ )dy
R

7€[0,71(€)]
71(€)
+ f f (@5 + Py + iy + s + 4, + &F + iy + iy + iy + 05 )dyds (3.13)
0 R
e 7 2 (7 2 e -y -9 ! -9
+ (A — )" + (Jy — ¥,) ldyds < C -|Inel = Ce2" 2 Inel” < Ce3|lnel™,
0 R u'062

with a as given in Theorem 1.1, and the constant C is independent of € and 7,(€).

Next, Lemmas 3.1-3.3 are shown to give the proof of Theorem 3.2.

Lemma 3.1. Positive constants C and € exist such that for 0 < 7 < 11(€) and € < €,

T1(€)
Sup fR (% + py* + & + p*)dy + fo fR (i, +yr; + i + g |dyds

7€[0,71(€)]

71(€) B 6%
+ f f Ay — y)*dyds < C—.
0 R uo?
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Proof. To begin with, define

2
E =00+,
where
0 — -
D(p, p) ::f &= _ Pae=P _mP_1. (3.15)
5 € p P
Direct computations yield
(PE): + Y pity + ¥y = n(l — Y)W + (PUE =y + $)y = fiyyf. (3.16)
Similarly, define
.. U?
E :=0(n,n) + —,
2
where
d(n, i) ::f ey, (3.17)
&2 n n

Direct computations yield
(E): + §’nity + i} + n( — Y)W + (WE — il + ¢y — ityl)y = hiyy s + ity — Gifyity.  (3.18)
Adding (3.16) and (3.18) together and integrating the resulted equation over R X [0, 7] implies
[@rpe e @ smitiaye [ [ lpnwt 6+ i s ndi v 0 - w7 ldvds
R 0 Jr
. i T A (3.19)
SCf f(lﬁﬁyywl + |iy | + gy + |¢9//yﬁy|)dyds = _21 I;.
0 Jr i=

We now estimate the terms on the right hand side of (3.19) one by one. By Holder’s inequality,
Sobolev’s inequality, Young’s inequality and Lemma 2.2, the following holds:

i ol ] [ AL T
Ilﬁcf||Myy||L1||lﬁ||2||lﬁy||2d5SC,UZf . éllnl//||2||m//y||2ds

< 80f fm//ydyds+C,u f - )illﬁél/;”%ds

R (3.20)
—f fnwzdydﬁcw sup ||ﬁ2w||3f —ds
0 Jo rel0,11] 0 (s+72)3
f fnw2dyds+— sup fmﬁzdy+C o
80 ref0.7] ,ud% .
Similarly, the following holds:
2 2 e

12<—f fw dyds+— sup fﬁ:ﬁ dy+C——. (3.21)

0 ref0r11 Jr u202
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From Lemma 2.2, one can get

L<cC f f 7y ldyds < C f f it al g |dyds
R 0 R
1 B T
s——j‘fﬁ@ﬁ@m+cjﬂfﬁyms (3.22)
80 Jo Jr 0 Jr
< 1jﬂf:-de+cE
—_— nu S -.
=380, J.OV Y 5

/

fﬁ%dde+C€2#_l sup f@zdyf i ll7~ds (3.23)
0 JR 7€[0,71] 0

f ¢2dyds+C— sup faﬁzdy

R

K

T€[OT1]
1 T

< — dyds + — su f »d
80f0 s + g NS

Here, we use the fact that

1
q%sc&ﬂmm4sgyﬁe<L

which will be omitted for a similar reason in the following part. Combining (3.19)—(3.23) yields

71(€)
sup f (% + py* + & + pP)dy + f f [pit,y” +y; + Rty + mj; |dyds
0 R

7€[0,11 (E:_]l h (3 24)
+j‘ jﬁ@—w>
0 R

With this, the proof of Lemma 3.1 is finished. m]

Lemma 3.2. There exists a positive constants C and €, such that for 0 < 7 < 11(€) and € < ¢,

- ) 71(€)
W?f%+m@+f f@+¢mm
7€[0,71(6)] JR

| (3.25)

€2 _1 %
<C— [In €| s ) g[/}ydyds
/1857 uzt

Electronic Research Archive Volume 34, Issue 4, 2157-2177.



2167

Proof. Upon substituting (3.4), into (3.4),, we multiply the resulting equation by ;%rpy, which yields

Gsh + Bud). + (st = ) + 263

P _qu _ __ Yoy 0 _ _
:p[p—}z(‘ﬁ py) p — Pyly ‘Z‘p + pu y p y] +p¢’§ - %¢y(”yy¢ +pyy¢ + 2pyl//y) (326)
2
_ ey . _
+ ﬁ(pr +pyu) — o gd)} pypT wj + —(w W)y
=M(y, 7)

Substituting (3.4); into (3.4), and multiplying the equation by n%gfﬁy

n- -~

( Wy) + ( V¢ i 20 M
—w2 wrp - __W O o R
=[5 (G + ) + iy —— nyuy% + Wyn—zy] # D = Byl + Pl + 2000) (3.27)
é; i U I o
e Do+ @l - S+ - B 2 Gy L - R,
=Ny, 7).
The combined integration of (3.26) + (3.27) over R X [0, 7] leads to
[@+aars [ [ @+ ravas
R 0 JR (3.28)

<C f (W] + 15,y + C fo f (MG, 7 + NGy, 7)) dyds.
R R

Our next task is to provide estimates for all terms on the right-hand side of (3.28). By Cauchy’s
inequality, the following holds:

fR(IWyI + [0¢,1)dy < 0 f(fl’ +¢)dy + Cu™! f(pl// + g )dy. (3.29)

Since the method used in estimating C fo fR |IM(y, 7)|dyds is exactly same to C fo j];% IN(y, 7)|dyds, the
details can be omitted. We start to estimate C fOT fR IN(y, 7)|dyds. From (3.27), one has

T T 72
Cf fIN(y,T)Idyds scf f[|ﬁﬁy¢’—2&y|+|ﬁﬁ2"” |+ |id, l//y¢|+|ﬁ' ; Z‘fungy%
0 R

¢ o
| ¢)uy)¢| + | ¢ypyylﬂ| + | ¢)pyl//y| + | (” )<l + |_(n )yvl
y‘p) WP} — Wbr —
n

Gy,
+|ng S|+ [, === + = A+ =

il + 1 ¢2ﬁyl+| 2¢ 2
| ¢¢>My>|+| ¢¢y¢//yy|+| (lﬂ $)¢y|]dyds

19
=3 Ni.
i=1

Electronic Research Archive Volume 34, Issue 4, 2157-2177.



2168

Based on the a priori assumptions (3.9), it can be deduced that

N sC f [ s < c f e [ 15t 5y
1+2a
< 80f f¢2dyds+C f fnuyw dyds
< 80f f((ﬁ +nuyw )dyds.

It follows from Lemma 2.2 that

T » T 5 1 T »
N, <C f f AE2g |dyds < C= f f A, JPdyds < — f f i, JPdyds.
0 R 5 0 R 80 0 R

It is similar to (3.23) that

N3 SCf flﬁy&yrf)ldyds f fngllzdyds+— sup fqﬁzdy.
0 Jr g 80 refor]

By Holder’s inequality, Cauchy’s inequality and Lemma 2.2, the following holds:

T ~~ T 1L 1 ~
N,<C f f i gdldyds < C f f Az i 2l gldyds
0 R 0 R

1 (7 . - ’
< —f fﬁﬁywzdyds+Ce3y_l sup ¢2dy |13 s
0

7€[0,71]

1

_Of fnuyt,l/zdyds+C— sup fqbzdy
7€[0,71]

1

_Of fnuywzdyds+— sup fd)zdy

T€[0T1]

Similarly, the following holds:

= oW

I/\

I/\

Ns <C Iuymbyldyds < 80f f(gb + nuyd/ )dyds,

Ne < C i ity pyldyds < f f¢2dyds+ — sup fqﬁzdy.
0 JR 80 7€[0,71]

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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From Cauchy’s inequality combined with Lemma 2.2, it can be concluded that

Ng<C f f lity $y il ldyds < C f f \By 2 ity it~ % |dyd's
0o Jr 0 Jr
1 " € (M (.
< — ¢ dyds + C— ny dyds
0 Jr
f f(qﬁ +m,l/ )dyds.

ne = _(ﬁﬁ)y >

Ny < Cf flﬁ_ (Z (72 ).ldyds < Cf fln uyqﬁ |dyds
<C—f f¢2dyds< —f fqﬁzdyds
Similarly, one has

T - T 1
Nyp<C f f i@y vidyds < ct f Grdyds < — f f Grdyds.
0 JR s Jo 0
According to (3.5), we have

T l T T
Ny SCf fln gdldyds < — f¢2dyds+Cf f"zgzdyds
0 80 0 Jr

Cf fﬁ‘zgzdydssCf Py + i g + i, )dyds
0 R

<

g |

Since

one has

(3.36)

(3.37)

(3.38)

(3.39)

< Céu? s[%tp]fcﬁ dyf ||ux||Lmds+Cf f(nuwuyn +u Vdyds
7€(0,7]

C— sup f¢2dy+C—f f””y‘ﬁ dyds+C—
TE[OT]]
S— sup f¢2dy+—f fnu)w dyds+C—
80 ref0.71]

According to the definition of perturbations (3.2) and Lemma 2.2, it follows that

Np<C f f lityv,Gyldyds < C f f (2| + |y, @ldyds
0 Jr 0
1 (- ’
S—Of f¢§dyds+Cf fﬁ¢§dyds+C— sup f¢dy+Cff 4dyds
TE[OT]]
1
g—of f¢2dyds+Cf fandyds+— sup f¢2dy+C
TE[OT]]

(3.40)
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From

ne = —(ﬁﬁ)y,
one has

N3 < CfonRl Wy |dyds < Cfrfm‘ Y, (i, + fiyit)dyds
cfo Lllp¢)uy|dyds<Cf f&sﬁzaé& 2t |dyds
%‘fo[& 2dyds+C—\[ fnuylﬁ dyds

.

(¢y + nuyw )dyd.s.
From (3.4), one has
¢r = —niy — vy — Uy — Y,

and one can get

IA
a
< —-1:
[
<
<
)
=
—+
<
xctl
=
=
+
<
<
hS
+
<
1N
)
=
=
<
QU
9%

7€[0,71]

S%jﬂf(mp +¢ +ﬁﬁytp)dyds+C—2 sup f¢2dy
0

7€[0,71]

2
< 80f f(nwy +¢ + nin)dyds + %T;v[lg]:l]fgb dy.
By Lemma 2.2, the following holds:

N15SCf fln uy¢ |dyds<C—ff Zdyds_—ff 2dyds
0

1 T » » - » T
< — f f (W, + ¢ + nit)dyds + Ce'u™ sup f P*dy f it |13 ds
80 Jo J= 0

(3.41)

(3.42)

(3.43)

Combining Holder’s, Sobolev’s and Cauchy’s inequalities with the a priori assumption (3.9), the

following holds:

N =€ f f 779, gldyds < Cp! f [ARACE
0 R 0
-1 T 1~ Lo~ 9 1 _3 T 1.~ Li~ 12
<Cut | WP IBIPds < Curp? | I I |17 lIgy P ds
0 0
< Cllnel” f f Trydyds + Cu?lnel” sup |1 f 111511811 s
0 R 7€[0.7]

< Cpln el f f 72, dyds + Cu?Inel} f WALATER
0

T 1 - g .
< C*|Inel™ f f l/fiydde@ f f $dyds + Cu”"| In €l f f gy dyds.
0 R 0 R 0 R
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It follows from Lemma 2.2 that

T s 1 T B T ~
Ny <C fo fR i~ i, ¢, |dyds < — f f $rdyds + Cu™ f fR i, dydss
1 (-
_—f f¢§dyds+Ce4,u_ sup fgbzdyf ||uxx||L(x,ds
7€[0,71]
f f¢2dyds+C— sup f¢2dy
7€[0,71]
S—f f¢>2dyds+— sup f¢>2dy
80 e[0.71]

Following Holder’s inequality, Sobolev’s inequality, Cauchy’s inequality and the a priori
assumption (3.9), this gives

N18<Cf fl b, ldyds
< [ [ Baasecu [Ciania,pas
~ - - T (3.46)
o | [[Bavascu sup v sup 1 [ [ Gavas
0 JR TE[OTI] 7€[0.71] R

L (M (_, -
—OL Ln’ 2qbidyds+C ol ffwy)dyds

1
where the last inequality uses fR #*dy < C<% in Lemma 3.1. According to the definition of rarefaction
uoz

(3.45)

IA

wave, the following holds:

Nip<C f f 3,35 — wnHdyds

. f f $rdyds + Cu™' f f A — ) dyds.

Combining of (3.29)—(3.47) with (3.14), when substituted into (3.28), leads to the result that

f (@; + ¢7)dy + f f (¢; + ¢)dyds
R 0 R

2 T
gc% + Cu | n €| f f [7() — ) + puywz + W, + it + gy |dyds
0 R

(3.47)

- (3.48)
+ f Py + g )dy) + C( | In el ™ + — 7) f f J2 dyds
R 2 7
e ..
<C— |1n €] y ) ://}ydyds
ueo2 U264
Thus the proof of Lemma 3.2 is finished. O
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Lemma 3.3. There exists positive constants C and €y such that for 0 < v < 11(€) and € < €,

T1(€)
sup f(wf + wi)dy + +f f [Ijtyl,lli + wiy + ﬁyt//i + tﬁiy]dyds

7€[0,71(€)]

T1(€) 1
f f Wy — W) dyds < c o]
2

Proof. Multiplying (3.4), by —& yields

s ) s y Vs iy Yy Yy "0_3

~|1In €.

(e = Wre +umD)y 4By + =% = 6y~ F g " —<¢ VW =
Multiplying (3.4), by —£2 yields
s s s &? by - Wy
(_)T Wy re + v—= )y + iy — >t wyy ¢y@ + g@ — =Wy — = - nyvy% - ¢Vyy%.

The combined integration of (3.50) and (3.51) over R X [0, 7] leads to
f(lﬁi + lﬂi)dy + +f f[(lﬁy — ) + ﬁylﬁ§ + wiy + ﬁylﬁz, + tﬁiy]dyds

wyyl + |~w)y

<c f f [|¢y‘b”|+|g‘””|+|<1——)<w Dl + 1, |

| l//y wyy wy)

|+ = |+|y} |+|¢yy ||dyds

Ji.

e

(3.49)

(3.50)

(3.51)

(3.52)

Our next task is to provide estimates for all terms on the right-hand side of (3.52). By Cauchy’s

inequality, one has

T 1 T T
Ji<C f f 167 Wy ldyds < ) f f o dyds + Cu? f f ¢rdyds.
0 R 0 R 0 R

From
8= PW_ly _py¢f5 - ﬁyy
Jo;
one has
1 T T
Jr < Cf flp 8Yyyldyds < ft//iydyds + Cf fﬁ_zgzdyds,
80 R 0o Jr
where

Cf fﬁ_ngdyds <Cf f(p uy)+¢/ u +p 4p§¢ )dyds
0o Jr

(3.53)

(3.54)

<Cu~ f fu}ydyds+C—f fpuyd/ dyds+C—T;V[%t1T?I]f¢2dy

<C—— + — dyds + — 2d
< ,u262+80f(; fpu)w yds + T;v[%t{_)l]fgb y.
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By Holder’s inequality and Cauchy’s inequality, the following holds:

T » 1 T T -
J;<C f f o™ W — yldyds < — f f Ui, +Cu” f f Ay — y) dyds.
0 R 80 0 R 0 R

This is similar to the estimate of J; and J,, where

T e 1 T B ~ T ~
Jy<C f f 7™ iy, |dyds < % J, f U dyds + Cu™? f f drdyds,
0 R R 0 R

Js<C f f W7~ 8ldyd's

dyd C— — 2dyds + — 2dy.
_Soffw vds + + Ofnuy:,b ys+80Tg[%t1:1f¢y

It follows from Sobolev’s inequality that

Jo<C f f W ldyds < C f W Pl leds < C f W, 121 11 s
< —f fw dyds + C sup ||¢,//}||3f f¢2dyds
7€[0.71]
—f fwiydyds+Cf fwidyds.
O 0 R 0 R

Similarly, the following holds:

T B 1 T B ~ T .
J7 < Cf fltﬁildyds < _Of f¢§ydyds+C,u lf fnwidyds.
0o Jr 0o Jr o Jr

According to (3.2), Lemma 2.2 and a priori assumption (3.9), one has

J3<C f f 7" ny v,y ldyds
0 R

<c f f 7 (sl 1551 + sl ] + 11, 1] + sl eyl
0 R

= Jg + J5 + J; + T4,

O

where

Jy<cu f 1 1y 1D e ds < Cp! f G512 11y 117112 s
0 0
1 4 ~ _ T .
S—Of ft//iydyds+c,u 5f fn;bidyds,
1
2 2
J: < —Of fl//)ydyds-kc 252f f¢ dydss%f f(l//)y+¢)dyds

1
_Of ft//}ydyds+C—f fmﬂidyds_ 80f f(l//}y+ng[/y)dyds

1
_Of ft//)ydyds+Cff 4a’yds_ 80f ft,//yydyds+C

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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With the aid of Holder’s inequality, Cauchy’s inequality, Lemma 2.2 and the a priori assumption given
in (3.9), we arrive at the following conclusion:

B [ [ @ amd)+ 60 Ddvds
0 Jr
1 (- ~ T e (7 .
< —f ftﬁﬁydyds+C64,u_2 sup f(pzdyf IIL'txxII%mds+C—f fwiydyds
80 Jo Jr 7€[0.71] 0 M Jo Jr
1 T
< — d ds+C— Su f b d
40fo fR‘”W ! 5 up ) Ow
1 T
< — dyds + — su f 2d
40[0 fl// Y 8076[01?11 s

The combination (3.53)—(3.60) with (3.14), when substituted into (3.52), leads to the result that

(3.60)

f(wi + lZI)Z)dy ++ L \[1; [(lZy - l,by)z + ljty(,lli + lﬁ}zy + Ijtyl;l}i + lpiy]dyds

<t Cu fR (¢° + ¢y + fo T fR [Py p® + W} + iiinyi” + sy + i — )’ ]dyds)

262
+Cu”’[ f (@ + ))dy + f f (¢§+<?>2)dde]
R 0 R
1 1
€2 2y €2 2 -1
<C oot T g )f J,bas

1
[Inel + C(|In €

C 10 1 9 7) '//ydde,
u o2 2 7z

which yields

<

71(€)
sup f(wf + wi)dy + +f f [Ijtng + wiy + ﬁywi + gbiy]dyds
R

7€[0,71(€)]

71(€)
[ fmwr e

(3.61)

|1ne|

Proof of Theorem 3.2. Equation (3.13) follows from a combination of (3.14), (3.25), and (3.49),
which completes the proof of Theorem 3.2. O

Proof of Theorem 3.1. The a priori estimates obtained here are actually stronger than the original
assumptions (3.9) on the interval [0, 7;]. This allows us to conclude that 7(€) = co. Indeed, if 7;(€) <
oo, one could, by reapplying the local existence theory at time 7 = 7(€), find a time 7,(€) > 71(€) such
that the solution still satisfies (3.9) on [0, 72(€)], contradicting the maximality of 7,(€). Consequently,
the local solution can be globally extended to (0, +o0) for any fixed sufficiently small €. O
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Proof of Theorem 1.1. What remains is to establish (1.10) given the constant a. The proof of (1.8) for
a fixed constant a follows from Lemma 2.2 and (3.8), together with the definitions u = €“|1n €| and
0 = €. Consequently, for any positive constant 4, a constant C;, > 0 exists, independent of €, for which

sup oG, 1) = p=C, Dll=

t>h

< sup I¢C, Dl + sup llpC. 1) = i Dl + supllo,(2) = o7 Ol

7€[0,+00) t>h t>h

<Cp(e* + 8| Ind| + u) < Cre’|In €,

and

sup ”m(, t) - m”z(., Z‘)”L"0
t>h

< sup (Im(,1) = G, Dl + 1,0 = mROlls +Im () = m™ Ol

t>h

< sup (¢, Dlles + WG, Dllew) + sup (-, 1) = m2(lls + Im2(=) = m>()ll=)
>h t t t

7€[0,+00) >

<Cp(e* +8|Iné| + u) < Cre’|In €.

Similarly, it holds that

sup |[n(-, 1) = n”(, Dl < Cre’|In €l
t>h

sup Im(-, 1) = m" (-, Dl < Cpe’|Inel.
t>h

Therefore, the argument above establishes Theorem 1.1. O
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