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Abstract: In this paper, we investigate the existence of a normalized solution for the following
Kirchhoff system in the entire space RY (N > 3):

{— (1 + fon IVulzdx) Au = u+ oy |ulPu + Brlul" " ulv|?, ®)

—(1+ L IVVPdx) Av = Lv + malvl?2v + Broful " [v> 2,

under the constraints fRN lul*’dx = m; and fRN v[*’dx = m,, where m;,m, > 0 are prescribed. The
parameters uy, (o, > 0,2 < p,g <2+ % ri,ry > 1, and satisfy ry + r, = 2* = % The frequencies
A1, A, appear as Lagrange multipliers. With the help of the Pohozaev manifold and the minimization
of the energy functional over a combination of the mass constraints and the closed balls, we obtain a
positive ground state solution to (P). We mainly extend the results of Yang (Normalized ground state
solutions for Kirchhoff-type systems) concerning the above problem from a single critical to a coupled
critical nonlinearity.

Keywords: normalized solutions; nonlinearity; coupled Kirchhoff equation; Pohozaev manifold

1. Introduction
In the present paper, we study the following Kirchhoff system with a coupled critical nonlinearity

{— (1 + Jow |Vu|2dx) Au = A+ o |ulP2u + Brilul 2ulv)2, W

_(1 + [ |Vv|2dx) AV = Lov + o120 + Broful 2,

having prescribed mass

f lul’dx = m; and f V[2dx = my, (1.2)
RN RN
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where my,m; > 0, 41,4, > 0 and N > 3, 4;, 4, are unknown parameters that will appear as
Lagrange multipliers.
Problem (1.1) originates from the steady-state analogy of the equation:

ou

o? P, E [(*
“ (—0 M =0, (1.3)
ox

- = +_
Por "\n T 2L J,

2\ d%u

dx) e
which was proposed by Kirchhoff in 1883 in [1] as the existence of the classical D’ Alembert wave
equation for the free vibration of elastic strings. The Kirchhoff model takes into consideration the
changes in the length of the string that are caused by transverse vibrations.

In recent years, lots of interesting results on the normalized solutions for the Kirchhoft type
problem that has been obtained. From a physical perspective, the mass fRN lul>’dx = m may represent
the number of the power supply in the framework of nonlinear optics or Bose-Einstein condensates.
Alternatively, finding normalized solutions seems to be particularly meaningful because the L>-norm
of such solutions is a preserved quantity of the evolution, and their variational characterization can
help to analyze the orbital stability or instability, e.g., see [2—4]. In Bose-Einstein condensates, the
parameters y; and B both describe the interactions between particles. When S > 0, the two
components attract each other, while 5 < 0, the two components repel each other.

Based on the above important background, the problem like (1.1) has been studied in numerous
papers. For example, Yang [S5] has obtained a couple of positive solutions to the following equation:

{— (ar + by [ IVuPdx) A = Ayt g2+ Brluulvl, W

- (a2 + b, fRN |Vv|2dx) AV = v + V972 + Brolul v 2y,

where a;,b; > 0(i = 1,2) and 2 < N < 4. By proving that (1.4) satisfies the mountain pass structure,
they obtained a couple of positive solutions. In particular, as 8 > 0, Cao et al. [6] considered the L*-
subcritical case and L>-critical case of the problem by the bifurcation method and showed the existence
of normalized solutions when N < 3. Eq (1.1) can also be formally transformed into the following
fractional Kirchhoff equation

(a1 + by L, 1(-0)2uPdx) (-a)°u + Au = f @) +yv, inR,
(a2 + by [, I(=2)8vPdx) (—a)'v + v = g(v) +yu,  in R, (1.5)
u,v e H (R3) ,

where a;, b;(i = 1,2),4,u > 0. When s € [43'1’ 1) and y > 0, by assuming that the nonlinear terms f
and g satisfy Berestycki-Lions conditions, and combining with PohoZaev identity, Che and Chen in [7]
proved problem (1.5) has positive ground state solutions, and the asymptotic behavior of the solution
was also studied when y — 0*. When s = 1, Lii and Peng [8] proved that (1.5) has vector solutions.
We refer readers to [9, 10] for multiplicity solutions. However, to our knowledge, there are few articles
discussing the results regarding N > 5 for the Kirchhoff-type system . This motivates us to consider
the solution of the Kirchhoff system (1.1) for N > 3 and with a coupled critical nonlinearity, where
2Sp,q<2+1%andr1 +rp,=2"= ]%

Other forms of (1.1), such as the Schrodinger equation, have also been extensively studied. For
example, Li and Zou [11] considered the case with 2 < p,r; + r, < 2*,q < 2" of the following
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equation:

—Au+ Aju = P ~2u + Briful 72| 2u inRY,
—AV + v = oV + Braful v 2y inRY, (1.6)
fRN u*dx = a* and fRN vidx = al.

When 2 < r; +r, < 2* = p = g, Bartsch et al. in [12] have proved (1.6) has a normalized ground state
solution and have also investigated the asymptotic behavior by the symmetric decreasing rearrangement
and the Ekeland variational principle. When 2 + % < p,q<r +r,<2"and N > 3, Liu and Fang [13]
obtained the existence of positive normalized solutions of (1.6) by revealing the basic behavior of
mountain-pass energy. Compared with Schrodinger equations, it is more challenging and interesting
to study problem (1.1) due to the nonlocal term [, [Vul?dxAu and [, [Vv[*dxAv.

In order to study the solution of Eq (1.1) satisfying the normalized condition (1.2), it suffices to

consider the critical points of the functional
1 1 2
T(u,v) = = f (Vul® + [VvP)dx + - f (Vul? + VvPydx| = H f |ulPdx
2 RN 4 RN p RN

s f Widx — f " v]"dx, (1.7)
q JrN RN

on the constraint S (m;,my) = S(m;) X S(my), where S(m) = {u € H'R") : |lull} = m} form > 0.
In this paper, we employ the PohoZaev manifold, which is defined by (1.8) and plays a crucial role,
encompassing all solutions that satisfy the condition (u,v) € S (m;, m,)

P(my,my) = {(u,v) € S(my,mp) : Hu,v) =0}, (1.8)
where
2
Hu, v) = f (IVul® + IVVI*) dx + f (IVul® + V] )dx} — 16, f |ulPdx
~w, [ ridx=p2 [ i
where 6, = %;2) To accommodate the constraint S (/n), it becomes crucial to define dilation

(t + u)(x) = eTu(e'x), for ae. xeRV

Consider the following functionals 7 (u, v) and L, ,(¢)

2
(IVul + Vo) dx + %e‘“ [ f (1Vul + |Vv|2)dx]
RN

_'ﬂeﬂ%r |u|l’dx—u e®d |v|"dx ﬁez’f || V] d x,
p q

RN

Lu,v(t):I([*u,[*v): %emf

RN

for any (u,v) € S (m, m,).
Remark 1.1. As in [5], if (u,v) is a solution of (1.1), then (u,v) € P(m;,m;). We can also see that if
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(u,v) € S(my,my), then (e% u(e'x), e%v(e’x)) € S(my,my). Furthermore, for fixed (u,v) € S (m;, my), by
performing a simple calculation, we can obtain (L£,,) (0) = 3(u,v). Then we have that (t * u,t * v) €
P(my,my) if and only if t is a critical point of L, (t). In addition, (u,v) € P(m;,m,) if t = 0 is a critical
point of L, ,(t).

To prove the existence of a normalized solution to (1.1), we use the following assumptions:
(H)N€{3,4,2<p,g<2+3,ri+rn=2"
(H))N>52<pg<2+25,r+n=2".
Here comes our main result:
Theorem 1.2. Assume that (Hy) or (H,) is established. Then, there exist 5, = [.(my,m;) > 0 and
0r = p(my, my) > 0 such that for arbitrary 0 < 8 < B, (1.1) has a positive ground state solution (u,v)
for A1, A, < 0, which satisfies

I(u,v) = inf  I(u,v) = inf T(u,v) <0,

(u,v)eP(my,my) (u,v)ES (m1,ma)NV(p7)

where
V(r) = {(u,v) € H'®RY) x H'RY) : |[Vull + V|3 < ).

Remark 1.3. Due to the additional difficulties caused by the combined effect of the nonlocal term
ﬁRN \Vul>dxAu, fRN IVv2dxAv and multiple powers, the study is much more challenging; for example,
the functional 1 (u,v) is composed of several distinct terms that exhibit varying scaling behavior with
respect to the dilation e u(e'x). The intricate interplay among these terms makes it more difficult to
ascertain the types of critical points for I (u,v) on S (my,my). Furthermore, when proving (it,,v,) —
(u,v) in DVY2(RN;R?), the inequalities that need to be estimated will also be more difficult.
Remark 1.4. From a variational point of view, besides the Sobolev critical exponent 2* := % for
N >3 and 2* = oo for N = 1,2, a new L*-critical exponent Py = 2 + % arises that plays a pivotal
role in the study of normalized solutions to (1.1). This threshold determines whether the constrained
functional I (u,v) remains bounded from below on S (m;, m,).

Definition 1.5. We say that (i1,V) is a couple of ground state solutions to (1.1) on S (my,my) if it
is a couple of solutions to (1.1) having minimal energy among all the solutions, i.e., d1|gn, m,(it, V) = 0
and

I (it, V) = inf{L(u,v) : dIL|sum, my)(u,v) = 0 and (u,v) € S (m;, my)}.
2. Preliminary results

In this section, we recall some preliminary results that will be used later. Throughout this paper, we
represent the norms on L'(R"Y) and H'(RY) with || - ||, and || - ||, respectively. Denote H'(RY) x H'(R")

by V with the norm
2

G, VI, = Null® + (VI
Let L'(R"; R?) be the space L'(RY x RY) with the norm
G, VG = Null; + VI

D'*(RY) represents the closure of the CZ(RY) with norm

lullprz = [[Vull.
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For N > 3, the best Sobolev constant is given by

2
IVull;

S = IIl 2 .
ueD2®RM)\(O} |[ue][.

2.1

For all u € H'(R"), we consider the Gagliardo-Nirenberg-Sobolev inequality:
lull?, < Collull?" |V}, where &, = ————. 2.2)

For any u,v € H'(R"), by the Young’s inequality, we can prove:

" vl dx < f Sl dx + f =P dx
RN RN 2* RN 2*

> (F . F .
<53 (z—annﬁ +2—i||Vv||§) 2.3)

i
_z 5
<877 (IIVully + IVVI3) .
Furthermore, taking into consideration the existing results of the Kirchhoff equation as follows:

{ —(1+ fRN IVul>)Au = Au + plulP~2u, in RY;

fRN luf> =m > 0. (Pn)

Solution u of (P,,) can be found as critical points of the functional 7 ,(u) defined by

1 1 ?
I =~ f VuPdx + ~ f VuPdx] - £ f luldx
2 RN 4 RN P JRrVN

constrained to the L2-sphere S (m).
Similar to [14] and [6], we can get the following lemma.
Lemma 2.1 ( [6]). Assume that p € (2,2 + %), m >0, and yu > 0. Set

(ad — 1
ghm) = inf T,0).

Then,
(i) there exists a unique couple (U, A,) € R* X H YRN) satisfying (P,,);

(”) I/J(um,p) = fg(m) <0;
(iii) the map m v {,(m) is strictly decreasing with respect to m, and {,(m) — —oo as m — +oo.

3. Proof of Theorem 1.2

To begin with, we set
Y1 = Unpps Y2 = Umppy
and
& =1,(n1), o =1u(y2).
Lemma 3.1. Let my,my, uy, 4y > 0 be given and assume (H,) or (H,) holds. Then there exists 5, =
Belmy, my) > 0 and pr = p<(my, my) > (IVy1]3 + IVy2l3)? such that

I(u,v)>0 on S(@m,m)NVQ2p)\V(p;) forany 0<pg<p,.
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Proof. For (u,v) € V,letp = (||Vu||§ + ||Vv||§)%. From (2.2) and (2.3), we derive that
1 1 _
Te,v) 2 5(IVully + IVVIB) + 2 (IVull + [VViB)* - %c;:nun;’“ V)

Ho 1-6 5 _ z
—;anvnz( ANV = S (IVull3 + IVVB)°

1 1 p(1=6p) q(1-6¢) o
> 59+ gt =G T =y Tt =
1 1 p(1-6p) q(1-64) LI
=Ply e = Cm T =R, T gL G

Recalling that pd, < 2 and gd, < 2, we can take a large enough

pr > max{[[Vyill2, IVy2ll},

such that . s 1
Elerm, = ptr 4 %cgmz Tt o e (3.2)
Due to the fact that 2* — 2 > 0, there exists a 8; > 0 such that
* * 1
BS TPy s 3. (3.3)
We conclude that 7 (u,v) > 0 follows from (3.1)—(3.3). |
Define
M(my,my) := inf I(u,v),

(u,v)€S (my,ma)NV(2p;)

where p, is defined in Lemma 3.1.

Lemma 3.2. Let my, my, uy, o > 0 be given, and (H,) or (H>) is true. Then for arbitrary 0 < 8 < (3,
the following statements are true:

(i) Mimi,mp) < $1 + 4 < 0;

(ii) M(my, my) < M(mgy1, my,), for any 0 < my; < my and 0 < my, < ms.

Proof. (i) From Lemma 3.1, we know that (y;,y,) € V(p.). Moreover, we deduce that
M(my,ma) < X(y1,y2) = Ly (y1) + L, (v2) = B f nlhaldx
R
<0 +6 <0
(if) The proof is similar to that of [15]. We just need to prove that for arbitrary € > 0,
M(ml’ mZ) < M(mal’ maZ) +e€

for any 0 < my; < my and 0 < my, < my.
By Lemma 3.1 and the definition of M(m,, m,»), there exist u,v € S (my, my2) N V(p;) such that

T, v) < M(mgr, ma) + §
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Define a cut-off function: w € C®(R") such that

m

Ll <1
0<ow() <1 and w(t) = (3.4)
0, || > 2.

For any 1 > 0, we define (u,(¢), v,(t))=(uw(it), vw(it)). Clearly, (u,,v,) = (u,v)in Vas:t — 0*. Asa
consequence, for > 0 small enough, there exists a sufficiently small z such that

T(u,v) < I(u,v) + Z and  (IVu |3 + IVvI3)2 < pr — 7. (3.5)
Let (1) € Cy(RY) such that supp(y) C {f e RY : 2 <[] < 1 + 2} and set

\/ml - ||Mz||2X \/mz - ||Vz||2X)
112 ’ Iy ll2

(uml s sz) = (
And observe that

supp(u,) N supp(? * u,,, ) = O and supp(v,) N supp(t * v,,,) = 0

for any ¢ < 0, hence,
(U, + 1% Uy, v, +E%Vy,) €5

Next, since
1
T(t* tty, % V,,) > 0 and  (|[V2 % w15 + IV % v,,[15)2 — 0,

ast — —oo, we can obtain

€ 2 2\ _ 1
Tttty 15 V) < 7 and ([IVE5 1, 3+ 905 vl) < 5

, fort <« 0. (3.6)
It follows that
2 2\1/2
(VI + £ wIB + VI, + 25 va)IB) < pr.
Using (3.5) and (3.6), we conclude
M@y, my) < T, + 1% Uy, v, + 1% Vy) = LUy, v,) + Z(E % Uy, % Vi, )
£
<I(u,v)+ =
(u,v) >
< M(mal’ ma2) +&
fort <« 0. O
Lemma 3.3. Let my,my, uy, 1y > 0, and assume that either (H,) is true or (H,) is true. Then, for
arbitrary 0 < 8 < B, and (u,v) € S(m,my), L,,(t) has two critical points t,,,, < Ty,,, € R and two
zero points @1 < @3 With 7, < @1 < Tyyy, < @2. Moreover,
(i) if (t*u,t*v) € P(my,my), then't = 1,,,, ort = Ty,,,;
(ii) (IV1  ul2 + IV % V|2)? < p. forall t < ¢, and
T(Typy, # s Typyy #v) = min {T(t 5 u, 1% v) - 1 € Rand (V1 ull} + V1 vID)? < pef <0,

where p; is given in Lemma 3.1;
(i) T(Tuyyy * Uy Typy, ¥ V) = max {L(t xu,txv) : t € R}.
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Proof. (i) Since gé,, pd, < 2 < 2%, it can be seen that L, ,(—c0) = 0~ and L, ,(+00) = —co. According
to Lemma 3.1, we obtain that £,,(¢) has at least two critical points 7,,,, < Ty, With 7,,, local
minimum point of £,,(¢) at a negative level and 7,,,, global maximum point at a positive level.
Secondly, similar to [5], it is not difficult to check that there are no other critical points. On the
other hand,

2
2 2 2 4 2 2 S
£,(6) = & (IVull} + IVVI3) + ¥ (IVal} + IVVI3)” = €% 16, lull,
t 2%ty
— e a6 I — €27 Blllul I
Putting together all the considerations mentioned above, we conclude that £, ,, has exactly two critical
points. By monotonicity and recalling the behavior at infinity, £, , has moreover exactly two zeros

points ¢; < ¢, with 7, < ¢ < 74, < ¢2. From Lemma 3.1 and (i), we can deduce the (ii)
and (ii). O

Corollary 3.4. Let my,my, iy, o > 0, and assume that either (H,) is true or (H,) is true. Then, for
arbitrary 0 < B < B, the following inequality holds:

—o0 < M(my,my) = P(inf )I(u, v) < 0.
mi,mp

Next, we establish a necessary condition for the existence of a non-negative solution to (1.1). This
Liouville-type result will be used to prove the existence of a positive solution.

Lemma 3.5.( [16]) Suppose 0 < p < % when N >3 and 0 < p < co when N = 1,2. Letu € L?(R")
be a smooth, nonnegative function and satisfy —Au > 0 in RY. Then u = 0 holds.

Lemma 3.6. Let (u,v) € S (my,my), u,v > 0, and u,v # 0, if (u,v) satisfies

{_(1 + Jou IVuPd)Au = Ayu + gy |ul?~>u + Bri v |ul"u, (3.7)

—(1+ [ IVVRAx)AV = A3y + pao|vI4=2v + Broful" vy,
then 1;, 1, < 0.
Proof. Arguing by contradiction, we assume that 4; > 0. Since u > 0, we have that all components on
the right-hand side of
—(1+ f \VulPdx)Au = ju + py|ul”u + Briv|ul" u
RN

are nonnegative. Hence,
—(1+ f |Vul>dx)Au > 0,
RN

it is easy to see that
—Au > 0.

Moreover, modifying the standard elliptic regularity theorems, we can ensure that the smoothness of
(u,v) is up to C2. Hence, it follows from Lemma 3.5 that u = 0. This contradicts with u # 0; thus,
A1 < 0. The proof of 4, < 0 is the same as that of 1; < 0. O
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Lemma 3.7.( [17]) Let (u,),50 € H'(RY) be a bounded sequence of spherically symmetric functions.
If N > 2 or if u,(x) is a nonincreasing function of |x| for every n > 0, then there exist a subsequence
(ttn iz0 and u € H'(RN) such that u,, — u as k — oo in L'(R) for every 2 < p < 2.

Proof of Theorem 1.2. Let us consider a minimizing sequence {(u,,V,)} for Zlsgn, mnvizp,) and
{(up,v)} € V N S(my,my). Without loss of generality, we can assume that (u,,v,) C YV are
nonnegative and radially decreasing for every n[Otherwise, we replace (u,,, v,,) with (Ju,|*, |v,|*), which
is the Schwarz rearrangement of (Ju,|,|v.])]. Furthermore, by Lemma 3.3 (i),
([|Vs = u||% + ||Vs * vllé)% < pr, and {7y, * u,7,,, * v} is still a minimizing sequence for s n, m,)nv2p,)-
And hence, by the Ekeland variational principle [18], it yields that there exists a new minimizing
sequence {(ii,, V,)} satisfying

”ﬁn - Tu,,v,, * ﬁn” + ||‘7n - Tunv,, * ﬁnll - O, asn — oo,

I(i,,v,) > M(m,my), asn — oo, (3.8)
Wiy, v,) — 0, asn — oo, '
—Z—/lS(ml,mz)(ﬁna ‘711) - 0, asn — oo,

In the sequel, we divide the proof into three steps.

Step 1: (ii,, ¥,) — (u,v) in L'(RY; R?) for arbitrarily ¢ € (2,2").

In fact, from (3.8), we can know that Z”|s, m,)(it,, ¥,) — 0. By the Lagrange multipliers theorem,
there exist two sequences {4;,} C R and {4,,} C R satisfying the following equation

2
f (Vit, Ve + V5, V) dx + ( f (Vit, Vo + V¥, Vi) dx)
RN RN
- f (k510 + il 1) dx = B f ity 2|V pdx
RN RN
- pr f it 51”22V ipdx
RN

= fRN (Avaftn® + A2 ¥uth) dx + 0,(D(|IIl + [11]), (3.9)

for arbitrarily (¢, ¢) € V. By substituting (ii,,, 0) and (0, ¥,) into (3.9), we can derive
Ay = Va3 + 1Vt |13 = gl

and
Attty = [VTl13 + IVF,l13 = a7l |2,

Since {it,, ¥,} C S (my,my) N V(2p,), up to a subsequence, (A, A2,,) — (11, ;) € R? and (ii,, ¥,) —
(u,v) € V, where both u and v are non-negative. Combined with that, ¥ (u, v) = 0, then (u, v) is a weak
solution of (1.1). By Lemma 3.7, we obtain that (ii,, ¥,) — (u,v) in L'(RY,R?) for any t € (2, 2").

Step 2: (ii,, ¥,) — (u,v) in D2(RN;R?).

Let (u,,v,) = (it, — u,v, —v). Then u, — 0 in LP(RY) and v, — 0 in LY(R"). Moreover, from the
Brézis-Lieb Lemma, we have

f (i, 9] = |ul V] ]dx = f | vl dx + 0,(1). (3.10)
RN RN
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Since (i, v,) — H(u, v) — 0, we can infer from (2.3) and (3.10) that
2 2 2 2)\2
V23 + 19l + (Va3 + V913)
=B2" f |, | vl dx + 0,(1)
RN

* z
<B2°S™F (IIVul + 1V,l3) ™ + 0u(1). (3.11)

N-2

Up to a subsequence, we assume that ||Vu,,||§ + ||Vv,,||§ — R >0. ThenR=0o0rR > (ﬁ%)% S2.If

R> (ﬁ%)L S%, from (3.8), (3.10), and (3.11), we have
My, my) = lim L@, ¥,) = L@, v) + 1im 1(u,, v,)
2 M3, IM1) + Tim [% (176all5 + 11V v115)
+ 411 (IVuw B + 19v,0B)" -8 fR vl

1.
2l IV15) + - lim (V215 + [IVv,3)

|
2

)

1 x
=m(Jull3, IVI3) + —( Sz,

N B2

This contradicts with Lemma 3.2 (ii). Then ||Vu,,||§ + ||Vv,l||§ — 0. Thus, we conclude (i, v,,) — (4, V)
in D2(RV; R?).

Step 3: (it,, ,) — (u,v) in V.

From Step 1, then, as in [19], we know that there exists (u,v) € V that is a weak solution of

{_(1 + [on IVuPdx)Au = Ayu + pylulP=u + Bry v |ul" 2u, (3.12)

—(1+ fRN IVVdx)Av = o + o972 + Brolul ' v]> 2,

with
lull} < liminf [|i,|} = m;  and ||} < liminf|[7,][3 = m,.

We claim that u # 0 and v # 0. Indeed, if v = O, then u satisfies

{ ~(1+ [, IVulPdx)su = Au+ plul”2u, inRY,
lull; < my.

By applying Lemma 2.1, we know that {},(m) is strictly decreasing with respect to m. So
o 1 2y — L 2, 1 4 _Hiyp
gp'(mn) < &1 (lully) = SlIVully + ZIVull, - Ellull,y

However,

M(my,my) = lim I (it,, V,)
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= nnl1<nvaﬂﬁ-+nvvu@)+-l(uvau@-+nvvaﬁ)2
||~n||P ||~n||‘f -B f it | [,
ziqwmb+wvwby+zmvmb+nvmg
= =l = 2

> {4 (my) + {2 (my),
which contradicts to Lemma 3.2 (i). Hence, v # 0. Similarly, we have u # 0. Thus, from Lemma 3.6,
we know A4;, 4; < 0. Then, by substituting (ii,,, 0) and (u, 0) into (3.9), we can derive
V@3 + IVaally + llalll, = Alliiall; + 0a(1)
and
IVull? + IVulld + gl = 242,

which implies that i, — u in H'(R") as A; < 0 . Similarly, we obtain ¥, — v in H'(R").
Therefore, we have (i, ¥,) — (u,v) in V and by Corollary 3.4, we have

T(u,v)= inf T(u,v)= inf I(u,v) <0.

(u,v)eP(a,b) ’ (u,v)eS (my,m2)NV(pr)

Therefore, we deduce that (u,v) is a normalized solution. By the maximum principle, we conclude
that (u, v) is a positive solution.

4. Conclusions

In this paper, we establish the existence of a ground state solution for a nonlinear Kirchhoff-type
system using the minimization of the energy functional over a combination of the mass-constrained and
the closed balls. To the best of our knowledge, there are few articles that deal with a coupled critical
nonlinearity of the Kirchhoff system. Especially, our assumptions on the parameters are different from
the previous related works. Therefore, we need to use some new analytical tricks to estimate the critical
value. Our results in this article improve and generalize the related ones in the literature. In addition,
condition2 < p,g <2+ % means that our results are established in a critical setting. Therefore, a new
research direction closely related to problem (1.1) is to replace 2 < p,g < 2 + % with the following
L2-supercritical condition: 2 + & < p, g < 2*.
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