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Abstract: We clarify a relation between the arithmetic autocorrelation and pattern distribution of
binary sequences, then we apply the relation to study the upper bound of arithmetic autocorrelation
for two binary sequences constructed by Fermat quotient and the generalized cyclotomic class of order
2, respectively. Our results indicate that the sequences with large “long term” correlations may have
small “short term” pattern distribution; and thus have rather small arithmetic autocorrelations.
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1. Introduction

Pseudorandom sequences are widely used in measurement, code-division multiple-access (CDMA)
systems, wireless communication systems, digital communication systems, and cryptography. The
correlation properties analysis of pseudorandom sequences is an important problem for pseudorandom
sequences theory.

The arithmetic autocorrelation of a (purely) periodic binary sequence is investigated by Mandel-
baum [1] on arithmetic codes. Let (a,) be a binary sequence of (purely) period T. For 1 <7 < T, let
(a,.-) be the shift of (a,). Put

(o)

T-1
X; = Z a,..2" and a, = Z a2, 0<7t<T.
n=0

n=0
Write

@ == ) 52" (L.1)

n=0
with unique s, € {0, 1}. If xo > x;, (s,,) is (purely) periodic with period T'; otherwise, (s, ;) is even-
tually periodic with period 7 from 7 on (see [2]). In terms of the case, the arithmetic autocorrelation
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function A(7) of (a,) is defined as
A(T)=Ny—N;, 1<7v<T, (1.2)

where N, ={T <n<2T -1:s,.=1i},i=0,1.

Compared to the classical autocorrelation, arithmetic autocorrelation is the with-carry correlation
function of pseudorandom sequences. Goresky and Klapper [3] extended the arithmetic autocorrelation
to cross-correlation and gave large families of binary sequences which have ideal arithmetic cross-
correlations. Later, they generalized the arithmetic autocorrelation to non-binary sequences in [4,5].
For more background, the reader is referred to [6].

The arithmetic correlation of sequences is expected to be as small as possible. A nontrivial bound
on the arithmetic autocorrelation of the Legendre sequence was proposed in [2]. Hofer, Mérai, and
Winterhof [7] proved the arithmetic autocorrelation and the correlation measure of higher orders have
the relation as follows:

Proposition 1.1. [7] Put

T-1
FS — max g (_l)en"'erﬁ—dl +"'+en+d[_1 .
0Sd1<"-<df_] <T 0
n=|

1<l<s

Then the arithmetic autocorrelation function of a T-periodic binary sequence (e,) satisfies

A(r) < min {T"°T}

gTJ’ 2rr|_10g TJ log T} ’

where r = min{t, T —t}for 1 <t <T - 1.

We write f(n) = O(g(n)) or f(n) < g(n) if |f(n)| < cg(n) for some absolute constant ¢ > 0.

Pattern distribution is an important randomness feature of pseudorandom sequences, which reflects
any pattern (for fixed length) appearing in a period of the sequence. More precisely, let (b,) be a binary
sequence with period T, and let the binary vector f = {fy, fi, -+, fe—1} € {0, 1}* be any pattern (with
fixed length £). The number of pattern distribution is

N = |{O <n< T : (bn9bn+l9'” abn+f—l) = (f()afla"' aﬁ—l)”'

Ding [8] proved the bounds of the pattern distribution of binary Legendre sequences. Golomb [9]
presented the pattern distribution of binary m-sequences. Liu and Ren [10] showed the M-ary se-
quences derived from Sidel’nikov sequences have asymptotical uniform pattern distribution. Mauduit
and Sarkozy [11] introduced a relation of pattern distribution and correlation measure of high order.
In view of the relation, Hofer, Mérai, and Winterhof [7] obtained another relation between correlation
measures of high order and arithmetic autocorrelation, indicating that pseudorandom binary sequences
with a small correlation measure of high order also have a small arithmetic autocorrelation; that is
Proposition 1.1.

Noting that many binary sequences with large “long term” correlations may have small “short term”
pattern distributions and thus they still have small arithmetic autocorrelations. In other words, there
are binary sequences that have a great value correlation measure of order ¢ for large value lags d,_;,
but a small pattern distribution for short lengths of patterns, and then they may have small arithmetic
autocorrelation. We shall establish the relation between the arithmetic autocorrelation and the pattern
distribution by using the idea in [7] with certain modifications.
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Theorem 1.2. Let Er = {eg, ey, -+ ,er_1} € {0,1} be a binary sequence of period T. Letk > 1, 1 <
7 < T — 1 be integers. For any binary vectors a = {ag, - ,a;} € {0, 1}*, b = {by,- -+ , b} € {0, 1}**!
and ¢ = {cg, -+ , Crsz} € {0, 1™, we write pattern distribution as
Ngpin(Er) =l{n: T <n <2T - 1,(ep—, €nis1," " »€n) = (ag, a1, -+ ,a) and
(en—k+1" en—k+‘r+1, ) en+‘r) = (bOa bla T, bk)}la

when T > k, otherwise

Nexo(Er) =I{n: T <n <2T - 1,(epi; €nk+1>" "+ »€nsr) = (Co, C1, 7+, Crar)}-
Denote -
Ons2(ET) = max Npion(Er) — % (1.3)
and T
Aksr1(ET) = max Nei(ET) — S| (1.4)

where the above maximums are taken over all binary vectors a, b, c, respectively, and any integer T
withl <7 <T. Put
Ay = max {6, (Er), A (E7)}.

1<hy,hp<s

Then we have

A(r) < min{T'?A[2

122 Aogy log T, (1.5)

where r = min{t, T —t}for 1 <t <T - 1.

This paper is organized as follows. We establish a relation between arithmetic autocorrelation and
pattern distribution of binary sequences; and prove the relation in Section 2. In terms of the relation,
we consider the arithmetic autocorrelation of two types of binary sequences constructed by Fermat
quotient and generalized cyclotomic classes of order 2 in Section 3.

2. Arithmetic autocorrelation and pattern distribution

In this section, our main content is to prove Theorem 1.2 using the idea of Proposition 1.1, with
the difference being that we focus on the direct relation between arithmetic autocorrelation and more
specific pattern distributions with “short term”.

Now we prove Theorem 1.2. As the arithmetic autocorrelation is symmetric with A(t) = A(T —
7)( [7], Proposition 2.1.), we consider 1 < 7 < L%J in the following. Let 1 < k < m be integers. Take
a € {0, 1}, assume

(en—ka en—k+‘r) = (aa I- (l),

Cnk+j = Cn—ktt+js J= L k=1 (2.1)
(€n7el’l+7‘) € {0’ 1}2,
fork=1,---,m—1landn=T,---,2T — 1. First we let m + 1 < 7 < | Z]. For fixed a, from (1.3) we
have the number of patterns
( el‘l—k el’l—k+1 e el’l (2.2)
€n—k+r  Cn—k+r+l " Epar
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that satisfy the assumptions (2.1) is at least 22,% — Ook+2- We discuss the specific cases of assumption
(2.1). If a = 1, from (1.1) we have

n—k—1

n—k
gkl Z(e,,Z" — ey 2" = Z (e,2" — €, 2") + 2" * > 1.
n=0

n=0

This means there is no need to carry to make s, , > O for the subtraction of e,,_4,, = 0 from e, = 1.

Hence
o = I, ife, # eyr,
il 0, ife, = eir.

Obviously, there are 2k possibilities of the pattern (2.2), then we have at least 2,{—7;2 — 2k8,.4o different n
with 7 < n < 2T such that s, . = 1.
If a =0, from (1.1) we have

n—k—1

n—k
Z(enzn —ep2") = Z (€,2" — e,4:2") — 2% < 0.
n=0

n=0
This means there is a need to give a carry for the subtraction of 1 from 0. Hence

P 1, ife, = ey,
T 0, ife, # €4z

There are also 2* possibilities of the pattern (2.2); thus we have at least 2% — 2k85145 different n with
T <n < 2T such that s, = 1.

In both cases, we count at least 2kT+1 — 281654 different n with T < n < 2T satisfying e,_x # €,_+rs
(€n—k+j» en-i+r+j) €1{(0,0),(1, )} for j=1,--- ,k—1and s, = 1. Then we have

Si) S

> __2—mT_2m+1Am
) 2

Analogously, we have the number N, satisfies

N

v
N Nl —

T
Ny > 5" 27T — 2,
Hence, we obtain
|A(T)| = |NO - N1| < 2_m+lT + 2m+2A2m~

Next, we let 1 < 7 < m, that indicates some indices in pattern (2.2) coincide, so we have two types
of pattern distributions. For fixed a, if kK < 7 — 1, from (1.3) we have the number of patterns (2.2) that

satisfy the assumptions (2.1) is at least
T
2 02k+25

if k > 7, we have the pattern as
( €ntk Cnik+l """ €n Enyl T Epyr ) . (23)
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From (1.4), we know the number of patterns (2.3) satisfies the assumption (2.1) is at least

T

Skreet Aktrr1-

Similar to before, if a = 1, we have

B { 1, if e, # epir,

Sﬂ,T - .
0, if e, = enir-
If a = 0, we have
5 = 1, lf €n = €nir,
nr — .
0, if e, # enir-

In each case, we have 2* possibilities of pattern (2.2) and 27! possible choices of pattern (2.3). Thus,
we have at least

T

ST 2 g2, k<71,
T

2k+1 - 2T/1k+7'+1’ k Z T.

different n with T < n < 2T satisfies e,k # €p—isrs (€n—i+ j» €n—k+r+j) € {(0,0), (1, D} for j=1,--- k-1
and s, = 1.
Let m’ = 2m — 7, we obtain

m'—1 -1 m'—1
T - T
Ny 2 ) 275 = % 2500 — Z DAY
k=1 k=1 k=1
T —=2m+1 7+1
25—2 T-2""(m—-1+ 1Ay,

and
T
Ny > 5~ 272 _ 2™  — 1+ 1) Ay
Therefore
IA(T)| < 272 £ 272 (m — 7 + DAy
Choosing

E ]
m=|=1lo ,
2 gALlogTJ

We prove the result of Theorem 1.2.

3. Arithmetic autocorrelation of binary sequences

We shall study the arithmetic autocorrelation of two pseudorandom binary sequences by applying
Theorem 1.2.
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3.1. Binary sequence related to Fermat quotient

Let p be a prime and let n be an integer with (n, p) = 1. The Fermat quotient g,(n) is defined as

P _1

gp(n) = (mod p), 0<gq,(n)<p-1.

We also define ¢,(kp) = O for k € Z. Fermat quotients have numerous applications in computational
and algebraic number theory, and many authors studied their properties (see [12—19] for details). For
example, Gomez and Winterhof [15] defined the binary sequence E > = (eo, e, epz_l) € {0, 1}1”2 as
follows:

B { 0, if g,(n) is a quadratic residue modulo p or g,(n) = 0, 3.1

1, otherwise,

and showed that the upper bound of the f-correlation measure of order ¢ is fp%. The high linear
complexity of E,. was studied in [20]. Chen [21] described the trace representation of the above
binary sequence E . by determining the defining pairs of all binary characteristic sequences of cosets.
There is the research on generalizations of the sequence E . (see [22,23]). The binary sequence E .
has the desired pseudorandomness; however, the arithmetic correlation of the sequence E,» remains
open. We would study the arithmetic autocorrelation of the sequence E > through Theorem 1.2.

In order to calculate the pattern distribution of the binary sequence E ., an upper bound estimate
for multiplicative character sums of Fermat quotients is needed.

Lemma 3.1. [15] Let y1, - - - , x¢ be nontrivial multiplicative characters modulo p. Then we have
N-1 (N
D x1(@yn+dD) - xe(gp(n + dp)) < max {W ¢p*?log p}
n=0

for any integers 0 < d; < ---<d, < p*—1land1 <N < p*.
We use the lemma to analyze the pattern distribution of the binary sequence.

Lemma 3.2. Let E > be the binary sequence with period p? defined in (3.1). Let 1 <k <1 < p? be

integers. For any pattern a = {ag, - -+ ,a} € {0, 1YY and b = {by, - - - , by} € {0, 1}**!, we know
Nepio(Ep) =ln: p> <n<2p* = 1,(€nts nists s €a) = (@ a1, ,ay) and
(en—k+ra Chn—k+r+1> """ 5 en+7) = (bo, bl, Tt bk)}la
then
5
Ous2(E) < (2k +2)p3, 3.2)
1
forl <k< Son "

Proof. From the definition of pattern distribution, we have

pz 1 2p7-1 &k p2
n—k+j j n—k+r+jt0j
Napko(Ep) = 5505 = 553 Z 1_[ (1 + (=D J+aj)(1 (=D J) T H2k+2
2 2 Y =0 2
n=p =
2p%-1
1 e i +aj en_itr+j,Tbj
S 3 [ e
2 UVC(0,1,+ k) n=p? j1€U Jo€V
UUV#0
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In the following, we classify and discuss the first sum in the above equation. Let i be the Legendre
symbol modulo p. When U # @ and V = 0, by (3.1) and Lemma 3.1, we have

2p%-1

s % S e

UC(0,1,+ kN\{0} n=p? j1€U

2k+1 -1 2p*-1

x| 2 | v

n=p? heU

2k+1 -1 2p°-1

S max| >0 [ [ ma,(n—k+ jy+1U1-p

U#0 !
n=p? j1€U

< F(k +1)p, (3.3)

where |U| denotes the number of elements in set U. When U = () and V # (), we also have

okl _ 2p’-1 ]
e max Z [ [nrmers] < o L+ pt. (3.4)
n=p? j2€V
When U # @ and V # 0, by (3.1) and Lemma 3.1 we obtain
1 2p%-1
D |
U V(0,1 kI\(O) n=p? j1€U €V
92k+2 _ ok+2 4 | 2p-1
S 22k+2 II‘JI’lVa;é) Z r[(_l) n—k+j1 n(_l) n—k+7+jy
n=p? €U o€V
2p%-1
<max| > | [ ngpn=k+ i) | [mgpn=k+ 7+ )+ qUI+ VD - p
n=p? j1€U J2€V
< (2k +2)p3. (3.5)
Combing (3.3)—(3.5), we immediately obtain
N :
N(g,@,k,r)(Epz) 22k ) < (2k + 2)p§
This completes the proof of lemma. O

Lemma 3.3. Let E > be the binary sequence with period p* defined in (3.1). Let 1 < 7 < k be integers.
For any pattern ¢ = {co,C1,"*+ , Crsr} € {0, 17 we have

N@,k,‘r)(Epz) =l{n: P2 <n< 2192 — 1, (ents€nis15 " s nsc) = (CosCry v, Cra),s

then
/lk+T+1(Ep2) < (k+T+ 1)p§’ (36)
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Proof. Similar to the proof of Lemma 3.2. Let i be the Legendre symbol modulo p, from (3.1) and
Lemma 3.1 we have

2 1 2071 k+t

2
N(CkT)(E 2) = 2k+‘r+l = Dk+7+1 Z 1—[ (1 +(= l)en k+J+C,) 2k+‘r+1

n=p? j=0

2p%-1

Sy, 5 S [Je

< k+TH\ n=p? jEW

2k+r+l 2p’-1

S ok 2k+r+1 W;t@ Z n( DA

n=p? jeW
2p%-1

<max| > [ [ n@pn—k+j)+1Wi-p
n=p? jeW

< (k+1+ 1)p%.

Hence, we obtain

2
p 5
Nxn(Ep) — Sorrrt| < (k+7+ 1)p3.

This completes the proof of lemma. O

As a direct result of Theorem 1.2, Lemmas 3.2 and 3.3, we obtain the arithmetic autocorrelation of
binary sequence in (3.1).

Theorem 3.4. Let E ;> be the binary sequence with period p?* defined by (3.1). The arithmetic autocor-
relation of sequence E , satisfies

A(r) < min{ V2p¥ (log p)?,2"?p? (log p)*} (3.7)

where r = min{t, p*> — 1} for 1 <1 < p* - 1.

We illustrate the upper bound derived from Theorem 3.4 with some actual maximum arithmetic
autocorrelation values of the binary sequence E,» in Figure 1. Then Theorem 3.4 implies that the binary
sequence E,» has a small arithmetic autocorrelation for a large enough period p*. In addition, the &-
correlation measure of sequence E,» was mentioned in [15], we have the upper bound of arithmetic
autocorrelation of order of magnitude O( p%l (log p)%) from Proposition 1.1 that equals the upper bound
of arithmetic autocorrelation of order of magnitude in Theorem 3.4.
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7000
—a=—actual maximum arithmetic autocorrelation value ==#=upper bound

6000

4000

2000

2000

1000

0 e
25 49 121 169 289 361 529 841 961 1369 1681 1849 2209 2809 3481 3721 4489 5329 6889

period T

Figure 1. The actual maximum arithmetic autocorrelation values and the upper bounds of
binary sequence E .

3.2. The generalized cyclotomic sequence of order 2

Let p and ¢ be distinct primes, T = pq. Let gcd(p —1,g—1) =d and e = %. By the Chinese
Remainder Theorem: there exists a common primitive root g of both p and ¢, and an integer x such
that

x = g(mod p), x=I1(mod g),

and ordr(g) = e. A generalized cyclotomic class of order d is defined by Whiteman [24] as
D;={g’x|s=0,1,--- ,e—1},i=0,1,--- ,d - 1.

Let Z,, be the residue class ring modulo pg. Whiteman [24] proved

d—
Zy,=| D1, DinD;=0, for i

i=

—_

The generalized cyclotomic classes is an important approach to constructing pseudorandom sequences.

Let P = {p,2p, ’(q - 1)p}, Q = {q, 2q, . ,(p — l)q}, and QO = Q U {0} Take d = 2, Dlng [25]
defined the generalized cyclotomic sequence of order 2 S ,, = {50, 51, -+ , Spg-1} bY

0, ifn mod pg € Q,,
s, =+ 1, ifnmod pq € P, (3.8)
i, ifnmod pg e D;,

obviously, the sequence is periodic with pg and can be expressed as [26]

0, if n mod pg € Q,,
s, =14 1, if n mod pg € P,
1=(2)(2 .
G otherwise,

2 b
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where (;) is the Legendre symbol.

The high linear complexity and low autocorrelation values with certain properties of the primes
of the generalized cyclotomic sequences § ,, have been determined by Ding [25, 27], respectively.
Brandstatter and Winterhof [28] got the lower bound of linear complexity profile and the upper bound
of aperiodic autocorrelation. Dai et al. [29] showed the trace representation of the generalized cy-
clotomic sequence § ,,. Hofer and Winterhof [30] demonstrated the 2-adic complexity of the above
generalized cyclotomic sequence S ,, is close to the period. More generalization refers to [31-34]. As
we know, the arithmetic autocorrelation of the generalized cyclotomic sequence of order 2 has yet to
be concerned.

We would study the arithmetic autocorrelation of the generalized cyclotomic sequence S, based
on the upper bound estimates of multiplicative character sums with composite moduli.

Lemma 3.5. [35] Let p, q be distinct prime numbers and f(x) = a;x’ +--- + a\x + ap € Z[x] and
X, Y are real numbers with 0 < Y < pq. Let y be a primitive multiplicative character modulo pq and
write x = x1x2, where y is a character modulo p of order d, > 1 and x, is a character modulo q of
order d, > 1. Assume that in F,[x], f(x) is not the constant multiple of the d,-power of a polynomial
and it has s, distinct zeros in Fp, and in Fy[x], f(x) is not the constant multiple of the d,-power of a

polynomial, and it has s, distinct zeros in F,, we have

< *p'?q'* log(pg).

> X))

X<x<X+Y

We first represent the generalized cyclotomic sequence using a multiplicative character. Let y be
the multiplicative character modulo pg. By the orthogonality relations of multiplicative character, we

have .
n € D; & thereis s with 0 < s < e — 1 such that n = g°x'(mod pgq)

1 e—1 .
‘E’MZ > xmv(g'x) =1

s=0 y mod pgq
1 ‘ e—1
— i Y(e*) = 1
= 00, n%]pqx(n»c(x ) ;X(g )

1 —
=5 ), X =1
x mod pgq
x(g=1
That means
1 1, if n mod € Dy U Qy,
= Z X(n) — { pPq 0 QO

it 0, ifnmod pge D, UP.

x(g)=1
Let H = {y mod pq |x(¢) = 1 and y is non-trivial}. Since the order of y modulo pgq is 2, we have
|H| = 1 and y € H is the primitive multiplicative character modulo pg, denoted by y,,. Hence

+1, if n mod pq € Qo,
(=D’ =4 -1, if n mod pg € P, (3.9)
Xpg(n), ifnmod pgeZ,.
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According to Theorem 1.2, we will calculate the pattern distribution of the generalized cyclotomic
sequence of order 2 in (3.8).

Lemma 3.6. Let p and q be two distinct primes with gcd(p — 1,9 — 1) = 2. Let S, be the binary
sequence with period pq defined in (3.8). Let 1 < k < v < pq be integers. For any pattern a =
{ag, - ,a;} € {0, 1} and b = {by, - -+ , b} € {0, 1!, we know

N(g,g,k,r)(Spq) =l{n: pg<n<2pq—1,(Sp—ri> Sni+1>" " »8n) = (ao, a1, ,ar) and
(sn—k+‘r’ Sn—k+r+15 """ s sn+‘r) = (bO’ bla ) bk)}L

then
Sas2(S pg) < (2k +2)*p'?q'* log(pg) + (2k + 2)(p + @), (3.10)

1 +1
for1 < k < 2alroed

Proof. From (1.3) we have

2pg-1 k
Pq nke s P4
N(g,g,k,r)(qu)_ o7 = Ao Z l_[(l + (= 1)k a;)(l + (=1)0mkerr ) ——
2 2 n=pq j=0 2
1 2pg-1
S 23 [ [
+
2 UVc{0,1,- k} n=pq j1€U eV
UUV#0
1 2pg—1
= > Z 1—[(—1)5"-“1'1 +aj, n(_l)s'l-kﬂﬁz*'b.iz
+
2 U,vVc{0,1, kN\{0} n=pg j1€U J2eV
2pg—1
1 N +a;
fe 22| Jerme
Uc{0,1,- k}\{0} n=pq j1€U
V=0
1 2pg-1
T Z P (G
+
V{01, kI\0} n=pq jreV
U=0
DRINDY
1 2 3
Next, we discuss the above three sum equations separately. By (3.9) and Lemma 3.5 we have
2pg-1
Z - 22k+2 _ 2k+2 +1 max i“ n(_l)sn_k+j] n(_l)sn_k+T+j2
= 2k+2
1 2 S Pty 4
-1
22k+2 _ ok+2 4 q rq ] ‘ . A
EEE ) 3 [Jeve [
S e JaeV
n—k+ji EZM*
n—k+7+j2€Z;,,
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+Qk+2)(p+q)
= [rjr’l‘gzé) Z)(pq[l_[(pq_"n_k"'jl) Xpq H(PQ"'n_k"'T"'jz))
N€Zpq J1€U o€V
+ 2k+2)(p+q)
< (2k+2)’p'q'? log(pg) + 2k + 2)(p + g),
and
okl _q 2pg-1 |
2= | 2 [ e
2 n=pq j1€U
2k+l -1
< oz max ; X E(pq +n—k+ j)|+1UIp +q)
N€Lipg 1

(k + 1) (k+ 1)
< P4 log(pg) + (P + 9).

Similarly, we have

(k+1)? k+1)
Z < 5@ p'q'*log(pq) + W(P +q).

Hence, we obtain

_Pq

Nabin(S pg) = 303| < 2k +2)°p'q' log(pg) + 2k +2)(p + g).

This completes the proof of lemma. O

Lemma 3.7. Let p and q be two distinct primes with gcd(p — 1,9 — 1) = 2. Let §,, be the bi-
nary sequence with period pq defined in (3.8). Let 1 < v < k be integers. For any pattern
¢ =f{co, ¢, Crar) €0, 1T we know

N(g,k,T)(Spq) = |{n : pq S n S 2pq - 1’ (Sn—ka Sn—k+19 T Sn+T) = (CO’ Cla T Ck+T)}|’
then
Aser1 (S pg) < (k+ 7+ 1)°p'2g' log(pg) + (k + 7+ 1)(p + q), (3.11)
for 1 <k < Rartlad
Proof. By (3.9) and Lemma 3.5, we have
pq 1 2pg—1 k+t Pq
NLkT) Skrrr] = e Z l—[(l +( 1)% k+/+C1) e
n=pq j=0
ok+T+l _ 2pg-1
<L | S v
n=pq jeWw
2k+T+1 -1 )
S ke max ; Xpq [g(pq +n—k+ J)) +[Wi(p + q)

< (k+71+ 1)?*p'?¢"* log(pq) + (k + 7+ D(p + q).
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This concludes the proof of lemma. O

Substituting the results of Lemmas 3.6 and 3.7 into Theorem 1.2, we immediately have the arith-
metic autocorrelation of the binary generalized cyclotomic sequence.

Theorem 3.8. Let p and q be two distinct primes with gcd(p — 1,q — 1) = 2. Let S ,, be the binary
sequence with period pq defined by (3.8). The arithmetic autocorrelation of sequence S ,, satisfies

A(r) < min{ V2 pigi(log(pg)):. 2 p>g* (log(pg))*). (3.12)

where r = min{t, p> — 1} for 1 <1 < p* - 1.

We enumerate some actual maximum arithmetic autocorrelation values and the upper bounds ob-
tained from Theorem 3.8 for small periods of binary sequence § ,, in Figure 2. The graph shows that
the upper bound is greater than the actual maximum value of arithmetic autocorrelation. Then the
result derived from Theorem 3.8 indicates the arithmetic autocorrelation of the sequence § ,, is rather
small for a sufficiently large period pgq.

5000
—e— actual maximum arithmetic autocorrelation value upper bound
4500
4000
3500
3000
2500
2000
1500

1000

500

e e——t— ettt

(]
55 95 115 155 203 287 371 473 517 583 649 1079 1391 1703 1751 2227 2771 2831 3173 3629

period T=pq
Figure 2. The actual maximum arithmetic autocorrelation values and the upper bounds of
binary sequence S ,,.

Remark 3.9. Rivat and Sdrkozy [35] studied the pseudorandom correlation measure of the binary
Jacobi sequence of period pq defined with polynomial f(n). For f(n) = n, their results imply

pq—pr—4q

Z (_1)SnSn+pSn+qsn+p+q > pq — 35p1/2q1/2,

n=

that means “long term” correlation of order 4 of the generalized cyclotomic sequence S ,, in (3.8) is
large. Then we cannot obtain the arithmetic autocorrelation of the sequence by Proposition 1.1. In
contrast to this, we get a rather small “short term” pattern distribution, resulting in a small arithmetic
autocorrelation of the binary sequence S ,,.
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4. Final remarks

Let p, g and T be prime numbers, and d, n, and k be integers. We list the previously known and cur-
rently proposed arithmetic autocorrelation functions A(7) as well as conditions with binary sequences
in Table 1.

Table 1. Know arithmetic autocorrelation of binary sequences.

No. A(1) period of sequence conditions reference
1 0 P ip-1 2 1s primitive root modulo p” [19]
2 4p¥i(log, p)'? p [26]
3 d'Ppit p d < m log p [25]
or 2 is a primitive root modulo p
4 pa -1 [25]
5 d'PplAT' T d < ot [25]
or 2 is a primitive root modulo T
6 dYP3kA 2% — 1(is prime) k<d+1 [25]
0 P ip-1)2 p = 1(mod 8)
7 p'Inp P (p-1/2 p = —1(mod 8) (8]
27! # 1(mod p?), ord,(2) = 5
8 2t 2" -1 [10]
9 V2p'/o(log p)'/? p? Theorem 3.4
10 V2 (pg)**(og(pg)** pq Theorem 3.8

Goresky and Klapper [4, 5] presented the expected arithmetic autocorrelation over all binary se-
quences with period T, which is m for fixed 7. Subsequently, Hofer, Mérai, and Winterhof [7]
gave the upper bound of arithmetic autocorrelation for any pseudorandom binary sequence of period T’
with a small correlation measure, A(T) = O(T%(log2 T)%). They studied the arithmetic autocorrelation
of several sequences, including binary sequences from the Legendre symbol, the Sidelnikov—Lempel—
Cohn-Eastman sequence, and the sequence from the trace function, as in the 3—6-th row of Table 1.
The arithmetic autocorrelation of these sequences is relatively small with respect to its period when the
period is sufficiently large, but obtaining these results relies on a small correlation measure of high or-
der. Moreover, Goresky and Klapper [3] proved ¢-sequence have ideal arithmetic autocorrelation, as in
the 1-th row of Table 1; however, the classical autocorrelation equals the period, which is not desired.
Chen et al. [36] presented the arithmetic autocorrelation of the binary m-sequence, which amounts to
half of the period, as in the 8-th row of Table 1. Compared with these sequences, the generalized cy-
clotomic sequence of order 2 studied in Theorem 3.8 has rather small arithmetic autocorrelation with
upper bound of order of magnitude O(p%q%(log(pq))w 2) for sufficiently large period pg, although its
correlation measure of order 4 is quite large. As well as binary sequence E . studied in Theorem 3.4,
which has a small upper bound of arithmetic autocorrelation relative to its large enough period, its
f-correlation measure is also small.
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5. Conclusions

In this paper we constructed the relation between arithmetic autocorrelation and pattern distribution
of binary sequences. Based on this relation, we proved the arithmetic autocorrelation of the binary
sequence defined in [15]; and pointed out that the generalized cyclotomic sequence defined in [25] has
a small “short term” pattern distribution and gave an upper bound of arithmetic autocorrelation. Our
results indicate that some pseudorandom sequences with large “long term” pseudorandom correlations
of order k may have small arithmetic correlations; and therefore can also be used for research in certain
cryptographic fields. It may be interesting to find and study these pseudorandom sequences.
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