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Abstract: In this work, we consider an inverse problem for a stationary kinetic equation. Our aim is
to determine the source function from boundary measurements together with additional information
provided at an interior point of the domain. Unlike existing works, the boundary information comprises
not the direct problem solution itself, but the gradients the gradients of the solution and the source
function are prescribed on the boundary. We develop a numerical algorithm based on a hybrid strategy
that combines the finite-difference method with a bilinear interpolation polynomial approximation.
The performance of the proposed approach is demonstrated through several numerical experiments,
and the results are reported comparatively via graphs and tables. The numerical tests indicate that the
reconstruction errors for the unknown functions remain sufficiently small.
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1. Introduction

Kinetic equations provide a statistical description of many-body systems in terms of the particle
distribution function in the phase space. Originating from the classical ideas of Maxwell and Boltzmann
and later shaped by developments in plasma and kinetic theory, this framework has become a standard
modeling approach in rarefied gas dynamics and reacting gases, as well as in plasma physics and
astrophysical settings such as stellar and galactic dynamics [1–4]. Kinetic models are used in a wide
range of scientific and technological applications, including semiconductor device modeling, turbulence
and fluid mechanics, stochastic dynamical systems, traffic flow, and biological processes such as
chemotaxis and immunology [5–7]. In this context, inverse problems for kinetic equations focus on
identifying physically meaningful quantities, such as interaction potentials, scattering properties, or
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internal source terms, from indirect measurements [8–10].
Inverse problems for kinetic equations were theoretically studied by Amirov [9] and Anikonov [10].

Owing to the overdetermined nature of these problems, they were first reduced to higher-order boundary
value problems with Dirichlet-type data on the distribution function. In these problems, the trace of
the solution on the entire boundary plays the role of overdetermined Dirichlet data, while the unknown
source is extended to depend on both position and velocity and is required to satisfy a mixed second-
order differential constraint. With this technique, the overdetermined inverse problem is transformed
into a determined problem, which yields uniqueness, and in several cases, existence results for various
kinetic-type equations, such as Liouville, Boltzmann, Vlasov, and quantum-kinetic equations [9].

The well-posedness of these types of inverse problems for kinetic and transport equations was
investigated in [11–16] where numerical solutions were obtained using symbolic computation based on
Galerkin approximations and employing various numerical approaches, such as finite-difference and
polynomial approximations. Gölgeleyen and Hasdemir [17] proposed a numerical solution algorithm
for an inverse source problem associated with a non-stationary kinetic equation. Their approach is
based on a hybrid scheme that combines an implicit finite-difference method with Lagrange polynomial
interpolation to reconstruct both the unknown solution and source term from the initial, boundary, and
final-time data. They performed a Von Neumann stability analysis and numerically showed that the
algorithm yields accurate reconstructions with small relative errors and is robust to noisy boundary
data. In recent years, efficient numerical algorithms for inverse problems associated with various
differential equations have been proposed in [18, 19]. Although it is observed in the literature that the
Galerkin method provides highly precise results, it requires the problems to possess homogeneous
Dirichlet boundary conditions, which acts as a restrictive factor in practical applications. Since the
attainable accuracy depends sensitively on the equation type and the formulation of the problem (e.g.,
coefficients, boundary data and the observation setting), numerical results reported under different model
configurations and error metrics are not always directly comparable.

Using a similar methodology, the solvability and approximate solution of a general transport equation
were studied in [20], where a detailed numerical analysis was presented. As for the uniqueness and
stability results for the transport equations we refer to [21–25] where the key tool is a Carleman estimate.
In [26], a globally convergent so-called convexification numerical method was developed for a coefficient
inverse problem for the radiative transport equation, and its convergence analysis was provided.

Here, we deal with an inverse source problem for a kinetic equation by prescribing the gradient of
the unknown function on the boundary, the gradient of the source function with respect to the velocity
variables on the boundary, and one interior value of the solution, rather than prescribing the solution
itself, as in [11–16]. Moreover, a uniqueness theorem is obtained for this problem without imposing any
geometric restrictions on the domain, provided that the full boundary gradient of the source is available.
In previous studies, the geometry of the domain was given in the form of a Cartesian product.

2. Statement of the problem

In the present work, we consider the following kinetic equation:

Lu(x, v) ≡ {H, u} = λ(x, v) + F(x, v) (2.1)
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in the domain Ω = {(x, v) : x ∈ D ⊂ Rn, v ∈ G ⊂ Rn} with the boundary conditions

∇u|∂Ω = u0, ∇vλ|∂Ω = λ0, (2.2)

and the interior data
u(x0, v0) = u1. (2.3)

Here, the Poisson bracket is defined by

{H, u} =
n∑

i=1

(
∂H
∂vi

∂u
∂xi
−
∂u
∂vi

∂H
∂xi

)
.

The unknown u(x, v) represents the stationary phase space density of particles at position x with velocity
v. The function H(x, v) is a given Hamiltonian, and the term F(x, v) collects all known contributions to
the right–hand side of the kinetic equation, such as prescribed external sources or modeled collision
effects. The function λ(x, v) is an unknown source term.

Problem 1. Determine the pair of functions u(x, v) and λ(x, v) that satisfies Eq (2.1) with the boundary
conditions (2.2) and the interior point data (2.3).

The solvability of Problem 1 is established by the following theorem, see Amirov [9].

Theorem 1. Assume that H ∈ C2
(
Ω
)

and the following inequalities hold for all ξ ∈ Rn, (x, v) ∈ Ω :

n∑
i, j=1

∂2H
∂viv j

ξiξ j ≥ α |ξ|2 ,

n∑
i, j=1

∂2H
∂xix j

ξiξ j ≤ 0, (2.4)

where α is a positive number. Moreover, let the function λ(x, v) satisfy the following differential equation

L̂λ ≡
n∑

i=1

∂2λ

∂vi∂xi
= 0. (2.5)

Then, Problem 1 has at most one solution (u, λ) such that u ∈ C2
(
Ω
)
, λ ∈ C2

(
Ω
)
.

The proof of Theorem 1 is carried out in a manner similar to that in Amirov [9].
In classical boundary value problems for kinetic equations, uniqueness is often established through

energy-type inequalities where one typically invokes a Poincaré-Steklov inequality to pass from a
gradient-based quantity (e.g., ∥∇u∥) to a bound involving the function itself (e.g., ∥u∥). In the setting
considered here, however, the availability of gradient/flux-type boundary data allows the boundary terms
to be controlled directly, so this intermediate reduction is not essential. Consequently, the uniqueness
arguments can be formulated more directly without relying on a separate step that converts gradient
information into estimates for the trace or values of u.

From a physical viewpoint, problems with gradient-type boundary information constitute an impor-
tant and practically relevant class. In many realistic measurement procedures, sensors do not record the
field variable itself, but rather flux or normal-derivative quantities across the boundary (e.g., heat flux in
conduction, current density in electromagnetism, or particle flux in transport). In some experimental
settings, sensors measure boundary fluxes or normal derivatives rather than the field itself; hence,
gradient-type boundary conditions can provide a closer match to physically accessible measurements
and practical observation scenarios.
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3. The numerical solution algorithm

In this section, to implement the numerical scheme explicitly, we consider the one-dimensional case
(n = 1) and set Ω = (a, b) × (c, d) and a, b, c, d ∈ R. First, applying the operator L̂ = ∂2

∂v ∂x to both sides
of (2.1) yields the auxiliary third-order partial differential equation:

Hvvxux + Hvvuxx + Hvuxxv − Hxxvuv − Hxxuvv − Hxuvxv = Fxv. (3.1)

Using the central finite-difference formulas in Eq (3.1), we obtain the following discrete version:

(Hvvx)i, j

(
ũi+1, j − ũi−1, j

)
2∆x

+ (Hvv)i, j

(
ũi+1, j − 2ũi, j + ũi−1, j

)
(∆x)2

+ (Hv)i, j

(
2ũi, j−1 − 2ũi, j+1 + ũi+1, j+1 + ũi−1, j+1 − ũi+1, j−1 − ũi−1, j−1

)
2 (∆x)2 (∆v)

− (Hxxv)i, j

(
ũi, j+1 − ũi, j−1

)
2∆v

− (Hxx)i, j

(
ũi, j+1 − 2ũi, j + ũi, j−1

)
(∆v)2

− (Hx)i, j

(
2ũi−1, j − 2ũi+1, j + ũi+1, j+1 − ũi−1, j+1 + ũi+1, j−1 − ũi−1, j−1

)
2 (∆x) (∆v)2 = (Fxv)i, j .

After the necessary simplifications, we write the following discrete equation:

L̂Lu = ũi−1, j−1 (−k1 + k2) + ũi−1, j (−k5 + k3 − 2k2) + ũi−1, j+1 (k1 + k2) + ũi, j−1 (2k1 + k6 − k4)

+ ũi, j (−2k3 + 2k4) + ũi, j+1 (−2k1 − k6 − k4) + ũi+1, j−1 (−k1 − k2) + ũi+1, j (k5 + k3 + 2k2)

+ ũi+1, j+1 (k1 − k2) = (Fxv)i, j , (3.2)

i = 1, I, j = 1, J,

where the coefficients

k1(i, j) =
(Hv)i, j

2 (∆x)2 (∆v)
, k2(i, j) =

(Hx)i, j

2 (∆x) (∆v)2 , k3(i, j) =
(Hvv)i, j

(∆x)2 ,

k4(i, j) =
(Hxx)i, j

(∆v)2 , k5(i, j) =
(Hvvx)i, j

2∆x
, k6(i, j) =

(Hxxv)i, j

2∆v
,

I, J are positive integers and ∆x = (b−a)
(I+1) , ∆v = (d−c)

(J+1) are step sizes in the directions x, v, respectively.
In order to incorporate the boundary conditions into the finite-difference scheme, we use the following

approximations at the boundary data:

ux(a, v) ≈
−3ũ0, j + 4ũ1, j − ũ2, j

2∆x
= gL

(
v j

)
, ux(b, v) ≈

3ũI+1, j − 4ũI, j + ũI−1, j

2∆x
= gR

(
v j

)
,

uv(x, c) ≈
−3ũi,0 + 4ũi,1 − ũi,2

2∆v
= hB (xi) , uv(x, d) ≈

3ũi,J+1 − 4ũi,J + ũi,J−1

2∆v
= hT (xi) ,

i = 1, I + 1, j = 1, J + 1.
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The approximate solution ũi, j of Problem (1) is obtained at I × J mesh points of Ω by solving the
matrix equation

Ãũ + b = F , (3.3)

where Ã is a block tridiagonal banded matrix of the form

Ã =



A
(1)
1 B

(1)
1 0 · · · 0

C
(2)
1 A

(2)
2 B

(2)
2

. . .
...

0 . . .
. . .

. . . 0
...

. . . C(I−1)
1 A

(I−1)
2 B

(I−1)
2

0 . . . 0 C
(I)
2 A

(I)
3


IJ× IJ

. (3.4)

To maintain the narrative flow of the numerical algorithm, the explicit definitions of the submatrices
A

(i)
k ,B

(i)
k ,C

(i)
k and their corresponding algebraic coefficients are detailed in the Appendix.

In (3.3), the right-hand side F is a column vector given by

F =
[
F1,1,F1,2, ...,F1,J,F2,1,F2,2, ...,F2,J, ...,FI,1,FI,2, ...,FI,J

]T ,

where Fi, j = Fxv(xi, v j) for i = 1, I and j = 1, J. The solution vector ũ of size IJ × 1 is defined as

ũ =
[
ũ1,1, ũ1,2, ..., ũ1,J, ũ2,1, ũ2,2, ..., ũ2,J, ..., ũI,1, ũI,2, ..., ũI,J

]T .

To ensure a unique solution, we incorporated the interior point condition u(x0, v0) = u1 directly into
our linear system. As shown in Figure 1, this forces the numerical solution to pass exactly through the
prescribed value, which stabilizes the entire system:

Figure 1. Effect of the interior point condition u(x0, v0) = u1 on the numerical solution.

Furthermore, a small spatial discretization error naturally remains even in the noise-free case.
Additionally, if the interior point (x0, v0) is slightly shifted within the grid, the solution exhibits a mild
change, reflecting its sensitivity to positional uncertainty. To systematically evaluate robustness against
such perturbations, we present Monte Carlo simulations with additive Gaussian noise in the numerical
examples section.
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Now that the numerical solution u is known, next we will determine the function λ(x, v) from the
equation

λ(x, v) ≈ {H, u} − F(x, v)

with the theoretical conditions

∂2λ

∂v∂x
= 0,

∂λ

∂v

∣∣∣∣∣
∂Ω

= λ0.

We compute λ(x, v) by the following five steps.
Step 1. For each 2 × 2 mesh, we take the four corner values of the numerical solution

ũ : (Q11,Q12,Q21,Q22). We assume that, inside this cell, u(x, v) can be approximated by a bilinear
surface

P(x, v) = a0 + a1x + a2v + a3xv,

which interpolates these four corner values. This P(x, v) is used as a local model of u(x, v) in that small
cell, see, e.g., [27, 28].

Step 2. We compute its analytical derivatives:

∂P(x, v)
∂x

= a1 + a3v,
∂P(x, v)
∂v

= a2 + a3x.

These formulas provide smooth approximations of ux and uv inside each cell. Using them in the Poisson
bracket {H, u} = Hvux − Hxuv, we then construct the source

λ(x, v) ≈ {H, u} − F(x, v).

Step 3. Motivated by the condition λxv = 0 in Ω, we assume that λ is of the separated form:

λ(x, v) = A(x) + B(v).

Thus, the problem reduces to determining the functions A(x) and B(v). In the discrete setting, the
unknowns are the grid values of these functions, denoted by the vectors Ai ≈ A(xi) and B j ≈ B(v j) so
that λi j ≈ Ai + B j at each grid point (xi, v j).

Step 4. Combine the smoothed data from Steps 1–3, the theoretical model λ(x, v) = A(x) + B(v), and
all additional conditions into a single large linear system

Mz ≈ y,

where z = [A1, . . . , AI , B1, . . . , BJ]T .
We assemble the matrix M and the vector y from the following sets of equations.
First, for each cell center (i, j), we impose

Ai + Ai+1

2
+

B j + B j+1

2
≈ λi j,

where λi j denotes the value of λ at the center of the cell associated with (xi, v j). This large collection of
equations ensures that the reconstructed λ is consistent with the information coming from the numerical
solution u.

Electronic Research Archive Volume 34, Issue 4, 2136–2156.



2142

On the v-boundaries, we add the discrete equations

B j+1 − B j

∆v
≈ λ0,

B j − B j−1

∆v
≈ λ0,

B j+1 − B j−1

2∆v
≈ λ0,

which represent forward, backward, and central finite–difference approximations of the boundary condition

∂vλ|∂Ω = λ0.

To stabilize the reconstruction, we add a Tikhonov regularization term that penalizes roughness in
the recovered λ. In discrete form, this is implemented by the second-order difference relations

Ai+1 − 2Ai + Ai−1 ≈ 0, B j+1 − 2B j + B j−1 ≈ 0

for interior indices 2 ≤ i ≤ I − 1 and 2 ≤ j ≤ J − 1. This corresponds to a standard smoothness-
promoting Tikhonov regularization for discrete inverse problems [29, Eq (2.2.2)]. The regularization
parameter α is chosen by the L-curve criterion [30]. We test a logarithmically-spaced set of candidate
values {αk} over the range [10−3, 102], and for each αk we solve the corresponding regularized least-
squares system. We then compute the residual norm (measuring data fit) and the solution norm
(measuring smoothness via the discrete second-difference operator). The optimal parameter αopt is
selected by maximizing the discrete curvature at the corner of the L-curve in logarithmic coordinates,
and αopt is used in the final reconstruction.

The effect of the smoothing and Tikhonov regularization is illustrated in Figure 2; the unregularized
reconstruction exhibits strong spurious oscillations, whereas the regularized one is much smoother while
preserving the main trend of λ(x, v).

Figure 2. Effect of smoothing and Tikhonov regularization on the reconstruction of λ(x, v).

Step 5. Finally, we solve the augmented linear system Mz = y, which incorporates all data, boundary,
and Tikhonov regularization constraints. From the resulting coefficient vector z we extract the discrete
profiles Ai and B j and reconstruct the final, regularized solution for λ(x, v) on the grid via

λ(xi, v j) = Ai + B j.
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Algorithm 1 The numerical solution algorithm
1: Input: Ω, ∆x,∆v, H(x, v), boundary data gL, gR, hB, hT , F(x, v) (or Fxv), interior point (x0, v0, u1),

and λ0.
2: Initialize: Grid points (xi, v j) for i = 1..I and j = 1..J.
3: procedure Matrix Assembly
4: for each interior node (i, j) do
5: Compute k1(i, j), . . . , k6(i, j) from H.
6: Update the corresponding entries of Ã using (3.2).
7: Set Fi, j = Fxv(xi, v j).
8: end for
9: Incorporate boundary conditions into Ã and b (one-sided differences).

10: Enforce u(x0, v0) = u1 by replacing the corresponding row.
11: end procedure
12: Solve: Ãũ = F − b.
13: procedure Reconstruct λ(x, v)
14: for each 2 × 2 cell do
15: Build bilinear P(x, v) from ũ and compute ux, uv.
16: Set λraw(x, v) ≈ {H, u} − F, {H, u} = Hvux − Hxuv.
17: end for
18: Assume λ(x, v) = A(x) + B(v).
19: Assemble Mz ≈ y (cell-center data, ∂vλ|∂Ω = λ0 and Tikhonov smoothness).
20: Choose α via L-curve and solve for z = [A1..AI , B1..BJ]T .
21: end procedure
22: Output: ũ(xi, v j) and λ(xi, v j).

4. Numerical experiment

In this section, we present two numerical examples to illustrate the performance of the proposed
algorithm. For each example, we compare the numerical and exact solutions for u and λ, and show the
corresponding error measures. We report the maximum absolute error (MaxAbsErr) and the relative
errors (RelErr) in the discrete L2 and L∞ norms on an (I × J) uniform grid with spacings ∆x and ∆v:

for q ∈ {u, λ}, e(q)
i j = qnum

i j − qex
i j , 1 ≤ i ≤ I, 1 ≤ j ≤ J,

MaxAbsErr(q) = ∥e(q)∥∞ := max
i, j

∣∣∣e(q)
i j

∣∣∣,
∥w∥2 :=

( I∑
i=1

J∑
j=1

|wi j|
2 ∆x∆v

)1/2

,

RelErr2(q) =
∥e(q)∥2

∥qex∥2
, RelErr∞(q) =

∥e(q)∥∞

∥qex∥∞
,

where ∥ · ∥2 is the standard grid-weighted discrete analogue of the continuous L2 norm used in
finite-difference error analysis, and the ratios above correspond to the usual normwise relative error
measures [31, 32].
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Example 1. Let us consider the problem of finding the pair (u, λ) in Ω = (1, 3) × (1, 3) for Eq (2.1),
where

H(x, v) = cos(x2) −
v2

2
and

F(x, v) =
x2

2
− cos(v3) − 4xv3 − 2xv + 8x3v sin(x2),

the boundary conditions are

ux(1, v) = 4v2 + 2, ux(3, v) = 12v2 + 6, uv(x, 1) = 4x2, uv(x, 3) = 12x2,

λv(x, 1) = −1, λv(x, 3) = −3,

and the interior condition u(2, 2) = 36.

The exact solution of the problem is

u (x, v) = (x2)(v2 + 1) + (x2v2), λ (x, v) = cos(v3) −
x2

2
.

Tables 1 and 2 summarize the noise-free results for different grid sizes. As the mesh is refined, the
1-norm condition number κ1(Ã) = ∥Ã∥1∥Ã−1∥1 increases sharply (Table 1), while the error in u remains
very small (below 10−7 in maximum absolute error). To assess the practical applicability and scalability
of the proposed method, Table 2 reports the CPU times for various grid resolutions. When refining the
grid from 41 × 41 to 401 × 401, the computational runtime increases from 12.25 s to 120.15 s. Over the
same refinement, the total number of grid points increases by a factor of approximately 95.7, whereas the
runtime increases by only about 9.8. This favorable scaling behavior indicates that the proposed method
can handle high-resolution practical applications without incurring prohibitive computational costs.

Table 1. Noise-free performance for different grid sizes: error metrics for the solution u and
estimated conditioning of the linear system.

Grid size Solution u κ1(Ã)
(I × J) MaxAbsErr RelErr2 RelErr∞
41 × 41 1.97 × 10−10 1.22 × 10−12 1.15 × 10−12 2.6 × 1010

81 × 81 3.57 × 10−10 1.72 × 10−12 2.09 × 10−12 1.23 × 1012

121 × 121 1.05 × 10−9 5.00 × 10−12 6.19 × 10−12 2.05 × 1013

401 × 401 9.53 × 10−8 5.63 × 10−10 5.57 × 10−10 8.93 × 1016

Table 2. Noise-free performance for different grid sizes: error metrics for the source λ and
CPU time.

Grid size Source λ CPU time (s)
(I × J) MaxAbsErr RelErr2 RelErr∞
41 × 41 2.16 × 10−1 2.62 × 10−2 3.92 × 10−2 12.25
81 × 81 8.92 × 10−2 7.36 × 10−3 1.62 × 10−2 21.18
121 × 121 5.65 × 10−2 2.88 × 10−3 1.08 × 10−2 38.17
401 × 401 2.27 × 10−3 2.57 × 10−4 4.13 × 10−4 120.15
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The sparsity pattern of the coefficient matrix A used in the numerical solution of u is shown
in Figure 3. Moreover, in Figures 4–11 the numerical solutions for u and λ are compared with the
corresponding exact solutions through surface plots and cross-sections. In Figure 12, the spatial
distributions of the absolute errors for the numerical solution u and the reconstructed source λ over the
computational domain are displayed.

Figure 3. Sparsity pattern of the coefficient matrix A.

Figure 4. Numerical solution unum(x, v) on the computational grid.

Figure 5. Comparison of the exact solution uexact(x, v) (surface) and the numerical values
(points).
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(a) (b)
Figure 6. Cross–sections of u(x, v) and comparison of exact and numerical solutions. (a)
Cross–section for a fixed value of v. (b) Cross–section for a fixed value of x.

Figure 7 illustrates the influence of interior-point noise on the numerical solution u. The error
measures increase monotonically with the noise level and show an approximately linear trend on the
log-log scale.

Figure 7. Interior-point noise sensitivity on a 81 × 81 grid (Monte Carlo). (a) Maximum
absolute error versus noise level. (b) Relative L2 error versus noise level. Dashed lines show
power-law fits obtained from a log-log regression.

For the numerical example, the regularization parameter is selected by the L-curve criterion; as
shown in Figure 8, the corner identified via maximum discrete curvature yields αopt = 7.0486 × 10−2,
which is used in the final reconstruction.

Figure 8. (a) L-curve illustrating the trade-off between the residual norm and the solution
(smoothness) norm. (b) Selection of the regularization parameter via the L-curve criterion;
the optimal value is chosen at the corner.
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Figure 9. Numerical and exact solutions for λ(x, v) on the grid.

(a) (b)
Figure 10. Cross–sections of λ(x, v) and comparison of exact and numerical solutions. (a)
Cross–sections for fixed values of x. (b) Cross–sections for fixed values of v.

(a) (b)
Figure 11. (a) Correlation plot for u: numerical values versus exact values (points should lie
close to the line y = x). (b) Correlation plot for λ(x, v).
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(a) (b)
Figure 12. Absolute error surfaces over the computational domain. (a) Absolute error of u.
(b) Absolute error of λ.

Example 2. Let us consider the problem of determining the functions u and λ in Ω = (−1, 2) × (1, 3) for
Eq (2.1), where the Hamiltonian is

H(x, v) =
x2

2
+ cos v

and
F(x, v) = x(xe−v − 2v sin x) − sin v − x2 − sin v(e−v + v2).

The boundary conditions are

ux(−1, v) = gL(v) = e−v + v2 cos(1), ux(2, v) = gR(v) = e−v + v2 cos(2),
uv(x, 1) = hB(x) = 2 sin x − xe−1, uv(x, 3) = hT (x) = 6 sin x − xe−3,

while the derivative of λ at the v–boundaries is prescribed as

λv(x, 1) = cos(1), λv(x, 3) = cos(3)

and we are given the interior point data u(0.5, 2) = 1.9854.

In this example, the exact solution of the problem is given as follows:

u(x, v) = v2 sin x + e−vx, λ(x, v) = x2 + sin v.

As shown in Table 3, the results for u are summarized in terms of the maximum absolute error, the
relative L2 and L∞ errors, and κ1(Ã). Table 4 reports the corresponding error metrics for λ together with
the CPU time for each grid resolution.

Table 3. Noise-free performance for different grid sizes: error metrics for the solution u and
estimated conditioning of the linear system.

Grid Size Solution u κ1(Ã)
(I × J) MaxAbsErr RelErr2 RelErr∞
51 × 51 6.79 × 10−2 5.63 × 10−3 7.48 × 10−3 2.60 × 1011

81 × 81 2.83 × 10−2 2.33 × 10−3 3.11 × 10−3 3.78 × 1012

101 × 101 1.78 × 10−2 1.49 × 10−2 1.96 × 10−2 1.70 × 1013

121 × 121 1.21 × 10−2 1.05 × 10−2 1.33 × 10−2 5.40 × 1013

401 × 401 1.20 × 10−3 9.88 × 10−5 1.31 × 10−2 8.20 × 1016
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Table 4. Noise-free performance for different grid sizes: error metrics for the source λ and
CPU time.

Grid size Source λ CPU time (s)
(I × J) MaxAbsErr RelErr2 RelErr∞
51 × 51 4.52 × 10−2 9.15 × 10−3 8.99 × 10−3 18.95
81 × 81 2.00 × 10−2 4.03 × 10−3 3.99 × 10−3 22.31
101 × 101 1.32 × 10−2 2.64 × 10−3 2.63 × 10−2 30.53
121 × 121 9.15 × 10−3 1.89 × 10−3 1.83 × 10−3 44.13
401 × 401 9.49 × 10−4 1.86 × 10−4 1.89 × 10−4 230.25

Figures 13–19 present comparisons between the numerical and exact solutions for u and λ in
Example 2, whereas Figure 20 displays the corresponding absolute error for both u and λ.

Figure 13. Comparison of the computational solution unum(x, v) (left) and the exact solution
uexact(x, v) (right) over the computational domain.

(a) (b)

Figure 14. (a) Cross–section of u(x, v) for a fixed value of v: comparison of the exact and
numerical solutions. (b) Cross–section of u(x, v) for a fixed value of x: comparison of the
exact and numerical solutions.

To evaluate the robustness of the interior-point constraint, we performed a Monte Carlo noise
sensitivity study on the 121× 121 grid by perturbing the interior-point data with additive Gaussian noise
at prescribed levels (0–50%) and repeating the experiment for 100 realizations. Figure 15 shows that
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the reconstruction error increases with the noise level. The log–log slopes are approximately 0.81 for
the maximum absolute error and 0.95 for the L2 relative error, suggesting an almost linear increase in
the L2 relative error. At low noise levels, the solution remains stable (e.g., relative L2 errors on the order
of 10−3 at 0.5% noise), whereas larger perturbations progressively degrade accuracy.

Figure 15. Interior-point noise sensitivity on a 121 × 121 grid (Monte Carlo). (a) Maximum
absolute error versus noise level. (b) Relative L2 error versus noise level. Dashed lines show
power-law fits obtained from a log-log regression.

Figure 16. (a) L-curve illustrating the trade-off between the residual norm and the solution
(smoothness) norm. (b) Selection of the regularization parameter via the L-curve criterion;
the optimal value is chosen at the corner.

Figure 17. Comparison of the regularized numerical solution λnum(x, v) (left) and the exact
solution λexact(x, v) (right) over the computational domain.
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For the numerical example, the regularization parameter is selected by the L-curve criterion; as
shown in Figure 16, the corner identified via maximum discrete curvature yields αopt = 4.6869 × 10−1,
which is used in the final reconstruction.

Figure 18. Comparison of the exact solution λexact(x, v) (surface) and the reconstructed
numerical solution λnum(x, v) (mesh) over the computational domain.

(a) (b)
Figure 19. Cross–sections of λ(x, v): (a) cross–section for a fixed value of v; (b) cross–section
for a fixed value of x, showing the comparison between the exact and numerical solutions.

(a) (b)

Figure 20. Absolute error distributions over the computational domain: (a) for the numerical
solution u; (b) for the reconstructed source λ.
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5. Conclusions

In this paper, we study an inverse problem for a stationary kinetic equation posed on a phase-space
domain. The aim is to determine the function u(x, v) together with an unknown source function λ(x, v)
from prescribed gradient data on the boundary and from the value of u at a single interior point of
the domain. We develop a numerical algorithm based on a hybrid strategy that combines a finite-
difference discretization with a bilinear interpolation polynomial, which results in a linear system for
the numerical solution.

The numerical experiments show that the computational solution is in very good agreement with
the exact solution. This is confirmed by surface and cross-sectional graphs and by the small values of
absolute error over the entire computational domain. These results indicate that the proposed hybrid
approach provides an accurate and computationally efficient tool for the numerical solution of this class
of inverse kinetic problems.

While the present method demonstrates robust performance on rectangular grids using bilinear
polynomials, its application to irregular geometries might lead to boundary-induced errors. As future
work, we plan to extend this method to non-rectangular domains. This extension will involve adapting
the framework to unstructured grids and exploring alternative spatial discretization techniques, such
as finite element formulations, isoparametric mappings, or meshless methods, to preserve accuracy in
complex geometries.

Building on these results, the proposed framework can be used as a basis for incorporating noisy
or incomplete boundary data and for extending the analysis to higher-dimensional or time-dependent
kinetic models.
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Appendix

In this section, we present the structure of coefficient matrix Ã in the matrix equation in (3.4). The
matricesA(1)

1 ,A
(i)
2 ,A

(I)
3 are defined as follows:
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A
(1)
1 =



g1(1, 1) g2(1, 1) 0 · · · 0

g3(1, 2) g4(1, 2) g5(1, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . g3(1, J − 1) g4(1, J − 1) g5(1, J − 1)
0 · · · 0 2

3g3(1, J) g6(1, J)


J×J

,

A
(i)
2 =



h1(i, 1) h2(i, 1) 0 · · · 0

h3(i, 2) h4(i, 2) h5(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . h3(i, J − 1) h4(i, J − 1) h5(i, J − 1)
0 · · · 0 h6(i, J) h7(i, J)


J×J

,

A
(I)
3 =



m1(I, 1) m2(I, 1) 0 · · · 0

m3(I, 2) m4(I, 2) m5(I, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . m3(I, J − 1) m4(I, J − 1) m5(I, J − 1)
0 · · · 0 m6(I, J) m7(I, J)


J×J

,

where
g1(i, j) =

(
8
9k1 −

8
9k2 −

2
3k3 +

2
3k4 −

4
3k5 +

4
3k6

)
i, j
, g2(i, j) =

(
−8

9k1 +
8
9k2 −

2
3k4 −

4
3k6

)
i, j
,

g3(i, j) =
(

2
3k1 +

4
3k2 − k4 + k6

)
i, j
, g4(i, j) =

(
−8

3k2 −
2
3k3 + 2k4 −

4
3k5

)
i, j
,

g5(i, j) =
(
−2

3k1 +
4
3k2 − k4 − k6

)
i, j
, g6(i, j) =

(
−8

9k1 −
8
9k2 −

2
3k3 +

2
3k4 −

4
3k5 −

4
3k6

)
,

h1(i, j) =
(

8
3k1 − 2k3 +

2
3k4 +

4
3k6

)
i, j
, h2(i, j) =

(
−8

3k1 −
2
3k4 −

4
3k6

)
i, j
,

h3(i, j) = (2k1 + k6 − k4)i, j , h4(i, j) = (−2k3 + 2k4)i, j ,

h5(i, j) = (−2k1 − k6 − k4)i, j , h6(i, j) =
(

8
3k1 −

2
3k4 +

4
3k6

)
i, j
,

h7(i, j) =
(

2
3k4 − 2k3 −

8
3k1 −

4
3k6

)
i, j
, m1(i, j) =

(
8
9k1 +

8
9k2 −

2
3k3 +

2
3k4 +

4
3k5 +

4
3k6

)
i, j
,

m2(i, j) =
(
−8

9k1 −
8
9k2 −

2
3k4 −

4
3k6

)
i, j
, m3(i, j) =

(
2
3k1 −

4
3k2 − k4 + k6

)
i, j
,

m4(i, j) =
(

8
3k2 −

2
3k3 + 2k4 +

4
3k5

)
i, j
, m5(i, j) =

(
−2

3k1 −
4
3k2 − k4 − k6

)
i, j
,

m6(i, j) =
(

8
9k1 −

8
9k2 −

2
3k4 +

4
3k6

)
i, j
, m7(i, j) =

(
−8

9k1 +
8
9k2 −

2
3k3 +

2
3k4 +

4
3k5 −

4
3k6

)
i, j
.

In (3.4), the matrices B(1)
1 , B

(i)
2 , C

(i)
1 , C(I)

2 are defined as follows:

B
(1)
1 =



n1(1, 1) n2(1, 1) 0 · · · 0

n3(1, 2) n4(1, 2) n5(1, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . n3(1, J − 1) n4(1, J − 1) n5(1, J − 1)
0 · · · 0 n6(1, J) n7(1, J)


J×J

,
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B
(i)
2 =



r1(i, 1) −p4(i, 1) 0 · · · 0
9
8n6(i, 2) r2(i, 2) 9

8n2(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . 9
8n6(i, J − 1) r2(i, J − 1) 9

8n2(i, J − 1)
0 · · · 0 −p2(i, J) r3(i, J)


J×J

,

C
(i)
1 =



p1(i, 1) p2(i, 1) 0 · · · 0

−9
8n2(i, 2) p3(i, 2) −9

8n6(i, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . −9
8n2(i, J − 1) p3(i, J − 1) −9

8n6(i, J − 1)
0 · · · 0 p4(i, J) p5(i, J)


J×J

,

C
(I)
2 =



q1(I, 1) −9
8n6(I, 1) 0 · · · 0

−n5(I, 2) q2(I, 2) −n3(I, 2) . . .
...

0 . . .
. . .

. . . 0
...

. . . −n5(I, J − 1) q2(I, J − 1) −n3(I, J − 1)
0 · · · 0 −n2(I, J) q3(I, J)


J×J

,

where
n1(i, j) =

(
8
9k2 −

8
9k1 +

2
3k3 +

4
3k5

)
i, j
, n2(i, j) =

(
8
9k1 −

8
9k2

)
i, j
,

n3(i, j) =
(
−2

3k1 −
4
3k2

)
i, j
, n4(i, j) =

(
8
3k2 +

2
3k3 +

4
3k5

)
i, j
,

n5(i, j) =
(

2
3k1 −

4
3k2

)
i, j
, n6(i, j) =

(
−8

9k1 −
8
9k2

)
i, j
,

n7(i, j) =
(

8
9k1 +

8
9k2 +

2
3k3 +

4
3k5

)
i, j
, p1(i, j) =

(
−4

3k1 −
2
3k2 + k3 − k5

)
i, j
,

p2(i, j) =
(

4
3k1 +

2
3k2

)
i, j
, p3(i, j) = (−k5 + k3 − 2k2)i, j ,

p4(i, j) =
(

2
3k2 −

4
3k1

)
i, j
, p5(i, j) =

(
4
3k1 −

2
3k2 + k3 − k5

)
i, j

r1(i, j) =
(
−4

3k1 +
2
3k2 + k3 + k5

)
i, j
, r2(i, j) = (k5 + k3 + 2k2)i, j ,

r3(i, j) =
(

4
3k1 +

2
3k2 + k3 + k5

)
i, j
, q1(i, j) =

(
2
3k3 −

8
9k2 −

8
9k1 −

4
3k5

)
i, j
,

q2(i, j) =
(

2
3k3 −

8
3k2 −

4
3k5

)
i, j
, q3(i, j) =

(
8
9k1 −

8
9k2 +

2
3k3 −

4
3k5

)
i, j
.
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