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Abstract: In this paper, we study space-time decay rates of a nonconservative compressible two-phase
flow model with common pressure in the whole space R*. Based on previous temporal decay results,
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1. Introduction

1.1. Background and motivation

As is well-known, multi-fluids are very common in nature as well as in various industry
applications such as nuclear power, chemical processing, oil and gas manufacturing. The classic
approach to simplify the complexity of multi-phase flows and satisfy the engineer’s need of some
modeling tools is the well-known volume-averaging method. This approach leads to so-called
averaged multi-phase models, see [1-3] for details. As a result of such a procedure, one can obtain the
following generic compressible two-phase fluid model:

0; (a*p*) + div (a*p*u*) =0,
0, (ap*u*) +div (@™ p u* @ u*) + @*VP = div (a*1*) + o a*p*VA(a* p™), (1.1)
P = P* (o) = A* (),

where 0 < @* < 1 are the volume fractions of the fluid + and fluid —, satisfying o™ + @~ = 1;
o (x, 1) = 0,u*(x,1) and P* (p*) = A* (pi)yi denote the densities, velocities of each phase, and the two
pressure functions, respectively; o* > 0 denote the capillary coefficients of each phase; y* > 1,A* > 0


http://http://www.aimspress.com/journal/era
http://dx.doi.org/10.3934/era.2025031

668

are positive constants. In what follows, we set A* = A~ = 1 without loss of any generality. Moreover,
7+ are the viscous stress tensors

=y (Vu* + V'u®) + A* div u*Id, (1.2)

where the constants u* and A* are shear and bulk viscosity coefficients satisfying the physical
condition: p* > 0 and 2u* + 34* > 0, which implies that u* + 2* > 0. For more information about this
model, we refer to [1-5] and references therein. In particular, a nice summary of the model was given
in the introduction of [6]. However, it is well-known that as far as the mathematical analysis of
two-fluid is concerned, there are many technical challenges. Some of them involve, for example:

e The corresponding linear system of the model has multiple eigenvalues, which makes the
mathematical analysis (well-posedness and stability) of the model quite difficult and
complicated;

e Transition to single-phase regions, i.e., regions where the mass a*p* or @ p~ becomes zero, may
occur when the volume fractions @* or the densities p* become zero;

e The system is non-conservative, since the non-conservative terms @*VP* are involved in the
momentum equations. This brings various mathematical difficulties for us to employ methods
used for single phase models to the two-fluid model.

Bresch et al. [6] investigated the generic two-fluid model (1.1) with the following density-dependent
viscosities:

o (p*) = pp*,  A*(p*) =0. (1.3)

Under the assumption that 1 < * < 6, they obtained the global weak solutions for the 3D periodic
domain problem. Later, Bresch et al. [7] established the global existence of weak solutions in one
space dimension without capillary effects (i.e., o* = 0) when ¥* > 1 by taking advantage of the one
space dimension. Under the assumption that

pE*) =vp*, (") =0, o =0 =0, (1.4)

Cui et al. [8] proved the time-decay rates of global small strong solutions for model (1.1). Recently,
Li et al. [9] extended this result to the general constant viscosities as in (1.2). Very recently, Wu et
al. [10] proved global existence and large time behavior of global classic solutions for the model (1.1)
without capillary effects (i.e., o™ = 0). We also mention the seminal work by Evje et al. [11], who
considered the two-fluid model (1.1) with unequal pressures. More precisely, they made the following
assumptions on pressures:

P () -P () =) —() =flap), (1.5)

where f is so-called capillary pressure which belongs to C3([0, 0)), and is a strictly decreasing function
near the equilibrium, i.e., f'(1) < 0. When the initial data is sufficiently small, they established global
existence and large time behavior of global strong solutions. After that, this model has been studied by
several authors. We refer to [12—14] and references therein.

The space-time decay rate of strong solution has attracted more and more attention. In the following,
we will state the progress on the topic about the space-time decay in weighted Sobolev space H;V .
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Takahashi first established the space-time decay of strong solutions to the Navier-Stokes equations
in [15]. In [16,17], Kukavica et al. used the parabolic interpolation inequality to obtain sharp decay
rates of the higher-order derivatives for the solutions in weighted Lebesgue space Li. In [18, 19],
Kukavica et al. also established the strong solution’s space-time decay rate in L)(2 < p < oo) and
extended the result to n(n > 2) dimensions.

However, to the best of our knowledge, up to now, there is no result on the space-time decay rate
of the nonconservative compressible two-phase flow model (1.1). The main motivation of this paper
is to give a definite answer to this issue. More precisely, we establish space-time decay rate of the
k(0 < k < N)—order derivative of strong solution to the Cauchy problem of the model (1.1) in weighted
Lebesgue space L .

In this subsection, we devote ourselves to reformulating the system (1.1) and stating the main
results. The relations between the pressures of (1.1); imply

/dp
dP = s*’dp* = s’dp~, where s, := E(pi). (1.6)

Here s. represent the sound speed of each phase respectively. As in [6], we introduce the fraction
densities
R* = ap*, (1.7)

which together with the relation o™ + @~ = 1 leads to

1 1
do* = a—(dRJr —-p'da’), dp” = a—(dR_ +p da"). (1.8)

+

From (1.6)—(1.7), we finally get

-2 + 2
a S a's
— dR* - — dR".

da'* = > >
a ptsi +atp st a pts, +atp st

Substituting the above equality into (1.8) yields

S2

+ - - Ip+ + 1p—
do ap*s? +a+p‘s3(p A"+ prdR),

and

SZ

do™ = i “dR* + p*dR"),
r ap*s: +atp s’ (0 P )

which together with (1.6) imply for the pressure differential dP

dP = C*(p dR* + p*dR"), (1.9)
where ) 5
dP(p* P(p*
C? = 2S+S_ =, and s} = (/i):)?i ("i).
a pts; +atpst do* p*
Next, by using the relation: a* + @~ = 1 again, we can get
R* R R p*
T 1% -1, andtherefore p = —F (1.10)
pt P pT—R*
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By virtue of (1.1);, we have

R o*
¢(",R",R") := P(p") - P( P ) =0.
pt —R*

Consequently, for any given two positive constants R*, R~, there exists 5* > R* such that
(P, R*",R") =0.

Differentiating ¢ with respect to p*, we get

which implies
0p . . =~
— @ R",R")>0.
ap+(P )

Thus, this together with implicit function theorem implies that the unknowns p*, @* and C can be given
by
o =0"(R",R), a* =a (R",R"), andtherefore C=C(R",R).

We refer to [6] for the details.
Therefore, we can rewrite system (1.1) into the following equivalent form:

9,R* + div (R*u*) = 0,
0, (Rtu*) + div(R*'u* @ u*) + a*C* [0"VR* + p*VR™]

= div{a* [ (Vu* + (Vu*)") + 2" divu* 1d|} + " R*VAR®, (1.11)
O, (Ru)+diviRu ®@u)+a C*[p VR + p"VR]

= div{a™ [ (Vu~ + (Vu)") + A~ divar 1d|} + o"R"VAR".

In the present paper, we consider the Cauchy problem of (1.11) subject to the initial condition
+ o+ p- - + 4+ p+ - 5t N - o 3
(R*,u",R™,u" )(x,0) = (R, ug, Ry, uy)(x) > (R, 0,R",0) as [x] > o0eR’, (1.12)

where two positive constants R* and R~ denote the background doping profile, and in the present paper
are taken as 1 for simplicity.
Before presenting our results, let us provide a brief explanation of the notation used in this paper.

1.2. Notation

We use L” and H’ to denote the usual Lebesgue space L7? (R3) and Sobolev spaces

H? (R3) = W2 (R3) with norms || - ||;» and || - ||« respectively. We denote ||(f, 2)llx := Ilfllx + llgllx for
simplicity. The notation f < g means that f < Cg for a generic positive constant C > 0 that only
depends on the parameters coming from the problem.

We often drop x-dependence of differential operators, that is Vf = V,.f = (8,, f,0,.f> 0., f) and V¥
denotes any partial derivative 9* with multi-index a, || = k. Furthermore,
VVig = Va'g = (3,,(8°8), 0.,(0"8), 0, (9"9)).
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For any y € R, we denote the weighted Lebesgue space by L (R3) (2 < p < +00) with respect to
the spatial variables:

L (%) = {f(x) R S R 1= fR I dx < +oo}.

Then, we can define the weighted Sobolev space:

Hy (R7) 2 {f e Ly (%) 1 sy = D ||ka||ig(R3) < +°°}-
k<s
Let A® be the pseudo differential operator defined by
A'f =57 (iél'f). for s € R,

where fand &(f) are the Fourier transform of f. The homogenous Sobolev space H* (R3) with norm
given by

A 1las = A fl 2 -

Schwartz class S consists of function f, which is infinitely differentiable and all of its derivative
decrease rapidly at infinity, such that

sup [x*DPf(x)| < oo,
for all a,8 € N3,

1.3. Main results

Theorem 1.1. Let (R*,u”,R™,u”) be the strong solution to the Cauchy problem (1.11)—(1.12) with
initial data (Rg — l,ug Ry — 1,uy) belonging to the Schwartz class S. In addition, assume that

(Ra’ - Lul,Ry — 1, uo) e HV (Rz) N H;V (R3) AL (R3)for an integer N > 2. Then if there is a small
constant 80>0 such that

1685 = 1.5 = Dl s 1655 = L1y
then there exists a large enough T and for any 0 < k < N such that
[(VAu, Vo, VYRR, VYRR, < 77372,
Y

<P (1.14)

2

(VKRT = 1), VKR - 1),ﬁ VAR - 1) + \/EV"(R‘ -1)
B B3

Ly
forall t>T.

Remark 1.2. Applying the Gagliardo-Nirenberg-Sobolev inequality, we can obtain the space-time
decay rates of smooth solution in weighted normed linear space (Banach space) L} as follows. For
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. 1 3
any f € L? (R3) N H? (R3), we have ||fll ~z3) < ||f||22(R3)||f||1“{2(R3). So we can obtain the estimate

A VER* =1, u*, R"=1,u”)(®)ll~(k € [0, N-2]) from the estimates [|[x’ V(R* = 1,u*,R™ = 1,u")(®)|,.
and |||x]"VE(R* =1, u*, R~ —1,u”)(¢)||z2. Using the interpolation inequality, we can show that there exists
a large enough 7 such that

_k

||Vk(R+ - 19u+’R_ - 19u_)(t)||Lp < Ct_%(l_%) é+7’
Y
fort>T,2<p<o0and0 <k <N —2, where C is a positive constant independent of ¢.

Now, let’s briefly describe the proof process of the main results and the difficulties encountered
during this process. For the proof of Theorem 1.1, we employ sophisticated weighted energy estimates,
interpolation inequality, and inductive strategies. The proof mainly involves the following three steps.

Firstly, using several lemmas in Section 2 and energy methods, we obtain

d
TED < E®D" 51+ 875D £ B () (1 + 0775 4 B (1)

k
BT+ 070D Y (E@) (140 )
=0

(1.15)

k
+ (E0)? ) E@)? (1+070+5),
=0

for ¢ large enough, and according to the different values of k, the value of y also varies,

2
Ei(t) := ||(VEn*, VRut, Vi, Vi, %V"n* + g—;‘V"n‘) and the range of values for k is from 0
to N.

Secondly, for the case of k = 0, the fourth and fifth terms on the left side of inequality (1.15) can

3_13

be directly written as Eo(t)l_%(l + )2 73 and Eo(t)(1 +t)~'. If we want to use Lemma 2.9 to obtain
the result for the case k = 0, the main difficulty is to handle the term Ey(¢)(1 + #)~!. We will multiply
(1 + ©)~! on both sides of (1.15) simultaneously, and then apply Lemma 2.9 to control Ey(£)(1 +1)~'.

Thirdly, using the similar method as k = 0 and the decay estimate already obtained by Ey(f), we can
show that the Theorem 1.1 holds for k = 1, and according to the strategy of induction, we prove that
Theorem 1.1 holds for 2 < k < N. The main difficulties come from those terms like

1 1
<V"F2, |x|* —V"u+> , <V"F4, |x|* —Vku_>
B2 B3

2
LY

f I V¥ u*VV*n~dx, and f x| VEu VT dx
R3 R3
which involve three main difficulties. In section 3, we will provide detailed proofs and explain the

methods and processes for dealing with these difficulties.

2. Reformulation

2.1. Reformulation

In this subsection, we reformulate the Cauchy problem (1.11)—(1.12). Setting n* = R* — 1, we have

OR* + div(R*u*) = 0,n* + div(n*u®) + div(u*) = 0 (2.1)
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From this, we can directly obtain F; = —div(n*u™), F3 = —div(n"u").
According to the left of (1.11),, we have

O (R u*) + diviR*u* @ u™) + a*C*(0"VR* + p"VR")
=R"0u" —(R"divu* + VR - uHu* + R'u"Vu"

+ (R divutyu® + (VR - uu* + R (CPEVR + CPVR)
0
—R*du* + R*u'Vu* + R*(C*E-VR" + C*VR")
0
=R*0u™ + R'u"Vu" + R+(Czp_+vn+ +C*Vn")
Jo

Before discussing the right of (1.11),, make a transformation to a* first:

-2 + o2
. a s> ) ats? _
Vo' s — VR - — VR
ots? +atps? a pts: +atps?
-2 + 2
LIRS '
52 52
a C? atC?
= — vnt - —Vn~
52 s

And then, according to the right of (1.11), and (2.3), we have
div(at(ut(Vu® + (VuH") + (AT divuH)) + o' RTVAR"
="y Au" +a"(u + A)Vdivu" + ut(Va"Vu®)
+ut (Vo (VuH)T) + A1 (Va't (divut) ;) + o R*VAR?
-2

—ot A+ ot - AV divat + ut “SZ Vit Vut
at 2 ~ a 2 at 2 ~
— VU Vnt(Vu')' — u"——=Vn" (Vu*)"
+ - +
a 2 CZ+C'2
+ At — div u'vnt -t — div uw'vVn + oc*R*VAn*
sZ ST

Divide both sides by R*, we can get

Ou™ +u'Vu + (C‘2p—+Vn+ +C?Vn)
o
-2

+
At + Pt aVdivet =2 Vet
o " + )5

+

_H
-
2 -2
Vi Vit 4t —2 Gt (VYT
prsy (nt + 1)s2
2 -2
V()
prsy (nt+ 1)s2
2

divu*Vn*

- ? > div u'Vvn~ + oc*VAn*

p*sy

Electronic Research Archive Volume 33
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Finally, by adding some initial terms of p on both sides of the equation and shifting the terms, we
can obtain F», Fj.

After the above operations, the Cauchy problem (1.11)—(1.12) can be rewritten as

ont +divut = Fy,
du* + Vit + BVn~ —viAut —viVdivut — o"VAn" = F,
on~ +divu™ = Fj3, (2.6)
O™ +B3Vn™ + B4Vn™ —viAu~ —v;Vdivu™ — o VAn™ = Fy,
(n*,ut,n”,um)(x, 0) = (ng, ug, ng, uy)(x) — (0, 0,0,0), as |x] > +oo,
e

* C*(1,1)p~ c2(1,1)5+ . .
where vi = &, v = 125 > 0, 8 = SC B, = By = CX(1,1), B = S (which imply

BB+ = BoPs = B5 = 3), and the nonlinear terms are given by

Fy=—div(n*u"), 2.7)
Fi=—g.(n",n)on" =g, (n",n)om —(u* - V)u'

+uhy (W n7) O ou + ke (n",n7)0n"0uf

+uthy (0, n7) 0t O + Wk, (nF,n7) 0 O (2.8)

+Ah, (n",n7) Oin™0;uj + Ak, (n",n”) Oin~0uj

+utl, (n,n7) 05qu + U+ AT L (n7,n7) 00},
Fy=—-div(nu), (2.9
Fi=—g (n*,n)0n" —g_(n",n")om* —(u - V)u;

+u ho(n,n7)on 0u; +p ko (n",n")0n"0u;

+u ho (0", n7) 0 O + ko (nF,n7)0n O (2.10)

+ATh_(n",n7) 0™ 0u; + k- (n",n") Oin”0u;

+ul_(n*,n") Eﬁui_ + (U + A7) (n",n7)0i0u;,

where

pr(nt+1n=+1) pt(1,1)
(Cp*)(n*+1m+1)  (C2*)(1L,1) (2.11)
p~(nt+1,n+1) - (L)

{ g, (n*,n) = (Cp ) (r+1n7+1)  (CPp7)(LD)

g-(n*,n7) =

— + N P2+ - _ 2
{gign Z =C’(m*+1,nm+1)-C*(1,1) (2.12)

h, (n*,n") = (Ca)(n+1n+1)

+ Ul T DS+l +1)? (2.13)
P (<5} Cisaa)) '
() = ey

_ Cz(n++1,n’+l)
+ — —
ki (n*,n") = r+)(2pH)( + L +1)° (2.14)
k (l’l+ n_) _ (a+Cz)(n++1,n_+l) :

(= +1)s2(nr+1n+1)°

1 1
pe(n*+Ln~+1) p.(1,1)

li(n+a }’l_) =

(2.15)
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3. Preliminaries

3.1. Preliminaries

In the following, we recall several useful tools, which will be frequently used throughout this paper.

Lemma 3.1. (Gagliardo-Nirenberg inequality) Let 1 < g < 4090, j and m be non-negative integers such
that j<m. Let 1 <r < 400, p > land 6 € [0, 1] then

IViA|l,, < CIN" AL AL (C =C(om,n,q,1,0)),

where 0 satisfies

p n

It is worth noting that there are additional requirements when taking some special values for the
coefficients.

1)If j =0,q = +c0 and rm<n, then an additional assumption is needed either u — 0(|x| — +o0) or
u € L’for some finite of s.

2)If r>1 and m — j — %is a non-negative integer, then i < 6<1 is needed.

3) Notice that p usually assumed to be finite. Howeverthere are sharper formulations in which
p = +oo is considered,but other values maybe excluded j = 0.

4) Setting f = V'u, we have

(1 1
/ —(——T)m—(l—e).
r n q

[9ull,, < Cv¥ull, V" (€= CGimn.g.r.0).
where 6 satisfies
1 J 1 M 1 I
———:(———)9+(———)(1—9) J=j+LLM=m+]I).
p n ron ron
Proof. This is a special case of [15]. O

Lemma 3.2. Let f and g be smooth functions belonging to H* N L™ for any integer k > 1, then
IVl < 1 [[V8 2 + Nl [V A]

VD S 1Az [[V¥e]] - + gz V41 »
I . : :
IV U5 s 11 [V g + Nl |V 1] -
Proof. The proof can be found in [ [20], Lemma 3.1]. O

Lemma 3.3. Let f and g be smooth functions belonging to H* N L™ for any integer k > 1 and define
commutator [V¥, flg = V¥(fg) — fV¥g, then

(IS S A PNl Y

Proof. The proof can be found in [ [20], Lemma 3.1]. O

Electronic Research Archive Volume 33, Issue 2, 667-696.



676

Lemma 3.4. Let F(f) be a smooth function of f with bounded derivatives of any order and f belong
to H* for any integer k > 3, then

n(m-1
I+=5

k -1
[V E@I,s < sup [FOD, QI8 AL 9L (3.1
<i< o

Proof. By direct calculation, we have

k
VIED) =D (FOS - D VTGN @) @)
i=1 Z’;zl 5;=i,0<s;<i (32)

< sup IFO: D Clsrysa-e sV fVf e Vg,

S ha=k

Using Gagliardo-Nirenberg inequality, we have

9959 < 9 s [ [

1-ay a 1-a a 1-a, a (33)
< 9" A 9™ A - 9 ™ A
where . 1 o
1
2_om_ 7 1 ko
2" w2 +(2 n)( ar),
_ ;2 =5+ (5 - Z)(1 — ),
LB Lk (3.4
_Mm 1 1 ko
n 2am +(2 n)( am),
-1
al+az+---+am:m_1_”(mz—k)’
-1
(1_a1)+(1_a2)+-..+(1_am):1+%.
O

Moreover, according to f € H¥(||[V7f||,» < M, (0 < p < k)),we have

IV*ED 2 s [IVA,- -

Lemma 3.5. Let F(f) be a smooth function of vector function f = (fi, f>,- -+ , fv) with bounded partial
derivatives of any order and f; = fi(x1, %2, ,x,)(1 < i < N) belonging to H* for any integer k > 3,
then

Proof. By direct calculation, we have

n(N-1)

VED,: < sup V)], AL

IVEF()] =V (T, F -V )
ssup [[VIF[,. > VARSI £y, (3.5)

1<i<k
> ha=k
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Using Gagliardo-Nirenberg inequality, we have

[V AVE LV il < IV Al V2 - IV Al

<9 Al 9" Al - (9 AL (3.6)
< IV AL A 9 £ e - [ e
where 1 h 1 1 k&
1 e — _—— — i
37, "ol + (2 n)(l ap),
]

1 k
= 5at (5 - Z)(l — ),
hy 1 1 &k (3.7)
- Tyt (5 - ;)(1 —ay),
n(N-1)
2k

Qd-ap+d-a)+---+d-ay)=1+

at+ay+---+ay=N-1-
n(N-1)
2k
Moreover, according to f; € H*(1 <i < N, |[VPfl|2 < M,(0 < p < k)), we have
N
IV EED],e < (Ve < DIl -
i=1

Lemma 3.6. For any vector function f € Cy’ (R3) and bounded scalar function g, it holds that

2 .
fR3 (lel 7) fgdx

Proof. The left side of the above inequality can be rewritten as

< llglialflle (3.8)

’ny lezy_zxja,-xjgf,-dx
]R3

Using Holder’s inequality, we have

f (V |x|27) - fg dx

R3

< ||8||L§||f||L2 .
y—1
O

Lemma 3.7. (Interpolation inequality with weights) If p,r > 1,s + n/r,a + n/p,B + n/q > 0, and
0<6<1, then

[% 1-0
Al = WA WA

for f € C7 (R"), where

6 1-6
J— + _,
p q

1
’
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and
s =6a+(1-06)p.
Especially, when s = p=qg=2,0 = 7—;1,s =y-1l,a=1v,8=0, we have
P
1Al | < IIfIIé A (3.9)

Proof. We compute

f |X|Sr|f|rdx — f |x|m9r|f|9r|x|ﬁ(l—9)r|f|(l—9)rdx
U U
a-or

Or
& ’ _q
= (f (|x|a€r|f|6r)gr dX) (f (|x|ﬁ(1‘9)r|f|(1—9)r)<1—9>r dx) q
v U

Thus, we complete the proof of Lemma 3.7. O
Lemma 3.8. (Gronwall-type Lemma) Let oy > 1,y < 1,y < 1, and By < 1,5, < 2. Assume that a

continuously differential function F : [1,00) — [0, o0) satisfies

d
—F(@) < Cot " F@) + Cit " F(t)P' + Cot 2 F(t) + C3 1> 1
7 (1) 0 () +C 0% > 0% 3 (3.10)

F(1) < Ko,

where Cy,Cy,C,,C3,Ky > 0 and y; = i:—;’ > 0 fori = 1,2. Assume that y, > 7,, then there exists a

constant C* depending on ay, a1, 81, @2, 32, Ko, C;,i = 1,2, 3, such that
F(t) < C*t",
forallt> 1.
Proof. This is Lemma 2.1 of [21]. O

We will generalize this lemma into the following one.

Lemma 3.9. Let ay > 1,0 < a;,B8; < 1 = 1,2,---,n). Assume that a continuously differential
Sfunction F : [1,00) — [0, o) satisfies

d n n .
—F@) < Cot ™F@)+ Y CtF@tYi+ )Y Cilt>1,
~F(0) < Cor ™ F (1) Z} 04 Z}

(3.11D)
F(1) < Ko,
where Cy, C;,C:, Ko > 0 and Vi = % >0fori=1,2,---,n. Assume that y; > v(2 < i < n), then
there exists a constant C* depending on «, a;, B;, Ky, C;, a(i =1,2,---,n), such that
F@) <C't,
forallt> 1.
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Proof. For any t > 1, according to the conditions provided by lemma, it can be concluded that
d n n .
—F({) < Cot ™ ™F()+ Y Ct “F@fi+ ) Cir!
- F(0) < Cor ™ F (@) Z] 0% Z]
< CoF(0+ ). C(1 = BT + BiF(0) + Y ™!
i=1 i=1

<CF()+ ) Cil = B)r ™ + ) Cie™(C = C(Co, C:, Bi).
i=1 i=1

Multiplying both sides of the equation by e““~V and integrating the resulting equation from 1 to ¢, we
have

t n o .
F(t) < “D(F(1) + f D N UCH = B)s ™ + Cis” ' )ds)
1 i=1
t _n o .
< e“I(Ky + f Z(Ci(l —B)s™A + Cis" ds)
L=
n n 6
<K+ (-0 )Y C(1=B)+ )y —@ ' =1)).
; ; Yi

__
Setting 7y = (35) ™, then we have

B n n a 3
Flip) < e V(Ko + (1= 10) ), Cil =) + ), (6" = 1) = Ki.
i=1 =1 7!

Choosing

o 4nG;
KZmMmMMQﬁ“ﬂW%,

) K1}7
Y1

and considering the set R = {r > 1)|F(r) < 2K}, we clearly have F(f)) < K; < K. It’s easy for
us to know 7y € R. Therefore, R is not empty. Since F(f) — 2K#" is continuous function, if there
exists maximal interval [7y, b) C R (if the maximal interval does not exist, the proof is completed), then
F(b) =2Kb" (F(t) — 2Kt")'|;=p = 0. Through the above discussion, we can conclude that

2Ky 0" < F'(b) < Cob ™ F(b) + i C:b " F(bY + iabyﬂ
i=1 i=1
= Co2Kb" ™™ + Z Cib™(2Kb" Y + Z cp!
i=1 i=1
< Kyib" ' (2Coyy b + 7! Z C2P kP!
i=1
+ (Ky»)™ i C)
i=1

1 3
< Kyib" Y1 + n— + n—) = ZKy,b""" (contradiction)
4n 4n 2
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O

Lemma 3.10. (Gronwall’s inequality of differential form). Let 1(-) be a nonnegative, absolutely
continuous function on [0, T, which satisfies for a.e. t the differential inequality

n' (1) < p(On() + (),

where ¢(t) and Y (t) are nonnegative and summable functions on [0, T]. Then

n(t) < ehois [n(O) + f ek ¢<T>dn//(s)ds] , (3.12)
0

forall0 <t<T.

Proof. The proof can be found in [22]. O
4. Proof of Theorem 1.1

Based on the time decay results of [12] and our hypothesis in Theorem 1.1, it is clear that there
exists a large enough 7 such that forany 0 <k < Nand¢>T,

IV u| . < (1 +0737

4.1)
||an+||L2 <(1+1)ie

In the following, we will prove Theorem 1.1. The proof mainly involves four steps.

Step 1: k-order the energy estimates.

By multiplying V¥(2.6),, V¥(2.6),, V¥(2.6); and V*((2.6), by IxIZV%V"nJr, |x|27ﬁi2Vku+, |x|27§—‘3‘V"n‘
and |x?” ﬁ%V"u‘ respectively, summing up and then integrating the resultant equation over R? by parts,

we have
1d 1 B B B B
v v \/7V'< S oy + 2 o
+@IIV’< e+ IIV" Il + ﬁ—IIV’“ e +—IIV" I

1
+ E(vf Vv , + 3 ||V div u+||L2) + ﬁ_3(vl_ ||VVkM_||L; +v; ||V div “_”ig)
:<VkFl,|x|2yﬁ1Vk +> <VkF |x|2yﬁ Vk +>

+ (VFs, xrBs
Bs

Vénm) + (VEFL, |x|27ﬁ vhu)

o 2yok A+ 0 ok 2yok A - 0 ok 2 o+
- <EV Fy, |x?V¥An )- <B_3V Fs, |x?V¥An )- (ﬁ—3v Fy, V(x?)VVrn )
- <;—1+V"F3, V(|x|27)vvkn-> + <%V"F1, |x|27an_> + Gvkz«g, |x|27an+>
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Vi v(xP)Viutdx + = | Vo V(X)) - VR dx 4.2)

Ba
B3 Jrs
V(x*)VVu* Vit dx — ; f V(x*)VVEu Vi dx

3 JR3

v

+
A
B2 Jrs

+ VI

Y2 f kdivutV(|x?)VEutdx - = f VEdivu V(X)) Vi dx
B2 Jgs B3 Jgs
ot o~
— f VEAR Y (|x?)\VFutdx — — f VARV (x?)\VFudx

2 R3 ;83 3

+ —

f K div it V() VR dx + - f VEdivumV(|x?)VVEindx

R3 B3 Jrs
1

f V(x*)\Vut Vi dx + = f V(|x*)V¥u Vit dx

R3 2 R3

f [xP VvV dx — = f Ix?'VEu VvVt dx
R3

We set
1 B B _ o+ 2 O-— _n2
Er) = 5 ﬁ—iV"n* + IE:V"n + vV + 5 vV a7, )
B B . 1 1 )
e B L+ e+
Next, we will discuss the items on the right separately.
Applying Holder’s inequality, we have
Wil + Vil s [V V)V )+ |95 9P Vit
S [ e\ (5 i e e
Sl + IV 1942
< (Eu)? ([ . (4.4)
IOk IIVku*II IIVk I
< ENF (1 +1)° i,
Similarly, we can obtain
ial + sl S (Eeo) 7 (1407760, (4.5)

Applying Holder’s inequality and mean value theorem, we have

sl + Wal < —||V<|x|27)vvk AT P Tllvuxﬁykau‘vku‘llﬂ
3
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vi ~ vy _ _ _
< 275_12 (|1 IV IV VR, + 27ﬁ—13 [ AR A

;i ’
= 2“%2 (KA (PSP 27V—1 (KA PRy T

<2y vvte, I 9]

+ 2y [V 9] It “6)
< s((zy;i)z + (2yﬁ—2)2)(||VVku+|liz + ||VVku_||iz)

A L e

< 8((27ﬁ—) + (2yﬁ—1)2)(||VVku+|| L+ ||VVku_||L§)

y=1 y=1

1
+=(By +BICUED) T (1+1)

+

DI

).

§
4

‘<\N

Employing similar methods used in estimating J;5 and J,¢, we can get

il + 116l < = ||Vk div u V() Viut||,, + ||V’< divu V() Vi,
< 8((2)/18—) + (2)/B—3) ?)(|div kaf'”; + |div Vku_”;)
k+(*) k+g k—z(YT_l) k—%
S e 1A e e 1 (“.7)

< g((ZyIB—) n (2)/;—2)2)(”Vk div |, + |V diva 1)

y=1 y-1

1
+ 2B 4By YCo(Ex)7 (1+1)°

G+5
(z+3)

‘{\I\)

As for Ji9 and J,g, we have

[J1o] +

Electronic Research Archive

ol < - |9 div i V(P9
= ﬁz Ll
o . -

+ 5 ||Vk div u~V(|x[*")VV¥n ||L1

< 2|9 div s (9|

= ﬁ2 Ly
o .o - -

+ 2y 19 diva a9 vt
O-+ k 1: + k. +

< 2yﬁ—2||V divu ||L%||VV n ||L§_1
o - -

+2yﬁ—3||Vk div |, [PV, (4.8)
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The terms Jj7 and J;g are more complicated. To begin with, we use integration by parts to get

[J17] + |J15] =

Electronic Research Archive

1
k. +||>y
||L2 ”VV n ||L2

<L V¥ divut||,, |V V*n*
<2 .
+2y0-—||deivu_|| ||Vvkn-|| ||Vvkn-||

< s«zyﬁ—> # @y gV diver [, + [ divac )

¥ —<Ek<t>>7<||vvkn+ll? AR 18
<g((2yﬁ—) +(2yﬁ _p(|[v* div | +||v’<divu—||;)

—((ﬁ—zr Ey sy (i,

.
T | divev vt (V) Vet ) dx
2 R3

- f VYRV (VX)) VEuT)d x|

R3

+“—| f div(VEVr= (V(x?)VEu))dx
3 R3
- f VYR V(V(x[?)VEu)d x|

R3

+

-7 — f VEVRV(V(x?)VEuT)d x|
B2 Jgs

+ “—| VYR V(V(x?)VEu)d x|
B3 Jr3

A
<L f VAV R [V (V2 VEuHldx

+; f VAV IV (V (|2 VEu0)ldx
3

<Z f IVkVn+||Z[V8i(|x|27)Vkui++6i(|x|27)VVku;r]|dx
B2 Jrs —

— 3
T f |V’<Vn-||2[va,.(|x|27)vku;+ai(|x|27)vvku;]|dx
3 -

+

S 27,8_2 |VkVn+|Z VX2 x) Vo | + (1?2, Vo 1dx
R3

+2y - f |VkVn+|Z[lV(lxlzy—zx,-)Vkui_l+||x|27—2x[VVkui_|]dx
B3 Jrs —

. 3
<2y f |vkvn+|Z[2w/§|x|27—2|vku,.+|+|x|27—‘|vv’<u,.+|]dx
B2 Jrs —

4.9)
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" 2)/;—3_ fR DAy Z[Z V32V ] + 9Vl
< 12y L7997,

+ 67‘;—: ||VVk”+||L§_1 ||Vvk”+||L§

12 V3 L[ 9

# 6 (V9| [V

) wsy“invwn ||vk,,,+|| vl

+6y— ||Van+|| ||vv’< *

|l

+12V3 V—IIVV"n [ ||V"u‘|| vt

i
+ 6= [V 2 oo IIVV"u‘II

ék
(3+2)

Q\I\J

<123 y(\/a_+<—>w+ Vo ( ))C4(Ek(t)>w(1+r>

—((&)* +<ﬁ—2> YCS(E)5 (1 + 360

+ 8362 ((E) + ,8_3) )(||VVku+||L%+||VVku_||i%).

It can be inferred from (1.15) that

o3| + 24l < ||Vku+||L% ||VV"n‘||L% + ||Vku_||L§ ||Van+||L$ < (Eu()?. (4.10)

By choosing € small enough, we can obtain

([, + [V div [}, + [VVEu 7, + [[VE diva|[}.)
< (Ek(t)ﬂ*?'(l + 1Y L (B()T (1 + 073D 4 (B

+ (ka2 |x|27 vk +)

‘(V"F4, |x|27’8i3Vku_>

+

o ViF, |x|27VkAn>
1
+

‘( /3_ V4R, VAR

4.11)

'( 5 VEFS, V() V Vi)

VkF |x|2’yvk +>

‘(V"Fl, |x|27an_>‘

(57

+< V L V() VYRR +
<
<

VAES, X VEn )' ‘(V"F3,|x|27an+>
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-1 L3k 7L 234k 1
S EO)F 1+ 0775+ (E@)T (1 + 0775 + (Bu)?
8
+ 2 Uil + 10+ ol + 3] + ol

i=2,i#3

From direct observation, it can be inferred that due to good symmetry, we only need to calculate

|1l + |Jol , |J5], [J7] and |J5].
Let’s first consider |J; + Jo|, |J5| and |J7|. Applying Lemma 2.1 and (3.1), we have

[Ji] + |Jo] <

f x| ViR VE div(ntut)dx
R3

+

f |x?Y Ve~ VE div(ntu™)dx
R3

< (V|| + [V [ VE e divat)]]  + [[VE TR
k k

< (Ek(t))%(z |Vin V& divu®)|,, + Z KA AT )

Y Y

1=0 =0
k

S B Q9" |5 IV divaet) .
=0

k
+ D 9o [V

=0

k
< (E0)? Y (E0) (| diva]),.. + [V u]],.)
1=0

k+1.5-1 1+0.5
k+2 k+2

k
S (B0) D B (7w
=0

P k+1.5-1
[V

||V1L£+

L2 L2

1+0.5
k+2

12

k
< (E0)? Y (E(0)*(1L+ 076+,

=0

|Js| < f 3 IX|?VE(n* divut)VEARtdx
R
+ glxleVk(VnJruJ“)VkAnJ“dx
R
< B X[ VV*(n* divu")VVintdx
+ 3|x|27VVk(Vn+u+)Van+dx
R

—+

f V(|x*)VE(nt div u™)VV*ntdx
R3
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+ f V(x*)V5(Vrtu")VEVntdx
R3
S vVt diva)|| ; [[VER*]|  + (VAR )| 5 [VEVR*)

+ V5 div ”+)||L§ ||V"Vn+||L§71 + ||V"(Vn+u+)||L§ ||V’<Vn+||L;l

< VAt diva)| , + [V a0 o) ||V"Vn+||

+ ([t divat)||  + [[VEIRTh)| ) [ VAV || ||VkVn ||L2
< [||vVE@* div u+)||L% + ||VVk(Vn+u+)||L%](Ek(t))2

+ (V5" divt)| o + V5T | D E@) S (1 + 1 G
< [||vVE@* div u+)|y| + ||Vvk(vn+u:)||L2](Ek(r))é

+(EO) (1075 Z(Ez(t)) (141G
< [Z(||VVln+Vk_l div u+||L2 + ”Vlrf“VVk‘l div ”+||Lz)
1=0

k
" Z(”V"‘”an*VlM”LZ " ||V1Vn+Vk_l+lu+||L2)](Ek(t))%
1=0

+ k=

+EOF 4y Z(E;(r)) (14075

< (Ex(0)? Z(Ek(r))% (V" divaet||,.. + ||V divart]], .
=0
+ ||Vk—l+lvn+||Lw + ||Vk_l+lu+||Lw)

k
BT (140707 Y E)h(1 4070+
=0

k
< (Ek(t))% Z(El(t))%(nvk—mw”m + ||Vk—1+2u+||Lm 4 ||Vk—1+2n+”m)
=0

B 140 S B

=0

1+0.5
1<+2

k
< (B! Z(Eza»%(IIV"”u*IIL v

1+0.5
k+3 k+3

+ ||Vk+4 +

k+3 ||V1 +

k+% k+4 +
oy

|V1 +

# (BO)5 (140740 Z(Ez(t)) (1+ 1y G5
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k
S B0} Y (E0) (1 + 075
=0

k
FEO)T 1+ ED N E@)HA+ 35,
=0

|J7] <

f V(|x?)VE(n* div u™)VEVntdx
R3

+

f V(x*)V5(Vrtu")VEVRtdx
]R3

< f x|Vt div u®)| [VEVn*| dx
R3

+ f X1 |VE(Vntuh)| [VEVnt| dx
R3

<[ onl, 9o v+ o], 9t

4 (4.14)
=1 1
S |IVevnt] 3 [VF9mf, (Ve diva| + V5] )
k
S BT (1+ 07750 Y By (1 + 176
=0
k
FE)T (1 +075 D N E@) A+
=0
k
S (Eo)F (1+ 077550 Y B+,
=0
Combining the above relations, we can conclude that
d ~ 2 _112 . 2 TP
EEk(t)+C(||VV"u+||L% + ||VViu ||L5 + ||V"d1vu+||L% +||V*divu ||L$)
-4 (1 4 pbdeh L 4 i !
SE)' ™ (1 + 0775 4 (By(0) (1 + 07752 4 (By(0)
k
HE()? ) (E(0)*(1+ 137D (4.15)

=0
k
HE)T (1L 074 S B0 1+ 73
=0

+|Jo| + |4l

Next, we will calculate |J/,|. Applying the mean value theorem of binary functions, we have

3
a5 Va9 V0| + [V @V + ) IV adun

J=1

3 3
SN \AGAZ 7] R\ (A 777 (4.16)
i=1 i=1
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3 3
+ ) Vi 0w, + ) IV eV du)
i=1 i=1
+ || VE (e (div ut) Vi), + ||V ko (divu)Va0)|
Vi p|; + (VT diva )

k k
S EOQ V[l Vgl + D 1997 920 -

Jj=0 j=0
e T 9 3 S [T
3 ST [Pl 3 [ [ 000)
3 ST [P+ D[ 7
+ g ||V1Vn_||L% V¥ !k div )|, + ||Vk(61(l+)(§1,fz)nJ“AuJ’)”L%

+[|[VE@aE e b + [[VE@ L EL £V divat)],
+ ||V @) eV diva)| )

k
< B! O E0) (Vg + V80

=0

3
V] ) IV
i=1

3 3
+ Z [V ke, V). + Z [V )|, .
i=1 i=1

3
+ IV 0| + [V B (div )

i=1

+ || V¥ (k. div )|,

- (Eka))%(llvk(al(u)(a,&)n*Au*)llL% +|[VE @t e A

+ |[V¥@1U)E L £)nTV div u+)||L% + V¥ @) (& £)n7V div u+)||L$),
where & = &1(n",n7),& = &(nf,n7).

Next, we will discuss the above items separately
IV < 1922 9715
S (9| + [V [V e+ 9

k +0.5

S L+ GHER (1 4y G (4.17)

1+0.5

k=1
k+1 +1
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k=1
<L+ 02,

Similarly, we have
k=1

IV¥'g ||, s (1 + 0705, (4.18)
L I L e
< (140 GH52 (1 4 G (4.19)

k=1
S+,

Applying Lemma 2.1, Lemma 2.2 and Lemma 2.5, we have

3 3 kelx05 1105
IV V)|, < D V2R V)| 5 [V Va5
=1 i=1

1

3
< (V29| Wl + V520 [V ]

i=1

1+0.5

V'V || o Wl + [V A [ ) 57

3
< D (Vv | + [VE2 R0 (4.20)
i=1

1+0.5

1 + 1 52
(V9] + (9" ]] %
_ k=1+0.5
S 7 PR (T P el
1+0.5

(vl + |97l + 197 0

S(1+ 1) G (1 4 gy DS
k=1
<(1 4+ 47,

Similarly, we have

3
DIV Vi) s (7
l=31
DIV )], s (107 4.21)
i=1

3
DV st s (15D,
i=1

For ||V"‘l(h+(div u*))” L and ||V"‘l(k+(div u*))” L We only need to make simple transformations,
and then follow the same process as above to get

IV div il [V AV | (1 (4.22)
IV ivar ), S [V RV O s (0T, (4.23)
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For the last four items, we use the previous techniques to deal with.

IV @1 e M| + [[VE @) ™ Au)
k

< ) IV V@@ eMu) |, + Z V'V @)@ e8]

=0

=~

<)) 9|2 9" @) e . + Z V'] [V @) e
=0

¢

=~

k+1

Z(Ez(f)) (V2@ M| T [V @11 @ Enau)|]
=0

k+l

||Vk+2((92(l+)(é‘:1 é_—z)AM ) k+l ||V (82(l+)(§1 fZ)Al/l )

k=1+0.5

< ZW’)) (V201 e o [|au]] o + (V4200 2 181 )G EI1)
1=0

([V'oto@, &, [V aun| . + [V At L 181 fz)nm)%

+ ||V, &) o || A + ([T AU, 10210 E L €I e) T
(V' 0xt )@ E)||,2 [V AU, + ||V A2 19201 EDNI<) T

(4.24)

k
& D BT+ [+ 90
=0

1+0.5
AVl + 197+ (197l %

k= I+O 5 +0.5

k
sZ(E,a))%((l+r>‘<%+%+<1+r>‘<%+k¥")> A1+ 70D 4 (14 Gy T

k+2)k 1+0.5

+1 (1 +t) (4 2)]k+1

k
Z(El(l)) (1 +1)G*
=0
k
Z El(t))%(l + l‘)_(l*'%),
=0

Like (4.24), by using the same operation, we can obtain
IV @1 en™V divat)| o + [[VH@a(l) €1 £V divar)| (4.25)

k
< D JE@) A+ 07D,
1=0

Combining the relations (4.18)—(4.25), we have

k
Wl € (E)* O (E0) (1 + 0705 4 (14 17¢+5)))

=0
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k
+ (Ex@)? () (E0)2(1+071+) (4.26)
=0

k
< (Ed0)? O (B (1 + 075,
=0

By relying on good symmetry and combining (4.11)—(4.14) and (4.26), for 0 < k < N, we finally
conclude that

d 2y-1 13k y-1 203k !
— B < (Bd0) > (1 + N3 L (Ey(0) 7 (1+ 0775 + (Ex(r))?

k
+ (Ek(l‘))% Z(El([))%(l + t)—(z‘*'%)
=0
3.k k
G Y E@) + )
=0

<1

+(Ed) 5 (1 +1)

k
FE)T (1 + 075D 3 E@)I L+ 345
1:0 4.27)

k
+ (E(0)* O (E0)2(1+11+5)
=0
S E)F (1+ 075D 1 (B@)7 (1+0775D 1+ (E(0)?

k
FE)T (1 + 075D S E@)H +1 3+
=0

k
() Y (E0)r 1+ 0705,
=0

Step 2: Proof of Theorem 1.1 with k£ = 0.
When k£ = 0, we have

d —
—Eo0+ vl + a7, + lliva [ + [Jaiv ]l

S(Eo() 75 (1 + 0717 + (Eo(£) 77 (1 + 1)1 + (E(1))? (4.28)

H(Ey) 51 + 0751+ + Ey()(1 + 1)L

Multiplying C(1 + Ct)~'(C is the coefficient of Ey()(1 + #)~!) on both sides simultaneously, and
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noticing that 7 is large enough (1 + ¢ ~ 1 + Ct), we have

d -1 _ —1£ _ -2
E(l +10) Eo() =(1+1) tho(f) (1+0)7Eo(?)
-1 31 31

< (Eo@)' ™51+ 0757 4 (Bo@)! (1 + 1)
+E@+ D7+ Eo) ™50+ 0751 +10)73

S+ 07 Eg) ™ H (1 + 075 + (14 07 Ey@)' 5 (1 + 176 (4.29)
+((1+ ) Ex)?(1 + )2

S+ 07 Eg)' ™5 (1 + 0737 + (1 + 07 o) (1 + 0757

+ (1 + D7 Ey(0)2(1 + )72 + E0)(1 + )™,

If y>Z, then we can apply Lemma 2.8 with any ao>1, e = %%,ﬁl =1- %,yl =2y-3im =

%%,ﬁz =1- %,yz =y—1ia5 = 1,8 = 1,93 = L, y is the largest of them. An obvious fact is that

when ¢ is large enough, ¢ ~ (1 + ¢). Thus, we have
Eo(1) < 7773, (4.30)
which directly implies (1.14) with £ = 0.

Step 3: Proof of Theorem 1.1 with k = 1.
When k£ = 1, we have

d 1 51 1 52 1
il S(Ex@0) 7 (L + 6757 + (Ei(0) 77 (1 + D737 + (E1(1)?

HE) A+ 0750+ 073 + (E @) 5 (1 + 07 (Eg(0)* (1 + 1)
+E((O + 07+ (Ey(0)2 (Eo(0)2(1 + 1)

SE@) 751 +07 + (E@) (4078 + (E()

HE@O)F (1 + 17 (B (1 + )72

+HE (1) (Eo(0) (1 + 172 + Ey()(1 + )7

(4.31)

Employing similar arguments used in estimating E (), we have

d%(l 07 E(@ (1 + 07 E@)TE A+ 075+ (10T E@) T+ 07
HA+ O E0):A+07 +((1+ 0 E\) 51+ 3 (1 +1)2
HA+ 0T Ev) (L + 075 Eo(e)* (1 + 07
(1 + DT E1 () (Eo(0) (1 + )72
ST+ 0T E@) 5 A+ + (@ + 0T E@) A+
+H(1+ DT E( (@) (1 + )72
H(A+ 0 E@) 5 (14075 (E)P (1 + 1) (4.32)
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(1 + 07 E1(@0) 2 (Eo(1) P (1 + 1)

S+ 07 Ex@) F (4075 4 (A + 07 E@) (4075

HA+ O E @A+ 07+ (A + 0T E @) H (1 + 071+ E

HA+ O E @) (1 + 1)

S+ 07 E@) F (407 4 (@ + 07 E@) (1407

HA+ O ENOA+ 07+ (1 + 07 Ex) 5 (1 + 1) 8

+H(1+ DT E (@) (1 + )%
Setar=}1.p=1-3im=11.h=1-1ia=

71
1-11

and then y; = 2y — % Yo=Y — ZT’ Ys=T1 1. vs=Lys = % — 2y. Applying Lemma 2.9, we have
2 2y

L p Tl _1lp _ 1. _ 1 oa 1
5P = 5,30 = 5,04 = 3305 =Y — .5 = 3,

=

E\(1) < 273, (4.33)

which directly implies (1.14) with k = 1.
Step 4: Proof of Theorem 1.1 with 2 < k < N.
When 2 < k < N, we have

d 1 342k 1 1 3+2k 1 1
B0 < E@) A+ 7+ (Ex0) 7 (L+ 077 7 + (Ex(D)?

3+2k1_3

+ (E) FA+D7T 3

k-1
HEWF+07T Y B+ )
=0

k—1
+ E(D(1+07" + (Bu0)? ) (1 + 070D wan
=0
< B 5 (1 + 075 + (E) 71+ 075 + (Enn)?
k—1
+ (B F A+ Z(El(;))%(l + )G
=0
k—1
+ E(O(+ 07"+ (Bi0)? Y (@) + 075,
=0

Similar to the estimates of Ey(¢) and E;(¢), we have

S5+2k 1

%(1 + 07 E () < (L + D7 Ex(0) 51+ F
A+ EO) T+
+((1+ 0 Ed@)2 (1 + 1) (4.35)

k-1
(A + 07 Ed0)? ) (E0)*(1+57 675

=0
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k-1

H+DTE@)T I+ 07T Y (E@)(1+ 077,

=0

which together with Lemma 2.9, directly implies (1.14) with2 < k < N.
Therefore, combing the above results in Steps 2—4, we complete the proof of Theorem 1.1.
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