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Abstract: We are concerned with the zero dissipation limit to rarefaction waves with vacuum for
a non-conservative viscous compressible two-fluid system in one dimension. In this paper, given a
rarefaction wave with one-side vacuum state, we establish the existence of a solution sequence for
the system that approaches this rarefaction wave with vacuum as viscosity vanishes and we derive a
uniform convergence rate for this approximation. The result is proved by a scaling argument and an
energy method.
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1. Introduction and main result

This paper studies a two-fluid model derived via the Chapman-Enskog expansion from a Vlasov-
Fokker-Planck equation coupled with the compressible Navier-Stokes equations [1]. Specifically, we
focus on the following system:

ρt + (ρu)x = 0,
(ρu)t + [ρu2 + p(ρ)]x = νuxx + n(v − u),
nt + (nv)x = 0,
(nv)t + [nv2 + p̃(n)]x = (η(n)vx)x − n(v − u),

(1.1)

where x ∈ R is the spatial variable and t > 0 is the time variable. The unknown functions ρ and u stand
for the density and velocity of a dense phase, respectively n and v represent the macroscopic density
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and velocity of the disperse phase. The pressure-density functions of two phases take the form

p(ρ) =
ργ

γ
, p̃(n) =

nβ

β
,

with γ ≥ 1 and β ≥ 1 being positive constants. Here, we restrict ourselves to the case γ = β = 1. The
viscosities of two phases ν and η(n) are given by

ν = ϵ, η(n) = ϵn,

where ϵ > 0 is the viscosity coefficient.
The study of vacuum states in gas dynamics presents considerable challenges, primarily due to the

analytical difficulties arising from degeneracies and singularities. Within the framework of Riemann
solutions, it is established that only rarefaction waves, as opposed to shock waves, can connect to
vacuum states in the one-dimensional isentropic compressible Euler equations [2]. This theoretical
understanding motivates the investigation of viscous approximations to such vacuum-rarefaction
waves, as seen in the analysis of time-asymptotic behavior for the Navier-Stokes equations [3, 4].
Furthermore, the zero-dissipation limit from the Navier-Stokes equations to these Euler rarefaction
waves with a one-side vacuum has been rigorously justified through the construction of convergent
solution sequences [5]. Liang [6] considered the density-dependent viscosity case (i.e., µ(ρ) = ϵρα)
under the conditions on the coefficient α and the gas constant

1 < γ ≤ 2, α ≤ γ,
3
5
≤ α ≤

3
2
,

and later Li and Wang [7] generalized the result to the non-isentropic case. Wang [8] generalized the
result for all γ > 1 and α > 0.

There has been extensive research on two-phase flows [9, 10], etc. Several results have been
established for the two-fluid system (1.1). Li et al. [11, 12] investigated the inflow problem and the
outflow problem for the full two-phase model for the system (1.1) in a half line. Wang and
Zhao [13, 14] succeeded in the applying time-asymptotic stability of planar rarefaction wave to a
two-fluid system in two dimensions.

Our work departs from the aforementioned studies by targeting the zero-dissipation limit for a
rarefaction wave with vacuum in the one-dimensional compressible two-fluid system (1.1). The core
analytical difficulty stems from the presence of vacuum, which induces degeneracies and singularities.
This challenge is compounded by the system’s coupled dynamics: two compressible, viscous fluids
(one with constant viscosity and the other with density-dependent viscosity) interact via drag and
Vlasov forces within the same phase space. Unlike the single-fluid case, obtaining uniform estimates
near vacuum is significantly harder due to these inter-fluid interactions. Nonetheless, by leveraging a
scaling argument combined with an elementary energy analysis that capitalizes on the intrinsic
relaxation damping of the rarefaction wave’s structure, we are able to overcome these obstacles.

We now proceed to present the precise formulation of the problem. For the two-phase flow
system (1.1), the corresponding inviscid Euler equations read as follows:ρt + (ρu)x = 0,

(ρu)t + (ρu2 + ρ)x = 0,
(1.2)
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and nt + (nv)x = 0,
(nv)t + (nv2 + n)x = 0.

(1.3)

For ρ, n > 0, systems (1.2) and (1.3) exhibit strict hyperbolicity, with all characteristic fields being
genuinely nonlinear. Note that the eigenvalues of the Jacobi matrix of the Euler systems (1.2) and (1.3)
for (ρ, u) and (n, v) are

λi(u) = u + (−1)i, λi(v) = v + (−1)i, i = 1, 2.

Corresponding right eigenvectors are

r⃗i(ρ) =
(
(−1)iρ, 1

)
, r⃗i(n) =

(
(−1)in, 1

)
, i = 1, 2,

such that for i = 1, 2, we have

r⃗i(ρ) · ▽(ρ,u)λi(u) , 0, r⃗i(n) · ▽(n,v)λi(v) , 0.

The i-Riemann invariants (i = 1, 2) can be defined by

Zi(ρ, u) = u + (−1)i+1
∫ ρ 1

ξ
dξ, Zi(n, v) = v + (−1)i+1

∫ n 1
ξ

dξ, i = 1, 2,

such that
▽(ρ,u)Zi(ρ, u) · r⃗i(ρ) ≡ 0, ▽(n,v)Zi(n, v) · r⃗i(n) ≡ 0, i = 1, 2.

The primary objective of this paper is to construct, for a given rarefaction wave with a one-side
vacuum state solving the isentropic Euler equations (1.2) and (1.3), a sequence of solutions to
system (1.1) that converges uniformly to this wave as the viscosity vanishes, and to establish the
corresponding convergence rate. Several key aspects of our analysis merit further commentary. First,
analogous to the approach in [5], we construct the 2-rarefaction waves that connect to the vacuum on
one side. This construction proceeds the from given Riemann initial dataρ(0, x) = 0, x < 0,

(ρ, u)(0, x) = (ρ+, u+), x > 0,
(1.4)

and n(0, x) = 0, x < 0,
(n, v)(0, x) = (n+, u+), x > 0.

(1.5)

Here, the left-hand state is a vacuum, while the right-hand state is defined by the prescribed constants
ρ+, n+ > 0 and u+. Consequently, the Riemann problem (1.2) and (1.4) yields a 2-rarefaction wave
connecting to the vacuum on the left. The velocities u− = Z2(ρ+, u+) and v− = Z2(n+, u+), which
represent the speeds at which the two fluids enter the vacuum from the rarefaction waves, are directly
determined by the definitions of the 2-Riemann invariants Z2(ρ, u) and Z2(n, v). We now get a 2-
rarefaction wave (ρr2 , ur2)( x

t ) of (1.2) connecting the vacuum state ρ = 0 to (ρ+, u+), which can be
expressed by

λ2(ρr2(
x
t
), ur2(

x
t
)) =


ρr2( x

t ), if x
t < λ2(0, u−),

x
t , if u− ≤ x

t ≤ λ2(ρ+, u+),
λ2(ρ+, u+), if x

t > λ2(ρ+, u+),
(1.6)
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and
Z2
(
ρr2(

x
t
), ur2(

x
t
)
)
= Z2(0, u−) = Z2(ρ+, u+). (1.7)

The momentum of the 2-rarefaction wave mr2 can be defined by

mr2(
x
t
) =

ρr2( x
t )ur2( x

t ), if ρr2 > 0,
0, if ρr2 = 0.

(1.8)

Similarly, the Riemann problems (1.3) and (1.5) possesses a 2-rarefaction wave connected to the
left-hand-side vacuum. From this, we obtain the inflow velocity v− = Z2(n+, u+) for the fluids entering
the vacuum from the rarefaction wave. Thus, we can also get a 2-rarefaction wave (nr2 , vr2)( x

t ) of (1.3)
connecting the vacuum state n = 0 to (n+, u+), and the momentum of 2-rarefaction wave m̃r2 can be
defined by

m̃r2(
x
t
) =

nr2( x
t )vr2( x

t ), if nr2 > 0,
0, if nr2 = 0.

(1.9)

In the interest of clarity and brevity, the notation ∥ · ∥L2 is replaced by ∥ · ∥ throughout the following
discussion. The constant C in this paper can represent several positive generic constants, which is
dependent on time t and ϵ without special remarks. We now state our main result as follows:

Theorem 1.1. Let (ρr2 ,mr2)( x
t ) and (nr2 , m̃r2)( x

t ) be the 2-rarefaction waves with one-side vacuum state
defined by (1.2)–(1.5). Then a small positive constant ϵ0 such that if ϵ ∈ (0, ϵ0), the compressible
two-phase flow system (1.1) admits a family of smooth solutions (ρϵ ,mϵ = ρϵuϵ)(x, t) and (nϵ , m̃ϵ =

nϵvϵ)(x, t) satisfying

(ρϵ − ρr2 ,mϵ − mr2 , nϵ − nr2 , m̃ϵ − m̃r2) ∈ C0((0,+∞); L2(R)
)
,

(ρϵ ,mϵ , nϵ , m̃ϵ)x ∈ C0((0,+∞); L2(R)
)
, (uϵxx, v

ϵ
xx) ∈ L2(0,+∞; L2(R)

)
.

Furthermore, when ϵ → 0, for any given positive constant h > 0, a constant Ch > 0, independent of ϵ,
such that

sup
t≥h
∥ρϵ(·, t) − ρr2(

·

t
)∥L∞ ≤ Chϵ

a| ln ϵ |, sup
t≥h
∥mϵ(·, t) − mr2(

·

t
)∥L∞ ≤ Chϵ

a| ln ϵ |,

sup
t≥h
∥nϵ(·, t) − nr2(

·

t
)∥L∞ ≤ Chϵ

a| ln ϵ |, sup
t≥h
∥m̃ϵ(·, t) − m̃r2(

·

t
)∥L∞ ≤ Chϵ

a| ln ϵ |.
(1.10)

with the positive constant a given by a = 1
63 .

The structure of this paper is outlined below. Section 2 is devoted to the construction of
smooth 2-rarefaction waves via the inviscid Burgers equation, which serve as approximations the
cut-off rarefaction waves in the Euler system. The proof of Theorem 1.1 is presented in Section 3.

2. Rarefaction wave

In this section, for the sake of completeness, we restate the approximation of the cut-off rarefaction
wave and summarize key estimates for this approximate cut-off rarefaction wave. Following a similar
methodology to that in [5] for the Navier-Stokes equations, we construct the approximate
rarefaction wave.
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Given any constant µ > 0, there a unique state (ρ, u) =
(
µ, uµ
)

lying on the 2-rarefaction wave curve.
The explicit expression for uµ, namely uµ = u+ − ln ρ+

µ
, is derived from the fundamental property that

the Riemann invariant Z2(ρ, u) remains constant along the rarefaction wave.
Thus, we obtain a cut-off 2-rarefaction wave (ρr2

µ , u
r2
µ )
(

x
t

)
that connects the state (µ, uµ) to (ρ+, u+)

and satisfies Eqs (1.2) and (1.4), which is given by

λ2(ur2
µ )(

x
t
) =


λ2

(
uµ
)
, x

t < λ2(uµ),
x
t , λ2(uµ) ≤ x

t ≤ λ2(u+),
λ2(u+), x

t > λ2(u+).

Following this pattern, it is possible to obtain a cut-off 2-rarefaction wave (nr2
µ , u

r2
µ )( x

t ) to (1.3) and (1.5)
that connects the state ( n+

ρ+
µ, uµ) to the state (n+, u+).

Correspondingly, we can define the momentum functions mr2
µ = ρr2

µ ur2
µ and m̃r2

µ = nr2
µ ur2

µ . It can
be shown that the cut-off 2-rarefaction waves (ρr2

µ ,m
r2
µ )( x

t ) and (nr2
µ , m̃

r2
µ )( x

t ) converge to the original 2-
rarefaction waves (ρr2 ,mr2)( x

t ) and (nr2 , m̃r2)( x
t ) in the sup-norm the convergence rate µ tends to zero.

Stated more precisely, the following lemma is a direct consequence of the explicit solution formula for
a rarefaction wave.

Lemma 2.1. ( [5]) Let µ0 ∈ (0, 1) be the constant defined such that for all µ ∈ (0, µ0
]
, t > 0, it holds

∥(ρr2
µ ,m

r2
µ , n

r2
µ , m̃

r2
µ )(
·

t
) − (ρr2 ,mr2 , nr2 , m̃r2)(

·

t
)∥L∞ ≤ Cµ.

In this paper, it is defined that wr
δ(x, t) is the solution to the Burgers equation with the Cauchy

initial value wt + wwx = 0,
w(x, 0) = w0(x) = w++w−

2 + w+−w−
2 tanh x

δ
,

(2.1)

where δ > 0 is a small parameter to be determined. In fact, we choose δ = ϵa with a given constant
a. Subsequently, the approximate rarefaction waves (ρ̄µ,δ, ūµ,δ)(x, t) and (n̄µ,δ, ūµ,δ)(x, t) of the cut-off 2-
rarefaction waves (ρr2

µ , u
r2
µ )( x

t ) and (nr2
µ , u

r2
µ )( x

t ) to the two-phase flow system (1.1) can be determined
via the following computation:

w+ = λ2(u+), w− = λ2(uµ),
wr
δ(x, t) = λ2(ūµ,δ)(x, t),

Z2(ρ̄µ,δ, ūµ,δ)(x, t) = Z2(ρ+, u+) = Z2(µ, uµ),
Z2(n̄µ,δ, ūµ,δ)(x, t) = Z2(n+, u+) = Z2( n+

ρ+
µ, uµ),

(2.2)

where
wr
δ(x, t) = wδ(x0(x, t)), x = x0(x, t) + wδ(x0(x, t))t.

The properties of wr
δ(x, t) reported in [15, 16], the properties of (ρ̄µ,δ, ūµ,δ)(x, t) and (n̄µ,δ, ūµ,δ)(x, t)

are derived. For notational simplicity, (ρ̄µ,δ, ūµ,δ)(x, t) and (n̄µ,δ, ūµ,δ)(x, t) abbreviated as (ρ̄, ū)(x, t) and
(n̄, ū)(x, t). In summary, (ρ̄, ū)(x, t) and (n̄, ū)(x, t), as defined above, satisfyρ̄t + (ρ̄ū)x = 0,

(ρ̄ū)t + (ρ̄ū2 + ρ̄)x = 0,
(2.3)
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and n̄t + (n̄ū)x = 0,
(n̄ū)t + (n̄ū2 + n̄)x = 0.

(2.4)

Lemma 2.2. ( [5]) The following properties hold for the approximate cut-off 2-rarefaction waves (ρ̄, ū)
and (n̄, ū) given in (2.2).

(1) ūx(x, t) = (wr
δ)x > 0, for x ∈ R, t ≥ 0.

ρ̄x = ρ̄ūx, n̄x = n̄ūx, ρ̄xx = ρ̄ūxx + ρ̄(ūx)2 and n̄xx = n̄ūxx + n̄(ūx)2.
(2) It holds that for all t > 0, δ > 0, and p ∈ [1,∞] :

∥ūx(·, t)∥Lp ≤ C(w+ − w−)1/p(δ + t)−1+1/p,

∥ūxx(·, t)∥Lp ≤ C(δ + t)−1δ−1+1/p.

(3) Let δ ∈ (0, δ0] and t > 0, where δ0 ∈ (0, 1) is a fixed constant. Let (ρr2
µ , u

r2
µ ) and (nr2

µ , u
r2
µ ) be

the cut-off 2-rarefaction waves.

∥(ρ̄ − ρr2
µ , n̄ − nr2

µ , ū − ur2
µ )(·, t)∥L∞ ≤ Cδt−1[ln(1 + t) + | ln δ|].

3. Proof of Theorem 1.1

We now proceed to prove Theorem 1.1, and the solutions (ρϵ , uϵ)(x, t) and (nϵ , vϵ)(x, t) are
constructed as the perturbations around the approximate rarefaction waves (ρ̄, ū)(x, t) and (n̄, ū)(x, t).
Consider the Cauchy problem for (1.1) with smooth initial data

(ρϵ , uϵ)(x, t = 0) = (ρ̄, ū)(x, 0), (nϵ , vϵ)(x, t = 0) = (n̄, ū)(x, 0). (3.1)

The perturbations are defined as

(ϕ, ψ)(y, τ) = (ρϵ , uϵ)(x, t) − (ρ̄, ū)(x, t), (ϕ̃, ψ̃)(y, τ) = (nϵ , vϵ)(x, t) − (n̄, ū)(x, t). (3.2)

Here, the scaled variables y and ϵ are denoted by

y =
x
ϵ
, τ =

t
ϵ
, (3.3)

The quadruple (ρϵ , uϵ , nϵ , vϵ) denotes the solution to (1.1). For simplicity, we omit the superscript ϵ
and write (ρ, u, n, v).

By (3.2) and (3.3), we have ρ = ρ̄+ ϕ, u = ū+ ψ, n = n̄+ ϕ̃, v = v̄+ ψ̃, and ∂t = ϵ
−1∂τ, ∂x = ϵ

−1∂y.

Substituting these relations into (1.1), using (2.3) and (2.4) to cancel the background wave terms, and
collecting the remaining terms, we obtain

ϕτ + ρψy + uϕy = − f ,

ρψτ + ρuψy + ϕy − ψyy = −g + n(ψ̃ − ψ),
ϕ̃τ + nψ̃y + vϕ̃y = − f̃ ,

nψ̃τ + nvψ̃y + ϕ̃y − n̄ψ̃yy = −g̃ + n̄yvy + (ϕ̃vy)y − n(ψ̃ − ψ),

(3.4)

Electronic Research Archive Volume 34, Issue 4, 2157–2177.



2163

where


f = ūyϕ + ρ̄yψ,

g = ρψūy − ρ̄y
ϕ

ρ̄
− ūyy,

f̃ = ūyϕ̃ + n̄yψ̃,

g̃ = nψ̃ūy − n̄y
ϕ̃

n̄ − n̄ūyy.

(3.5)

Initial data

(ϕ, ψ, ϕ̃, ψ̃)(y, 0) = (0, 0, 0, 0). (3.6)

Additionally, the solution space for the problem (3.4)–(3.6) is defined as follows:

X(0, τ1(ϵ)) =
{
(ϕ, ψ, ϕ̃, ψ̃)|(ϕ, ψ, ϕ̃, ψ̃) ∈ C0([0, τ1]; H1(R)

)
, (ϕy, ϕ̃y) ∈ L2(0, τ1; L2(R)),

(ψy, ψ̃y) ∈ L2(0, τ1; H1(R))
}
,

(3.7)

where 0 ≤ τ1(ϵ) ≤ +∞.

At this point, the result concerning the perturbation solution (ϕ, ψ, ϕ̃, ψ̃) is formulated in the
following theorem:

Theorem 3.1. Let ϵ1 > 0 be a constant independent of ϵ. Then another constant C > 0 exists, also
independent of ϵ, such that for any 0 < ϵ < ϵ1, the problem in (3.4)–(3.6) admits a unique global-in-
time solution (ϕ, ψ, ϕ̃, ψ̃) ∈ X(0,+∞) satisfying

sup
τ∈[0,+∞]

∫
R

(ϕ2 + ϕ2
y + ρ̄ψ

2 + ψ2
y + ϕ̃

2 + ϕ̃2
y + n̄ψ̃2 + ψ̃2

y)dy

+

∫ +∞

0

∫
R

(ϕ2
y + ρ̄ūyψ

2 + ūyψ
2
y + ψ

2
y + ψ

2
yy + ϕ̃

2
y + n̄ūyψ̃

2 + ūyψ̃
2
y + n̄ψ̃2

y + ψ̃
2
yy)dyds

+

∫ +∞

0

∫
R

[
n̄(ψ̃ − ψ)2 + (ψ̃y − ψy)2]dyds ≤ Cϵ

1
2−

21
2 a| ln ϵ|−9.

(3.8)

with a is being given in Theorem 1.1.

Here, we proceed with our analysis guided by the following a priori assumptions:

sup
τ∈[0,τ1]

∥(ϕ, ψ, ϕ̃, ψ̃)∥L∞ ≤ ϵa, sup
τ∈[0,τ1]

∥(ϕy, ψy, ϕ̃y, ψ̃y)∥ ≤ 1 (3.9)

with a given in Theorem 1.1. We choose

µ = ϵa| ln ϵ |, δ = ϵa. (3.10)
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If ϵ ≪ 1, then one has

ρ = ρ̄ + ϕ ≥ ρ̄ − ∥ϕ∥L∞ ≥ ρ̄ − ϵ
a ≥ ρ̄ −

1
2
µ ≥

ρ̄

2
,

ρ = ρ̄ + ϕ ≤ ρ̄ + ∥ϕ∥L∞ ≤ ρ̄ + ϵ
a ≤ ρ̄ +

1
2
µ ≤

3ρ̄
2
,

n = n̄ + ϕ ≥ n̄ − ∥ϕ∥L∞ ≥ n̄ − ϵa ≥ n̄ −
n+

2ρ+
µ ≥

n̄
2
,

n = n̄ + ϕ ≤ n̄ + ∥ϕ∥L∞ ≤ n̄ + ϵa ≤ n̄ +
n+

2ρ+
µ ≤

3n̄
2
.

(3.11)

where µ ≥ max{2, 2ρ+
n+
}ϵa if ϵ ≪ 1. By integrating (3.9) and (3.11), one can derive

ρ̄

2
< ρ <

3ρ̄
2
,

n̄
2
< n <

3n̄
2
. (3.12)

The standard proof for the local existence of solutions to (3.4)–(3.6) is omitted here; see [17] for
details. To establish the convergence rate of the local solution with respect to ϵ as given in (3.9),
we denote the local existence time interval as [0, τ0] = [0, τ0(ϵ)]. The subsequent proof strategy for
Theorem 3.1 involves extending this local solution to a global one on (0,+∞), for a small but fixed
viscosity coefficient ϵ. This extension relies on establishing the following a priori estimates for a fixed
ϵ satisfying 0 < ϵ ≪ 1.

Theorem 3.2. (a priori estimate) Take a solution (ϕ, ψ, ϕ̃, ψ̃) ∈ X(0, τ1(ϵ)) to (3.4)–(3.6), with τ1(ϵ)
being its maximum existence time under the a priori assumptions (3.9). One can find a constant ϵ0 > 0
such that whenever 0 ≤ ϵ ≤ ϵ0, the following holds:

sup
τ∈[0,τ1(ϵ)]

∫
R

(ϕ2 + ϕ2
y + ρ̄ψ

2 + ψ2
y + ϕ̃

2 + ϕ̃2
y + n̄ψ̃2 + ψ̃2

y)dy

+

∫ τ1(ϵ)

0

∫
R

(ϕ2
y + ρ̄ūyψ

2 + ūyψ
2
y + ψ

2
y + ψ

2
yy + ϕ̃

2
y + n̄ūyψ̃

2 + ūyψ̃
2
y + n̄ψ̃2

y + ψ̃
2
yy)dyds

+

∫ τ1(ϵ)

0

∫
R

[
n̄(ψ̃ − ψ)2 + (ψ̃y − ψy)2]dyds ≤ C

ϵ
1
2

µ10δ
1
2

| ln ϵ | = Cϵ
1
2−

21
2 a| ln ϵ |−9 ≤ Cϵ

1
3 | ln ϵ |−9,

(3.13)

with a as given in Theorem 1.1, and the constant C is independent of ϵ and τ1(ϵ).

Next, Lemmas 3.1–3.3 are shown to give the proof of Theorem 3.2.

Lemma 3.1. Positive constants C and ϵ0 exist such that for 0 ≤ τ ≤ τ1(ϵ) and ϵ < ϵ0,

sup
τ∈[0,τ1(ϵ)]

∫
R

(
ϕ2 + ρ̄ψ2 + ϕ̃2 + n̄ψ̃2)dy +

∫ τ1(ϵ)

0

∫
R

[
ρ̄ūyψ

2 + ψ2
y + n̄ūyψ̃

2 + n̄ψ̃2
y
]
dyds

+

∫ τ1(ϵ)

0

∫
R

n̄(ψ̃ − ψ)2dyds ≤ C
ϵ

1
2

µδ
1
2

.

(3.14)
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Proof. To begin with, define

E := Φ(ρ, ρ̄) +
ψ2

2
,

where

Φ(ρ, ρ̄) :=
∫ ρ

ρ̄

ξ − ρ̄

ξ2 dξ =
ρ̄

ρ
− ln

ρ̄

ρ
− 1. (3.15)

Direct computations yield

(ρE)τ + ψ2ρūy + ψ
2
y − n(ψ̃ − ψ)ψ + (ρuE − ψψy + ϕψ)y = ūyyψ. (3.16)

Similarly, define

Ẽ := Φ̃(n, n̄) +
ψ̃2

2
,

where

Φ̃(n, n̄) :=
∫ n

n̄

ξ − n̄
ξ2 dξ =

n̄
n
− ln

n̄
n
− 1. (3.17)

Direct computations yield

(ρẼ)τ + ψ̃2nūy + nψ̃2
y + n(ψ̃ − ψ)ψ̃ + (nvẼ − nψ̃ψ̃y + ϕ̃ψ̃ − ϕ̃ūyψ̃)y = n̄ūyyψ̃ + n̄yψ̃ūy − ϕ̃ψ̃yūy. (3.18)

Adding (3.16) and (3.18) together and integrating the resulted equation over R × [0, τ] implies∫
R

(
ϕ2 + ρ̄ψ2 + ϕ̃2 + n̄ψ̃2)dy +

∫ τ

0

∫
R

[
ρ̄ūyψ

2 + ψ2
y + n̄ūyψ̃

2 + n̄ψ̃2
y + n̄(ψ̃ − ψ)2]dyds

≤C
∫ τ

0

∫
R

(
|n̄ūyyψ̃| + |ūyyψ| + |n̄yūyψ̃| + |ϕ̃ψ̃yūy|

)
dyds :=

4
Σ

i=1
Ii.

(3.19)

We now estimate the terms on the right hand side of (3.19) one by one. By Hölder’s inequality,
Sobolev’s inequality, Young’s inequality and Lemma 2.2, the following holds:

I1 ≤ C
∫ τ

0
∥ūyy∥L1∥ψ̃∥

1
2 ∥ψ̃y∥

1
2 ds ≤ Cµ

1
2

∫ τ

0

1
s + δ

ϵ

∥n̄ψ̃∥
1
2 ∥n̄ψ̃y∥

1
2 ds

≤
1
80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +Cµ−

2
3

∫ τ

0

1

(s + δ
ϵ
)

4
3

∥n̄
1
2 ψ̃∥

2
3 ds

≤
1
80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +Cµ−

2
3 sup
τ∈[0,τ1]

∥n̄
1
2 ψ̃∥

2
3

∫ τ

0

1

(s + δ
ϵ
)

4
3

ds

≤
1
80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

n̄ψ̃2dy +C
ϵ

1
2

µδ
1
2

.

(3.20)

Similarly, the following holds:

I2 ≤
1

80

∫ τ

0

∫
R

ψ2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ρ̄ψ2dy +C
ϵ

1
2

µ
1
2 δ

1
2

. (3.21)

Electronic Research Archive Volume 34, Issue 4, 2157–2177.



2166

From Lemma 2.2, one can get

I3 ≤ C
∫ τ

0

∫
R

|n̄yψ̃ūy|dyds ≤ C
∫ τ

0

∫
R

|n̄
1
2 ū

1
2
y ψ̃ū

3
2
y |dyds

≤
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +C

∫ τ

0

∫
R

ū3
ydyds

≤
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +C

ϵ

δ
.

(3.22)

Similarly, the following holds:

I4 ≤ C
∫ τ

0

∫
R

|n̄
1
2 ψ̃yϕ̃ūyn̄−

1
2 |dyds

≤
1
80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +Cµ−1

∫ τ

0

∫
R

ū2
yϕ̃

2dyds

≤
1

80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +Cϵ2µ−1 sup

τ∈[0,τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūx∥

2
L∞ds

≤
1

80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +C

ϵ

µδ
sup
τ∈[0,τ1]

∫
R

ϕ̃2dy

≤
1
80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy.

(3.23)

Here, we use the fact that

C
ϵ

µδ
≤ Cϵ1−2a| ln ϵ |−1 ≤

1
80
, i f ϵ ≪ 1,

which will be omitted for a similar reason in the following part. Combining (3.19)–(3.23) yields

sup
τ∈[0,τ1(ϵ)]

∫
R

(
ϕ2 + ρ̄ψ2 + ϕ̃2 + n̄ψ̃2)dy +

∫ τ1(ϵ)

0

∫
R

[
ρ̄ūyψ

2 + ψ2
y + n̄ūyψ̃

2 + n̄ψ̃2
y
]
dyds

+

∫ τ1(ϵ)

0

∫
R

n̄(ψ̃ − ψ)2dyds ≤ C
ϵ

1
2

µδ
1
2

.

(3.24)

With this, the proof of Lemma 3.1 is finished. □

Lemma 3.2. There exists a positive constants C and ϵ0 such that for 0 ≤ τ ≤ τ1(ϵ) and ϵ < ϵ0,

sup
τ∈[0,τ1(ϵ)]

∫
R

(ϕ̃2
y + ϕ

2
y)dy +

∫ τ1(ϵ)

0

∫
R

(ϕ2
y + ϕ̃

2
y)dyds

≤C
ϵ

1
2

µ8δ
1
2

| ln ϵ| +C
(
µ2| ln ϵ |−1 +

ϵ
1
4

µ
5
2+δ

1
4

) ∫ τ

0

∫
R

ψ̃2
yydyds.

(3.25)
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Proof. Upon substituting (3.4)1 into (3.4)2, we multiply the resulting equation by ρ̄

ρ2ϕy, which yields

( ρ̄
2ρ3ϕ

2
y +

ρ̄

ρ
ψϕy
)
τ +
( ρ̄
2ρ3 uϕ2

y −
ρ̄

ρ
ψϕτ
)

y +
ρ̄

ρ2ϕ
2
y

=ρ̄
[−ρ̄yψ

2

ρ2 (ϕy + ρ̄y) + ūy
ψyϕ

ρ
− ρ̄yūy

ψϕ

ρ2 + ρ̄ūy
ψϕy

ρ2

]
+ ρ̄ψ2

y −
ρ̄

ρ3ϕy(ūyyϕ + ρ̄yyψ + 2ρ̄yψy)

+
ϕ2

y

2ρ3

(
ρ̄τ + ρ̄yu

)
−
ρ̄

ρ2 gϕy +
ψϕy

ρ
ρ̄τ −

ψϕτ
ρ
ρ̄y +

ρ̄n
ρ2 (ψ̃ − ψ)ϕy

:=M(y, τ).

(3.26)

Substituting (3.4)3 into (3.4)4 and multiplying the equation by n̄
n2 ϕ̃y( n̄2

2n3 ϕ̃
2
y +

n̄
n
ψ̃ϕ̃y
)
τ +
( n̄2

2n3 vϕ̃2
y −

n̄
n
ψ̃ϕ̃τ
)

y +
n̄
n2 ϕ̃

2
y

=n̄
[−n̄yψ̃

2

n2 (ϕ̃y + n̄y) + ūy
ψ̃yϕ̃

n
− n̄yūy

ψ̃ϕ̃

n2 + n̄ūy
ψ̃ϕ̃y

n2

]
+ n̄ψ̃2

y −
n̄2

n3 ϕ̃y(ūyyϕ̃ + n̄yyψ̃ + 2n̄yψ̃y)

+
ϕ̃2

y

2n3

[
(n̄2)τ + (n̄2)yv

]
−

n̄
n2 g̃ϕ̃y +

ψ̃ϕ̃y

n
n̄τ −

ψ̃ϕ̃τ
n

n̄y + n̄n̄y
vyϕ̃y

n2 + (ϕ̃vy)y
n̄
n2 ϕ̃y −

n̄
n

(ψ̃ − ψ)ϕ̃y

:=N(y, τ).

(3.27)

The combined integration of (3.26) + (3.27) over R × [0, τ] leads to∫
R

(ϕ̃2
y + ϕ

2
y)dy +

∫ τ

0

∫
R

(ϕ2
y + ϕ̃

2
y)dyds

≤C
∫
R

(
|ψϕy| + |ψ̃ϕ̃y|

)
dy +C

∫ τ

0

∫
R

[
|M(y, τ)| + |N(y, τ)|

]
dyds.

(3.28)

Our next task is to provide estimates for all terms on the right-hand side of (3.28). By Cauchy’s
inequality, the following holds:∫

R

(
|ψϕy| + |ψ̃ϕ̃y|

)
dy ≤

1
80

∫
R

(ϕ̃2
y + ϕ

2
y)dy +Cµ−1

∫
R

(ρ̄ψ2 + n̄ψ̃2)dy. (3.29)

Since the method used in estimating C
∫ τ

0

∫
R
|M(y, τ)|dyds is exactly same to C

∫ τ
0

∫
R
|N(y, τ)|dyds, the

details can be omitted. We start to estimate C
∫ τ

0

∫
R
|N(y, τ)|dyds. From (3.27), one has

C
∫ τ

0

∫
R

|N(y, τ)|dyds ≤C
∫ τ

0

∫
R

[
|n̄n̄y

ψ̃2

n2 ϕ̃y| + |n̄n̄2
y
ψ̃2

n2 | + |n̄ūy
ψ̃yϕ̃

n
| + |n̄n̄yūy

ψ̃ϕ̃

n2 | + |n̄
2ūy

ψ̃ϕ̃y

n2 |

+ |
n̄2

n3 ϕ̃yūyyϕ̃| + |
n̄2

n3 ϕ̃yρ̄yyψ̃| + |
n̄2

n3 ϕ̃yρ̄yψ̃y| + |
ϕ̃2

y

2n3 (n̄2)τ| + |
ϕ̃2

y

2n3 (n̄2)yv|

+ |n̄g̃
ϕ̃y

n2 | + |n̄n̄y
vyϕ̃y

n2 | + |
ψ̃ϕ̃y

n
n̄τ| + |

ψ̃ϕ̃τ
n

n̄y| + |
n̄
n2 ϕ̃

2
y ūy| + |

n̄
n2 ϕ̃

2
yψ̃y|

+ |
n̄
n2 ϕ̃ϕ̃yūyy| + |

n̄
n2 ϕ̃ϕ̃yψ̃yy| + |

n̄
n

(ψ̃ − ψ)ϕ̃y|
]
dyds

:=
19
Σ

i=1
Ni.
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Based on the a priori assumptions (3.9), it can be deduced that

N1 ≤ C
∫ τ

0

∫
R

|ūyψ̃
2ϕ̃y|dyds ≤ C

∫ τ

0
∥ψ̃∥L∞

∫
R

|n̄
1
2 ū

1
2
y ψ̃ϕ̃yū

1
2
y n̄−

1
2 |dyds

≤
1
80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

ϵ1+2a

µδ

∫ τ

0

∫
R

n̄ūyψ̃
2dyds

≤
1
80

∫ τ

0

∫
R

(ϕ̃2
y + n̄ūyψ̃

2)dyds.

(3.30)

It follows from Lemma 2.2 that

N2 ≤ C
∫ τ

0

∫
R

|n̄ū2
yψ̃

2|dyds ≤ C
ϵ

δ

∫ τ

0

∫
R

n̄ūyψ̃
2dyds ≤

1
80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds. (3.31)

It is similar to (3.23) that

N3 ≤ C
∫ τ

0

∫
R

|ūyψ̃yϕ̃|dyds ≤
1

80

∫ τ

0

∫
R

n̄ψ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy. (3.32)

By Hölder’s inequality, Cauchy’s inequality and Lemma 2.2, the following holds:

N4 ≤ C
∫ τ

0

∫
R

|ū2
yψ̃ϕ̃|dyds ≤ C

∫ τ

0

∫
R

|n̄
1
2 ū

1
2
y ψ̃n̄−

1
2 ū

3
2
y ϕ̃|dyds

≤
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +Cϵ3µ−1 sup

τ∈[0,τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūx∥

3
L∞ds

≤
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +C

ϵ2

µδ2 sup
τ∈[0,τ1]

∫
R

ϕ̃2dy

≤
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy.

(3.33)

Similarly, the following holds:

N5 ≤ C
∫ τ

0

∫
R

|ūyψ̃ϕ̃y|dyds ≤
1

80

∫ τ

0

∫
R

(ϕ̃2
y + n̄ūyψ̃

2)dyds,

N6 ≤ C
∫ τ

0

∫
R

|n̄−1ūyyϕ̃ϕ̃y|dyds ≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy.
(3.34)

From Lemma 2.2, one can get

N7 ≤ C
∫ τ

0

∫
R

|n̄−1ϕ̃yyn̄yyψ̃|dyds ≤ C
∫ τ

0

∫
R

(
|ūyyϕ̃yψ̃| + |ū2

yϕ̃yψ̃|
)
dyds

≤ C
ϵ

δ

∫ τ

0

∫
R

|ϕ̃yn̄
1
2 ū

1
2 ψ̃ū

1
2
y n̄−

1
2 |dyds +C

∫ τ

0

∫
R

|ϕ̃yn̄
1
2 ū

1
2 ψ̃ū

3
2
y n̄−

1
2 |dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

ϵ3

µδ3

∫ τ

0

∫
R

n̄ūyψ̃
2dyds

≤
1

80

∫ τ

0

∫
R

(ϕ̃2
y + n̄ūyψ̃

2)dyds.

(3.35)
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From Cauchy’s inequality combined with Lemma 2.2, it can be concluded that

N8 ≤ C
∫ τ

0

∫
R

|ūyϕ̃yψ̃y|dyds ≤ C
∫ τ

0

∫
R

|ϕ̃yn̄
1
2 ψ̃yūyn̄−

1
2 |dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

ϵ2

µδ2

∫ τ

0

∫
R

n̄ψ̃2
ydyds

≤
1

80

∫ τ

0

∫
R

(ϕ̃2
y + n̄ψ̃2

y)dyds.

(3.36)

Since
n̄τ = −(n̄ū)y,

one has

N9 ≤ C
∫ τ

0

∫
R

|n̄−3ϕ̃2
y(n̄2)τ|dyds ≤ C

∫ τ

0

∫
R

|n̄−1ūyϕ̃
2
y |dyds

≤ C
ϵ

µδ

∫ τ

0

∫
R

ϕ̃2
ydyds ≤

1
80

∫ τ

0

∫
R

ϕ̃2
ydyds.

(3.37)

Similarly, one has

N10 ≤ C
∫ τ

0

∫
R

|n̄−2ϕ̃2
y n̄yv|dyds ≤ C

ϵ

µδ

∫ τ

0

∫
R

ϕ̃2
ydyds ≤

1
80

∫ τ

0

∫
R

ϕ̃2
ydyds. (3.38)

According to (3.5), we have

N11 ≤ C
∫ τ

0

∫
R

|n̄−1g̃ϕ̃y|dyds ≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

∫ τ

0

∫
R

n̄−2g̃2dyds, (3.39)

where

C
∫ τ

0

∫
R

n̄−2g̃2dyds ≤ C
∫ τ

0

∫
R

(ψ̃2ū2
y + n̄−2ū2

yϕ̃
2 + ū2

yy)dyds

≤ Cϵ2µ−2 sup
τ∈[0,τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūx∥

2
L∞ds +C

∫ τ

0

∫
R

(n̄ūψ̃ūyn̄−1 + ū2
yy)dyds

≤ C
ϵ

µ2δ
sup
τ∈[0,τ1]

∫
R

ϕ̃2dy +C
ϵ

µδ

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +C

ϵ2

δ2

≤
1

80
sup
τ∈[0,τ1]

∫
R

ϕ̃2dy +
1

80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +C

ϵ2

δ2 .

According to the definition of perturbations (3.2) and Lemma 2.2, it follows that

N12 ≤ C
∫ τ

0

∫
R

|ūyvyϕ̃y|dyds ≤ C
∫ τ

0

∫
R

(
|ū2

yϕ̃y| + |ūyψ̃yϕ̃|)dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

∫ τ

0

∫
R

n̄ψ̃2
ydyds +C

ϵ

µδ
sup
τ∈[0,τ1]

∫
R

ϕ̃2dy +C
∫ τ

0

∫
R

ū4
ydyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

∫ τ

0

∫
R

n̄ψ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy +C
ϵ2

δ2 .

(3.40)
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From
n̄τ = −(n̄ū)y,

one has

N13 ≤ C
∫ τ

0

∫
R

|n̄−1ψ̃ϕ̃yn̄τ|dyds ≤ C
∫ τ

0

∫
R

|n̄−1ψ̃ϕ̃y(n̄ūy + n̄yū)|dyds

≤ C
∫ τ

0

∫
R

|ψ̃ϕ̃yūy|dyds ≤ C
∫ τ

0

∫
R

|ϕ̃yn̄
1
2 ū

1
2
y ψ̃ū

1
2
y n̄−

1
2 |dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

ϵ

µδ

∫ τ

0

∫
R

n̄ūyψ̃
2dyds

≤
1

80

∫ τ

0

∫
R

(ϕ̃2
y + n̄ūyψ̃

2)dyds.

(3.41)

From (3.4), one has
ϕ̃τ = −nψ̃y − vϕ̃y − ūyϕ̃ − n̄yψ̃,

and one can get

N14 ≤ C
∫ τ

0

∫
R

|ψ̃ūyϕ̃τ|dyds

≤ C
∫ τ

0

∫
R

(
|ψ̃ūyψ̃y| + |ψ̃ūyϕ̃y| + |ψ̃ū2

yϕ̃| + |ψ̃
2ūyn̄y|

)
dyds

≤
1

80

∫ τ

0

∫
R

(n̄ψ̃2
y + ϕ̃

2
y + n̄ūyψ̃)dyds +Cϵ3µ−1 sup

τ∈[0,τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūx∥

3
L∞ds

≤
1

80

∫ τ

0

∫
R

(n̄ψ̃2
y + ϕ̃

2
y + n̄ūyψ̃)dyds +C

ϵ2

µδ2 sup
τ∈[0,τ1]

∫
R

ϕ̃2dy

≤
1

80

∫ τ

0

∫
R

(n̄ψ̃2
y + ϕ̃

2
y + n̄ūyψ̃)dyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy.

(3.42)

By Lemma 2.2, the following holds:

N15 ≤ C
∫ τ

0

∫
R

|n̄−1ūyϕ̃
2
y |dyds ≤ C

ϵ

µδ

∫ τ

0

∫
R

ϕ̃2
ydyds ≤

1
80

∫ τ

0

∫
R

ϕ̃2
ydyds. (3.43)

Combining Hölder’s, Sobolev’s and Cauchy’s inequalities with the a priori assumption (3.9), the
following holds:

N16 ≤ C
∫ τ

0

∫
R

|n̄−1ψ̃yϕ̃
2
y |dyds ≤ Cµ−1

∫ τ

0
∥ψ̃y∥L∞∥ϕ̃y∥

2ds

≤ Cµ−1
∫ τ

0
∥ψ̃y∥

1
2 ∥ψ̃yy∥

1
2 ∥ϕ̃y∥

2ds ≤ Cµ
1
2µ−

3
2

∫ τ

0
∥ψ̃y∥

1
2 ∥ψ̃yy∥

1
2 ∥ϕ̃y∥

2ds

≤ Cµ2| ln ϵ|−1
∫ τ

0

∫
R

ψ̃2
yydyds +Cµ−2| ln ϵ |

1
3 sup
τ∈[0.τ1]

∥ϕ̃y∥
4
3

∫ τ

0
∥ψ̃y∥

2
3 ∥ϕ̃y∥

4
3 ds

≤ Cµ2| ln ϵ|−1
∫ τ

0

∫
R

ψ̃2
yydyds +Cµ−2| ln ϵ |

1
3

∫ τ

0
∥ψ̃y∥

2
3 ∥ϕ̃y∥

4
3 ds

≤ Cµ2| ln ϵ|−1
∫ τ

0

∫
R

ψ̃2
yydyds +

1
80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cµ−7| ln ϵ |

∫ τ

0

∫
R

n̄ψ̃2
ydyds.

(3.44)
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It follows from Lemma 2.2 that

N17 ≤ C
∫ τ

0

∫
R

|n̄−1ūyyϕ̃ϕ̃y|dyds ≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cµ−2

∫ τ

0

∫
R

ū2
yyϕ̃

2dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cϵ4µ−2 sup

τ∈[0,τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūxx∥

2
L∞ds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +C

ϵ3

µ2δ3 sup
τ∈[0,τ1]

∫
R

ϕ̃2dy

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +

1
80

sup
τ∈[0,τ1]

∫
R

ϕ̃2dy.

(3.45)

Following Hölder’s inequality, Sobolev’s inequality, Cauchy’s inequality and the a priori
assumption (3.9), this gives

N18 ≤ C
∫ τ

0

∫
R

|n̄−1ϕ̃ϕ̃yψ̃yy|dyds

≤
1
80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cµ−2

∫ τ

0
∥ϕ̃∥2L∞∥ψ̃yy∥

2ds

≤
1
80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cµ−2 sup

τ∈[0.τ1]
∥ϕ̃∥ sup

τ∈[0.τ1]
∥ϕ̃y∥

∫ τ

0

∫
R

ψ̃2
yydyds

≤
1
80

∫ τ

0

∫
R

n̄γ−2ϕ̃2
ydyds +C

ϵ
1
4

µ
5
2 δ

1
4

∫ τ

0

∫
R

ψ̃2
yydyds,

(3.46)

where the last inequality uses
∫
R
ϕ̃2dy ≤ C ϵ

1
2

µδ
1
2

in Lemma 3.1. According to the definition of rarefaction

wave, the following holds:

N19 ≤ C
∫ τ

0

∫
R

|ϕ̃yn̄
1
2 (ψ̃ − ψ)n̄−

1
2 |dyds

≤
1

80

∫ τ

0

∫
R

ϕ̃2
ydyds +Cµ−1

∫ τ

0

∫
R

n̄(ψ̃ − ψ)2dyds.
(3.47)

Combining of (3.29)–(3.47) with (3.14), when substituted into (3.28), leads to the result that∫
R

(ϕ̃2
y + ϕ

2
y)dy +

∫ τ

0

∫
R

(ϕ2
y + ϕ̃

2
y)dyds

≤C
ϵ2

δ2 +Cµ−7| ln ϵ |
{ ∫ τ

0

∫
R

[
n̄(ψ̃ − ψ)2 + ρ̄ūyψ

2 + ψ2
y + n̄ūyψ̃

2 + n̄ψ̃2
y
]
dyds

+

∫
R

(
ρ̄ψ2 + n̄ψ̃2)dy} +C

(
µ2| ln ϵ |−1 +

ϵ
1
4

µ
5
2 δ

1
4

) ∫ τ

0

∫
R

ψ̃2
yydyds

≤C
ϵ

1
2

µ8δ
1
2

| ln ϵ | +C
(
µ2| ln ϵ |−1 +

ϵ
1
4

µ
5
2 δ

1
4

) ∫ τ

0

∫
R

ψ̃2
yydyds.

(3.48)

Thus the proof of Lemma 3.2 is finished. □
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Lemma 3.3. There exists positive constants C and ϵ0 such that for 0 ≤ τ ≤ τ1(ϵ) and ϵ < ϵ0,

sup
τ∈[0,τ1(ϵ)]

∫
R

(
ψ2

y + ψ̃
2
y
)
dy + +

∫ τ1(ϵ)

0

∫
R

[
ūyψ

2
y + ψ

2
yy + ūyψ̃

2
y + ψ̃

2
yy
]
dyds

+

∫ τ1(ϵ)

0

∫
R

(ψ̃y − ψy)2dyds ≤ C
ϵ

1
2

µ10δ
1
2

| ln ϵ |.
(3.49)

Proof. Multiplying (3.4)2 by −ψyy

ρ
yields

(
ψ2

y

2
)τ − (ψyψτ + u

ψ2
y

2
)y + ūy

ψ2
y

2
+
ψ2

yy

ρ
= ϕy

ψyy

ρ
+ g

ψyy

ρ
−

n
ρ

(ψ̃ − ψ)ψyy −
ψ3

y

2
. (3.50)

Multiplying (3.4)4 by − ψ̃yy

n yields

(
ψ̃2

y

2
)τ − (ψ̃yψ̃τ + v

ψ̃2
y

2
)y + ūy

ψ̃2
y

2
+ ψ̃2

yy = ϕ̃y
ψ̃yy

ρ
+ g̃

ψ̃yy

n
− (ψ̃ − ψ)ψ̃yy −

ψ̃3
y

2
− nyvy

ψ̃yy

n
− ϕ̃vyy

ψ̃yy

n
. (3.51)

The combined integration of (3.50) and (3.51) over R × [0, τ] leads to∫
R

(
ψ2

y + ψ̃
2
y
)
dy + +

∫ τ

0

∫
R

[
(ψ̃y − ψy)2 + ūyψ

2
y + ψ

2
yy + ūyψ̃

2
y + ψ̃

2
yy
]
dyds

≤ C
∫ τ

0

∫
R

[
|ϕy
ψyy

ρ
| + |g

ψyy

ρ
| + |(1 −

n
ρ

)(ψ̃ − ψ)ψyy| + |ϕ̃y
ψ̃yy

n
| + |g̃

ψ̃yy

n
|

+ |
ψ3

y

2
| + |

ψ̃3
y

2
| + |nyvy

ψ̃yy

n
| + |ϕ̃vyy

ψ̃yy

n
|
]
dyds

:=
9
Σ

i=1
Ji.

(3.52)

Our next task is to provide estimates for all terms on the right-hand side of (3.52). By Cauchy’s
inequality, one has

J1 ≤ C
∫ τ

0

∫
R

|ρ̄−1ϕyψyy|dyds ≤
1

80

∫ τ

0

∫
R

ψ2
yydyds +Cµ−2

∫ τ

0

∫
R

ϕ2
ydyds. (3.53)

From
g = ρψūy − ρ̄y

ϕ

ρ̄
− ūyy

one has

J2 ≤ C
∫ τ

0

∫
R

|ρ̄−1gψyy|dyds ≤
1

80

∫ τ

0

∫
R

ψ2
yydyds +C

∫ τ

0

∫
R

ρ̄−2g2dyds, (3.54)

where

C
∫ τ

0

∫
R

ρ̄−2g2dyds ≤C
∫ τ

0

∫
R

(ρ̄−2ū2
yy + ψ

2ū2
y + ρ̄

−4ρ̄2
yϕ

2)dyds

≤Cµ−2
∫ τ

0

∫
R

ū2
yydyds +C

ϵ

µδ

∫ τ

0

∫
R

ρ̄ūyψ
2dyds +C

ϵ

µ2δ
sup
τ∈[0.τ1]

∫
R

ϕ2dy

≤C
ϵ2

µ2δ2 +
1

80

∫ τ

0

∫
R

ρ̄ūyψ
2dyds +

1
80

sup
τ∈[0.τ1]

∫
R

ϕ2dy.
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By Hölder’s inequality and Cauchy’s inequality, the following holds:

J3 ≤ C
∫ τ

0

∫
R

|ρ−1(ψ̃ − ψ)ψyy|dyds ≤
1

80

∫ τ

0

∫
R

ψ2
yy +Cµ−3

∫ τ

0

∫
R

n̄(ψ̃ − ψ)2dyds. (3.55)

This is similar to the estimate of J1 and J2, where

J4 ≤ C
∫ τ

0

∫
R

|n̄−1ϕ̃yψ̃yy|dyds ≤
1
80

∫ τ

0

∫
R

ψ̃2
yydyds +Cµ−2

∫ τ

0

∫
R

ϕ̃2
ydyds,

J5 ≤ C
∫ τ

0

∫
R

|ψ̃yyn̄−1g̃|dyds

≤
1

80

∫ τ

0

∫
R

ψ̃2
yydyds +C

ϵ2

δ2 +
1
80

∫ τ

0

∫
R

n̄ūyψ̃
2dyds +

1
80

sup
τ∈[0.τ1]

∫
R

ϕ̃2dy.

(3.56)

It follows from Sobolev’s inequality that

J6 ≤ C
∫ τ

0

∫
R

|ψ3
y |dyds ≤ C

∫ τ

0
∥ψy∥

2∥ψy∥L∞ds ≤ C
∫ τ

0
∥ψy∥

5
2 ∥ψyy∥

1
2 ds

≤
1

80

∫ τ

0

∫
R

ψ2
yydyds +C sup

τ∈[0.τ1]
∥ψy∥

4
3

∫ τ

0

∫
R

ψ2
ydyds

≤
1

80

∫ τ

0

∫
R

ψ2
yydyds +C

∫ τ

0

∫
R

ψ2
ydyds.

(3.57)

Similarly, the following holds:

J7 ≤ C
∫ τ

0

∫
R

|ψ̃3
y |dyds ≤

1
80

∫ τ

0

∫
R

ψ̃2
yydyds +Cµ−1

∫ τ

0

∫
R

n̄ψ̃2
ydyds. (3.58)

According to (3.2), Lemma 2.2 and a priori assumption (3.9), one has

J8 ≤ C
∫ τ

0

∫
R

|n̄−1nyvyψ̃yy|dyds

≤ C
∫ τ

0

∫
R

|n̄−1|
(
|ψ̃yy||ϕ̃y||ψ̃y| + |ψ̃yy||ϕ̃y||ūy| + |ψ̃yy||n̄y||ψ̃y| + |ψ̃yy||n̄y||ūy|

)
dyds

:= J1
8 + J2

8 + J3
8 + J4

8 ,

(3.59)

where

J1
8 ≤ Cµ−1

∫ τ

0
∥ψ̃yy∥∥ϕ̃y∥∥ψ̃y∥L∞ds ≤ Cµ−1

∫ τ

0
∥ψ̃yy∥

3
2 ∥ϕ̃y∥∥ψ̃y∥

1
2 ds

≤
1

80

∫ τ

0

∫
R

ψ̃2
yydyds +Cµ−5

∫ τ

0

∫
R

n̄ψ̃2
ydyds,

J2
8 ≤

1
80

∫ τ

0

∫
R

ψ̃2
yydyds +C

ϵ2

µ2δ2

∫ τ

0

∫
R

ϕ̃2
ydyds ≤

1
80

∫ τ

0

∫
R

(ψ̃2
yy + ϕ̃

2
y)dyds,

J3
8 ≤

1
80

∫ τ

0

∫
R

ψ̃2
yydyds +C

ϵ2

µδ2

∫ τ

0

∫
R

n̄ψ̃2
ydyds ≤

1
80

∫ τ

0

∫
R

(ψ̃2
yy + n̄ψ̃2

y)dyds,

J4
8 ≤

1
80

∫ τ

0

∫
R

ψ̃2
yydyds +C

∫ τ

0

∫
R

ū4
ydyds ≤

1
80

∫ τ

0

∫
R

ψ̃2
yydyds +C

ϵ2

δ2 .
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With the aid of Hölder’s inequality, Cauchy’s inequality, Lemma 2.2 and the a priori assumption given
in (3.9), we arrive at the following conclusion:

J9 ≤ C
∫ τ

0

∫
R

(
|n̄−1ϕ̃ūyyψ̃yy| + |n̄−1ϕ̃ψ̃2

yy|
)
dyds

≤
1

80

∫ τ

0

∫
R

ψ̃2
yydyds +Cϵ4µ−2 sup

τ∈[0.τ1]

∫
R

ϕ̃2dy
∫ τ

0
∥ūxx∥

2
L∞ds +C

ϵa

µ

∫ τ

0

∫
R

ψ̃2
yydyds

≤
1

40

∫ τ

0

∫
R

ψ̃2
yydyds +C

ϵ3

µ2δ3 sup
τ∈[0.τ1]

∫
R

ϕ̃2dy

≤
1

40

∫ τ

0

∫
R

ψ̃2
yydyds +

1
80

sup
τ∈[0.τ1]

∫
R

ϕ̃2dy.

(3.60)

The combination (3.53)–(3.60) with (3.14), when substituted into (3.52), leads to the result that∫
R

(
ψ2

y + ψ̃
2
y
)
dy + +

∫ τ

0

∫
R

[
(ψ̃y − ψy)2 + ūyψ

2
y + ψ

2
yy + ūyψ̃

2
y + ψ̃

2
yy
]
dyds

≤C
ϵ2

µ2δ2 +Cµ−5{ ∫
R

(ϕ2 + ϕ̃2)dy +
∫ τ

0

∫
R

[
ρ̄ūyψ

2 + ψ2
y + n̄ūyψ̃

2 + n̄ψ̃2
y + n̄(ψ̃ − ψ)2]dyds

}
+Cµ−2[ ∫

R

(ϕ2
y + ϕ̃

2
y)dy +

∫ τ

0

∫
R

(ϕ2
y + ϕ̃

2
y)dyds

]
≤C

ϵ
1
2

µ6δ
1
2

+Cµ−2[ ϵ 1
2

µ8δ
1
2

| ln ϵ | + (µ2| ln ϵ |−1 +
ϵ

1
4

µ
5
2 δ

1
4

)
∫ τ

0

∫
R

ψ̃2
yydyds

]
≤C

ϵ
1
2

µ10δ
1
2

| ln ϵ | +C(| ln ϵ |−1 +
ϵ

1
4

µ
9
2 δ

1
4

)
∫ τ

0

∫
R

ψ̃2
yydyds,

which yields

sup
τ∈[0,τ1(ϵ)]

∫
R

(
ψ2

y + ψ̃
2
y
)
dy + +

∫ τ1(ϵ)

0

∫
R

[
ūyψ

2
y + ψ

2
yy + ūyψ̃

2
y + ψ̃

2
yy
]
dyds

+

∫ τ1(ϵ)

0

∫
R

(ψ̃y − ψy)2 ≤ C
ϵ

1
2

µ10δ
1
2

| ln ϵ |.
(3.61)

□

Proof of Theorem 3.2. Equation (3.13) follows from a combination of (3.14), (3.25), and (3.49),
which completes the proof of Theorem 3.2. □

Proof of Theorem 3.1. The a priori estimates obtained here are actually stronger than the original
assumptions (3.9) on the interval [0, τ1]. This allows us to conclude that τ1(ϵ) = ∞. Indeed, if τ1(ϵ) <
∞, one could, by reapplying the local existence theory at time τ = τ1(ϵ), find a time τ2(ϵ) > τ1(ϵ) such
that the solution still satisfies (3.9) on [0, τ2(ϵ)], contradicting the maximality of τ1(ϵ). Consequently,
the local solution can be globally extended to (0,+∞) for any fixed sufficiently small ϵ. □
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Proof of Theorem 1.1. What remains is to establish (1.10) given the constant a. The proof of (1.8) for
a fixed constant a follows from Lemma 2.2 and (3.8), together with the definitions µ = ϵa| ln ϵ | and
δ = ϵa. Consequently, for any positive constant h, a constant Ch > 0 exists, independent of ϵ, for which

sup
t≥h
∥ρ(·, t) − ρr2(·, t)∥L∞

≤ sup
τ∈[0,+∞)

∥ϕ(·, τ)∥L∞ + sup
t≥h
∥ρ̄(·, t) − ρr2

µ (
·

t
)∥L∞ + sup

t≥h
∥ρr2

µ (
·

t
) − ρr2(

·

t
)∥L∞

≤Ch(ϵa + δ| ln δ| + µ) ≤ Chϵ
a| ln ϵ |,

and
sup
t≥h
∥m(·, t) − mr2(·, t)∥L∞

≤ sup
t≥h

(
∥m(·, t) − m̄(·, t)∥L∞ + ∥m̄(·, t) − mr2

µ (
·

t
)∥L∞ + ∥mr2

µ (
·

t
) − mr2(

·

t
)∥L∞
)

≤ sup
τ∈[0,+∞)

(
∥ϕ(·, τ)∥L∞ + ∥ψ(·, τ)∥L∞

)
+ sup

t≥h

(
∥m̄(·, t) − mr2

µ (
·

t
)∥L∞ + ∥mr2

µ (
·

t
) − mr2(

·

t
)∥L∞
)

≤Ch(ϵa + δ| ln δ| + µ) ≤ Chϵ
a| ln ϵ |.

Similarly, it holds that
sup
t≥h
∥n(·, t) − nr2(·, t)∥L∞ ≤ Chϵ

a| ln ϵ |

sup
t≥h
∥m̃(·, t) − m̃r2(·, t)∥L∞ ≤ Chϵ

a| ln ϵ |.

Therefore, the argument above establishes Theorem 1.1. □
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